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abstract

Global in time solvability of incompressive NSIVP (Navier-Stokes initial value problem) in
periodic space is proved using time transformation analysys.

Introduction

Navier-Stokes equations was derived as foundmental equations for hydromechanics by
Navierl” and Stokes!?!. Hereafter, its solvability is studied for a long time, but, due to the
difficulty based on nonlinearity of the equations, even limited to incompressive fluid, not
enough results for solvability have gotton over 170 years.

With regard to NSIVP for incompressible fluid, local in time solvability and global in
time solvability for small initial value, including well-posedness, are known by means of
arguments based on analysys stareted by Leray[®!, Hopfl* or Kiselev-Ladyzhenskayal®!, Ttol®,
Kato-Fujital”, and enhanced by Katol®!,Giga-Miyakawal®. But, global in time solvability for
large initial values has not been known.

Although studies have been driven mainly by analizing problems in the whole space, results
with regard to problems in periodic space are almost similar.

In the present paper, global in time solvability in periodic space for initial values that are not
only small but also large is proved using time transformation analysis. Meanwhile, global in
time solvability in the whole space for initial values that are not only small but also large is
proved as well using time transformation analysis, in another paper!*!.

This gives positive answer to the whole space version in the CMI millenium problem!?
related to Navier-Stokes equations, and similar results for more comprehensive initial values.

Overview

As main result, NSIVP in periodic space has global in time classical solution, for initial values
that are not only small but also large. The global in time solution of NSIVP in periodic
space under appropriate conditions is well-posed, which means this is unique, smooth and
continuous to initial value.

Also, there is a decreasing upper limit function of initial value for norm of solution.

The proof consists of local in time analysis, and global in time analysis based on a priori
estimation. Analysis based on a priori estimation is typical global in time analysis. Basic
analysis has application limit and due to this limit, global in time solvability of incompressive
Navier-Stokes initial value problem has not been proved. In the present argument, to
overcome this limit, time transformation is used. By this time transformation analysis,
effective area with regard to norm upper limit estimation is expanded to overcome the limit.

With regard to local in time analysis, as the first step, for initial value acpe ge(n,o0), the
existence of existing time T and solution wucre icjo,1,,) 18 proved, and for initial value
AcL2nLa,qe(n,00], the existence of existing time Ty and solution wer2npa tejo, 1y, 18 proved.
And next, a priori energy nonincreasing is proved, and L" ,¢[3 o)-norm of solution and
derivertive of solution has nonincreasing or decreasing upper limit function. After that, based
on local in time solvability and a priori estimation, global in time solvability is proved. Time
transformation analysis are repeatedly used through these process not limited in the step of
proving global in time solvability.



Although main results in sections 1-3 include known results, for the sake of consistency with
following sections, these results are described with those proofs.

1. preliminary
Difinition 1 (function space)

For a poritive constant a and basic vectors ey, ..., €, crn neN-;, periodical lattice A™ and
unit periodical domain {2 and function space LI(R"™; A") ;c;1.«] and mean value ¢ of
function ¢ s (gn) are define as follows.

A" ={ ) ae; + -+ Aae, | A1, N, EZ Y

Q={(x1,...,2n)ern |21,..., 2, €[0,a] }

LY R A") ={¢crs_rm)|P(@+1) =) zco,1ca, |¢llLirran <0}
lellLa(rran) = ll@llLa(2)

),
po =15 [ AV
12|

Functions which belong to LY(R"; A™) are periodical functions in the whole space R"™, and
these can be identified as functions in periodic space R™/Z™.

For time point ¢ ¢y o), time interval 7'/ cjg o) and function space LI(R"™;A™), function space
L{(R™;A™), L% (R™;A™) are defined as follows.
lellzs(rran) = ll0tllLa(rran) » LI(RA™) = {o | l¢llLs(rman) < oo}
lellLa, (rman) ZtSeUTPI||<Pt||Lq(Rn;An) , L (RA™) = {o | l@llz, (rran) < 00}
Here, function over spatial space ¢; is function over time and space ¢ with fixed time ¢.
These function space LY(R™;A™), L{(R™;A™), L., (R™;A™) are Banach space.
Hereafter, these are accordingly noted simply by L9, L], L%,.
Moreover, function spaces L4 L4 are defined as follows, providing 1 < p < ¢ < cc.
Llpd — ﬂ L7, Lwd = ﬂ L I

r€([p.q] re(p,q]

Difinition 2 (multiple index)
In the present paper, size of multiple index a = (a1,...,on)eojun)» is defined by
la] = a1 + -+ + ay, and product of powers of spatial variable corrrespond to « is defined
by x® = z{*...x8", derivative in regard as spatial variable correspond to « is defined by
0% =0y ...09.
Difinition 3 (Helmholtz discomposition)
For a function ¢, its nondivergent component Py and nonrotational component Py are
defined as follows if these exist, and Helmholtz decomposition means decomposition of ¢ to
Py, Pep.

p=Pp+Pp,0Pp=0, (Pp,Pp)r>=0
If there is series of priodic functions, each of which has Helmholtz composition {¢k }ren, pr =
P +Pepr and serieses of Helmholtz components {(Pepr, Por)ren have limits (P, Pe),
nondivergent component of ¢ is defined by P¢ and nonrotational component of ¢ is defined
by P, and Helmholtz decomposition means decomposition of ¢ to P, Pep.
Generally for function space X (like L9, L%, above), function space PX is defined as follows.

PX ={pcX|p=P¢} [
Difinition 4 (heat kernel)



Heat kernel K corresponds to heat equation d; f — vAf = 0 is defined by following expression.

1 x?
K(t,w) = Wexp (-m)

Difinition 5 (initial value)

Basic condition for initial value function a is defined as follows, providing ¢ € (n, occ]; m > 2.
(1.1) aePLPY 9*a e LB .,

Difinition 6 (NSIVP)

NSIVP (Navier-Stokes initial value problem) is defined as follows.

(1.2) uwe PLY

(0,00)
1
Ou —vAu + (u-0)u + ;ap =0 ,(t,@)€(0,00)xR™
w(0, ) = a(x) e

Following integral equation is equivalent to NSIVP(1.2) with regard to initial value @ which
satisfies a = 0, providing the solution u satisfies uy, = 0 and has derivertives.

¢
(1.3) u; = Ki*a —/dT POKi—r*urur) (£,2)€(0,00)xR"
0
For funtion @ = &(t) with property ®(0) =0,(t) > 0,0,2(t) = ¢(t) and function f = f(t, x),
definding f®(t,z) = f(®(t),z), time-transformed solution u?® for original solution w is
defined. Then, following time transformed integral equation for u® is equivarent to original
equation.
t
(1.4) uf = KPxa —/dTP(BK?_T*goT-ufuf) (£,2)€(0,00)xR"
0

Difinition 7 (linear term and nonlinear term of solution)

In case of the solution u for NSIVP (1.2) is decomposed to 2 terms according to integral
equation (1.3) or time transformed integral equation (1.4), term w(") is defined as linear term
of the solution and term uVX) is defined as nonlinear term of the solution.

t
ugL) - Kixa | UENL) = —/ dr P(OK;—r*-u,u,)
0

t
uf(L) =K!+a , Uf(NL) - _/dTP<8K?—T*<PT'uf“f) [
0

lemma(characteristics of convolution with kernel)
Related to convolution with kernel, following relations are confirmed, providing K = K®*) ;
v,vg,v1 > 05 p € [1,q],q € (n,o0] and mean values pgs of s are zeros.

(1.5) KWwotvi) — grvo)y (1)

(1.6) [ Kxollr200) < el r2c0) peL?
_n¢l_ 1
(1.7) |K*@|lnaa) < Cwt) 25~ ol ir(a pELP
_m(l__1y_ 1
(1.8) 0K *¢llLaa) < Cwt) 25D 2 glloa)  perr I
proof

Relation (1.5) is confirmed by means of expresssion F[K(*0t¥1)] = F[K#0)]F[K*1)] based
on Fourier transformation analysis.

Relation (1.6) is confirmed by means of Poincaré-Wirtinger inequality as follows.



For uw = K, following expressions are confirmed.

Ou? = 2udyu = 2u(vhu + f) = 2uvAu = 208 (udu) — 2vdudu

opu? — 208 (udu) + 209udu = 0
By integrating expression above, following expressions are confirmed using Gauss’s theorem
and periodicity of u.

dt||u||%2(9) —2v /BgSUE)u + 21/||8u\|%2(9) =0

del[ulZ2(0) + 2v]|0ulZ2 (o) = 0
Using Poincaré-Wirtinger inequality ||f — follr20) < C|0f]|L2(0) and ugo = 0, following
inequality is confirmed.

dellullZ2(0) +2C7?V||ull72(0) < 0
Therefore, by means of Gronwall inequality, following expression is confirmed.

—2p¢

—-C
ullr2(e) < llallrz2(e)e
Relations (1.7)(1.8) are proved by means of following expressions in regard to estimation of
norm of convolution, for which, on each devided periodic area, enhanced Young’s inequality
is used.

Jef(@) = [ V() Sy Z/ —)f(y)

" leA

|5 f [|La(2) < ZMle _;HfHLP(Q)
leA

Mz:sup/dV(w)!J(w—l—y)V=sup/QdV(y)lJ(y—l—w)V

yeNRJ Q2 xcs?

Ni=sup [aviy)|J@ -1yl
xc2J R
Especially for function J(x) that is given by product of factors Ji(xy)---J,(x,) each of

which depends only on a spatial coordinate, following expressions are confirmed.

My = J[ (M), (M ,:wp/%u A

j=1
M= T, - (V; ‘=wp/mu y) "
i=1 z;€[0,a]
7% F ey < TT (3 4 %wﬁWmmm
Jj=1 l;eA;
n - 1\r(1-3)
gH(Z 1) (@) e
J=1 L;€A; 1;€4,

n

ra-1) -
< H 21Tl - m))" (2HJ'”LT(R)) ey = H 2[5l () 1 f 1l Lo (2)
J=1 J=1

= 2"l )l fll Lo (2)
Therefore, by setting J = K or J = 0; K, following expressions are confirmed.

| K+ f |[Laqo) < W oo = Ct) 273 fll oo
|0 K+ f |Laco)y < cllOiK || Lrmm)ll fllro) = Cvt)~ 2(’” 2 2HfHLP(Q)




2.local in time solvability analysis

In this chapter, local in time solvability of NSIVPs is proved. First local in time solvability
of integral equation (1.4) is proved, and second smoothness of its solution is proved, then
local in time solvability of NSIVPs is proved. Using strict contracting map based fixed point
theorem, local in time solvability of integral equation is proved.

proposition 1 (local in time solvability of integral equaion)

There exist decreasing function TM = TM({) of poritive number ¢, for arbitrary ini-
tial value @epra, ge(n,0o) Which satisfies ap = 0, integral equation (1.3) has a solution
Uery . Tu=TM(la|za) which satisfies up = 0.]]

proof

Map ¥ and set Sy are defined as follws, for T' € (0,00],t € [0,7] and A € (0, 00).
¢
Uf = Kixa — /dTP(BKt_T*-foT)
0
Sy= {fEL‘[’()’T] | Hf||LE107T] <\ fo=0}

Then following estimation relations are derived for f, g cg, , providing x(t) = vt (l/t)ﬁ B=1(1—n)-
1 flleg < Cillallze + Cox®)lIfllzy, .

-2
¥F ~Wglles < Cox®(IFllzs, ., +lglzsIF ~glzs
Constant O¢g,1y and TM (), Tar, A are defined as follows.

1 1
TME) =6 (1ace) » T =TM(lallzo)
1

A= m(l —V1-4CCollalLax(Tu) )

Then, following relations are derived.
X(Tn) = ©°(4C1Collal|pa) ™
A <2C||lallLs

Also, there exist constant C'¢(g,1), and following relations are derived for each time ¢ ¢jo 1,,]-
Cillallne + Cox(t)A* < A
20:x(A < C

Therefore, based on estimation relations above, following relations are derived for f,ges, .
Ufes,
|Wf —¥gllLe <Clf —gllzy, . |

[0, Tyl
These mean that map ¥ gives strict contradicting map over set .S).

Therefore, by fixed point theorem, map ¥ has a fixed point w in set S.

This gives Yu; = us tejo,1,,) and therefore u is a solution of integral equation (1.3) over time
interval [0, Ta].

q

Moreover, based on aforestated arguement, following relations are derived, so u € L[0 Tad]

and up = 0.
u <
| HLFO,TM] < 2C1||a| L«

[ < Cillalze )

Note (estimation of upper limit for nonlinear term)



Estimation of upper limit of ||P(OK;—r* -frfr)|lLa ge(n,00) in the proof above is based on
following relations.

1Pij Ok Kt fior firllLa(rry < (|PijOkKi—rllLemm)ll firllLaro) | fj lLa(mr)
§i&i\, 7
. ny < -
POk K[| Lo (rn) < cq (1 €2 )ng‘ Li(R")
N _nl_ 1
< 2¢QlI& K[ parmy = CWt) 2472 1140 gepg
Here P;;s are components correspond to spatial coordinates of Ps, & = (&1,...,6&,) is

n-dimentional Fourlier variable, K is Fourlier transformed function of heat kernel K ; the
former expression is confirmed by means of Young’s inequality and the latter expression is
confirmed by means of Hausdolf-Young inequality. ||

proposition 2 (regularity of local in time solution of integral equation)
Local in time solution ucp LY of integral equation (1.3) based on proposition 1 for initial
M

value @ cpra ge(n,o0] has following characteristics (2.1-4) and is regular, providing |a| > 1 and,
as for (2.2)(2.4), g < oo.

(2.1) we Lig 1, ,rel2,q) L

(2.2) w € Liyp,,)re(q.00] ; sup ti(a—:)HuHL; < o0
t€(07TM] o]

(2.3) 9"u € Ly, reizg ; sup t2 [|0%Lr < oo
tG(O,TM] . lal

(2.4) 0w € Ly 7,y re(a.oc] L osup tFGTITE 90|, < oo
t€(0,Tar]

Moreover, local in time solution ucp L . of integral equation (1.3) based on proposition
»Tag

1 for initial value @cprae ge(n,oo]s 9@ cprLa,ge(n,o0],ja|<m has following charactristics (2.5)
adding to (2.1-4) above.

(2.5) 0%w € Lig 1,1 re2.9)|a|<m I
proof
(1) First, charactricitcs (2.1) are proved as follows.

Following expression is confirmed for time ¢ ¢[o,7,,], providing r € 12, q].

t
_nl_ 1
Julsr < Cillale + Callully, [ dr (e =) 85 ulle,
Tar] 0

Here, set A, X and operator K as follows, providing ¢ € (0, Th].
A= Cilla|L-
X = |ullL;

t
_mn1_1
Kfi=Callulyy,, [ dre-n) by,
T 0
Then, the expression above can be expressed by following relation.
X <A+KX

Iterating use of this relation, following expression is confirmed for k <.
k

X <Y KA+ KX
§=0
Then, for jen and t¢p 1, following expression is derived, providing B(z,y)s are beta

1
functions, I'(x)s are gamma functions and § = 3 (1 - —).



j—1

KA < Aleallullgy v w0)) T] B3, 1+ kB)

k=0
< A (CoT @l (1))
KX < Jlull (eI (®)lal v (1))

oma T(1 + jB)
Therefore, limit of KX¥X as k approaches infinity equals 0, and following relations are
confirmed, provided t € [0, Ts].

X <UD (|a||r,t) < oo

U (lallz-,t) = Cillallz- > (G (B)allp ()
L 1jafL jZOF(lJ’_']B)( 2 L )

This concludes following result.

sup |[[u]
te[0,Th]

This is what is to be proved.

Lr <00

(2) Next, charactricitcs (2.2) are proved as follows.
In case of r € (g,00], by setting &(t) = tE’EE(O’(%(%_%)_;'_%)—l), following characteristics is
confirmed under condition ®; € (0, T].

1 1

t
lu®llz; < CL(v@,) 2@ |lal|za + ealullZ dr (ve,—) a2,
t [OaTM] 0

la]| e + Cor~t(wt)2 =3~ a3,
()2~ D ullz; < Cillalpe + Cor™ (v)2 =D falf3,
(wt)2 G |ullL; < UD(|lal L)

This is what is to be proved.

(3) Next, charactricitcs (2.3) are proved as follows.

In case of r € [2,q], by setting @ = min{q, 2r}, d(t) = t°

€0, (3(3 -1+ igh-y following

expression is confirmed under condition @; € (0, Ty].

_lal _mn(2 __1y_1_
Haa’U,@HL: S Cl(y¢t) 2 H(LHLr + C2||’u,”i? . dT (y@t_T) 2(Q T
0,Tpr 0

— Ci(v®,) "7 ||al|pr + Cov ™ (vd,) 2 2@ DT b ||u)?

ns2 1 1 |
c=eB(1-<(5(5-7)r3+ )2
b 15 € AGEE: +2+ > €
_lal _ 1_n¢2_1y_lal
10%ul| Ly < Cr(vt)™ 2 |lal|pr + Cov™ (vt) 2~ 2@ 2 b ||ul|?

lal r
(vt) = [|0%ullz; < U (lal|z-)
This is what is to be proved.
(4) Next, charactricitcs (2.4) are proved as follows.

In case of r € (gq,0¢0], by setting &(t) = ¢ following expressin is

£
,e€(0,(2(2-1)+5+1gh)-1)



confirmed under condition &; € (0, Ty].

_ﬂ 2 1_ o

;_, _ Lol _ne2_1y_1_ |of
H@a ¢HLT <C1(V¢t> ) HG,||Lq—|—CQH’u||Lq /d']’ y@t 7_) q r) 2 2 %07_

n

< Cy(v,) 20" 2HaHLq+Caf (vy)2~ b~ D5 b a3,
n,2 1 ||
(13- e+ 5))
be =€ 2\ T r + + 5
|0 wlz; < C(1) "2 l"**nanmozu Hwt)aE G

- = ‘ (63 @
(wt) 2GS 0o 1y < U (|la o)
This is what is to be proved.

l_
’!‘

(5) At last, charactricitcs (2.5) are proved as follows.

Here, (2.5)|q|<k for k =1,...,m are confirmed by mathematical induction. In case of k =1,
for as that satisfy |a| = 1, following expression is confirmed.

10%u]

t
1 < Ciloralus + Calulyy,, | [ dr (vt =n) 0wl
Here, set A, X and operator K as follows for time t¢ (o, 7,,]-

A= C1]|0%a] L~

Xy = 0%y

t
_nl_ 1
Kfi= Colully, [ drwie=m) 47k,

Then, like arguement in (1), following results are confirmed for as that satisfy |a| = 1.

sup [|0%ul|Lr < oo
te[0,Th]

Therefore (2.5)|4|=1 is confirmed.

In case of (2.5)|q|<k<m—1 is valid, for as that satisfy |a] = k + 1, following relations are
confirmed, providing 8+ v = «; |8],|y] < k for 8,7 as regards to summention.

t
(03 o —nl_1
0" uler < Crlo*aller +Ca Y ensll0®ulny,,, | [ dr(vit =) 78 E 07wl
By 0
t
_nl_ 1. o
+Coluly, ., [ dr it =m) Ao ulls,

Here, A, X and operator K are defined as follows for time t¢ (g 7,,)-

t
a —nl_ 1
A= Ol 0l + 03 s Pulz [ dr =)o,
7"/
Xo=[ouly; |
_nl_1
Kfi=Callulyy,, | [ dre-n) by,
vM]O

Then, like argument in (1), following results are comfirmed for as that satisfy |a| = k + 1.

sup [|0%ul|Lr < oo
te[0,Th]

Therefore, (2.5)|q|=k+1 is confirmed.

These above are what are to be proved. I
Theorem 1(Local in time solvability of NSIVP)

NSIVP(1.2) has a local in time solution.



[

proof

According to proposition 2, integral equation (1.3) has a local in time solution that can be
partially differentiated arbitraly times. Then integral equation (1.3) is equivallent to following
integral equation.

t
uy = Kyxa — /dT K *P((ur-0)u,)
0

Therefore, this integral equation has local in time solution which can be partially derivated
arbitraly times. Then, this integral equation is equivallent to NSIVP(1.2). Therefore,
NSIVP(1.2) has a local in time solution. i
3. A priori estimation

Here, a priori estimation for NSIVP are confirmed. This corresponds to energy decreasing.
proposition 3(energy decreasing)

Following a priori estimation is confirmed for local in time solution u cp LEIO,TM]Of NSIVP for

initial value @ epra ge(n,o0]-

(3.1) lullze < e “|allLa
proof
Solution w of NSIVP with initial value a satisfies following equation, providing ¢t € [0, T].
2
ou® = —2v90udu + 2vd(u -u) — 6(-u<u2 + ;p)) Oudu = Z O;u;0yu;

2 2 wd
dillullz2 + 2v[|Oul[z2 = 0

dillul|g> + 2Cv|lul|z. <0
Therefore, by means of Grownwall inequality, (3.1) is confirmed. I

proposition 4(estimation of upper limit of solution)

Following a priori estimation for Ly ,c[2,00)-norm of local in time solution Uepry | for
NSIVP (1.2) with initial value @ cpra ge(n,o00) is confirmed, providing v = vg + 11, 1,0, >0
(3.2) [uP|zr < Cowot) 27 e C2V1tHa||L2
NPz < Crug Hwot) " F 0726 a7

nel_1y_lo| "
(3.3) 0°uD)||L- < Co(vot) 2(z=1)15 ¢=C2 tHaHL?
)+

[0%uND) || L < Cyvg t(wpt)~ 20>

1 ||

ERE O 1 7 [
proof

Following expressions are confirmed by means of lemma.
| KW % alL- = H K(VO)* K" xal|L-

< co(vt) " EGTD | Kxal g2 < co(vot) "B ja s
10K« a| - = H K@)y« K" a|r
< co(vot) FGH 5 K ia 2 < co(vot) 3G e=Cant g 12

Aiso, following expressions are confirmed by means of lemma and proposition 3, providing
1

Vo = —1).
2

PO Psulul)l|L < c(va®rr) 3G~ 3| K Peufu?|| o
FE-H-ke

O 1) Peuful |



é C(VQ@t—T)_%(l 1y_ 1 Cov1 P+ (1/2¢t_7—)_%
1

= c1(v®; )" FIT TR e P 0|,
< er(voByr) BT TR a2 g,

< e1(vop) " F 0T TR O Gl g 3,
t
Ja™ |z < crem P al 7. / dr (Vo) B0 P) T3 Calvv)s
0

S RSP

< Oy Hvg®,) " EA- D+ Canie| g2,

n (1 1

IP(@° 0K s ulu?)||pr < c(va,—r)"E G073 F | K ) Peulu?| 1

t—T1 T

|

< e(va®y) " EGTDTET R Ot () Py 22

[

< c(a®yr) HETI T oot ()T E 0D a1
=cC1 (VOQt,T)_%(1_%)_%—%6—021/14%4 ”uinz
<c (Voét_T)_%(l_%)_%_%6—021’1‘1‘%77—6—2C2V¢7. HaH%z

< 1wy )" BT TR e el g,

t
n [
[0 u™ | zr < cre” a7 / O R
0

1 la]

< Oyt (voy) " 2UT RS R Gty jq 3, |
4. analysys of global in time solvability
proposition 5 (global in time solvability of NSIVP)
In regard to NSIVP with initial value acpra ge(n,o0); following results are confirmed.
(1) For a local in time solution UeprLy . there exist expanded time AT = AT (||a||2,T) and

expanded local in time solution ucp L, . Moreover, AT'(||al|g2,T) is increasing function

s T+AT)

of T.

(2) There exists global in time solution w. This satisfies u € PL?O ooy N PLEg’gj]),aau €
2,

PLE. ]

proof

(1) is confirmed as follows.

Resetting the endpoint time of finite time interval of a solution wu; ;e(0,7),7€(0,00) @s initial
time resetting the solution at endpoint time as initial value, and using solvability analisys
(proposition 1), expanded solution is constructed. Based on a priori estimation of ex-
panded solution at time ¢ = T : |ur|pe < Ug(q)(HaHLz,T)qu(moo](proposition 4), for
existance time AT of the expanded solution, AT > TM (UQ(q)(
Because U2(q)(|]a\| r2,1) is a decreasing function of ¢t and T'M (&) is discreasing function of &,
TMUY (a2, T)) is increasing function of 7.

(2) is confirmed as follows.

Based on local in time solvability of NSIVP (proposition 1), solution of NSIVP in finite
time interval is expandable ((1)abobe) and its expanded existing time increase to the length
of existing time interval ((1)above), by iterating expansion of solution, for arbitrary length of
interval, solution can be constructed. Therefore NSIVP is global in time solvable.

lal|z2,T)) is confirmed.

Moreover, by means of proposition 2, u € PL{(Q):Z]O) N PLEgzz]),ﬁau € PLE%:ZZ]) are com-

10



firmed. []

proposition 6 (asymptotic attnueation characteristic and global in time boundedness of
solution of NSIVP)

For global in time solution w of NSIVP(1.2) with initial value @cpri2.a ge(n 00, following
results are confirmed.

(1) asymptotic attnueation characteristic

Solution w and its partial derivertives in regard to spatial cordinates have asymptotic
attnueation characteristic for t— oo as follows.

n (1

(41) [uP|lz; = 0@ 3G-7)
HU(NL)HL;F = O(tig 17%)+%)
_n(l_1y_lof
(42) [0ulP) | = O F D%
|0°uN D[, = Ot~ -+ =15

(2) global in time boundedness

Solution u is global in time bounded as follows.

(4.3) ullzy <o rel2,d] [
proof
(1) asymptotic attnueation characteristic

Based on proposition 5 and, (3.2) in regard to (4.1), (3.3) in regard to (4.2), these are
confirmed.

(2) global in time boundedness
Based on proposition 1, |[uVP)||p, < Cllal|Le tefo,1,,] is confirmed, and based on propo-

sition 3 [|[u™)| 1> = |lu — u')| > is confirmed; and interpolating these, following relation
is comfirmed.

0 0
[z < 7 lallgllalz
g

3=

hQ [

NI
3=

762: JG[O,TM]J‘E[Q,(]}

-
-

N
Q
[N
Q[

On the other hand, following relation is confirmed based on proposition 5 and proposition
4.

[u ™) g < S wt) T al|2e < v W) T @l 2e se Ty 00) rel2]

Therefore, with expression of Th; in the proof of proposition 1, following relation that gives
(4.3) is confirmed.

[Pz < max{Cy” all, lal s, b v (/Tn) 7 a3}
< max{C}"|al| % [allp, O v el VallalF e} g

proposition 7 (equable continuous on initial value and uniqueness of solution of NSIVP)
Global in time solution of NSIVP(1.2) correspond to initial value acpyi2.q depends equably
and continuously on initial value @, moreover and is unique. []
proof
For 2 solutions u,u(? of NSIVP which correspond to 2 initial values a®),a® cppq
respectively, following expressions are confirmed, providing r € [2,¢] and ¢ € [0, Ty].

t
uV — u® = K,x(aV - a®) - / dr PO, +(uDuld) — uPu®)
0

Hu(l) _ u(2)||Lg < Cl||a(1)— a(2)|

L™
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t
ol + 0 g, ) [ dr =) ) —u®

[0,Tpr]
Therefore, similarly as in proof of proposition 2 (1), following expressions are confirmed,
providing ¢ € [0, T].
Hu(l) _ u(2)|IL; < Cl||a(1)— a(2)||LrU(’") ()
sup Hu(l) _ U(Q)HL; < C'1Ha(1) _ a(2)HLrU(T) (Tar)

te[0,Tas]

(") () — ., @y, AL

U (”‘Zorm 57 (CoTOUuDllag, o+ 1wl w7 00)°)
]:

On the other hand, similarly as in proof of proposition 4, following expressions are
confirmed, providing r € [2,¢] and ¢ > 0.

n (1l 1

lulV? = ulP?|| e < CL (@) "GP la® — 0@ 2

t
+eo(laW]| 2 + la®]|2) / dr (v®,—,)" 21730 @M —a®|
0

HE0 ) — )

+Cor ™ (w) ET I (Jal 2+ [[a®)|22) @) — 0o
[ul —u®|z; < fla® —a®| 03" (1)
Therefore, following expression is confirmed, providing ¢t € [Ty, 00).
sup [u® —u®||; < [la® — a||L2U;" (Tyr)
tE[TM,OO)
Therefore, following expression is confirmed.
sup [[u® —u®|z; < al ||z max{U") (Tar), Us" (Tar)}
te[0,00)

Therefore providing |[a® —a®|g- — 0, sup [ult) — u(2)||L{ — 0 is confirmed. Namely,
te[0,00)
solutions equably and continuously depends on initial values.

By setting a(!)=a?in arguement above, u(")=4?)is confirmed. Namely, solution is unique.]]
5. general mean value problem

Whereas, in main part within the preceding sections, problems with initial value functions
and solutions of which mean values are zeros are considered, in this section, problems with

initial value functions and solutions of which mean values are general constant values ¢ cgns
are considered.

Namely, initial value problem of which initial value function a” and solution u# satisfy
following relations (5.1)(5.2) is analized.
(51) a# e PL1 > aaa# e LY ; g€(n,00]; |a|=1,...,m

#_
a,==c

(5.2) u® e PL{,

1
du® —vAu” + (u#-a)u# + ;Bp =0 L(t,2)€(0,00)xR"

u# (0,z) = a#(:c) xERN

#o_
upy =c ,t€(0,00)

Global in time existence and property of solution of this problem can be analized by means
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of function transformation, and by similar arguments as in main part. Namely, by setting
u =u? —¢,a = a* — ¢, transformed initial value problem that have initial value function a
and solution u with following conditions (5.1)(5.2) is derived.
(5.1)~ acPL? , 0“a € L1 :q€(n,00]; |a|=1,...,m
an=0

(5.2] we PL{,

- - - - - 1
ou —vAu+ (c-0)u + (u-0)u + ;3p =0 (£,2)€(0,00)xR™
u(0,z) = a(z) @ER"
a() =0 ,t€(0,00)

Partial differential equation in (5.2) differs from Navier-Stokes equation in that this has linear
first order spatial partial differential term. To analize this equation, following kernel K®
that corresponds to the initial value problem for linear equation 0, f — vAf + (¢-8)f = 0 in
the whole space R" is introduced, instead of heat kernel K ).

1 ( (x — ct)Q)
Vamut" P 4vt
Following integral equation (5.3) is equivalent to initial value problem (5.1 (5.2}, providing
existence of derivertives of solution.
t

(53) at = kt*a —/dTP(af?tT*'aTﬂT) ,(t,x)€(0,00)xR™
0

Kernel K has similar charasteristic as heat kernel K, especially expressions | K| LI(RY) =

KW (t,x) =

IKlLe(Rn), HE)O‘IN(HLg(Rn) = [[0“K||L3(rn) qe[1,00] are comfirmed. Based on these expressions,
almost similar results in previous section are confirmed and it is confirmed that this problem
has global in time solution with following form.

u? =c+ a4 a™Mh)
On the other hand, solution u of problem in previous sections and solution u# of problem in
this section have following relation.
(5.4) u¥(t,x) = c+u(t,x — ct)
This is proved as follows.
(0r — v u¥ (t,x) = (0 — v )u(t,x — ct) — (c-0)u(t,x — ct)

=—((u(t,z —ct)+c)-O)u(t,x — ct) — ;81)

= —(u(t,z)-0)u™(t,x) — ;819

Using relation (5.4), based on extistence of solution of problem in previous sections, existence
of solution of problem in this section is automatically confirmed.

6. initial value and boundry value problem

Whereas, in the previous section, problem with initial value a with mean value ay, and
solution u that converges to ag, i.e. for t — co uy — ag, is argued, in this section, problem
of which solution w has initial value a and constant boundry balue b on boundry 042 is
argued. Namaly, initial value boundry value problem that initial value @ and solution w
satisfy following conditions (6.1)(6.2) is analized.

(61) acPL? y 0% € L1 ; g€(n,00]; |a|=1,...,m
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a(z)=b ,L€DN
q
(62) wePLy, )

1
hu —vAu + (u-8)u + ;3}? =0 ,(t,2)€(0,00)xR™
w(0,2) = a(w) e
u(t,z) =b ,t€(0,00),2€012

This problem is global in time solvable and its solution converges to b. Analysis with regard
to this problem can be performed by means of following kernel K that corresponds to heat
equation 0, f — vAf = 0 with periodic boundry which differs from main part (sections 1-4).

)= ¥ e (- )

A€
Following integral equation is equivallent to the initial value boundry value problem here,
providing existence of derivatives of solution.

t
(6 3) Uy = Kt*a /dT/ds 8Kt T /drP(BKtT*‘uTuT) ,(t,2)€(0,00)xR™
o 0
Therefore, it is understood that as for a with mean value a;, = ¢ and constant boundry

value b on boundry 9f2 and ¢ # b, problem in previous section (secsion 5) and problem in
this section (section 6) have solutions that converges different value, namely these solutions
are different.

This means that as for problem with regard to periodic equation without additive condition
like mean value condition or boundry value condition doesn’t have unique solution.

note (relation to CMI problem)

Relation between results of this paper and CMI (Clay Mathematical Institute) problem!®! is
as follows.

In the CMI problem, 4 candidate propositions (A)(B)(C)(D) are given, 2 of which (B)(D)
correspond to initial value problem over 3 dimensional periodic space R3. In these 2 propo-
sitions (B)(D), regard to initial value, conditions that are consisted from (1)nondivergence,
and (2) existence of arbitraly times derivatives on spatial variables and its spatial discreasing.

0% | < Cax(1+2) ™" sereacfojuny?, k>0
These 2 conditions are sufficient condition for initial value condition @ € PL? N L™ in the
present paper, therefore, results of the present paper conclude for the CMI problem, viz.
proposition (B) is comfirmed and proposition (D) is denied.
Results of the present paper give not only existence of global in time solutions, but also
various characteristic regard to solutions like uniqueness, partial derivativability, equable
continuous on initial value, etc. Also results of the present paper weaken conditions of
propositions from these 2 propositions (A)(B), and give similar results for comprehensive
initial values.
Nevertheless, as mentioned in section 6, CMI problem has uncertainty, that is, uniqueness
of solution is not garanteed and this is based on lack of contitions. For problems that
have appropriate contitions like in main part (sections 1-4), in section 5 and in section 6,
uniqueness of solution is garanteed.
On the other hand, results related to 2 propositions (A)(C) are given in other paper!®, which
are like as results related to 2 propositions (B)(D). Although, as for uniqueness, attention
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should be required.
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