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Abstract

A mathematical model of the plasma crystal built using Maxwell’s
equations is given.
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1. Problem statement

Dusty plasma (see the [1]) is a set of charged particles. These
“particles can arrange in space in a certain way and form the so-called
plasma crystal” [2]. The mechanism of formation, behavior and form of
such crystals is difficult to predict. Observation of these processes and
forms under low gravity conditions sets at the gaze — see illustration (Fig
1.) of the experiments in space in the [3].

Therefore, they were simulated on computer in 2007. The results
surprised even greater, which was reflected in the name of a
corresponding article [4]: “From plasma crystals and helical structures
towards inorganic living matter”. The [5] gives a summary and discussion
of the simulation results.

I like such comparisons too. But, nevertheless, it should be noted
that the method used by the authors of the molecular dynamics
simulations does not fully take into account all the features of the dusty
plasma. To describe the motion of the particles this method uses classical
mechanics and considers only electrostatic forces between the charged
particles. In fact, the charged particles motion causes occurrence of
charge currents — electrical currents and electromagnetic fields as a
consequence. They should be considered during simulation.




Fig. 1.

In absence of gravity the plasma particles are not affected by
gravitational forces. If we exclude radiation energy, then it can be said
that the dusty plasma is electric charges, electric currents and
electromagnetic fields. Moreover, at its formation (filling a vessel with a
set of charged particles) the plasma receives some energy. This energy
may be only electromagnetic and kinetic energy of the particles, since
there is no mechanical interaction between the particles: they are charged
with like charges. Thus, the dusty plasma should meet the following
conditions:

e to meet the Maxwell’s equations,

e to maintain the total energy as a sum of electromagnetic and
kinetic energy of the particles,

e to become stable in terms of the particles structure and motion in
some time; it follows, for example, from the said experiments in
space — see fig. 1.

The charged particles obviously push off from each other by
Coulomb forces. However, the experiments show that these forces do
not act on the periphery of a particles cloud. Consequently, they are
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compensated by other forces. It will be shown below that these forces
are Lorentz forces arising during charged particles motion (although it
seems strange at first sight that these forces direct into the cloud,
opposing the Coulomb forces). The particles cannot be fixed, since then
the Coulomb forces will prevail. But then these forces will move the
particles, which causes the Lorentz forces, etc.

In the mathematical model shown below we will not take into
account the Coulomb forces, believing that their role is only to ensure
that the particles are isolated from each other (just as these forces are not
considered in electrical engineering problems).

Thus, we will consider the dusty plasma as an area with flowing
electrical currents and analyze it using the Maxwell’s equations. Since the
particles are in vacuum and are always isolated from each other, there is
no ohmic resistance and no electrical voltage proportional to the current
— it should not be taken into account in the Maxwell’s equations. In
addition, in the first stage, we will assume that the currents change slowly
— they are constant currents. Considering these remarks, the Maxwell’s
equations are as follows:

rot(H)-J =0, M
div(J)=0, @
div(H)=0, ©)

where the J, H is the current and magnetic intensity, respectively. In

addition, we need to add to these equations an equation uniting the
plasma energy W with the J, H:

w=£(3, H). 4
In this equation, the energy W is known since the plasma receives this
energy at its formation.

In scalar form, the system of equations (1-4) is a system of 6
equations with 6 unknowns and should have only one solution. However,
there is no regular algorithm for solving such a system. Therefore, below
we propose another approach:

1. Search for analytical solutions of underdetermined system of
equations (1-3) with this plasma cloud form. There can be
multiple solutions.

2. Calculation of energy W using the (4). If the solution of the
system (1-4) is the only one then this solves the system (1-4)
with the data of the W and cloud form.




2. System of equations
In the cylindrical coordinates I, ¢, Z, as is well-known [6], the

divergence and curl of the vector H are as follows:

oH
div(H)=(Hr+aHr+1- ma'*zj, @)
r or r Ogp oz
oH
rot, (H)= 1M T | (b)
r oe oz
oH, oH
rot,(H)=| —F-—%|, ©
o(H) (82 GrJ
H, oH, 1 oH
rotz(H):[ r¢+ ar(” - a(ﬂr} C)

Considering the equations (a-d) we rewrite the equations (1.1-1.3)
as follows:

H, oH, 1 éH, oH
+=- +

r+ r Z=O’ (1)
r o r op 0oz
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The system of 5 equations (1-5) with respect to the 6 unknowns
(H,, H,, H,, 3, 3.,
solutions. It is shown below that such solutions exist and for different
cases some of possible solutions can be identified.

We will first look for a solution for this system of equations (1-5)
as functions separable relative to the coordinates. These functions are as
follows:

r, J, ) is overdetermined and may have multiple

H,.=h.(r)-cos(x2), ©)
H,.= hq,(r) -sin(yz), ™)
H,.=h,(r)-sin(yz), 8)




J;.= ], (r)-cos(xz), ©

3,-= i, (0)sinC2), a0
J, = J,(r)-sin(x2), (11
where the x is a constant, while the

h,(r), hw(l’), h,(r), J.(r), jw(l’), J,(r) are the functions of the

coordinate I'; derivatives of these functions will be denoted by strokes.
By putting the (6-11) into the (1-5) we get:

h—rf+h;+;gh2:0, (12)
-, = (13)
- - =], (14
hT‘”+h;, =j,, (15)
L+j;+;(j2:0. (16)
Let’s put the El 3) and (15) into the (16). Then we get:
_;r(h"’—,gh;+;([h—r“’+h;j=0. (17)

The expression (17) is an identity 0=0. Therefore, the (16) follows
from the (13, 15) and can be excluded from the system of equations (12-
106). The rest of the equations can be rewritten as:

h =—1(ﬁ+h;j, 18)
x\r
h
i, :T"’+h;, (19)
ie=-x,. 20)
I A 1)

3. The first mathematical model

In this system of 4 differential equations (18-21) with 6 unknown
functions we can define two functions arbitrarily. For further study we
define the following two functions:

h,=q-r-sin(z-r/y), 22)
h =h-r-sin(z-r/y), 3)

where the 0, N are some constants. Then using the (18-23) we find:




h, =—£[23in(7r-r/z)+ﬂcos(ﬂ-r/z)], (24)
X X

i, :q(Zsin(ﬂ-r/;()+”—'r-cos(7r-r/;()j, (25)
X
jr =—x-q-r-sin(z-r/ ) 20
2
i, = h-( ~_ —;(j-r-sin(;r-r/z)+£(2—£j-cos(ﬂ-r/;()‘(27)
R Uz

Thus, the functions j,(r), j,(r), J,(r), h.(r), h,(r), h,(r) can be
defined using the (26, 27, 25, 23, 22, 24), respectively.
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FIG. 2 (figPlazma.m)
Example 1.
Fig. 2 shows function graphs

3 (1), 3,(r), J,(r), h(r), h,(r), h(r). These functions can be
calculated with data y =2, h=1, q=-1. The first column shows the
functions h,(r), h,(r), h,(r), the second column shows the functions

3 (r), 3, (N, J.(r).

It is important to note that there is a point in the function graph
j, (r), j(p(r) where j,(r)=0 and j(p(l’): 0. Physically, this means that
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there are radial currents Jr(l’) in the area I < y directed from the center
(with g < 0). There are no currents Jr(l’), J(p(l’), in the point = y.
Therefore, the value R = y is the radius of a crystal. The specks of dust

outside this radius experience radial currents Jr(r) directed towards the

center. This creates a stable boundary of the crystal.

The built model describes a cylindrical crystal of infinite length,
which, of course, is inconsistent with reality. Let’s now consider a more
complex model.

4. The second mathematical model

The root of the equation jr(r): 0 determines the value R= y of
the cylindrical crystal radius. Let’s now change the value y . If the value
X is dependent on the z, then the radius R will depend on the z. But

this very dependence is observed in the experiments — see, for example,
the first fragment in Fig. 1.

With this in mind, let’s consider the mathematical model which
differs from the above used by the fact that the function y(z) is used

instead of the constant } . Let’s rewrite the (6-11) with this in mind:

..=h,(r)-cos(x(2)), 28)
,-=h,(r)-sin(x(2). 29)
H .=h,(r)-sin(x(2)). (30)
J,.=j,(r)-cos(x(2)). (31)
3,.= j,(r)-sin(x(2)), (32)
J, = j,(r)-sin(x(2)). (33)

The system of equations (1-6) differs from the system (2.9-2.14)
only by the fact that instead of the constant y we use the derivative

¥'(2) along the z of the function y(z). Consequently, the solution of

the system (28-33) will be different from that of the previous system only
by using the derivative #'(z) in instead of the constant y . Thus, the

solution in this case will be as follows:

i, =—2(2)-q-r-sin(z-r/ £ (2)), (34)

h .(;(’(Zsz —;(’(Z)J-r sin(z-r/ 7'(2))+

; (35)
h

T ’
x'(2) (2 B z’(z)j cos(rr/x'(2)




j, = q(Zsin(m r/x'(2))+ %r -cos(rz - r/;(’(z))j, (36)

h, =h-r-sin(z-r/ 4'(2)), (37)
h, =q-r-sin(z-r/ 7' (2)), (38)
h,=— ;(’r(]z) (ZSin(;z- r/;('(z))+%rcos(7r : r/;(’(Z))j~ (39)

The said functions will depend on the x'(z). With the y(z)=nz the
equations (34-39) are transformed into the equations (22-27).

For example, Fig. 3 shows the functions y(z) and x'(z) where
the y'(Z) is an equation of ellipse.
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We can suggest that the current of the specks of dust is such that
their average speed does not depend on the current direction. In
particular, the path covered by a speck of dust per a unit of time in a
circumferential direction and the path covered by it in a vertical direction
are equal with a fixed radius. Consequently, in this case with a fixed
radius we may assume that

Ap=Az. (40)

The dust trajectory in the above considered system is described by

the following formulas

co=cos(x(2)). (41)
si=sin(x(z)). 42)

Thus, there is a point trajectory described by the formulas (40-42)

in such system on the rotation figure with a radius of r= y'(z). This
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trajectory is a helix. All the tensions and densities of currents do not
depend on the ¢ in this trajectory.

Based on this assumption, we can construct a movement trajectory
for specks of dust in accordance with the functions (1-3). Fig. 4 shows

the two helices described by the current functions j, (r) and j,(r): with
I, = x'(z) with r, =0.54'(2), where the y'(z) is defined in Fig. 3.

Fig 4 14

(Plazma4.m)

5. The plasma crystal energy
Under certain magnetic strengths and current densities we can find
the plasma crystal energy. The magnetic field energy density

WHzg(Hf+H;+HZZ). (43)

The specks of dust kinetic energy density W, can be found in the

assumption that all the specks of dust have equal mass M. Then

1

W, :E(J§+J§+J;). (44)

To determine the full crystal energy we need to integrate the (43,

44) by the volume of the crystal, which form is defined. Thus, with a

defined form of the crystal and assumed mathematical model we can find
all the characteristics of the crystal.
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