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Abstract

The article aims to investigate the four current due to the superposition of free Dirac states with a
special view towards the terms containing oscillatory factors responsible for “the trembling motion of
electrons”----Zitterbewegung. As we shall see that these terms simply disappear. Zitterbewegung is not
possible with free Dirac States

Introduction

The trembling motion of electrons-Zitterbewegung!*'—is a fact that emerges from the current formed
from the superposition of free Dirac states. From mathematical considerations in this article it emerges
as a fact that the terms containing the relevant oscillatory factors reduce to zero value leading to the
complete disappearance of Zitterbewegung

Superposition of Dirac States
Due to the superposition!? of Dirac States we have,
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[u, refers to positive energy states:u; to +% spin states and u, to -1/2 spin states;

v, refers to negative energy states:v; to % spin states and v, to -1/2 spin states]

To note that E? = p2 + m;?

The value of p fixes up the value of E:for each p? we have +E. We integrate over momentum
statespy, py, and p, as indicated by d3p

Equivalently ,
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Standard relations for normalized Dirac solutions
U (P)us(p) = Ors; Ur(P)Vs(P) = —bps

- (p)us(p) = 0;u,-(p)vs(p) =0

The Four Current
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There are three types of possible combinations in the Dirac current for the wave packet, j# =

Jartxd®x
1) Particle-particle states in combination

2) Antiparticle-antiparticle states in combination

3) Particle —antiparticle or antiparticle- particle combinations of states which yield zero for the

integral

Particle-Particle states in Combination
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NB:E > 0; E' > 0 as stated earlier,exp[—i(E' — E)t] = 1whenp’ = p since: E = E'fromE? =
p% + my?. Also u,(E,p)y*u, ., (E,p) = 0]Whenp' # p, §3(p — p') = 0. The exponential factor
exp[—i(E' — E)t]gets multiplied by zero from delta function to result in zero value of te product
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(3.2)
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To Notel!:
For evaluating i1, (E, p)y*u, (E, p) we take u = 1 as an instance that is we consider:ui,.(E, )y u, (E, p)
From Dirac equation
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By direct calculation {y#p,, y'} = 2p*

- (E, )y u.(E,p) =1

Since U, u, =1
Antiparticle-Antiparticle States in Combination
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When p # p' the contribution of the integrand to the integral is zero since the delta function yields zero
value . Whenp = p',E’' = +E = |E'| = |E|. The the above integral E' and E imply theabsolute values
of energy. Thus when p = p,exp[i(E' — E)t =1

We have,

fD( E,p,s")D*(—E, p,s) vs( —E,p)y*vy_(—E,p))d3p

- 1 — - -
= [IDCE 5.9 5.8 By us B D) &
14

(4.2)
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Proof of Formulal¥
For evaluating i1, (E, p)y*u, (E,p) we take u = 1 as an instance that is we consider:ui,.(E, )y u, (E, p)
From Dirac equation
(rPpy+m)v, =0

Yo,
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From conjugate Dirac equation vr(y“pu - m) =0
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By direct calculation {y“pu,yl} = 2p*
o B, _p” _ p* _  p"
o (E, )y v (E, p) = =7, T T =

Combination of Particle Antiparticle States in the Dirac Current
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For particles moving in opposite directions p = —p’, contribution from the delta function is non trivial
else contribution from it makes the integrand zero.

For |p| # |p'|, contribution from the delta function is again zero

Evaluation of

Us(—E, p)y*u, (E, p)
Dirac Equation
("0, —m)p =0 (A7)
P(ir* 9, +m) =0 (8) (4)
Trial Solutions

1) Y& =u, exp[—ipux“] = upexp[—i[pox® + p1x' + pox® + p3x®]] = urexp[—i[p°x® — p'x -
p?x* — p3x3] = upexp[—i[p°x® — p.X]; Y™ = upexp[—i[p°x° — B.X];E = po = p° > O[Metric
signature:(1,—1,—1,—1)]

2) Yy =, exp[ipux“] = vpexp[i[pox® + p1x' + pox? + p3x®]] = veexp —i[p°x® —p'x’ —
p?x? — p3x3] = v,exp[i[p°x° — 5. X]; Y = vexp[i[p°x° — p.%E = po = p° > 0
I n the above trial solutions energy and momentum always have opposite signs

Also: Energy operator:E = i%, Momentum operator:p%* — i%;h =1
Ep® = +pop™; By = —pOp®);

The crucial point is that in formulating the Klein Gordon equation from the relation

E? = p? + m,? the same operator formalism is used: therefore this operator formalism is a valid

one for Relativistic quantum mechanics

-

3) Y™ = z.exp[i[p°x° — p.%]
4) P =t exp[—i[k°x® — 5.X]



Substituting (1) and (2) into (7) we have
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Substituting (1) and (2) into (8) we have
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Evaluation of :

0,7’y and i,.y'v;i = x,y,2

For that we first evaluate

Py = i1,y%,. x exponential part and Pyl = @1, ylv, xexponential part
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[using 9.2 and (10.1)]
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Similar conclusions for I’
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Evaluation of :
7sy°u, and v;ytu,;i = 1,2,3 spatial components
For that we first evaluate

POy ® = 5,y%, x exponential part and P yip ) = pylu, xexponential part
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[using (9.1) and (10.2)]
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Being zero each we do have
%y’ =0 and ii,y'v, =0
An interesting Observation:
We know that the Dirac Current for wave packet is a real current.
Therefore:
Je= ()

This result may be used with nay standard formulal*! for the Dirac current[wave packet considering
superposition of Dirac states ].

You will Obtain: J* = A+ B
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%) =4-8
Implying B=0
Bis the part that contains Zitterbewegung[oscillatory part]. So there is no Zitterbewegung
Conclusion

Thus we observe from theoretical considerations that for free particle superposition of Dirac states it is
not possible to have admixture terms[particle-antiparticle or antiparticle particle combinations] that
contain oscillatory factors responsible for Zitterbewegung---trembling motion of electrons. It is
important to keep in mind that Zitterbewegung by definition is expected from superposition of free
Dirac states. But for pragmatic reasons we always do have some field effect, of major type or of minor
type. The presence of such a field potential could modify our conclusions.
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