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ABSTRACT OF THE THESIS

As the name suggests, a semigroup is a generalization of a group; because a semigroup
need not in general have an element which has an inverse. The algebraic structure
enjoyed by a semigroup is a non-empty set together with an associative closed binary
operation. From the literature survey on semigroups it is clear that not significant amount
of research has been done in which study is based on how far the finite semigroups
satisfy the classical theorems for finite groups. To the best of one’s knowledge such a
study is absent. So here the problem of analyzing how far a finite semigroup relates itself
to the properties of classical theorems enjoyed by finite group is carried out in this thesis
This problem/study leads to the definition of several new and interesting concepts in
semigroups. This study is new and innovative. Further, special elements like S-
idempotents, S-units, S-zerodivisors, S-nilpotents and S-anti zero divisors are defined for
semigroups for the first time. Conditions on these semigroups to contain these special
elements is obtained. Here, the study of semigroup semirings and group semirings is
carried out for the first time using only distributive finite lattices. As finite distributive
lattices are nothing but two distinct idempotent semigroups connected by distributive

laws
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CHAPTER ONE

AN INTRODUCTION TO BASIC CONCEPTS ON
SEMIGROUPS, SEMIRINGS AND
DISTRIBUTIVE LATTICES

The semigroup happens to be an algebraic structure with a single closed
associative binary operation on a non-empty set. Semigroups have many interesting and
important properties and applications. Moreover, the most generalized algebraic
structures for groups are semigroups. The study of semigroups, most of the time is often
carried out in a fashion similar to those for rings, like finding idempotents, zero divisors,
regular elements and so on and so forth. But a study of this structure relating to groups is
very meager. As semigroups are generalizations of groups, in this research work, those
properties of groups which are satisfied or otherwise by semigroups are analysed and
studied.

Semirings are nothing but semigroups on the same set with two binary operations
+ and x (or U and M) related by the distributive operation. Hence the study of semirings
has become mandatory. Here, semigroup semirings and group semirings are studied using
distributive lattices as semirings. Finally the notion of Smarandache zero divisors (S-zero
divisors), Smarandache idempotents (S-idempotents) and Smarandache nilpotents (S-
nilpotents) can be referred from [98, 100].

1.1 SEMIGROUPS AND THEIR PROPERTIES

In this section, a brief recollection of semigroups and their properties are made.
Semigroups are the generalization of groups; however, semigroups in general, as
analyzed by researchers come under such topics like regular semigroups, inverse
semigroups, homomorphism of semigroups etc. Most of the time, semigroups are defined
in an abstract way by researchers as a result of which one is not in a position to visualize
them.



Definition 1.1.1: Let S be a non-empty set on which is defined a binary operation *. (S,
*) is a semigroup if;

i) foralla, b €S;a*b=ceS
ii) a*Mb*c)=(a*b) *c
foralla, b, c € S.

If the number of elements in S is finite, S is called as a finite semigroup otherwise,

S is an infinite semigroup.

Example 1.1.1: Let Z;) = {0, 1,2,3,4,5,6,7, 8,9} be the set of integers modulo 10. Z;,
under multiplication is a semigroup denoted by {Z;), x/.

Thus, throughout this thesis is Z, = {0, 1, 2, ..., n — 1} denotes the set of integers
modulo n. The notation used in this thesis is Z,={0,g,=1,g,=2, ..., g,.;,=n— 1} or
Z)1={O>1>g1=2g2=3> 5 8n-2= n_l}

Z, under multiplication is a semigroup denoted by {Z,, x}.
Example 1.1.2: Let

S(3) = {set of all mappings of the set (1, 2, 3) to (1 2 3)}
123 123 1 2 3

1 2 3)1(1 1 2 2003 3 3)°\2 1 3)

1 23 (1 2 3)(1 2 3 3) (1 2 3\ (1
321001 3 2012 3 1) 1)1 1 21

2

2 2 2

2 2 1
12 3) (1 2 3) (1 2 3)(1 2 3)y(123)(1 23)(1 23
[221)’(212)’[1 2)’(313)’[133}’(331}’(311)’

2 2 2

2 3 3

2

2

N DN

1 2 3\ (1 2 3\ (1 3) (1 2 3) (1
11 31 3 1)13 302 3 213

under the composition of mappings is a semigroup, with 3* elements in it.



This semigroup will be known as the symmetric semigroup of degree 3.

Throughout this thesis S(n) = {set of all mappings of the set (1, 2, 3, ..., n) to (1, 2,
3, ..., n)}. S(m) under the composition of maps will be known as the symmetric
semigroup of degree n and S(n) has n" elements in it.

Definition 1.1.2: A semigroup (S, *) which has an identity element e such that e *s = s *
e =S forall s € S will be known as the monoid.

S(n) is a monoid. S = (Z,, x) is also a monoid as / € Z, acts as the identity of S:
Finally the definition of subsemigroup and ideals are recalled from [20-21].

Definition 1.1.3: Let (S, *) be a semigroup. If H is a proper subset of S such that (H, *)
is a semigroup, then H is defined as the subsemigroup of'S.

If H is a subsemigroup and s *hand h *s € H for all s € S and h € H, then H is
defined as an ideal of S.

Definition 1.1.4: Let (S, *) be a semigroup. Let A be a proper subset of S such that (A, *)
is a group, then S is defined as a Smarandache semigroup [99].

Example 1.1.3: Let S = (Z;,, x) be a semigroup. H = {1, 11, x} is a subsemigroup of S. In
fact H is a group under x so S is a Smarandache semigroup.

Let P =1{0,2,4,6,8, 10} < Z;, {P, x} is a subsemigroup as well as an ideal of S
[99].

Foreverys e Sandp e P; s xp=p xs € P.

Example 1.1.4: Let S(4) be the symmetric semigroup of degree four under the operation
of composition of mappings.

1 2 3 4\(1 2 3 4\(1 2 3 4\(1 2 3 4
H= : : : <S4)
1 2 3 4)\2 3 41)\3 41 2){41 2 3
is a group. So S(4) is a Smarandache semigroup.

Now



1 2 3 4\ (1 2 3 4)(1 2 3 4) (1 2 3 4
P= ) , : <S(4)
1111 2 2 2 2)\3 3 33 4 4 4 4
is subsemigroup of S(4) which is also an ideal of S(4).

Now let {S, x} be a semigroup with unit 1 or a monoid. If for x € S there exists a y
€ S such that x xy =y xx =1 then x is defined as a unit in S.

If for some a € S there exist a, b € S such that a x b = 0 € S then a is a zero
divisor in S. If for some ¢t € S| {0, 1}; t xt =t then ¢ is defined as an idempotent of S.

Examples of this situation is given in the following from [99].

Example 1.1.5: Let S = {Z;5, x} be a semigroup of order 15. X = /4 & §is such that x xx
=1 (mod 15) is a unit in S.

Lety =10 € S; y xy =10(mod 15) is an idempotent of S. Letx=3 andy =5 € S;
clearly x xy =y xx =0 (mod 15) is a zero divisor in S.

Example 1.1.6: Let S(5) be the symmetric semigroup of degree 5.
is an idempotent of S(5).

is the identity element of S(5).
Example 1.1.7: Let S = {Z;, x} be the semigroup of order 12.
Letx=6 € S, x xx =0 (mod 12) is a nilpotent element of S.

y=4andz=9 e S are such that 4 x 4 =4 (mod 12) and 9 x 9 =9 (mod 12) are
idempotents of S. Letx =2 and y = 6 € S. Clearly x xy =0 (mod 12) is a zero divisor in
S.

Now in the following section, some properties of groups and some classical



theorems on finite group theory are recalled from [39, 56].

1.2 PROPERTIES OF GROUPS AND CLASSICAL THEOREMS ON FINITE
GROUPS

In this section some basic properties of groups and the classical theorems on finite
groups are recalled from [39, 56, 99].
It is a well-known fact that groups are the only algebraic structures with a single

binary operation that is mathematically so perfect.

DEFINITION 1.2.1: A non-empty set of elements G is said to form a group if in G there is

defined a binary operation, called the product and denoted by ‘s’ such that
1. a, b € Gimpliesthata*b € G (closed).
2. a, b c eGimpliesac(be*c)=(ae*b)-ec (associative law).

3. There exists an element e € G such that a * e = e * a = a for all a € G (the

existence of identity element in G).

4. Forevery a € G there exists an element a”’ € G such that

1

-1 - . . .
a*a =a *a= e (the existence of inverse in G).

DEFINITION 1.2.2: 4 group G is said to be abelian (or commutative) if for every a, b €
Grasb=ba.

A group, which is not abelian, is called naturally enough, non-abelian. Another
natural characteristic of a group G is the number of elements it contains. The order of G

and denote it by o(G).

Here some interesting preliminary results about groups are recalled from [39, 56,

99].



THEOREM 1.2.1: Let G be a group, then the identity element of G is unique.
THEOREM 1.2.2: I G is a group, then every a € G has a unique inverse in G.
THEOREM 1.2.3: Let G be a group; for everya € G, (@)’ = a.

THEOREM 1.2.4: Let G be a group. Fora, b € G (a*b)' =b" +a’".

DEFINITION 1.2.3: 4 non-empty subset H of a group (G, *) is said to be a subgroup of G
if, (H, *) is itself a group.

The following remark is clear; if H is a subgroup of G and K is a subgroup of H,
then K is a subgroup of G.

THEOREM 1.2.5: A non-empty subset H of the group (G, * ) is a subgroup of G if and
only if

1. a, b € Himplies thata *b € H.
2. a e Himplies that a”’ € H.

THEOREM 1.2.6: If H is a non-empty finite subset of group G and H is closed under
multiplication, then H is a subgroup of G.

DEFINITION 1.2.4: Let G be a group. H a subgroup of G: for a,b € G, a is congruent to b
mod H, written as a =b (mod H) if ab” € H. It is easily verified that the relation a =b

(mod H) is an equivalence relation.

DEFINITION 1.2.5: If H is a subgroup of G, a € G, then Ha = {ha/h € H},; Ha is called
a right coset of H in G.

THEOREM 1.2.7: For alla € G, Ha = {x € G/a =x mod H}.



DEFINITION 1.2.6: If G is a group and a € G, the order of a is the least positive integer

m such that a" = e.

If no such integer exists than « is of infinite order. The notation o(a) for the order

of a is used in this thesis.

DEFINITION 1.2.7: A subgroup N of a group G is said to be a normal subgroup of G if for
everyg e Gandn € N, gng' eN.

DEFINITION 1.2.8: If a, b € G, then b is said to be a conjugate of a in G if there exists an

element ¢ € G such that b = ¢ ac. This relation of conjugacy is denoted by a ~ b.
THEOREM 1.2.8: Conjugacy is an equivalence relation on G.

DEFINITION 1.2.9: Let G be a group. A and B subgroups of G, A and B are conjugate
with each other if for some g € G, A = gBg™".

1.3 SEMILATTICES AND DISTRIBUTIVE LATTICES OF FINITE ORDER

In this section definition and properties of semilattices (L, o) (L, m) and
distributive lattices are just recalled. It is to be noted that these semilattices are
idempotent semigroups. Further the concept of distributive lattices is recalled from [14,
100].

Definition 1.3.1: A relation R on a set A is called a partial order (relation) if R is
reflexive, antisymmetric and transitive.

The partial order (relation) is denoted by < or <.

Definition 1.3.2: A partial order relation <on A called a total order if for each a, b € A
either a <b or b <a. (4, S) is called a chain or a totally ordered set.

Example 1.3.1: Let A = {1, 5, 8, 12, 16, 19}, (4, <) is a total ordered set. Here < is the
usual “less than or equal to” relation.

Example 1.3.2: Let X = {a, b, c!. The power set of X denoted by P(X) = {¢ X, {a}, {b},
{c}, {a, b}, {a, ¢}, {b, c}}. P(X) under the relation ‘c’ inclusion of subsets or containment



relation, is a partial order on P(X).

It is important and interesting to note that a partially ordered set can be represented
by Hasse Diagram [14, 100].

Hasse diagram of the poset (partially order set A) given in example 1.3.1 is as
follows:

Figure 1.3.1

The Hasse diagram of the poset P(X) described in example 1.3.2 is as follows:

X
{a,b} {b,c}
P
{a} {c}
{9}
Figure 1.3.2

Definition 1.3.3: 4 partially ordered set (poset) (L, <) is called a semilattice if for every
pair of elements x, y € L, the sup (x, y) exist (or equivalently the
inf (x, y) exist).

It is to be noted that sup(x, y) is also denoted by ‘x U y’ and inf (x, y) is denoted by
‘x Ny’ whenever it makes proper sense.



Now examples of this situation are given in the following:

Example 1.3.3: Let P = {¢, {a}, {b}, {a, b}, {c}} be a poset under the operation inf(x, y) =
x Ny. The Hasse diagram associated with P is given in Figure 1.3.3.

{a, b}

{a}
{c/

{#}

Figure 1.3.3

{a} N {b} =inf{{a}, {b}} = {@} inf{{b}, {c}} ={b} Ni{c} ={¢},
inf ({a, b}, {a}) = {a, b} N {a} = {a} and so on {P, N (or inf (x, y)} is a semilattice of

order 5.

However {P, (} or sup (x, y) is not even closed for

sup {{b}, {c}} ={b, c} £ P.

Example 1.3.4: Let S = {X = {a, b, ¢}, {a}), {b], {b, ¢}, {a b} {a c}
sup{(x, y)} = x Uy} be the poset under sup operation. S is a semilattice of order six. The
Hasse diagram related with S is given by the Figure 1.3.4 which is as follows:

X ={ab,c}

{a,b}
{b,C} {C,a}

{b}
{a}

Figure 1.3.4



Now having seen examples of semilattices, the concept of lattice is introduced.
For more about these notions refer [14, 100].

Definition 1.3.4: 4 poset (L, <) is called a lattice order if for every pair of elements x, y
in L the sup(x, y) and inf (x, y) exist in L.

This is illustrated by the following Hasse diagram.

Example 1.3.5: Let L = {a,, a,, a;, asas, as as 0, 1, <, inf and sup; be the lattice order
given by the following Hasse diagram:

Figure 1.3.5

As in this thesis mainly algebraic operations on a lattice are used, the algebraic
lattice is defined in the following:

Definition 1.3.5: An algebraic lattice (L, », U) is a non-empty set L with two closed
binary operations U (join) and M (meet) (also called as union or sum and intersection or
product for join and meet respectively) which satisfy the following conditions for all x, y,
zel

L, XNy = yNX, xXUy=yux

L, xNynNz) =xnNy) Nz, XUy uvuz)=kxuy Uz



L; XN(x Uy =x, xXUXNy =x

Two applications of L; namely x N x = x N (x U (x N x)) = x; lead to the additional
condition

L, X NX=x X Ux =x;
the idempotent law.
1t is important to note throughout this thesis 1 and 0 are in L and
INnx=x 1 ux=1,
0Nx=0and 0 Ux =xforallx € L.
1 is called the greatest element of L and 0 is defined as the least element of L.
The connection between the lattice order sets and algebraic lattices is as follows:

If (L S) is a lattice ordered set; x Ny = inf (x, y) and x Uy = sup (x, y), then (L,
U, M) is a algebraic lattice.

If (L, U, M) is an algebraic lattice, then define x <y if and only if x Ny =x (or x <
yvifandonly ifx Uy =y) then (L, <) is a lattice ordered set.

By order of L denoted by | L | or o(L) it is meant that the number of distinct
elements in L.

Definition 1.3.6: A4 chain lattice C, is a totally ordered set 0 < a, -, < a,- ;< .. <a; <
1; where o((C,)) = n.

Next the concept of distributive lattices are recalled [14].

Definition 1.3.7: A lattice L is called distributive if either of the following conditions
hold good for all x, y, z in L.

xXuU@ynNz)=xkuy) Nx uz)orx Ny vz)=(xnNy) U(x Nz) called the
distributivity equations.

Examples of distributive lattices. All chain lattices are distributive lattices.

Example 1.3.6: Let L be the lattice with the following Hasse diagram:



as

as

aj

Figure 1.3.6

L is a distributive lattice. This lattice has no zero divisors as a; N a; # 0 for a;, a; €
LN{O}; 1<i,j<A4.

Definition 1.3.8: Let L be a lattice with 0 and 1. L is said to be a complemented lattice if
for each x € L there is at least one y € L such that

xNy=0andx Uy = 1.yis called a complement of x.
Next the notion of Boolean algebra is recalled from [14].

Definition 1.3.9: 4 complemented distributive lattice is called a Boolean algebra (or a
Boolean lattice).

Distributivity in a Boolean algebra guarantees the uniqueness of complements.

Example 1.3.7: Let B given by the following Hasse diagram is a Boolean algebra of
order four.

0
FIGURE 1.3.7

For more about Boolean algebras refer [14].



In fact if X = {x;, x5, ..., x,,/. P(X) the power set of X is a Boolean algebra with 2"
elements in it [14].

Next the definition and properties of semirings are recalled.

1.4 SEMIRINGS AND THEIR PROPERTIES

In this section, semirings and their properties are recalled [61, 89, 100]. This is
mainly carried out because one does not have many textbooks for semirings except in the
book 'Handbook of Algebra' Vol. I, by Udo [89], which carries a section on semirings
and semifields and more about semirings are given in [89, 100].

DEFINITION 1.4.1: Let S be a non-empty set on which is defined two binary operations
addition '+" and multiplication '®' satisfying the following conditions:

1. (S, +)is a commutative monoid.
2. (S, o) is a semigroup.

3. (a+b)ec=aec+becandae(b+c)=aeb+aecforalla b cins.

I af

That is multiplication 'e' distributes over the operation addition '+’

(S, +, ®) is a semiring.

DEFINITION 1.4.2: The semiring (S, +, ®) is said to be a commutative semiring if the

semigroup (S, ®) is a commutative semigroup. If (S, ®) is not a commutative semigroup,
then S is a non-commutative semiring.

DEFINITION 1.4.3: If'in the semiring (S, +, o), (S, ®) is a monoid, that is, there exists 1 €
Ssuchthata el =1 ea =a forall a € S, the semiring is defined as a semiring with unit.

DEFINITION 1.4.4: Let (S, +, ®) be a semiring. The semiring is of characteristic m if ms =
s + ... + 5 (m times) equal to zero for all s € S. If no such m exists, the characteristic of
the semiring S is 0 and denoted as characteristic S = 0. In case S has characteristic m
then it is denoted by characteristic S = m.

However in this thesis only distributive finite lattices are taken as semirings. All
distributive lattices including the chain lattices and Boolean algebras are semirings.



DEFINITION 1.4.5: Let S be a semiring. P a subset of S. P is said to be a subsemiring of S
if P itself'is a semiring.

DEFINITION 1.4.6: Let S be a semiring. I be a non-empty subset of S. I is a right (left)
ideal of S if

1. lis a subsemiring.
2. Foralli elands €S, is €1 (si €l).

DEFINITION 1.4.7: Let S be a semiring. A non-empty subset I of S is said to be an ideal of
S'if I is simultaneously a right and left ideal of S.

DEFINITION 1.4.8: Let S be a semiring. S is a strict semiring if a + b = 0 implies a = 0
and b = 0.

DEFINITION 1.4.9: Let S be a semiring with unit 1. An element x is invertible or has an
inverse if there exists ay € S such that xy = yx = 1.

For more about concept and properties of semirings, refer [61, 89, 100].

Next the notion of semigroup rings and groups rings are briefly recalled in this
section.

1.5 GROUP RINGS AND SEMIGROUP RINGS AND THEIR PROPERTIES

The study of group rings is nearly seventy-five years old and a systematic research
has been carried out by several researchers like [74, 75, 92, 98]. Moreover, semigroup
rings was defined in [52, 67, 70, 94, 95, 98].

Here in this thesis just the definitions and a few properties are given.

DEFINITION 1.5.1: Let R be a commutative ring with unit 1 and G be a multiplicative
group. The group ring, RG of the group G over the ring R consists of all finite formal

sums of the form Zai g, (i-runs over a finite number) where o; € R and g; € G satisfying

the following conditions:



i) Zal.gl. =Zﬁigl. <= o;=p0 fori=12 ..,ng €G.
i=1 i1

n

ii) (iaigi +(iﬁ[gij = Z(at +:Bi)gi ;8 €G.

i=1

iii) [Zalgi [Z,B,gl] = Zykmk Wwhere y, = Zalﬂj, gh, =m.
i J k

iv) rm; =mgr; forallv;, € R and m; € G.

n

n
V) I’Zrl-giZZ(rI;)gi forr, r € R and Zrl-gl-eRG.

i=1 i=1

RG is a ring with 0 € R as its additive identity. Since | e R; G =1.G cGand Re =R <
RG where e is the identity of G. Clearly if the group G is replaced by a semigroup with
identity (monoid) S then RS is the semigroup ring of the semigroup S over the ring R.

For more about these refer [52, 67, 74, 75, 92, 94, 98].

Finally the concept of Smarandache zero divisors, Smarandache units,
Smarandache idempotents and Smarandache nilpotents have been studied in [98, 100].

1.6 MOTIVATION AND OVERVIEW OF THE RESEARCH WORK

The main motivation for this study is that so far in general, researchers have
studied semigroups by studying and analyzing almost all the properties a ring satisfies;
like ideals, zero divisors, idempotents and so on. However the study of semigroups as a
generalization of groups is meager [66]. So, in this thesis, a study of this type is made,
that is, semigroups of finite order which satisfy partially or does not satisfy the classical
theorems on finite groups. The scope of this study pertains only to finite semigroups
which are not abstractly defined. Since semilattices are semigroups; in particular,
idempotent semigroups which are not monoids are also studied.

Further, the semirings which can be realized as semigroups with two different
binary operations defined on the same set, but related by the distributive law are studied.
The large class of such semirings of finite order comes from the distributive lattices and



in this thesis only finite distributive lattices are taken as semirings and the algebraic
structure semigroup semirings are built. These semigroups are finite and moreover, all
semirings taken in this study are only finite distributive lattices.

Likewise, group semirings of finite groups over these semirings are also studied in
this thesis, where semirings are only finite distributive lattices.

The main motivation for this study is because it has been long ignored and
unexplored. In mathematical literature, one can find a lot of research in the study of
group rings and semigroup rings, however, study of group semirings and semigroup
semirings is meager. Study of groupsemirings and semigroup semirings taking semirings
as distributive lattices is carried out in [100]. Since this sort of research is not done to the
best of our knowledge, such a study new analysis carried out in this thesis.

1.7 SUMMARY AND SCOPE OF THE THESIS

This thesis mainly studies and analyses finite semigroups for the properties of
finite groups. Such a study is new and innovative. As all groups are semigroups and
semigroups happen to be the generalization of groups such a study is a relevant research.

The scope of this study is limited to finite semigroups, that too, non-abstract
semigroups. By non-abstract semigroups this thesis includes semigroups built on modulo
integers under product (multiplication), symmetric semigroups S(n) and matrix
semigroups built using Z, under natural product x,; 2 <n < oo The thesis does not study
abstract inverse semigroups, regular semigroups or semigroups got as functions.

1.7.1 Outline of the thesis

This thesis studies for the first time semigroups as a generalization of groups. Here
all classical theorems for finite groups are analysed, adopted and studied for finite
semigroups. This study has led to the definition of many new concepts. Here, all
semigroups considered are non-abstract finite semigroups which can be visualized. The
semigroups are (Z, %), modulo integers under product and S(n), symmetric semigroups
obtained from mapping (1, 2, 3, ..., n) to (1, 2, 3, ..., n). Apart from these matrix
semigroups under natural product x,, defined and developed in [90].



For the first time special elements like Smarandache units, Smarandache
idempotents, Smarandache nilpotents and Smarandache zero divisors are defined for
semigroups in this thesis. Condition for semigroups to contain these special elements are
obtained in this thesis.

Further group rings and semigroup rings have been widely studied by researchers
but the study of group semirings and semigroup semirings has not been systematically
carried out.

Semirings are nothing but two distinct semigroups connected by the distributive
laws. All distributive lattices are semirings. So, in this thesis semigroup semirings and
group semirings are analysed for the first time using only distributive lattices.

This thesis consists of six chapters. The first chapter introduces the basic concepts
essential to make this thesis a self-contained one. The motivation for such a study and the
outline of the thesis is given in this chapter.

Chapter two gives a brief literature survey.

Chapter three introduces all properties on finite semigroups associated with finite
groups. Conditions for finite semigroups to satisfy classical theorems like Lagrange’s
theorem, Cayley’s theorem, Cauchy theorem and Sylow theorems for finite groups are
systematically analysed. This has paved the way for the introduction of new definitions
and new properties associated with using semigroups.

Special elements like S-units, S-zero divisors, S-idempotents and S-nilpotents are
defined for the first time for finite semigroups. Characterization of all these are obtained.
Chapter three is the backbone of the thesis.

In chapter four, the study of semigroup semirings is carried out in a systematic
way using only finite distributive lattices as semirings. Several interesting results in this
direction are obtained.

In chapter five of the thesis, a systematic study of group semirings using
distributive lattices as semirings is carried out. If the lattice is a chain lattice and G is a
commutative group, then the group semiring is a semifield. If instead a non-commutative
group is used, then the group semiring is a semidivision ring. This structure has no units
as the semiring used is distributive. Conditions for the group semiring SG to contain S-
idempotents, S-zero divisors and S-antizero divisors are obtained. The final chapter gives
conclusions of the work carried out in this thesis.



CHAPTER TWO

A BRIEF LITERATURE SURVEY AND
DESCRIPTION OF THE RESEARCH PROBLEM

2.1 Literature Survey

As the name suggests, a semigroup is a generalization of a group; because a
semigroup need not in general have an element which has an inverse. The algebraic
structure enjoyed by a semigroup is a non-empty set together with an associative closed
binary operation. The study of semigroups started in the early 20" century, Rees [82]
studied semigroups as early as 1940. However it was the Russian mathematician Anton
Suschkewitsch (1928) who carried out research on semigroups [88]. He obtained the
structure of finite simple semigroups and proved that the minimal ideal (Green’s relation)
of a finite semigroup is simple. In 1954, Preston [80] defined and developed the concept
of inverse semigroups. In fact he also gave the representation of inverse semigroups. In
1961, Preston [81] described about congruences on completely 0-simple semigroups.
Free inverse semigroups have been studied by Preston [79] in 1973. Munn W. D. as early
as 1955 [67] introduced the notion of semigroup algebras. He has done research in a

different direction [67].



Kimura (1957) carried out studies on idempotent semigroups [51]. He has studied
about semigroups very widely and vividly. He has further researched idempotent
semigroups which satisfies some identities. Moreover, idempotent semigroups have also

been studied by McLean David [65] in (1954).

Yamada in 1958 analysed idempotent semigroups [101]. Levi [60] basically an
algebraist worked on semigroups in 1944. Green J.A authored a classical paper on the
structure of semigroups in 1951 [36] and in 1952 [35] with Rees; he studied those

semigroups in which x" = x.

For over 3 decades, Howie John [46-49] worked on embedding theorems for
semigroups in his book [47]. In 1992, he along with Munn and Weirert have edited a
proceeding of the conference on semigroups and their applications [46]. His contributions
to semigroup theory is very significant. In this period of over 3 decades, semigroup
theorists like Petrich [76-77], McAlister [63-64], Alan L.T.P [4], Lawson M.V [59] and
Lajos [57] have done lots of research on special class of semigroups like inverse
semigroups, free semigroups, etc. and their properties. In 1998, Okninski [71] published a

book on semigroups of matrices.

Several researchers has worked on and developed more properties of these types
of semigroups mentioned earlier, and many have given applications to finite automation
and formal languages [28, 29, 45, 48, 58, 87]. As recently as 2014, researchers have
worked on semigroups relative to commutative orders revisited [6], on extensions of
completely simple semigroups by groups, [66] is a piece of work which is innovative;
ordered semigroups of size at most 7 and linearly ordered semigroups of size at most 10

in [30] have analysed a specific size of ordered semigroups.

Kunz et al have studied geometrical illustration of numerical semigroups and some
of their invariants [55]. Every group is a maximal subgroup of a naturally occurring free

idempotent generated semigroup; by Gould and Yang [34] is an important piece of



research. The structures of generalized inverse semigroups by Kudryavtseva and Lausa
[54] is also a recent work on inverse semigroups. Permutations of a semigroup that maps
to inverses have been researched by P.M. Higgins in [43]. The variety of unary
semigroups with associative inverse subsemigroup by Billhardt et al [12] is yet another
view on inverse subsemigroups. Thus the recent research in 2014 is in a way more

elaborate research work on the earlier work done in the period 1940 to till date.

In a conference held in 2005, John Meakin had given lectures on groups and
semigroups, exploring their connections and contrasts [66]. Such study was important
and he clearly acknowledged that in this past decade, group theory and semigroup theory
have developed in different directions. Cayley’s theorem makes one realize all groups as
groups of permutations of some set whereas semigroups are represented as semigroups of
functions on a set to itself. However, significant research has been carried out both in
group theory and semigroup theory in a varied or in a different direction. But, in reality,
several concepts in modern semigroup theory are closely related to group theory. For
instance, automata theory and formal language theory turn out to be related; [45, 48] have
discussed the connection between group theory and semigroup theory. For more of the
relations and contrasts please refer the excellent survey research article by [66]. Meakin
discusses about cancellative semigroups embeddable in a group. However he has given
both necessary and sufficient conditions for the embeddability of a semigroup in a group.
Lots of research in this direction is carried out [1, 19, 33, 72] by Adian, Cho et al,
Garside and Paris. Regular and inverse monoid properties discussed by Preston [79-80]
have proved that every inverse monoid embeds a symmetric inverse monoid. Finally
properties of free inverse monoids are extensively studied by [26] and presentation of

inverse monoid is discussed in detail in [26].

Here it is important to record that [99] in the book on Smarandache semigroups
have studied the conditions for a semigroup S to contain a proper subset A which under

the operations of S is a group. Based on these properties, the classical theorems for finite



groups have been extended for these Smarandache semigroups [99]. This sort of research
is completely different from the research in [66]. Now the brief description of the

problem and the relevance for such study is given in the following section.

2.2 Description of the Problem

From the literature survey on semigroups it is clear that not significant amount of
research has been done in which study is based on how far the finite semigroups satisfy
the classical theorems for finite groups. To the best of one’s knowledge such a study is
absent. So here the problem of analyzing how far a finite semigroup relates itself to the
properties of classical theorems enjoyed by finite group is carried out in this thesis. For
instance, Lagrange’s theorem for finite groups is true for all finite groups. But its
converse is not true in general for A, but A4 satisfies the Lagrange’s theorem. Likewise
finite semigroups can satisfy partially any classical theorem for finite groups as well as

not satisty fully a classical theorem.

This problem/study leads to the definition of several new and interesting concepts
in semigroups. This study is new and innovative. Further, special elements like S-
idempotents, S-units, S-zerodivisors, S-nilpotents and S-anti zero divisors are defined for
semigroups for the first time. Conditions on these semigroups to contain these special

elements is obtained.

Secondly, study of group rings and semigroups rings dates back to 1940’s and
1955’s respectively in [44, 52, 67]. However study of group semirings and semigroup
semirings is very meager [100]. Further semirings are the algebraic structures built using
on the same set two semigroups with two distinct binary operations. The two binary

operations are connected by the distributive law.



Here, the study of semigroup semirings and group semirings is carried out for the
first time using only distributive finite lattices. As finite distributive lattices are nothing
but two distinct idempotent semigroups connected by distributive laws. Several

innovative and interesting results are obtained in this direction for the first time.

The marked difference between group rings and group semirings are mentioned in
this thesis. This study has led to several new properties and a new approach to the study

of semigroups.



CHAPTER THREE

SEMIGROUPS AND THEIR SPECIAL PROPERTIES

3.1 INTRODUCTION

In this chapter semigroups are analysed as generalization of groups. Most of the
researchers have studied semigroups as the algebraic structure akin to rings. That is why
several properties like ideals, idempotents, inverses, units, zero divisors; enjoyed by
rings are studied or analysed for semigroups. Here the study is different and distinct for
the study seeks to find out those properties which are common in semigroups and groups

and those properties that are distinct.

At the outset the notion of idempotents and zero divisors of semigroups can by no
means by related with groups. Further for group must have identity but there are
semigroups which do not have identity. Only monoids are semigroups that have identity.
As every group is a semigroup the notion of Smarandache semigroups have been
systematically studied by W.B. Vasantha in [99]. Just for the sake of easy reference a
Smarandace semigroup S is nothing but a group which has a proper non empty subset A

such A under the operation of S is a group. For more about these notions refer [99].

This chapter has six sections. Section one is introductory in nature. Here in this

thesis finite semigroups which satisfy the basic classical theorems for finite groups and



those semigroups which do not satisfy the classical theorems of groups is analysed in

section two.

In section three for the first time some special properties of substructures in finite
semigroups are analysed. Section four analysis the special elements of these semigroups.
Section five studies all the semigroup properties enjoyed by matrix semigroups under the

natural product X, [89]. The final section gives the conclusions of this chapter.

3.2 CLASSICAL THEOREMS ON FINITE GROUPS IN CASE OF FINITE
SEMIGROUPS - A STUDY

In this section the study of classical theorems for finite groups; viz., Lagrange’s
theorem, converse of Lagrange’s theorem, Cauchy theorem, Cayleys theorem and Sylow
theorems are analysed or partly adopted in the case of finite semigroups. This study is
relevant as semigroups are nothing but a generalization of groups; as every group is a
semigroup however a semigroup in general is not a group. Further the study of
Smarandache semigroups only finds or characterizes those semigroups which contain

subsets which are subgroups under the operation of the semigroups.

Now the classical theorem for finite groups, viz., Lagranges’s theorem is first
analyzed in case of finite semigroups. First by a few examples then defining new notions

and obtaining the resulting theorems.

Lagrange’s theorem states; “If G is a finite group and H is a proper subgroup of G
then o(H) / o (G). However if t / 0(G); G need not in general have a subgroup of order ¢

that is the converse of the theorem is not true [39, 56].



Example 3.2.1: Let S = {Z,5, x} be the semigroup of order 15. x =14 e Sbut 14 x 14 =1
(mod 15). Thus B, = {1, 14} is a subsemigroup of S and o(B,) = 2; but 2 X 15. However,

B; is also a group of order two as B; is isomorphic to a cyclic group of order two.

Take B, = {1, 10} c S, clearly 10* = 100 (mod 15); that is 10° = 10 (mod 15); B, is
a subsemigroup of order two which is not a subgroup of S and o(B,) X o(S). Thus

Lagrange’s theorem is not true for finite semigroups in general.
In view of this the following definition is made:

Definition 3.2.1: Let {S, x} be a semigroup of finite order say n. If S has at least one
proper subsemigroup B such that B is not a group and B is only a subsemigroup and o(B)

Xo(S), then S is said to satisify or possess anti Lagrange’s property.

In the following a class of semigroups which satisty the anti Lagrange’s property

1s described.

Proposition 3.2.1: Let S = {Z,, X} be a semigroup of order n having nilpotent elements of

order two and idempotents, then S satisfies anti Lagrange’s property.

Proof: Two cases arise, n even or n-odd.

Case i: When n is even. Let a € Z, | {0} be such that a is a nilpotent element of order two
then, a° = 0; and the set P = {0, 1, a} is a subsemiring of order 3 and 3 X n. Hence the

claim.

Ifa € Z,\ {1, 0} is an idempotent that is ¢’ = a then the set B = {0, 1, a} = {Z,,

x} is a subsemigroup and | B| =3 and 3 X n.



Thus for in case of even n the claim is true.

Case ii: Let n be odd. Now let a  Z, \ {0} be such that ¢’ = 0, that is « is a nilpotent
element of order two; then 7= {0, a} € S is a subsemigroup of order two and o(7) X n.
Hence the «claim. Let a; € S be an idempotent of S; that is
& =a;then T; = {0, a;} (or T, = {1, a;}) is a subsemigroup of S and o(T;) = 2 (and o(T>)

=2)soo(T) Xo(S); i =1, 2. Hence the claim.
Thus S = {Z,, x} satisfies the anti Lagrange’s property.
This will be illustrated by an example or two.
Example 3.2.2: Let S = {Z,,, x} be the semigroup under x modulo 20.

Now 5 € S is such that 5° = 5 (mod 20) and 10 € Z,, is such that
10°=0 (mod 20); hence Z,, has a nontrivial idempotent and a nilpotent element of order

two and o(Z,,) = 20, that is n = 20 is even.

Now P; = {0, 10, 1} = S is a subsemigroup of S and o(P;) = 3. Further 3 X 20.
Take P, = {0, 5, 1} < S; P, is a subsemigroup of S and o(P,) = 3 X 20. Hence the

proposition is verifield.

Now other than these take 7; = {0, 5, 10} < S, 7 is again a subsemigroup of S

such that o(T;) X 20.

Example 3.2.3: Let S = {Z;5, x} be the semigroup of order 35. 15 € S is such that 15% =

15 (mod 35). Thus M = {0, 15, 1} < S is a subsemigroup of order three and |M| X o(S). N



= {0, 15} < S is also a subsemigroup of S and [N X ofS). T = {15, 1} < S'is a
subsemigroup of S such that |7] X o(S). Now 7, 5 € S is such that 7 x 5 = 0 (mod 35), but

is not a nilpotent element of order two.
Take x =21 € Z;5, 21> = 21 (mod 35).

B = {1, 21, 0} < S is a subsemigroup of Z;s; o(B) X 35; S satisfies the anti-

Lagrange’s property.
Some of these semigroups may not contain nilpotent elements of order two.

Example 3.2.4: Let S = {Z,5, x} be the semigroup of order 25. x =5 € § is such that x° =
0. M = {0, 5 < S is a subsemigroup of order two and
o(M) X o(S). Take N; = {1, 5, 0} = S; N, is also a subsemigroup such that o(N;) X o(S).

Now P = {0, 10} c S is a subsemigroup such that o(P) X o(S).

Thus D = {0, 5, 10} < S is a subsemigroup of S such that o(D) X o(S). E = {0, 5,
10,1} < S is a subsemigroup such that o(E) X o(S). Hence S is a semigroup which

satisfies the anti Lagrange’s property.

In fact there are semigroups which have only idempotents but has no nilpotent

elements of order two, still those semigroups satisfy anti Lagrange’s property.

Now for a finite semigroup S to satisty weak Lagrange’s property is made as a

definition in the following:



Definition 3.2.2: Let S be a semigroup of finite order. If S contains atleast a proper

subsemigroup P such o(P) / o(S), then S is said to satisfy the weak Lagrange’s property.

This is illustrated by some examples.

Example 3.2.5: Let S = {Z,;, x} be the semigroup. Let B; = {0, 1, 7, 14} < S, be the
subsemigroup of S. Clearly o(B;) X o(S). Consider L = {0, 3, 6, 9, 12, 15, 18} < S be the
subsemigroup of S; o(L) / o(S). Now take M = {1, 0, 3, 6, 9, 12, 15, 18} < Sis a
subsemigroup and o(M) X o(S).

W =1{0,8, 1} < S is a subsemigroup such that o(W) / o(S). However S has
subsemigroup H = {0, 1, 6, 15} < S is such that o(H) X o(S). So S is a anti Lagrange’s

semigroup. S also satisfies weak Lagrange’s property.

Example 3.2.6: Let M = {Z,,, x! be the semigroup of order 12. B={0,6,1,3,9} c Mis
a subsemigroup of order 5. o(B) X o(M). C = {0, 3, 6,9} = M is a subsemigroup of order

4. o(C) / o(M). Thus M satisfies both a anti Lagrange’s property as well as weak

Lagrange’s property.

In view of this the following proposition is important:

Proposition 3.2.2: Let S = {Z,, x} be the semigroup of order n and n is not a prime. S

satisfies both anti Lagrange’s property as well as weak Lagrange’s property.

Proof: Consider any ideal / of Z, say of order m; the largest number that divides n, m / n

take /U {1}; then m + I X n, hence the claim. Second part of the theorem is proved.



S has a subsemigroup of order # or to be more precise if n = p{*... p¥; p;’s are

distinct primes, ¢; > 1 then S has subsemigroups of order p;, ..., py and their respective

powers also. All these subsemigroups have order which divides n. Hence the claim.
This situation will be illustrated by the following example:

Example 3.2.7: Let S = {Z,5, x} be the finite semigroup. 180 = 2% x 3* x 5; to show S has
subsemigroups of order. 2, 4, 3, 9, 5, 10, 20, 45, 15, 18, 6, 30, 12 and 36. Let

H, = {0,90}, H,={0,45,90, 135},

H, = {0,60,120},

H, = {0,20,40, 60, 80,100,120, 140. 160},

Hs = {0,36,72, 108, 144},

H;, = {0,18,36,54,72,90, 108, 126, 144, 162},
H, = {0,918,27,...,171},

Hy = {0,4,8,12,16, ..., 176},

Hy, = {0,12,24,36,..., 168}

Hy, = {0,10,20,30,..., 170},

H; = {0, 30, 60, 90,120, 150},



H, = {0, 5, 10, 15, 20, ..., 175},
H;; = {0,2,4,6,8, 10, ..., 178} and so on.
are all subsemigroups of S.

In view of this one can say all semigroups S = {Z,, X, n not a prime} satisfy weak

Lagrange’s property, or they will be known as weak Lagrange semigroups.

Next there is a class of semigroups known as the symmetric semigroups S(z) and

S(n) behaves in a very different way.
Some examples in this direction are given.

Example 3.2.8: Let S(3) be the symmetric semigroup of degree three. S(3) has

idempotents. S(3) satisfies both anti Lagrange’s property as well as weak Lagrange’s

property.

For take

(12 3y (1 2 3\ (1 2 3 _
B’_{[l 2 3}’(2 3 1}’[3 | 2J}QS(3)’

B; is a subgroup of order three.

(12 N1 23 _
o (FSI B

Let



B, is a subsemigroup of order two. o(B5) X 0(S3)) as o(S(3)) = 3°.

(12 (1 2 3\ (1 23 '
33_{1 2 3]’[1 1 1}(2 2 2]} <56).

is a subsemigroup of S(3) and |B;| = 3 and 3/3°.
Take
Ve {(1 2 3]’[1 2 3]}§S(3)’_
I 2 3)\1 3 2
M is a subgroup and o(M) Xo(S(3)) .

S(3) has subsemigroups of order 9. For take
N_123123123123123123
12313 2)321)21 331 2)\23 1)
1 2 3)(1 2 3)(1 2 3
: : <506);
1 1 1){2 2 2){3 3 3
N is a subsemigroup of order 9 and 9/3°. Hence S(3) satisfies weak Lagrange’s property.

Thus

1 2 3 1 2 3 1 2 3
, and
11 1 2 2 2 3 3 3
are idempotents in S(3).

For



1 2 3 12 3) (1 23
11 1 11 1 11 1)
Likewise for other two elements.

Take
1 2 1 2 1 2 1 2
P]: 33 3 aPZZ 39 3 and
1 2 3)\1 1 1 1 2 312 2 2
P, = 1 2 3’1 2 3 :
1 2 3){3 3 3

they are subsemigroups of order two; o(P) X o(S(3)) for i =1, 2, 3. Hence S(3) enjoys
anti Lagrange’s property also.

In view of this the following proposition is proved:

Proposition 3.2.3: Let S(n), be the symmetric semigroup or degree n (n odd). S(n)

satisfies anti Lagrange’s property.
Proof: Given 7 is odd so o(S(n)) = n" and 2 X o(S(n)).
Let
L Y N R
P, is a subsemigroup of order 2. o(P;) Xo(S(n)) so S(n) satisfies the anti Lagrange’s

property.



Proposition 3.2.4: Let S(n) be the symmetric semigroup of degree n;, n a even integer.

S(n) satisfies the weak Lagrange’s property.

Proof: o(S(n)) = (n)" (n an even integer). Thus 2 / o(S(n)).

(1 2 3 o a\(1 2 3 - on .
D]_{(l 2 3 .. n][l 11 ’J}gsm),

D; is a subsemigroup of order 2 and o(D;) / o(S(n)). Thus S(n) satisfies the weak

Take

Lagrange’s property.

Theorem 3.2.1: Every symmetric semigroup S(n) of degree n satisfies anti Lagrange’s

property;that is S(n)is a weak Lagrange’s semigroup.

Proof: Let n be a prime; S(m) the symmetric semigroup of degree n.

o(S(m)) =n"; n aprime (n>?2).
Let
. {1 2 3 .- n] [1 2 3 . nJ} S
1 23 ... n)1 1 1 ... n
be a subsemigroup such that o(P) X n". Hence S(n) satisfies the anti Lagrange’s property.

Suppose 7 is not a prime consider the subsemigroup;



1 2 3 - n 1 2 3 -+ n
M=S, v , ,
I 11 ...1 2 2 2 ... 2
1 2 3 .. 1 2 3 ...
" s eens " <Sn)
3 3 3 ... 3 n n n .. n
is a subsemigroup of ordern/ + n=n ((n—1)! + 1).

Clearly n((n — 1)! + 1) X n". Hence S(n) in this case also satisfies the anti

Lagrange’s property.

Theorem 3.2.2: Every symmetric semigroup S(n) of degree n satisfies the weak

Lagrange’s property.

Proof: Let S(n) be the symmetric semigroup of order n".
B_123---n123---n123---n
111 .. 1)\t 22 ...2)333..3)"7
1 2 3 ..
( ”j} =0
i1s a subsemigroup of order n and o(B) / o(S(n)). Thus the symmetric semigroup S(n)

satisfies the weak Lagrange’s property.

It is important to make a mention that these two properties are not in any way
related to the notion of Smarandache Lagrange’s semigroup or Smarandache weakly

Lagrange’s semigroup defined in [99], for both are related to subgroups of a semigroup.



Further here one says it is a property satisfied by a semigroup so a semigroup can

satisfy more than one property or both the properties simultaneously.

3.3 CAUCHY PROPERTY IN FINITE SEMIGROUPS

Next the concept of semigroups satisfying Cauchy property and those semigroups
that satisfy anti Cauchy property is defined and analysed in the following. For Cauchy

property refer [39, 56].

Definition 3.3.1: Let S be a semigroup with unit or monoid of finite order. If these exist
an element a € S such that d" = 1 and if m / o(S) then S satisfies the Cauchy property. If

m X o(S) then S is said to satisfy anti Cauchy property.

These properties enjoyed by semigroups will be described by some examples in

the following:

Example 3.3.1: Let S = {Z5, x} be the semigroup. Let x =28 € S; x’ =1 € S but 2 X

o(S) so § satisfies anti Cauchy property.

In fact as o(S) = 29, a prime number only any element y & § with

y”? = I alone will enjoy Cauchy property but that is an impossibility in S.

Example 3.3.2: Let S = {Z,, x} be the semigroup. o(S) = 7; x = 6 € S is such that x’ = 1
and 2 X 7 so S satisfies anti Cauchy property. Fory=2 € Sissuch thaty’ =2 x2x2=8

=1 (mod 7) and 3 X 7 so y satisfies anti Cauchy property. Let z =3 € S is such that 3° =



1 and 6 X o(S) hence the claim. S has no Cauchy element. Thus S does not enjoy Cauchy

property.

In view of this the following result is true:
Theorem 3.3.1: A semigroup S = {Z,, x} does not satisfy Cauchy property if n is a prime.

Proof: Follows from the fact any a e Z, is such that a® = 1 or so on @" ' = 1, n a prime

and there does not exist, a such that ¢" = 1 for then alone n /| Z, |; This is impossible as

the highest power of any element in Z, is n — 1.

Corollary 3.3.1: All semigroups, S = {Z,, x}; n even, satisfy Cauchy property. For x = (n

— 1) € Sis such that (n— 1)’ = 1 (mod n) and 2/ n as n is even.

Example 3.3.3: Let S = {Z;5, x} be a semigroup. S has no element x such that x" =1 and n

X 15.
Example 3.3.4: Let S = {Z,;, x} be a semigroup of order 21.
5 € Z,; is such that 5° = 1 (mod 21),
7* =7 (mod 21) ; 8 =1 (mod 21).
but2 X 21;10°=1 (mod 21).
But 6 X 21; 11°=1 (mod 21).

13=1(mod 21);2 X 21,15 € Zy; ;



15* =5 (mod 21).
16> =1 (mod 21) and 3 / 21.

So § satisfies Cauchy property, but 17 € Z,; is such that
17°=1 (mod 21). 19 € Z,; is such that 19°=1 (mod 21) and 20 € Z,; is such that 20%=1
(mod 21) and 2 X 21.

Example 3.3.5: Let S = {Z,;, x} be the semigroup and 6° = 1 (mod 25) and

5/25. So § satisfies Cauchy property.

In view of all these the following result is proved.

Proposition 3.3.1: Let S = {Z,, x} be a semigroup in which n = p° where p is a prime; S

satisfies Cauchy property.
Proof: (p + 1) =1 (mod p°) as p /p’; hence the claim.

Example 3.3.6: Let S = {Z,, %} be the semigroup. 10 € 27; 10° = 1 (mod 27). So S

satisfies Cauchy property.
The following problem is left for future study:

Problem: Let S = {Z, x}; n = p’, p a prime be a semigroup (¢ > 2). Does S satisfy
Cauchy property? (p a large prime).



For this problem needs more knowledge about modulo integers in particular and

number theory in general.

Next the study of symmetric semigroups S(n) is analysed for the Cauchy property

and anti Cauchy property.
First a few examples, in this direction are given.

Example 3.3.7: Let S(8) be the symmetric semigroup of degree 8. Clearly o(S(8)) = 8°.

Now consider

(1 23 45678
23 451678

JES@1

Clearly
s (12 3 ... 8)
X = =1
1 2 3 ... 8
Thus x is a not a Cauchy element of S(8) as 5 X 8°. So S(8) satisfies the anti

Cauchy property.

Consider

(1 2345678
Y723 41 56 7 8

j eS(8);

y* =1 and 4 / 8 so y satisfies the Cauchy property also. Thus S(8) is the symmetric

semigroup which satisfies both anti Cauchy property as well as Cauchy property.



Example 3.3.8: Let S(15) be the symmetric semigroup of order 15" Let

_(1 23 45 ...15

e S(15).
23 41 5 .. w} 1y

Clearly x* = 7 and 4 X 15"; so x is a anti Cauchy element of S(15).

Take

1 23 45 6 7 ... 15
y:

e S(15).
2345167 n.15j (1)

Clearly y° = I and 5/15°. Thus S(15) satisfies Cauchy property.
In view of this the following result is proved.

Proposition 3.3.2: Let S(n) be the symmetric semigroup of degree n (3 < n < «); S(n)

has Cauchy elements as well as S(n) satisfies the anti Cauchy property.

Proof: Let S(n) be the symmetric semigroup of finite order; n" (n < ). Let n be odd and

choose a m < n and m even; such a choice is always possible.

Let
1 2 3 4 5 6 7
1= " e Sn).
1 2 3 4 5 6 7 n
Consider
1 2 3 .. -1 +1
_ m m m n e S(n):
2 3 4 ... m 1 m+1 n



clearly x" = 1 and m X n" as n is odd and m is even. Hence x is an anti Cauchy element,
so S is satisfies anti Cauchy property. Let p be a number less than » and p/n. Such an

element is possible as # is not a prime.

Let

1 2 3 ... p-1 p p+l1
y:

n
eSm);
2 3 4 ... p I p+l1 nj "

clearly y” = 1 and p/n" (as p/n). Thus S satisfies the Cauchy property.

Let n be an even number. Let s < n such that s X 7 and s is odd.
Let

1 2 3 ... s-1 +1
_ s s S n S
2 3 4 ... s 1 s+1 n

andz'=1and s X #" thus z is an anti Cauchy element of S(n).

Finally if n = p, p a prime S(p) be the symmetric semigroup.

Take

1 23 ... p-1p
e Sp);
2 3 4 ...p 1

X’ =1and p/p’ so xis a Cauchy element in S(n). However for any m < p;

_l 2 3 ... m-1m m+1
y234...m 1 m+1

b j e Sp),
p



y" =1butm X p’ soyis a anti Cauchy element of S(p). Thus S(n) satisfies both Cauchy

property and anti Cauchy property.

Next the class of finite semilattice under < or » will be studied. Both semilattices
are idempotent semigroups and are not monoids unless otherwise it is made into a

monoid.

This situation will first be described by some examples.

Example 3.3.9: Let S = {{¢, {a}, {b}, {c}, {a, b}, {b, c}, {c, a}; N} be a semilattice as

well as an idempotent semigroup which is not a monoid.

|S|=7and H; ={{a}, {b}, {$}},

;= {{a}, {a,b}, {b}, {#}},

H; = {{a}, {b}, {c}, {¢}}, and H, = {{a}, ¢/

are subsemigroups of S and the order of none of these H;’s (1 <i <4) can divide 7 so S

satisfies anti Lagrange’s property.

For no subsemigroup of S is such that its order can divide 7 (of course order one

subsemigroups are considered as trivial subsemigroups).

Example 3.3.10: Let S = {¢ {a}, {b}, {c}, {d}, {a, d}, N} be the semilattice (semigroup)
under ‘. Clearly o(S) = 6.



{a, d}

d
) {df

{9
Figure: 3.3.1

S is an idempotent semigroup which is not a monoid. Let P; = {¢, {a}} and P, =
l{a}, {b}, @} be subsemigroups of order two and three respectively. o(P,)/6 and o(P,)/6;
so § satisfies Lagrange’s property. Consider P; = {{a}, {d}, {a, d}, ¢} < S; P; is a
subsemigroup of order 4 but o(P;) X o(S). Thus S also satisfies the anti Lagrange’s

property.

Hence S satisfies both anti Lagrange’s property as well as weak Lagrange’s

property.

In view of these examples the following result is proved:

Proposition 3.3.3: Let S = (@, {a;}, {as}, ..., {a,_ 1}, N} be a semilattice of order p, p is
a prime. S is an idempotent semigroup which is not a monoid. S satisfies only anti

Lagrange’s property and not weak Lagrange’s property.

Proof: S has several subsemigroups of order 2, 3,4, 5, ..., p— 1. However as o(S) = p, p

a prime none of the orders of the subsemigroups divide order of S.



Thus there are semigroups which satisfy only anti Lagrange’s property and not

weak Lagrange’s property.

Proposition 3.3.4: Let {S, N} be a semilattice or the idempotent semigroup which is not
a monoid. o(S) = n (n not a prime). S satisfies both anti Lagrange’s property as well as

weak Lagrange’s property.

Proof: Given o(S) = n if n is even all sets P; = {¢, a;} are subsemigroups of order two; /

<i<n-1ando(P) /n.

If n is odd certainly there exists subsemigroups M; such that o(M;) /n. Hence the

result.

Similarly there exists subsemigroups of odd order in S which does not divide order

of n (n even) and even order subsemigroups which does not divide n; where n odd.

On similar lines results regarding semilattice under ‘C’ can be proved.

Here one or two examples are given.

Example 3.3.11: Let S = {{a, b, ¢}, {a}, {b}, {c}, {a, b}, {a, c}, {b, ¢}, U} be the

bl

semilattice (semigroup) under the operation ‘C ’. Clearly |S| = 7 so whatever

subsemilattice or subsemigroup is taken from S, the order of it will not divide order of §

as o(S) is a prime number 7. Thus this idempotent semigroup is not a monoid.

Further P, = {{a}, {b}, {a, b}, L} is a subsemigroup of S and o(P;) X 7. Likewise
{{a}, (b}, {a, b}, {a, b, c}} is a subsemigroup of order 4 and 4 X 7. Thus there is a class of

semigroups which satisfy anti Lagrange’s property.



In fact these class of semigroups are not Smarandache semigroups. These class of
semigroups has no relevance to Cauchy property or anti Cauchy property as these

semigroups are not monoids and they are idempotent semigroups.

Next the study of Cayley’s theorem is tested for these semigroups. In case of S-
semigroups a new type of S-semigroup homomorphisms and isomorphisms are defined
and described in [99] . However in this work certain class of semigroups which can
satisfy Cayley’s theorem is described and semigroups which has zero divisors certainly

will not satisfy Cayley’s theorem.

In view of this some examples are given.

Example 3.3.12: Let S = {Z;,, x} be the semigroup. Clearly this S cannot be embedded in

the symmetric group S(n) for any n as S(n) has no zero divisors but S has zero divisors.

Example 3.3.13: Let S = {¢, {1}, {a;}, {a,}, {a3}, {a,}, {as}, N} be the semilattice which

is an idempotent semigroup and not a monoid.

Now when one tries to embed S in S(n) one wants to see how best ¢ the empty set

can be embedded.

So S(n) v {¢} is defined as the extended symmetric semigroup; here {¢} is the
permutation on the empty set, so is empty and for any a € Sh),;
oo ¢= ¢ o a = ¢ This symmetric semigroup S(n) U {¢@! is defined the extended

symmetric semigroup.

Now using this extended symmetric semigroup can embedding of semigroups be

possible?



This will be first illustrated by some examples.

Example 3.3.14: Let S = {1, @, a;, a,, a;, a,, N} be the semilattice under M. This S is an

idempotent semigroup. Now this S can be embedded in the extended symmetric

semigroup S(4) U {@} in the following way:

Let 77§ 2 S(4) be an embedding defined by;

123 4
ny=¢ n(l) = (1 5 3 4J—10fS(4)

PR LRI I O SRR
Ma) =110 10 1 1) T 2 2 2)
w123 N g a2
= an = .
ML=\ 3 3 3 M=y 4 4 4

n is only a map for under the composition of mappings. 77 is not properly defined.

5 /7 1 23 4 1 23 4 1 2 3 4 .
B CUE S I 2222 (2222
So the embedding 7 fails to give the empty permutation.

g (1234 1234)_ (1234
arrid 2222/ %1111 1111

*a;MNa,.

So the semilattice/ semigroup structure on 77(S) can by no means be achieved.



Thus Cayley theorem fails to be true even using the extended symmetric

semigroup.

So as far as semilattices are concerned it is impossible to get even something near

to embedding in S(n) or S(n) U { .

So semigroups constructed using Z, or semilattices can never be embedded if n of

the Z, is a composite number.
Can S = {Z,, x}; p a prime be embedded in a suitable S(n)?
First this will be tried using some examples.

Example 3.3.15: Let S(2) be the symmetric semigroup of degree 2.

S = Z; = {0, 1, 2} be the semigroup. Can Z; = S be embedded in
S2) vig?

Define amap 7: S 2 5(2) U {#} as follows:

70 = ¢ n(1)=1=[1 2] andﬂ(2)=(1 2}
1 2 2 1

Then 7 is an embedding of Z; in the extended symmetric semigroup.

Example 3.3.16: Let S(4) be the symmetric semigroup. S(4) U {¢@' the extended

semigroup. S = {Z;, x} be the semigroup. Let 7 be a map from S to S(4) U {d} defined by
n0)=4¢



]:1:1234 2:1234
(1) 1234”7()2341’

3:1234 d4:1234
13) 4123”77() 3 41 2)°

Clearly 1 embeds S into S(4) C {@#}. Thus for this semigroup extended Cayley’s

theorem is true.
In view of this the following theorem is proved:

Theorem 3.3.2: Let S = {Z, x} be the semigroup under product, p a prime S(p — 1) U
[ @} be the extended symmetric semigroup of degree (p — 1). Extended Cayley’s theorem is

true for this S.

(Thatis S — S(p — 1) U {@}, in other words S is embedded in the extended symmetric
semigroup S(p — 1) U {@}. This sort embedding of semigroups is known as extended

embedding Cayley’s theorem or extended Cayley’s theorem).

Proof: Let 7: S - S(p — 1) U { ¢} be defined as

no) = ¢ n(1)=1:[1 23 .. p_lj

12 3 ... p-1

1 23 .. p-IN(1 2 3 4 ... p-1
nt=xe ,
2 3 4 ... p-1)\3 45 6 ... 2



1 2 3 ... p-1
p-1 1 2 ... p=-2
for every t € Z, | {0, 1}. It is verified 7 is an embedding; hence extended Cayley’s
theorem is true.

This is explained by another example.

Example 3.3.17: Let S = {Z;, x } be the semigroup under x. S(6)  {#} be the extended

symmetric semigroup.

Deﬁne’7~'595(6)u{¢}by77(0)=¢,77(1):1:(1 > ZJ

1 23 45 6Y(1 23 456
n(x) e , ,
2 3 45 6 1)\3 4561 2
1 23 45 6)(1 23 456)(1 23 456
4 561 2 3\561 23461 2 3 4 5

This map 77 is an embedding. Thus extended Cayley’s theorem is true. Thus only

for this class of finite semigroups described and used in this thesis; Cayley’s extended

theorem is true.

Now the definition of restricted weak Cayley’s extended theorem is given.

Definition 3.3.2: Let S = {Z,, x} be a semigroup of order n; (n is not a prime) S(n — 1) U

{@} be the extended symmetric semigroup. Let H be a subsemigroup of S. If there is an



embedding of H in a subsemigroup of S(n — 1) U {@} then S is said to satisfy restricted

weak extended Cayley’s theorem.

This is illustrated by the following example:

Example 3.3.18: Let S = {Z,;5, x} be the semigroup. Take M = {0, 1,3, 6,9, 12, 14} < S;
M is a subsemigroup of order 7. 7 a prime and S does not have subsemigroup M; of order

8 such that M < M,.

Consider N = {0, 5, 10} < S is a subsemigroup of S and o(N) / o(S) and S has

subsemigroup of order 4. So N is doubly not a subsemigroup sought.

In view of this example a few definitions are made.

Definition 3.3.3: Let S be a semigroup of finite order say n. Let p be a prime
0 < p <nsuch that p X n. If S has a subsemigroup H of order p and H is not a subgroup
of S and there does not exist a proper subsemigroup H; of order

p + 1 such that H c H, then H is defined as the pseudo p-Sylow subsemigroup of S.

Examples of this is given in the following:

Example 3.3.19: Let S = {Z; x} be a semigroup. 3/6 so the only prime is 5.
P=1{0,1,2,4,5} < Sis asubsemigroup of S and S has no proper subsemigroup of order
6 as o(S) = 6. Further P is only a semigroup as 2 and 4 are zero divisors in S. Thus P is a

pseudo 5-Sylow subsemigroup of S.

Example 3.3.20: Let S = {Z, x} be the semigroup. The prime, less than 8 are 3, 5 and 7.
Clearly S has subsemigroups of order 4 so p = 3 is ruled out. Consider P; = {0, 2,4, 6, 1}



is a subsemigroup of order five. Take P, = {0, 2, 4, 6, 1, 7} < § is again a subsemigroup
of order SIX. So P, is not a pseudo

5-Sylow subsemigroup of S.

But M; = {1, 5, 3, 0, 7} is a subsemigroup of order 5. For this M, one can get a
subsemigroup M, of order 6 such that M; < M,. Hence M, is a not a pseudo 5-Sylow
subsemigroup of S. For M, = {1, 5 3, 4, 0, 7} contains M,.

S has no pseudo 7-Sylow subsemigroup.

Study in this direction is new and innovative.

Example 3.3.21: Let S = {Z,, x! be a semigroup. The primes less than 9 and not divisible
by 9are 5and 7. P; = {0, 1, 3, 6, 8} < S is a subsemigroup of S. P; is a pseudo 5-Sylow

subsemigroup of S.

Example 3.3.22: S = {Z,,, x} be the semigroup. S has no pseudo 7-Sylow subsemigroup
given by P={1,0,2,4,6,8, 5} as P, =1{0, 1, 2, 4, 6, 8 5, 9} is a subsemigroup of §

such that P — P,.

Definition 3.3.4: Let S be a semigroup of order n. Let p be a prime 0 <p <nandp X n.

If P; is a subsemigroup of order p and if P, M and M is a proper subsemigroup of S of
order ptli then P; is defined as the quasi pseudo
p-Sylow subsemigroup of S. Clearly if M is a pseudo p-Sylow subsemigroup of S then M

is not a quasi pseudo p-Sylow subsemigroup of S.

Some examples are given to describe this situation.



Example 3.3.23: Let S = {Z,, x} be the semigroup. 0 <5, 7, 11, 13, 17, 19, 23 <24 are
the primes less than 24 and not divisible by 24. Let P, = {0, 1, 6, 12, 18} < S be a
subsemigroup of S of order 5. M; = {0, 1, 6, 12, 18, 5} < S is a subsemigroup of S and P;

< M,. Clearly P, is a quasi pseudo 5-Sylow subsemigroup of S.

Let P, = {1, 23, 0, 5, 19} < S be the subsemigroup of S of order 5.
M, =1{1,23,0,5,19, 12} < S is again a subsemigroup of S of order 6. P, c M, so P, is a

quasi pseudo 5-Sylow subsemigroup of S.

This example shows S can have more than one quasi pseudo 5-Sylow

subsemigroup of order 5.

P; = {0, 1, 8, 16, 23} < S is a subsemigroup of order 5.
M; = {0, 1, 8, 12, 16, 23} < S is a subsemigroup such that P; < Mj; thus P; is a quasi

pseudo 5-Sylow subsemigroup of S.

Let R; = {0, 4, 8, 12, 16, 20, 1} be a subsemigroup of order 7. B; = {0, 1, 4, 8, 12,
16, 20, 23} < S is a subsemigroup of order 8 such that R; < B;, so R; is a quasi pseudo 7-
Sylow subsemigroup of S. B, = {0, 1, 4, 8, 12, 16, 20, 5} < S is a subsemigroup of S such

that R] _CBQ

Thus a quasi pseudo p-Sylow subsemigroups H of order p, may have more than

one subsemigroup H of order p + 1 so that H is a proper subset of those subsemigroups.

This is illustrated by R; in example 3.3.23 for R; is contained in both B; and B,.



Next the concept of conjugate subsemigroups of a semigroup are defined in the

following:

Definition 3.3.5: Let {S, x} be a semigroup. P; and P, be any two subsemigroups of S of
same order. P, is said to be the conjugate of P, and vice versa if there exist x, y € S, such
that xP; = yP, (=P, y). It is interesting to note that two of the pseudo p-Sylow

subsemigroups may or may not be conjugate; not as in case of p-Sylow subgroups of a

group.

In the same way two quasi pseudo p-Sylow subsemigroups may or may not be

conjugate to each other in general in a semigroup S.

This is the marked deviation from the usual p-Sylow subgroups of a group and

pseudo p-Sylow subsemigroups or quasi pseudo p-Sylow subsemigroups of a semigroup.

Example 3.3.24: Let S = {Z;5, x} be the semigroup of order 15. Consider

P;=1{0,3,6,9,1, 12, 14} < S, is a quasi 7-Sylow subsemigroup of S.

Now consider P, = {0, 1, 2, 3, 4, 5, 6, 8, 9, 10, 12} < § is a pseudo

11-Sylow subsemigroup of S.

Next define the notion pseudo conjugate pseudo p-Sylow subsemigroup and a

quasi pseudo p-Sylow subsemigroup of a semigroup S.

Definition 3.3.6: Let S be a semigroup of finite order. Let P be a pseudo p-Sylow
subsemigroup of S and Q a quasi pseudo p-Sylow subsemigroup of S. P and Q are said to

be pseudo conjugate if P = aQb or Q = cPd for some a, b, ¢, d € S.



Example 3.3.25: Let S = {Zs;, x} be a semigroup. P; = {0, 1, 2, 4, 3} and
P,={0, 1, 2, 4, 5} are quasi pseudo 5-Sylow subsemigroups of S but they can never be

conjugate subsemigroups of S.
In view of this the following result is proved:

Theorem 3.3.3: Let {S, x} be a semigroup. If P; and P, are two quasi pseudo p-Sylow

subsemigroups of S then P;and P, need not in general be conjugate to each other.
Proof: Follows from the example 3.3.25.

In fact the first part of Sylow theorem is true for any semigroup also. The only

change will be there may be a subsemigroup of order p” */ even though p” / o(S) and p*

"X o(S) where S is the finite semigroup.

However the second part is not true for here only definition of pseudo conjugate
subsemigroups are made. For the third part of the p-Sylow theorem one has to define the

notion of cosets and double cosets this is carried out in the following:

However all these study has been modified, studied in case of Smarandache

semigroups in [99].

Definition 3.3.7: Let {S, x} be any semigroup. Let P be a semigroup if for any x € S\ P;

xXP # P then the semigroup S has coset xP associated with it.

This is illustrated by some examples.



Example 3.3.26: Let S = {Z;5, x} be the semigroup. Let P = {0, 5, 10, 1, 11} < S be a

subsemigroup. For 2 € 5

2P =10, 10, 5,2, 7},

3P=10,0,0,3} and o(3P)=2.

P is not an ideal only a subsemigroup of order 5 in §.

4P = {0, 5, 10, 4, 14},

6P = {0, 0, 6},

7P = 10,7, 5, 10, 2},

8P = 10,8, 5,10, 13},

9P = 10,9, 0},

12P = {0, 12},

13P={13,0,5, 10, 8} and

14P = {14,0, 10, 5, 4}.

From this example the following are observed;

xPNyP+ ¢

For some values of x and y



xP nyP={0};

for some x, y € S.

2P N 4P= 0,5, 10};

7P N 2P=1{0,7,5, 10, 2},

14P 74P = {0, 4, 5, 10, 14} and

8P N 13P={0,8,5, 10, 13}.

Let /= {0, 3,6,9, 12} < S be the subsemigroup of S.

1I=100=0,2I=10,6,12, 3,9},

3]: {09 9> 3: 12> 6}> 41: {O’ 12’ 9’ 6’ 3}’ 5] - {0}’

71={0,6,12,3,9}, 8T = {0,9, 3, 12, 6}, 10 = {0},

111=10,3,6,12,9}, 13 = {0, 3, 6, 12, 9} and

141={0,3, 6, 12, 9}.

Clearly al = 0 or al = I for the subsemigroup / of S if / is an ideal thus
al =1 or {0} for every a € {Z;5, x}.

LetM=1{0,1,3,6,9,12,5, 10} < S be a subsemigroup of S.



0.M=0, 2M={0,2,6,12,3,9, 10, 5},

4M=1{0,4,12,9,6,3,5,10}, 7M={0,7,6,12,3,9, 5, 10},

8M=10,8,9,3,12,6,10,5}, 1IM= {0, 11,3,6,9, 1, 10, 5},

13M={0,13,9,3, 12, 5,10, 6}, 14M = {0, 14, 12,9, 3, 6, 10, 5} and

xM AyM = {0,3,12, 10,9, 6, 5}.

Thus the property of cosets related to semigroups is different from that of a group.

For in case of a group the cosets of subgroup, are either disjoint or identical; they

partition the group.

In view of these observations the following result is proved:

Theorem 3.3.4: Let {S, x} be the semigroup of finite order with unit and not a

semilattice.

i. IfHis asubsemigroup of S and H is an ideal of S then cosets of H in S is either
Hor 0.

ii. If H is a subsemigroup and contains the zero of S then

P=x,HNxH#* ¢pand P < H in general if | € H.

Proof: If H is an ideal of S clearly the cosets of H in S is {0} or H. Hence (i) is true.
Clearly if {0} < H; then x;H nx,H # ¢ for x;H N x,H = {0} is the least possibility. If 1

e H; X]HOXZH:PgH.



As said earlier the scope of this study is to analyse only finite semigroups which

have non abstract representation.

{Z,, x} and S(n) are the two semigroups of finite order; which are mainly used in

this thesis.

Now all matrices with entries from Z, under natural product %, of matrices are

also semigroups. [89]

Next some results about the cosets of {Z, x} and S(n) are carried out in the

following:

Example 3.3.27: Let S(5) be the symmetric semigroup.

P_123 5 (1 2 3 4 5

111 1) 222 2 2)
1 2 3 4 5\Y(1 23 4 5\(1 23 45
333 334 4 4 4 455555

be the subsemigroup of S(5).

Let

N

Clearly xP = Px = P for all x € S(n).

If
P_12345 1 23 45 (1 2 3 45
N 23 4 5)7 1111 1) 22 2 2 2)

3
5

1 23 45 1 2 3 4 5 1 2
333 3 3/°'(4 4 4 4 4)°\5 5



< S(n) is a subsemigroup with identity.
xP; = P;x but xP; # P;infact xP; N yP; # P, for all x, y €S(n).

This is the special feature enjoyed by this particular subsemigroup P; of S(n).

Consider
M_1234512 4 5 (1 2 4 5
31 2 4 5)71 2 3 4 5)° 1 2 4 5
1 23 4 5 (1 23 4 5 (12 5
1 1 11 1)°{2 22 2 2)13 3 3 3
a subsemigroup of S(35).
Let
1 23 4 5
= S(5).
(31452}6()
1 2 3 4 5\(1 23 4 5\(1 2 3 45
.XM: N D s
{[23451)[12453)[31452}

W W
W
W W
N—
[ —

1 23 4 5\ (1 2 3 4 5\ (1 2
11 11 1)\22 22 2)(3 3
Consider

Iy 1 2 3 45 1 23 45 1 2 3 45
X = D) ’ >
31 45 2)4 315 2 1 4 3 5 2
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33333
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1 23 4 5) (12
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Clearly Mx # xM. Further xM M Mx # ¢.

Let

123 45
B:
{[111

1 2 3 45
I 1155

be a subsemigroup of S(5).

Let

1 1 55
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1 23 4 5 (1 23 45 1 2 3 45
222 1 1)33 31 1)4 4 41 1)|°
Clearly BY # YB.

In view of all these observations the following results related to the symmetric

semigroup S(n) are proved:

Theorem 3.3.5: Let S(n) be the symmetric semigroup of finite order.
i. S(n) has subsemigroups P such that Px = xP = P.
ii. S(n) has subsemigroups M such that Mx + xM.

Proof: Let
p— 1 2 3 ... n , 1 2 3 ... n ,
111 ... 1 2 2 2 ... 2
1 2 3 ... n 1 2 3 ... n
y e < Sn)
3 3 3 ... 3 n n n .. n
be a subsemigroup of S(n). Order of P is n.

Clearly xP = Px = P for every x € S(n). Hence the claim.

Let

v 1 23 45 ..n)Y(1 23 456 7 .. n
4 4 4 4 5 ... 5)\2 2 22 233 .. 3)



1 2 3 4 ... n
5555 .5

1 23 45 6 7 ... n 1 23 45 6 ... n
3337778 .08 7" \nnnonon1 ... 7
be a subsemigroup. That is none of the map is a permutation but M under composition of

maps is closed. It is easily verified xM = Mx for x € S(n).
This situation is already illustrated by the example.

Next some examples of the subsemigroups of S(n) for which double coset of the

subsemigroup is obtained is given in the following:

Example 3.3.28: Let S(9) be the symmetric semigroup of degree nine.

Let
P_12345...9 1 23 4 ... 9
11111 ..1)0\2222..2
and
Q:123...9 1 23 ..9Y(1 23 .. 09
333 ..3/\555..5)(8 8 8 ...38

be two subsemigroups of S(9). P x Q = {p x q / p € P, q € Q} for some

x € 8(9) is defined as the double coset of P and Q.

If



1 23 ...9
x:
4 4 4 ... 4
1s in S(9).
1 23 4 ...9)(1 23 ..09
PxQ= , R
3333 ..3155 5 ..5
1 23 4 ...9 P
8§ 8 8 8 ... 8 ‘
1 23 4 ...9 (1 23 4 ...9
OxP= , =P
1111 ...1)\2222..2

Thus Q x P # P x Q. The cardinality of both the double cosets are not the same.

Example 3.3.29: Let S(4) be the symmetric semigroup of degree four.

4\3(1 2 3 4
3)\4 4 4 4
4 1 2 3 4
312 2 33

Let

{1234}{12
P= ,

11 1)0l2 2 2 2
(1 2
Q_{(ll

be subsemigroups of S(4).
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The double coset;

1 23 4)(1 23 4 1 23 4\(1 2 3 4
P.X'Q: s X )
33331111 [1144)(2244

1 2 3 4\1 2 3 4
11 3 32 2 3 3
)t 2 3 4 1 2 3 4 I 2 3 4)(1 2 3 4 I
4 4 4 4)33 33111 1)(22 22
I denotes the double coset of P x Q. Consider.
1 2 3 4\(1 2 3 4
xP = (0Ox)P =
¢ (9 {(3 303 3}(1 13 3)}
1 2 3 431 2 3 4)\(1 2 3 4)(1 2 3 4
I 1 1 1){2 2 2 2)\3 3 3 3){4 4 4 4
_ I 2 3 41 2 3 43\1 2 3 4\(1 2 3 4 1
I 11 1)\2 2 2 2)3 3 3 3)4 4 4 4
Now I and II are the same for thisx; Px Q9 =Qx P =P.

Suppose

1 2 3 4 S(4)
= 5 .
4 2 3 41

Consider

PyQ=(Py)Q

|
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Now
OyP = (Qy) P
B 1 2 3 4)\1 2 3 4)\1 2 3 4\1 2 3 4 8
2 21 1 )3 3 1 1){2 2 4 4)\3 3 4 4
I 2 3 4\1 2 3 4)\1 2 3 43\(1 2 3 4
I 11 12 2 2 2)3 3 3 3){4 4 4 4
B I 2 3 4)\1 2 3 4)\(1 2 3 4)\1 2 3 4 1
I 1.1 12 2 2 2)\3 3 3 3){4 4 4 4
I and IT are identical hence the double coset of P and Q for this y is equal to P.
In some cases only P x Q = Q x P, the double cosets of the subsemigroups are
equal.

The result in general is not true for all subsemigroups of S(4). It is important to

record if



P_1234 1 2 3 4)(1 2 3 4)(1 2 3 4
11222203333/ 144 4 4
then for every subsemigroup Q of S(4) and for any x in S(4);
PxQ=0Q0xP=P.

In view of this the following result is true:

Theorem 3.3.6: Let S(n) be the symmetric semigroup of degree n. The double coset of the

subsemigroup.
P_123...n1234...n1234...n
111 ...1)0\2 222 ..2)3333..3)
1 2 3 4 ..
( ”j} e S(n);

of S(n) is such that PxQ = QxP = P for all x € S(n) and for every subsemigroup Q of S(n)
and P is an ideal of S(n).

Proof:

P_12...n123...n123...n
11 ... 1)0\2 22 ...2)033 3 ...3)"77
1 2 3 4 ... n



is a subsemigroup of S(n) which is also an ideal of S(n) so if P is present in any double
coset of two subsemigroups then Px = xP, so P x Q = QxP = P for all x € S(n) and for all

subsemigroups Q < S(n). Hence the result.

Example 3.3.30: Let {Z;,, x} = S be the semigroup of order 12.

P=1{1,11,5,7,0} and 0 = {0, 3, 6, 9}

be the subsemigroups of S. Let 2 € S.

P20=1{1,11,5,7,0} x2 x {0, 6,9, 3}
= {2, 10, 0} x {0, 6,9, 3} = {0, 6} I

Here it is important to note that | P | = 4 and | Q | = 4 but order of the double coset
of the subsemigroup is two and it is also a subsemigroup of S. Take 8 € S;

P80O=1{8,4,0} x{0,3,6,9} = {0}. I
Thus the double coset associated with 8 is different from that of 2.
Next to find
P10Q=1{10,2,0} x {0,3,6,9} = {6, 0}.
Now consider
P;=1{0,4,8}and Q= {0, 3, 6,9}

be two subsemigroups of S.

The double coset



P;50=10,8,4} x {0, 3, 6,9} = {0}.

Thus if both P and Q are ideals such that P » Q = {0} then PxQ = {0} for all x €

This is proved by the following theorem:

Theorem 3.3.7: Let S = {Z, x} be a semigroup (n not a prime). If P and Q are ideals
such that P » Q = {0} and PQ = {0} where <p> =Pand Q = <q> then the double coset

PxQ = {0} forall x €8§.
Proof: Follows from the fact

Px=Pand Px Q = {0} =P n Q as P and Q are finite sets and ideals of S.
AsPNQ={0}and P = (p), 0= (q); Px QO ={0).
This is illustrated by an example or two.

Example 3.3.31: Let S = {Z; x} be the semigroup. Let P = {)} and
QO = {(3)} be subsemigroups of S; which are ideals of S.

P=1{0,4,8,12,16, 20, 24, 28, 32} and
0=1{0,3,6,9,12, 15, 18, 21, 24, 27, 30, 33}
be two subsemigroups of S.
Clearly

PO =10, 12,24}



P50=10,20,4,24,8, 12,28,32,16} x {0,3,6, ..., 33} = {0, 24, 12}.

In view of this the following result is made.

Corollary 3.3.2: Let S = {Z,, x}! be a semigroup, n not a prime. P and Q be ideals of S
such that P N Q # {0} = H; H an ideal of S. P x Q = H for all x € S. Thus when
subsemigroups of a semigroup are taken as ideals; the double coset results in a

subsemigroup (ideal).

This is the marked difference between groups and semigroups.

Example 3.3.32: Let S = {Z,, %/} be a semigroup.

LetP=1{0,1,5,12} and Q= {1, 7, 5, 11} be two subsemigroups of S. For 2 € S;

P20=1{0,2,10} x {1,7,5, 11} = {0, 2, 10, 14,22}  S.

Clearly P 2 (Q the double coset semigroup is only a subset further

|P|=4 and |Q| =4 but |P 2 Q| =5; only a subset of S.

Thus the question of whether the double coset will divide order of S;

S ={Z, x}into equivalence classes is not true.

For P and P2Q have 0 alone to be the common element. Thus it is to be noted that
double cosets of subsemigroups behave in an entirely different way from that of the

double cosets of subgroups of a group. This is one of the main contributions of this thesis.

So that part of Sylows theorem which is based on double coset property is not true

in case of finite semigroups.



For the first property of decomposing the semigroup into double cosets P where P
is a anti-Sylow subsemigroup will not be possible. This situation is also described by the

following example:

Example 3.3.33: Let S = {Z,,, x} be the semigroup of order 12.

LetP=1{0,1,3,5,7,9,11} < S be a subsemigroup of order 7. P is a anti 7-Sylow

subsemigroup of S. Consider x =2 € S;

P2P=1{0,10,6,2}x1{0,5,9,11,1,7,3} = {0, 10, 6, 2}.

Takex=6, P6 P=1{0,6} x {0,1,3,5,7,9, 11} = {0, 6.

Takex=4, PxP={0,8,4} x {0,5,9,1,7,3} = {0, 4, 8}.

Takex=38, Px P={0, 4, 8}.

Takex = 10, Px P = {0, 2, 6,10} x {0,5,9, 11, 1,7, 3} = {0, 10, 6, 2}.

Clearly

PxP=S.

xe{2,4,8,3,10}

Thus the Sylow theorems cannot be easily extended to semigroups.

M=10,5,1,9, 6} is a quasi anti 5-Sylow subsemigroup of S.

For M c {0, 5, 1,9, 6,3} =N; Nis a subsemigroup of order six.

Letx=2;



Mx M= 10, 10,2, 6! x {0,5,1,9, 6} = {0, 10,2, 6}

Take x = 3;

M3 M=1{0,3,6} x{0,5,1,9,6} = {0, 3, 6}.
Take x = 4;

M4M=1{0,8,4} x {0,5,1,9, 6} = {0, 4, 8}.
Letx=17;

M7M=1{0,11,7,3,6} x {0,5,1,9,6} ={0,7,3,6, 11}.

MEM=1{0,4,8} x{0,5,1,95} ={0,8, 4}.

Take x = 10;
MIOM={0,2,10,6} x {5,0,1,9, 6} ={0, 2, 10, 6}.

Forx=11;

MI1IM=1{0,7,11,3,6} x {0,1,5,9,6}=1{0,7,11, 3, 6}.
Forx=7andx=11;
MxM ={0,7,11, 3, 6}

which is only a subset and not a subsemigroup of S.

Forx =2; M x M = {0, 10, 2, 6} which is only a subset and not a subsemigroup of

For x = 3; M x M is only a subset of S. Only for x =4 and 8

Mx M= {0, 4, 8} is a subsemigroup as well as an ideal of S.



Clearly

S= |J MxM.

xeS\M

Thus if S has either quasi pseudo anti p-Sylow subsemigroup or a anti-p-Sylow

subsemigroup still the double coset property is not satisfied.

3.4 SPECIAL ELEMENTS IN SEMIGROUPS

For the first time this thesis defines the notion of special elements like
Smarandache zero divisors, Smarandache units, Smarandache idempotents and
Smarandache nilpotnents for semigroups whenever applicable. These concepts are
introduced and studied in case of rings and semirings [98, 100]. These concepts are
illustrated by examples. Conditions for these elements to exist in a semigroup is

determined.

Definition 3.4.1: Let S be a semigroup with unit and zero divisors. x, y € S is said to be a
Smarandache zero divisor (S-zero divisor) if x -y = 0 and there exists a, b € S\ {x, y, 0}
with

1) xa=0orax =0,

2) yb=0orby =0and

3) ab #0 or ba #0.

Examples of S-zero divisors are given only in case of § = {Z,, x} for S(n) the symmetric

semigroup has no zero divisors.



Example 3.4.1: Let S = {Z,,, x} be the semigroup.

10, 16 € S are zero divisors as 10 x 16 = 0 (mod 20) and is also a S-zero divisor for 5, 6

€ Zy\ {0, 10, 16} is such that

5% 16 =0 (mod 20), 6 x 10 =0 (mod 20) and 6 x 5 # 0 (mod 20).

It is important to note all semigroups built using {Z,, x}, n a composite number

has zero divisors but it need not in general be S-zero divisors.

Example 3.4.2: Let S =7,,={0, 1,2, ..., 9} be the semigroup under x.

2,5 € Zjyis such that 2 x 5 =0 (mod 10) is a zero divisor and is not a S-zero

divisor.

In view of this the following result is true:

Proposition 3.4.1: Let S be a semigroup. Every S-zero divisor is a zero divisor but a zero

divisor in general is not a S-zero divisor.

Proof: One way is evident from the definition of a S-zero divisor. Example 3.4.2 proves

the other part of the result.

Consider S(n), this is a semigroup which has no zero divisors; so S-zero divisor

has no relevance to this semigroup S(n).

Next the notion of S-units is defined for semigroups.



Definition 3.4.2: Let S be a semigroup with unit (monoid). x € S\ {1} is defined as the

Smarandache unit (S-unit) if there exists y € S with

1) xy =1 there exista, b € S\ {x, y, 1}.
2) i) xXa=yorax =y or

ii) yb =xor by =x and

iii) ab=1.

(2(i) or 2(ii) is satisfied it is enough to make a S-unit).

This is represented by the following examples:

Example 3.4.3: Let S= {Z;5, x} be the semigroup.
Now 2 € Z;5
2.8 =1 (mod 15),
Consider 4 € Z;5
4=1and2.4=38.
Thus (2, 8) is a S-unit of the semigroup S.
Proposition 3.4.2: Every S-unit in a semigroup S is a unit. However all units in general

are not S-units in S.

Proof: Consider 4 € Z;;5 in the above example 3.4.3 which is a unit in Z;5; but 4 is not a

S-unit for in this case x =y =4.

4da=4or4b=4witha -b=1.



In view of this, as in case of S-units in a ring [98] the following result is proved

for semigroups.
Theorem 3.4.1: Let S be a monoid. If x € S\ {1} is a S-unit; xy = I then x #y.

Proof: The proof is similar to rings. Let x € S \ {0} be a S-unit, this implies

xy=1withxa =yorax=y (by =xoryb=x)andab =1 ifx = y then x’ = 1; xa = x; x’

2 . 2 ..
a = x"forcing a = 1, as x” = 1 a contradiction.

Now for the first time the notion of S-idempotents in rings is adopted to

semigroups in this thesis.

Definition 3.4.3: Let S be a semigroup. x € S\ {0, 1} is defined as a Smarandache
idempotent of S if X’ = x and there exist y € S\ {0, 1, x} such that y* = x and yx = x or xy
= y. y is defined as the Smarandache coidempotent (S coidempotent) and the pair is

denoted by (x, ).

Example 3.4.4: lLet S = {Z;;, x} be the semigroup. 4 € S is such that

4* =4 (mod 8). 8 =4 and 8 x 4 = 8 s0 4 is a S-idempotent. Clearly if x is an idempotent.
But every idempotent in a semigroup need not be a S-idempotent.

Example 3.4.5: Let §(4) be the symmetric semigroup. S(4) has no zero divisors but has

units and idempotents.

Here the study pertains to finding S-idempotents and S-units if any in S(4).

Take



1 2 3 4 S
X = € ;
1 1 1 1

clearly ¥ = x; let

123 ) o
= E D(4).
Y73 1

>, (12 3 4)(1 2 3 4 1 2 3 4
= = =X
4 1 31 1)1 3 11 11 11

1 2 3 4Y(1 2 3 4 1 2 3 4
and = = Xx.
[1 1 1 1] (1 1 1 lj [1 1 1 1]

Thus x is an S-idempotent of S(4). Thus the symmetric semigroup S(4) has S-

idempotents.
Take
1 2 3 4 1 2 3 4 S4)
X = Ly = € .
2 3 41 4 4 1 2 3
1 2 3 4)(1 2 3 4 1 2 3 4
XX y= = =1
2 3 41)41 23 1 2 3 4
Let

3 41 2

1 2 3 4)(1 2 3 4 1 2 3 4
xxa: — :y.
23 4 1)3 41 2 4 1 2 3

a:(l 2 3 4} - s);

Now



1 2 3 4)(1 2 3 4 1 2 3 4
a-a= = =1
(3 4 1 2} (3 4 1 2} (l 2 3 4}

Thus x is a S-unit of S(4). Hence S(4) has both S-idempotents and S-units.

However as S(4) has no zero divisors. S(4) cannot have S-zero divisors as every S-zero

divisor is a zero divisor.
In view of these the following result is proved.
Theorem 3.4.2: Let S(n) be the symmetric semigroup of degree n.
i) S(n) has no S-zero divisors,
ii) S(n) has S-units and
iii)  S(n) has S-idempotents.

Proof. Since S(n) is the symmetric semigroup of degree » and has no zero divisors. Since

every S-zero divisor is a zero divisor hence S(n) cannot have S-zero divisors.

S(n) has S-units.

For take
1 2 3 4 5 ... n 1 2 3 4 5 ... n
x = Ly = e S(n).
2 3 41 5 ... n 4 1 2 3 5 ... n
1 2 3 4 5 ... n 1 2 3 4 n
Xoypy= o
23 41 5 ... n 4 1 2 3 n



the identity element of S(n).

Let

1 2 3 4 5 ..
aZ[ nj eSmn)
5 ... n
23 41 5 ... n 341 25

(1 23 45 .. n
41 235 .. n

(12345...}1][12345
X odad= o

=)
and

1 2 3 4 5 ... n 1 2 3 4 5

a o a-— o
341 2 5 ... n 341 2 5

1 2 3 4 5

— "I =1 esm.

1 2 3 4 5 n

Thus x is a S-unit of S(n). Hence (ii) is true.

Now to prove S has S-idempotents.

Let

123 45 ... n
X, = e S(n).
](11115...;1} )



(123 45 .. n
X, = = Xj.
I S T T T S R

Hence x; is an idempotent of S(n).

Take
123 45 ... n
= e Sh).
& [13115...;1] ®
(12345 . n
= =X
A R TS T SRR
123 45 ... n) (12345 ... n
Yi-X;p = o
13115 ..n) 11115 .. n

1 23 45 ... n
= — x].
11 1 1 5 ... n
Thus x; is an S-idempotent of S(n) hence (iii1) is proved.

The next natural question would be; will the co-idempotents in S(») be unique.

The answer is no.
This is proved by the following result:

Proposition 3.4.3: Let S(n) be the symmetric semigroup of degree n, the S-coidempotents

of an S-idempotent in S(n) in general are not unique.

Proof: The result is proved by a counter example.



l2345...nS()
X7 = e D(n
1111 5 .. n

is an S-idempotent of S(n).

The S-coidempotent of x; is

y’:(i ; f f :j in Sn).
Consider

O P Y

L (12345 .o

yz:(l 1115 .. nj €50
and

1 2345 .. a\(1 2345 ... n
-x:
2T s 100 ol 1 s L n
_(12345

n
= x; €S(n).
11115 nj xS

Thus y, is also a S-coidempotent of x; in S(n). The coidempotents in general in

S(n) for a given S-idempotent is not unique.

However the notion of semi idempotents and S-semi idempotents in case of rings

has no relevance to semigroups of finite order under the product operation.



Next the notion of nilpotent elements and S-nilpotent elements are defined in case
of semigroups. At the outset it is clear that only semigroups which has zero divisors can
have nilpotent elements. Hence the symmetric semigroup S(n) has no zero divisors so has

no nilpotents.

Thus the only class of finite non abstract semigroups which has zero divisors is the

class of semigroups S = {Z,, X}; n not a prime number.

Definition 3.4.4: Let S be a semigroup under product with zero divisors.
x € §\{0} is said to be a Smarandache nilpotent element if x" = 0 and there exists ay €

SV {0, x} such that x'y = 0 or yx* = 0, r, s, > 0 and y" # 0 for any integer m > 1.
First this situation will be described by some examples.

Example 3.4.6: Let S = {Z;,, x} be the semigroup. Clearly 6° = 0 (mod 12);
8 € § is such that 6 x 8 = 0 (mod 12) but 8" # 0 (mod 12) for m > 1 as

8% = 8 (mod 12). Thus 6 is a S-nilpotent element of S.

Example 3.4.7: Let S = {Zs, x} be the semigroup. S has nilpotents but none of them are

S-nilpotents of S.
For 2° = 0 (mod 8); 4% = 0 (mod 8). There are no S-nilpotents in S.
In view of this one has the following result:

Proposition 3.4.4: Let {S, %} be a semigroup with nilpotents.

i)  Every S-nilpotent element of S is a nilpotent element of 'S.



ii) If x is a nilpotent element of S, x need not in general be S-nilpotent.
Proof: Proof of (i) follows from the very definition of the S-nilpotent element of S.

Proof of (i1) follows from the above example 3.4.7 for 2 € S = {Zs, x} is a nilpotent

element of S but 2 is not a S-nilpotent of S.

Example 3.4.8: Let S = {Z,; %} be the semigrouop. 3 is a nilpotent element of S. 6 is a
nilpotent element of S. 12 is a nilpotent element of S. But S has no

S-nilpotent elements.

In view of this the following interesting result is proved:

Theorem 3.4.3: Let S = {an, x! where p is a prime n 2> 2; S has no

S-nilpotent elements.

Proof: x € S is a nilpotent element if and only if p /x and x" = (0). Further x' y = 0 if and
only if "7 /y and hence y" = 0 for some m. Hence it is not possible to find a y such that

" #0 and x'y = 0. Hence the claim.

Corollary 3.4.1: Let S = {Zp,,, X!, p a prime; be a semigroup. Then the nilpotent

elements of S are p, 2p, 3p, ..., (p"" =1)p). That is there are (p"' —1) number of

nilpotents.
Proof: Follows from simple number theoretic argument.

This is illustrated by an example.



Example 3.4.9: Let S = {Z; = Zyy;, x} be a semigroup. The nilpotent elements of S are

3,6,9,12, 15, 18, 21,24, ..., 240 = (34 — 1)3. Thus there are 3*_ 1 number of nilpotents

in S none of them are S-nilpotents of S.

Example 3.4.10: Let S= { Z,,, x} be the semigroup. S has (5° — 1) number of nilpotents;

none of them are S-nilpotents of S.

Thus there exists a class of semigroups which has only nilpotent elements and

none of them are S-nilpotents.

In fact this class has infinite number of finite semigroups of the form

S= {an , X} where 2 < n < o and p any prime. So for a fixed prime; one has infinite

number of such semigroups.

Further for the number of primes is also infinite so this class of semigroups has

undoubtedly infinite cardinality.

Next using these semigroups S = {Z,, x} matrix semigroups of all orders is

constructed in the following section.

3.5 MATRIX SEMIGROUPS USING Z,

In this section matrix semigroups are studied using row matrix, column matrix,
square matrix and a s x ¢ matrix s # ¢, ¢t # 1, s # 1; using the natural product %, defined in

[89]. For more about the natural product refer [89]. The natural product x, on row



matrices coincides with the usual product x. However in case of square matrices both the
operations can be performed and usual product x is non commutative and the other the

natural product x, is commutative.
First some examples of these matrix semigroups are given.

Example 3.5.1: Let S = {(x;, x5, x3) /x;€ Z;,, 1 <i <3, x} be the row matrix semigroup of

finite order. S has zero divisors and idempotents.

For x = (6, 0, 6) € § is such that ¥ = (0 0 0). Take x = (11, 1, 2) and

y=(0,0,6) € S; x xy =(0, 0, 0). Clearly (1, 1, 1) acts as the multiplicative identity.

For

(x5, X3, x3) x (1, 1, 1) = (1, 1, 1) X (x;, x5, x3) = (x1, X2, X3).
This S is a finite commutative monoid.
LetA ={(0,x,0) /x € Z;5} S, Aisanideal of S.

Takep=(4,9,1) € S; p’ =p=(4,9, 1) is an idempotent of S.

Example 3.5.2: Let

<

[

ae Zs1<i <4, x

S Q_
W

EN

be the column matrix semigroup under the natural product x,,



oS O O O

1

) 1

is the zero of S and : e S
1

is the identity of S with respect to x,,.

Let
3 7
7 10
X = and y = s,

2 12

5 1
3 7 6
7 10 10

XX,y = X = es

2 12 9
5 1

Clearly S is a commutative monoid of finite order.

Example 3.5.3: Let

a, a,
a, a,
M= <las ag || a € Z,,1<1i <10, x,
a,; 4ag
|4y Gy

be the 5 X 2 matrix semigroup under the natural product x,,




is the zero of M and

oS O O O O
oS O O O O
— e e
— e e e

is the identity of M with respect to x,. M has zero divisors. M is a finite commutative

monoid.

0 0] 27 33
5 7 0 0
p=|4 l4|landg=|0 O0|e M
25 7 0 0
| 0 39] 117 0 |
is such that
0 o]
0 0
px,q=10 0],
0 0
_0 0_

is a zero divisor of M. M has ideals as well as subsemigroups which are not ideals.

Example 3.5.4: Let

S=<la, a, a a, a,| ae€l,,1<i<15,x,



be the commutative monoid of finite order. S has units, zero divisors and idempotents. S

has subsemigroups as well as ideals.

1 1111
1 1 1 1 1] istheidentity element of S.
I 1111

Example 3.5.5: Let
(a, a, a, a,]
aS a6 a7 a8
M=1<lay a, a, a,||a €Z,,1<1i<20,x,
a13 a14 alS a16
_al7 al8 a19 a20_

be the 5 x 4 matrix semigroup under the natural product x,. M is a commutative monoid

of finite order.

— e e
— e ek
e e e T e T
e e e T e T

acts as the unit (or identity) element of M under the natural product x,,.

This semigroup also has zero divisors and units.



19 1 9 1111
1 19 1 111
x=19 9 9 9|e Missuchthatxx,x =1 1 1 1
19 9 11 11 1 111
11 11 19 9 | 1 1 1 1)
Example 3.5.6: Let
a, a4, da
S=43la, a; a,|laecZ,;, 1<i<9, x

be the 3 x 3 square matrix semigroup under the natural product x,. S is a finite
commutative monoid having units, zero divisors and idempotents. If ‘x,’; the natural

product is replaced by % on §, S is a non commutative semigroup with

as the multiplicative identity.

S O
S = O
—_ o O

It is clear 4 x, B# A x B in general for some 4, B € S.

Consider

and B =

AN O =
S = W
hnh O =
S O N

3
41 e€S8§.
0



3 2 15
Ax,B=|0 0 4 I
50 0
315 1 2 3) (28 6 13
AxB=|2 0 1|x |0 0 4|=|7 4 6 )|
1 6 0 500 (1 2 27

Clearly I and II are distinct; further S is commutative monoid with respect to X,

and a non commutative monoid with respect to X.

Now

1 2 3 3 15 10 19 7
BxA=10 0 4| x |2 0 1|=]4 24 0 111
500 1 6 0 15 5 25

Clearly II and III are distinct. Only in case of square matrices there can be two
semigroups one under natural product x, which is commutative and under the usual

product x; S is non commutative.

Having seen examples of them now this concept is formally defined.

Definition 3.5.1: Let S = {m x n matrix with entries from Z;, m =norm =1 andn# 1 or
m# 1 and n = 1, x,} be the matrix semigroup under natural product x,. S is defined as a

commutative finite matrix monoid under the natural product x,,

This situation has been illustrated by many examples.



The following theorems are proved:

Theorem 3.5.1: Let S = {(x;, ..., x,) /2 < n < oo, x;€ Z,;, 1 <i <n, x} be a finite

semigroup of 1 xn row matrices.
i. S has subsemigroups which are not ideals.
ii. S has subsemigroups which are ideals.
Proof: Consider P = {(x;, ..., x,) /x; € {l, 0, m— 1}, ] <i <n, x} < 8. Clearly P is a

subsemigroup and is not an ideal. Hence the claim.

Consider Q = {(x;, 0, ..., 0) /x; € Z,,; X} S, clearly Q is an ideal of S. Hence the

claim.

Corollary 3.5.1: Let

Y

M= |y ez, 1<i<m x,

[S]

Ym

be the semigroup. M has subsemigroups which are not ideals as well as subsemigroups

which are ideals.
Proof: Let

Y
p, = sz yi€ef0, 1,n—1)1<i<m x,}) cM

Yo



be a subsemigroup which is not an ideal. Likewise

B2
0
R] = . Vi EZn: Xn} gM
_0_
1s an ideal.
It is interesting to note M has atleast ,C; + ,C, + ... + ,C,_; number

subsemigroups which are ideals.

Corollary 3.5.2: Let N = {m xn matrix m # n, (m # 1 and n # 1) with entries from Z; x,}
be the m x n matrix semigroup. N has atleast ,,,,C; + 1,0Cs + ... + 3aCon xcn— 1) nUmMber

of ideals and has atleast ,,,,C; + ,.0Co> + ... + ,13,Con xn nUMber of subsemigroups which

are not ideals.

Proof: Let N = {(m x n) matrix M = (a;) in which only the first entry a;,; # 0 and q;, €
{0, 1, s — 1} all other a; = 0; 2<i<mand 2 <j < nj}. T is a subsemigroup of order three
and T'is not an ideal of N. V= {m = (my) | m; € Z;; m;; # 0 all other m; s are zero} = S'is

anideal of Nand | V| =s.

Corollary 3.5.3: Let W = {m x n matrices with entries from Z, x,} be the semigroup. W
has atleast ,,.,C; + ... + ,1xn Cp xn nUmber subsemigroups and atleast .., C; + ... + ,,..,C

(m xn— 1) humber of ideals.

Proof: This is similar to earlier corollary.

Note of the natural product of %, in Corollary 3.5.3 is replaced by x the usual



product then the above claim is not true.

All these situations are described by examples.

Example 3.5.7: Let

<

[ S}

a; EZ7,1_<i_<7, Xn}

w

QS Q& Q &
N

w

be the semigroup of finite order.

P=30 a; a; € {0, 1, 6}, x,}

1s a subsemigroup of order 9, which is not an ideal of M.

In fact M has atleast sC; + ;C, + ... + ;Cs number of such subsemigroups which

are not ideals of M.

Consider

K o

a, ay az € 2, Xn}

S
|
8

L
w

o



a subsemigroup of M.

Clearly B is an ideal of M. In fact M has atleast sC; + sC, + ... + ;C, number of

such ideals.

Example 3.5.8: Let
al a2 a3

T'=+la, a5 a| wherea; e Z;, 1 <i <9, x,}
a7 aS a‘)

be the square matrix semigroup of finite order.

a 0 a,
S;=310 a, a,||ae{0 1 13},1<i<6,x,} cT
a; 0 ag

is a subsemigroup of finite order which is not an ideal of 7. Clearly T has atleast 4C; +

9C; + ... + 9Co number of subsemigroups.

Consider

a a, 0
C]: 0 0 a, a; EZ]Z,']Si_<4, Xn}gT,'
a, 0 0

C; is a subsemigroup of 7' which is also an ideal of 7.
If
a a, 0

Di=:10 0 a||laie{024638 10}, 15i<4, x,}cT;
a, 0 0



D is also an ideal of 7" but D; and C; are distinct or different ideals of S.

It is important to note

a a, 0
E/=<10 0 a a; €{0,3,6 9} 1<i<4,x,}cT
a, 0 0

is a subsemigroup which is also an ideal of S. E; is different from D; and C;.

Let
a a 0
Fr=:10 0 a,||a€{0,48,1<i<4, x,}cT
a, 0 0

is a again an ideal of 7 different from C,;, D; and E;. In fact

E[ﬂ F]Z

oS O O
S O O
S O O

Thus if n of Z, is a composite number one has more number of subsemigroups
which are ideals. In fact for each ideal L in Z, there exist atleast ¢C; + ¢C, + ... + ¢Cy
number of ideals in Z, for that specific ideal L. The ideals of Z;, are L; = {0, 6}, L, = {0,
2, 4, 6, 8, 10}, L; = {0, 4, 8} and
L,= {0, 3, 6,9} so apart from ideals of the form given by C;. T has ideals got from L,, L,,

L; and L, and all these contribute to 4 (4C; + ¢C, + ... + ¢Cy) number of distinct ideals.

However it is important to note that if Z, is taken where p; a prime number, then
the number of ideals will be less. Thus if Z, is a composite number then Z, contributes to

more number of ideals.



Further it is interesting to note ideals of this form are also possible in 7.

Let

R=dla, a, a,||anaxasel;={0 6} a4 as a5 €L;={0,4, 8}

and a;, ag, ag € Ly, = {0, 3, 6, 9}, x,})< T be an ideal of T.

Thus the operation x,, the natural product alone can yield such types of ideals also.
If in 7, the natural product x,, is replaced by x certainly R will not be an ideal. It may not

in general be a subsemigroup.

Now having seen examples of ideals and subsemigroups; the following result is

proved.

Theorem 3.5.2: Let S = {m x n matrix with entries from Z,, x, } be the semigroup under

natural product %,.

i. If'sis anon prime, S has more number of subsemigroups as well as ideals.

ii. If's is a prime, the number of ideals and subsemirings of S are less in number.

Proof: Can be proved for any given prime p and a non prime gq.
The following corollary is an observation:

Corollary 3.5.4: The number of ideals in S will depend on the number of ideals in Z,.

Proof is simple using number theoretic arguments.



Example 3.5.9: Let

U= da; EZ60,'1_<i_<]8, Xn}

be the matrix semigroup of finite order.

B; =10, 30}, B, = {0, 20, 40}, B; = {0, 15, 30, 45}, B, = {0, 10, 20, 30, 40, 50},
Bs;=10,5,10, ...,55},Bs=1{0,4,8, ..., 56}, B,=1{0,3,6,9, ..., 57}, Bs= {0, 6, 12, ...,
54}, Bo=1{0, 12, 24, 36, 48} and B;) = {0, 2, 4, ..., 56, 58} are ideals of Zy,.

Thus each ideal can atleast lead to ;3C; + ;3C, + ... + ;5C;> number of ideals that is

10(15C; + 15C, + ... + ;5C;g) number of ideals apart from the ideals of the form:

0= a; a; ase B; = {0, 30}, a,, as, age B, = {0, 20, 40},

as, asg, CZQEB3 = {0, ]5, 30, 45}, A Ay, CZIZEB4 = {0, 10, 20, 30, 40}, apsz Ay 6115635 =
{0, 5, 10, ..., 55} and a;s a;7 a;g € Bs = {0, 4, 8, ..., 56}, x,}; which is again an ideal of
U.

In fact these types of ideals are described and are not taken into account of in this

sum.



Y= ap, ae By, as, a;e B,, as, age B, a;, age By,

ajp a; € Bs, app, ajze Bg, agy, ajse By, ajg, aj;€ Bs, ajge By, Xn}QU

is an ideal of U. Such types of ideals can also be constructed.

By improvising the operation the natural product x, on matrices one is in a

position to get several types of ideals all of them are of finite order.

Thus the more ideals in Z, the more ideals contributed by the matrix semigroup
under the natural product x,. Likewise the natural product has made the existence of S-

zero divisors, S-units, S-idempotents and S-nilpotents in case of matrix semigroups.

Thus the following characterization theorem is given:

Theorem 3.5.3: Let M = {(ay) jojeZ;, | <i <n and 1 <j < m; x,} be the
m x n matrix semigroup under the natural product x,. M has more ideals than the

number of ideals in Z, (q a composite number).

Proof: Follows from simple number theoretic techniques.

Next those matrix semigroups under natural product which has S-units are

illustrated first by examples.



Example 3.5.10: Let P = {(x;, x5 x3 x4/ x;€Z, 1 <i <4, x,} be the row matrix
semigroup. The S-units of P are as follows:

First (1, 1, 1, 1) is the identity element of P. Let x = (2,2, 2,2) € Pisaunitas y =
(5,5,5,5) e Pgivesx x,y=(1,1, 1, 1).

Considera=(7,7,7,7)and b= (4, 4,4,4) € Psuch that x x,a=(5,5,5,5) =y
andy x,b=(2,2,2,2)=xanda x,b = (1,1, 1, 1). Thus x = (2, 2, 2, 2) is a S-unit of P.

Example 3.5.11: Let

N

—_
0o

aie”Zs; 1 <i <10; x,}

W

QS Q & 8
[ N

~
o]

S { { 9

©
)

—_
(=}

be the 5 x 2 matrix semigroup under natural product X,.

is the unit of L.

Consider

€ L; x is a S-unit of Zs.

=
|

W W W W W

W W W W W




— oy ] e

— e e e

€ Lissuch thatx x, y

2

2

4

2 2|x,|4
4 4|x,/3 3|=

Y Xud
ax,x

Clearly there exists

such that
and
further



ax,a=

B~ B~ B~ B~ B
B~ B~ B~ B~ B
X

=
B~ B~ B~ B~ B
B~ B~ B~ B~ B
Il
— e e
— e e e

Thus

=

Il
W W W W W
W W W W W

is a S-unit of L.

Example 3.5.12: Let

V= where a;e Z;5, 1 <i <16, %, }

be the square matrix semigroup under natural product x,,.

is the identity element of V.

—_—
—_ e
—
—

Consider



is a S-unit of V as

is such that

— ] p—

— ] p—

— e e e

and take

and

Thus x is a S-unit of V.



Example 3.5.13: Let

a, | |ae iz, x}; 1 <i<12, %,)

a9 alO al 1 a12

be the matrix semigroup under the natural product x,,.

—_—
—_—
—_ = =
—_ = =

is the multiplication identity of M.

Letx=3and y=5 € Z;is such that x.y =3.5=1 (mod 7).

Now a=2 € Z,such that 5.2=3 and 4.3 =5 and 2.4 = 1. Thus x is a S-unit of Z;.

Consider

W W W
W W W
W W W

be the unit in M for

hn D W
Wn D D

is such that



1111
Ax,B={1 111
1111
Take
2 2 2 2]
cC=1|2 2 eM.
_22 -
555 5] [ 2 2] [3 3 3 3
Bx,C=|5 5 5 5|x, 2 2|=13 3 3 3|=4AeM
5555 (222 2] 3 3 3 3
Consider
4 4 4 4
D=4 4 4 4|eM
4 4 4 4
4 4 4 4,13 3 3 3 5555
Dx,A=|4 4 4 4|x|3 3 3 3|=|55 5 5|eM
4 4 4 4|13 3 3 3 5555

Thus 4 1s a S-unit of M. Hence if Z; has a S-unit; certainly M has a S-unit.

However finding the converse question is a difficult task; that is M has a S-unit

does it imply Z; has a S-unit?

Here certainly 4 = (a;) is such that all a;;’s are not the same for if they have same
entry, surely M has a S-unit imply Z, has a S-unit. These S-units of M are defined as the

inherited S-units from Z,.



Let M = {n x n matrix with entries in Z;, X,} be the matrix semigroup under the
natural product x,. Suppose M has A4 to be a S-unit with all elements the same; say a € Z;

1s a S-unit of Z,. Clearly 4 is not a S-unit with respect to X, the usual product. So S-units

under natural product X, are not in general S-units in x.
Will S-units under the usual product be S-units of x,. The answer for this is no.
This is illustrated by the following:

However it is easily argued the very units of a matrix under the natural product x,
are different from that of the matrix under the usual product x ; so the S-units are

different.

Example 3.5.14: Let

aieZs; 1 <i <4, x,}

M= a  a,
a, a,

and
N= {[“l “2} aeZs 1 <i<4 x}
a, a,

be the matrix semigroups under the natural product and the usual product respectively.

Let

A 1s a S-unit of M; for



1s such that
Further

is such that
and

with

Cx,C=C= ! 1.
11

Now for the same 4, B € N;

= 36 D6 )6 )

the identity of N. For



o[t Pomene-( 6 -6

Further

2 2) (4 4 11
AxC= X = +B
HHENN R

Finally

(I 96 D

Hence a S-unit of M is not a S-unit of .

Now consider
X is a S-unit of N for

is such that

e 96 )

the unit element of N.

Let

4 0
P= eN;
o )

1
0

0
1

j,



o -

and

Y

A R

Finally

1 0
PxP=
o 1)

is a unit in N. Hence the claim.

Now for these X, Y e M;

20 3 0 1 0
X Xﬂ Y: Xﬂ =
0 2 0 3 0 1

is not a unit in M.

Let

Now

but



4 0 4 0 1 0 11
Px,P= x, - #
0 4 0 4 0 1 11
the unit of M. Hence the claim.
Thus in case of usual product a S-unit is not a S-unit in case of natural product as
the very unit elements are different.

In view of all this the following theorem is true:

Theorem 3.5.4: Let M = { (ay), «ja;€Zy 1 <i <mand 1 <j <n, X, } be a matrix
semigroup under the natural product X,. A = (a) is a S-unit if and only if a €Z; is a S-

unit.

Proof: Follows from the fact 4 = (a) is a S-unit there exist B = (b)) e M with 4 X, B =
(1) and there exists X, ¥ € M with 4 %X, X = B and B %, Y = A4 and
X %, Y =(I) where X = (x) and Y = (y). Hence a € Z; must be a S-unit by the very

operation X, on M.
Conversely ifa € Z; is a S-unit then 4 = (a) € M is a S-unit.

Next the concept of S-idempotents in these matrix semigroups under natural

product are analysed.
First this situation is illustrated by some examples.

Example 3.5.15: Let B = {(a;, as, a3, a4 as) | a;€ Zs; 1 <i <5, x} be the row matrix

semigroup.



Let X = (4, 4, 4, 4, 4) € B, X x X = (4, 4, 4, 4, 4 and
Y=(2,2,2,2,2) e Bissuchthat Y x Y=(4,4,4,4,4)=Xand X x Y =(2,2,2,2,2) =
Y. Clearly X = (4, 4, 4, 4, 4) € B is an S-idempotent.

Consider 4 = (3, 3, 3, 3, 3) € B clearly 4° = (3, 3, 3, 3, 3) but 4 is not a S-

idempotent of B.

Example 3.5.16: Let

M= a, €23, 1 <i <6, Xn}

be the column matrix semigroup under natural product X,

Take

AN O O O O O

in M,



AN O O & & O

Xx,X= is an idempotent of M.
Consider
[24] 6]
24 6
24 6
Y= e M; Y x, Y= =X
24 6
24 6
| 24 | 6]
and
(241 [6] [24]
24 6 24
24 6 24
Xx, Y= X, = =Y.
24 6 24
24 6 24
24| |6] [24]

Thus X is a S-idempotent of M.

Let



is such that 4 %, 4 = A4 is an idempotent.

Consider

hence 4 is an S-idempotent of M.

Consider

20 ]

20
20
20
20
20

e M;

A x,B

107

10
10
10
10
10

Bx,B=

10

10
10
10
10
10

"0

F20T

eM

20
20
20
20
20

20
20
20
20
20

20
20
20
20
20
20

20
20
20

20
20

20|

10]
10
10
10
10
10




107
6
6
P = eM,
10
10
— 6 .
clearly
10T
6
6
P x,P= eM.
10
10
— 6 -
[20] 10 ]
24 6
24 6
Take R = eM;R %X,R=
20 10
20 10
| 24 | 6 |
200 | 20
144 24
144 24
R x,P= (mod 30) =
200 20
200 20
144 | 24

=P eM

Thus P is an S-idempotent of M. By this method we can have more idempotents.

Let



s
25
0
C= eM,
1
25
- 0 -
[25] [25] [625 (mod30)]| [25]
25 25 625 ( mod 30) 25
0 0 0 0
Cx,C= X, = = =C.
1 1 1 1
25 25 625 ( mod 30) 25
0] 0] | 0 1 [0]
Let
5] 51 [25] [125 (mod30)| [5]
5 5 25 125 ( mod 30) 5
0 0 0 0 0
D=| |eM; Dx,C=| |x, = = =C
1 1 1 1 1
5 5 25 125 (' mod 30) 5
0 o] o] | 0 1 (0]

Thus C is a S-idempotent of M.

Hence using S-idempotents of Z, one can build many S-idempotents in M.

Likewise for S-units.

Example 3.5.17: Let



s 4y a |wherea;eS={Z;s5, x}; 1 <i<15 %,/

al 1 a12 al 3 a14 al 5

be the matrix semigroup under the natural product x,,.

6 0
A=|10 10
0 1 6

—
S

10
0 |eM;

]
— QN
(@)}

clearly 4 x, 4 = A.

eM

o]

Il
S L O
—_— o O
(=)
\O

is such that

6 0 1 0 10 9 01 05

Ax,B=110 10 0 6 0 |x,[5 5 0 9
0O 1 6 1 6 01 91 9
54 0 1 0 50 901 0 5

=150 50 0 54 O |@modl5)=|5 5 0 9 0|=B
0 1 54 1 54 01 91 9
and

901 0 5 901 0 5

Bx,B=|5 5 0 9 0(x,/5 5 0 9 0

01 91 9 01 91 9



Thus A4 is a S-idempotent of M. One can construct many such
S-idempotents using 6, 10, 1 and 0.

Let
6 6 0 10 10
P=|10 10 1 6 6 |eM;
10 6 10 6 10
6 6 0 10 10 6 6 0 10 10
P’=110 10 1 6 6 |x,/10 10 1 6 6
10 6 10 6 10 10 6 10 6 10
6 6 0 10 10
=110 10 1 6 6 |eM.
10 6 10 6 10
Choose
9 9 0 5 5
O0=|5 519 9|eM
59 5 9 5

is such that

6 6 0 10 10
0x,0=[10 10 1 6 6|=P
10 6 10 6 10



6 6 0 10 10 (9 9 0 5 5
Px,0=|10 10 1 6 6|x|5 5 1 9 9/=0
10 6 10 6 10) |59 5 9 5

Thus P is a S-idempotent of M.

In fact M has several such S-idempotents but they are finite in number.

Now having seen S-idempotents in matrix semigroups, here the necessary and

sufficient condition for S-idempotents to exists in matrix semigroup is obtained.

Theorem 3.5.5: Let S = {m x n matrix with entries from Z,, s a composite number, %,}

be a matrix semigroup under the natural product x,,.

S has S-idempotents if and only if Z; has S-idempotents.

Proof: The results is similar to S-units.

Next the notion of S-zero divisors is analysed and examples of them are given.

Example 3.5.18: Let B = {(a;, a), a;s, a,, as) | a;€ Zy, 1 <i <5, X! be the row matrix

semigroup.

Let X=(10, 16,0, 0, 10) € B; Y =(10, 10, 0, 0, 10) is such that

XxY=(00000).

Take
A=(6,5,0,0,6)and D; =(6,6,0,0,6) € B;



clearly
X x4 =(10,16,0,0, 10) x (6, 5,0, 0,6)=(0,0,0, 0, 0).
Y xD; = (10, 10,0, 0, 10) x (6, 6, 0, 0, 6) = (0, 0, 0, 0, 0)
and
AxD;=(6,5,0,0,6) x(6,6,0,0,6)=(16, 10,0, 0, 16) # (0, 0, 0, 0, 0).

Thus X is a S-idempotent of D;. Consider Z = (10, 8, 10, 8, 10) and
Y=(8,10,8,10,8) € B.Clearly Z xY=(0000 0).

Take D=(5,4,5,4,5) and C=(2,5,2,5,2) €B.

Clearly
CxZ=(00000)and D xY=(00000)
but
CxD= (2,5,2,5,2)x(5,4,5,4,5)
= (10,0, 10,0, 10) #(0 000 0).

Thus Z is a S-zero divisor of B.

Example 3.5.19: Let W = {(a,, a,, as, a4, as, ag) where a;e Z;,, 1 <i <6, X} be the row

matrix semigroup. W has no S-zero divisors. Clearly Z;, has no S-zero divisors.

Example 3.5.20: Let



be a column matrix semigroup.

Let
v
6
6
X =
4
4
_4_
is a zero divisor.
Let
o
2
2
A= and B =
6
6
_6_

Now

and Y =

(o) e e L

eV, X x, 4=

N B~ B W W W

eV, Xx,Y=

S O O o o O

ai6212,']_<i_<6, Xn}

S O O o O O

and Y X, B =

S O O o o O




6 0]
6 0
A x B 6 4 0
! 0 0
0 0
So X'is a S-zero divisors of V.
Example 3.5.21: Let
a, a, a
N=J|% B Y gezoy I <i<I2 %)
a7 aS a‘)
alO all a12

be the matrix semigroup under natural product X,

Let
6 6 6 4 4 4
12 12 12 6 6 6
X= eN; Y= eN
6 6 6 4 4 4
12 12 12 6 6 6
is such that
0 0 O
0 0 O
Xx, Y=
0 0 O
0 0 O

Let



g8 8 8 6 6 6
4 4 4 4 4 4
A= and B = e N.
g8 8 8 6 6 6
4 4 4 4 4 4
g8 8 8 6 6 6 0 0 O
4 4 4 4 4 4 0 0 O
Ax, X= X, = .
g8 8 8 6 6 6 0O 0 O
4 4 4 4 4 4 0 0 O
6 6 6 4 4 4 0 0 O
4 4 4 6 6 6 0 00
Bx,Y= X, = .
6 6 6 4 4 4 0 00
4 4 4 6 6 6 0 00
g8 8 8 6 6 6 O 0 O 0 0 O
4 4 4 4 4 4 16 16 16 0 0 O
A %,B= X =
g8 8 8 6 6 6 O 0 O 0O 0 O
4 4 4 4 4 4 16 16 16 0 0 O

Thus X is a S-zero divisor of N.

In fact NV has several such S- zero divisors. N has S-zero divisors as Z,, has several

S-idempotents.

Example 3.5.22: Let

a a, a a, a
1 2 3 4 5
P = ( j
a;, a, ag; a, a,

be the matrix semigroup under natural product X,

aiEZZ& 1_<l_<]0, Xn}




Let

7 7 7 7 7 4 4 4 4 4
X= e Pthen Y = eP
4 0 4 0 4 14 0 14 0 14

is such that

000 0O
000 0 O0)

Let
2 2 2 2 2 7 7 7 7 7
A= and B = eP.
14 0 14 0 14 2 0 2 0 2
2 2 2 2 2 7 7 7 7 7 0O 00 0O
Ax, X= X, = .
14 0 14 0 14 4 0 4 0 4 0O 00 0O
7 7 7 7 7 4 4 4 4 4 0O 0 0 0 O
Bx,Y= X, = .
2 0 2 0 2 14 0 14 0 14 0O 0 0 0 O
Consider
2 2 2 2 2 7 7 7 7 7 4 4 4 4 4
A x,B = Xy =
[14 0 14 0 14} (2 0 2 0 2} (0 0 0 O Oj

4 0O 0 0 0O
0000 0)
Thus X is a S-zero divisor of P.

In view of all these one has the following result.



Proposition 3.5.1: Let S = {n x m matrix with entries from Z,; t; a composite number, x,}
be the matrix semigroup under the natural product x,. S has S-zero divisors if and only if

Z, has S-zero divisors.

Proof: Follows from the fact if S has S-zero divisors under the natural product x, each
entry in that matrix must be a S-zero divisor. Conversely if Z, has

S-zero divisors certainly S has S-zero divisors. Hence the result.

One can speak of the S-antizero divisors also in case of the matrix semigroups

under product x,,.
First this will be illustrated by an example or two.

Example 3.5.23: Let

a; € Zp,, Xn}

a a, a
1 2 3
S= [ J
a, as a

be the matrix semigroup under natural product X, S has S-antizero divisors.
4 4 4 8 8 8
X = andy = eS
[4 4 4] [8 8 8}

y 8 8 8 4 0 0 O
XX,y =
7 8 8 8 0 0 O

For take

Clearly

Let



<
X
S
N
|
R
el
o O
el
—__—
o
=
o,
1N}
[\
|
TN
o
el
o O
—

Thus S has S-antizero divisors.

Example 3.5.24: Let

B=1\a,||laieZy 1 5i<5 x,}

be the matrix semigroup under natural product. Take

107 - _
10
x=110| andy =
10
_]'0_

eB; xx,y=

>~ &~ & B~ B
S O O o O

Take

eBrax,x= and b = eB

1N}

|
AN N N & D
(O IV I BV I

S O O O o O

is such that



5] [4] J0] [10] [0]
5 4 0 10 0
bx,y=|5|x,/4|=1|0|but ax,b=1[10|#|0]|.
5 4 0 10 0
5| (4] |0 10| | 0]

Thus a is a S-antizero divisor of B. It is clearly observed that if Z, has S-antizero

divisors then clearly B has antizero divisors.

In view of this the following result is proved:

Proposition 3.5.2: Let S = {m x n matrix with entries from Z,; t a composite number; x,}
be the matrix semigroup under natural product x,. S has anti zero divisors if and only if

Z, has antizero divisors.

Proof: As in case of S-zero divisors the result can be proved.

Next for the first time the concept of Smarandache nilpotent elements was defined
for semigroups in this thesis. Examples of S-nilpotents in case of matrix semigroups is

given in the following:

Example 3.5.25: Let

W= a, ay ay ||a;eZ 1 <i<15 x,/

be the matrix semigroup under natural product x,,



Take

6 6 6 000 8 8 8
6 6 6 000 8 8 8
A=16 6 6|eW; 4’=|0 0 0|, B=|8 8 8|eW
6 6 6 000 8 8 8
6 6 6 0 0 0] 8 8 8]
is such that
0 0 0] 0 0 0] '8 8 8]
0 00 0 00 8 8 8
Ax,B={0 0 0| but B°#|0 0 0|, forB’=|8 8 8
0 00 0 00 8 8 8
10 0 0 10 0 0 8 8 8]
Thus 4 is a S-nilpotent element of .
Example 3.5.26: Let
a a, a; a, das
P=<la, a, ay a, a,|wherea,eZy I<i<I5 x,}

ay 4 4z 4y 4

be the matrix semigroup under the natural product x,.

10 10 10 10 10
A=110 10 10 10 10|eP
10 10 10 10 10

is such that



0O 0 0 0 O
Ax,A=A4=10 0 0 0 0
0O 0 0 0 O
Consider
4 4 4 4 4
B= |4 4 4 4 4|eP
4 4 4 4 4
is such that
0O 0 0 0 O
Ax,B=10 0 0 0 O
0O 0 0 0 O
but
4 4 4 4 4 0O 0 0 0 O
B=|4 4 4 4 4/#|0 0 0 0 0
4 4 4 4 4 0O 0 0 0 O

Thus 4 is a S-nilpotent element of P.

In fact as in case of S-idempotents, S-zero divisors and S-antizero divisors one can

prove the following result.

Proposition 3.5.3: Let N = {Collection of all n x m matrices with entries from Z, t a non
prime, x,} be the matrix semigroup under natural product x,. N has S-nilpotents if and

only if Z, has non trivial S-nilpotents.

Proof: As in case of S-zero divisors used S-antizero divisors.



3.6 Conclusions

The following conclusions are based on results obtained in this chapter. Thus in
this chapter, semigroups in the first two sections; are viewed as algebraic structures

which satistfy some of the classical theorems for finite groups.

In view of this the new notion of anti Lagrange’s property and weak Lagrange’s
property are defined and a class of finite semigroups which satisfy these properties are

given.

Cauchy theorem for finite semigroups is adopted to finite semigroups; this study

leads to the definition of anti Cauchy property and Cauchy property.

It is proved symmetric semigroups satisfies both Cauchy property as well as anti

Cauchy property.

Special study of finite semilattices  and /» which are idempotent semigroups are
analysed. Semilattices which satisfy both the Lagrange’s and anti Lagrange’s property are

obtained.

Finally the notion of extended symmetric semigroups are made with a fond hope
of embedding semilattices in these extended symmetric semigroups. However one faces
several hurdles at this stage. It is proved finite semilattices of order n can be embedded in

a extended symmetric semigroup S(n — 1) U ¢.



Further to study Sylow theorems for finite semigroups one is forced to define the
two new notions of pseudo p-Sylow subsemigroups and quasi pseudo p-Sylow

subsemigroups.

These lead to the concept of pseudo conjugate subsemigroups. Finally the concept
of coset and double coset cannot be adopted when the subsemigroups are ideals for they

behave in a very different way.

All these are described by examples, theorems related with them are proved. Thus

by all means Sylow theorems have many limitations in case of finite semigroups.

Finally this thesis is the first one to introduce the notion of Smarandache units,
Smarandache idempotents, Smarandache zero divisors and S-nilpotents for finite

semigroups.

Characterization for semigroups to contain these new concepts are obtained.
Further a complete study for the class of matrix semigroups under the natural product x,,

are carried out and analysed for these properties.



CHAPTER FOUR

SEMIGROUP SEMIRINGS USING DISTRIBUTIVE LATTICES
AS SEMIRINGS

4.1 INTRODUCTION

In this chapter semigroup semirings of finite semigroups over distributive lattices
are carried out. This sort of study has been done in [100]. This chapter has five sections.
Section one is introductory in nature. Section two studies semigroup semirings using
distributive lattices as semirings. Throughout this section C, denotes the chain lattice of
length n.
0<a,;<a,;<.. <a;<1will denote the chain lattice C, of length n. S any of the
finite semigroups {Z, x} or S(n) or semilattices (with operations U or M) or matrix
semigroups of finite order under the natural product x,. Section three obtains properties
related to substructures of the semigroup semiring C,S. Section four uses the distributive
lattices (and or) Boolean algebras of finite order which are not chain lattices as semirings
in the study of semigroup semirings. The final section gives the conclusions derived from
this study.

4.2 SEMIGROUP SEMIRINGS OF SEMIGROUPS OVER CHAIN LATTICES

The definition of semigroup semiring is made only to make this chapter self
contained one. Throughout this chapter it is assumed all semigroups are finite and contain
identity that is they are finite monoids. Condition for these semigroup semirings to
contain special elements like zero divisors etc are obtained. For more about semigroup
semirings refer [52, 67, 100].



Definition 4.2.1: Let S be a finite monoid under product operation x (or operations other
than +) and C, be the chain lattice of finite order. The set

n

i=1

with two binary operations ‘+° and x is defined as the semigroup semilattice or
semigroup semiring if the following conditions are satisfied.:

I If = Zaisi and B = Zbisi e C,S then a = pif and only if a; = b, fori = 1,
i=1

i=1

2, ...,nands; €S.

ii. Let o = Zai s, and f = Z b;s, bein C,S then
i=1

i=1

a+ f= Zn:aisi + Zn:bisi = i(aieri)si = i(aiubi)si
i=1 i=1

i=1 i=1

isin C,S.

n m
iii.  axf= Zaisibeisj = Zal. xbs,; sk=s;xs;€8
k

i=1 =1
= Y (a,nb))s,
k
= Zyksk ;v € Cyis in C,S. (k runs over finite number).
k

iv. a;s; = s;a; for all a;e C, and s; € S.

V. l.a;=a; 1l = a; forall a;e C,; I the identity element of the semigroup of S.



VI 1.s;=s.1 =s,forall s;e Sand I € C, is the greatest element of C,.

vii. — 0.s;=5.0=0forall s;e Sand 0 € C,.

viii. ~ If 0 € Sthen a;.0 = 0.a; for all a;e C,.

ix. ox(f+ yY=axpf+axyforall a p yeC,S.

First this will be illustrated by some examples.

Example 4.2.1: Let Co=0<a;<as<...<a; <1 be the chain lattice of order 9. S = {Z,,,
x} be the semigroup. CyS be the semigroup semiring of S over the chain lattice Cy. CyS
has zero divisors and o(CyS) < .

For take
x=agdandy = (a4 + a;8 + a,2) € CyS.
x+ty = agd + a4 + a8 + a2 € C)S.
xXxy = (ag5) x (a4 + a38 + a,2)

= (asMay) (5 x4) + (asMas) (5 x8) + (agMay) (5 x2)
= 618X0+ a8X0+618X0
= 0.

Thus CyS has zero divisors since the semigroup semiring has zero divisors CoS is
not a semifield. Further as S is a commutative so is CoS.

Example 4.2.2: Let C;; =0 < a;p< ag< .. <a;< I be a chain lattice of order 12. § =

{Z;;, x} be the semigroup of order 13. C;,S be the semigroup semiring of finite order
which is commutative.



Clearly if
x=a;10+a35+a3+as7 +agandy =a;5 +a,3 +as4 +agse Cp,S.

x+ty = (a;10 + a35 + a3 +as7 +ajg + (a;5 + a3 +as4 + ag)

= a; 10 + (a;vap)s + (a,Uay)3 +ag7 + as4 + a;pUag

= a; 10+ a;5 + a3 +ag7 +as4 + agis in Cy)S.
Let

a=a;10+as2 +agand b =as9 +asll +a,I2 +a;e C;,S;

axb = (a;10 + as2 +ag) x(as9 +agll +ayI2 +a;)

= (a;, N ay) 10 x 12 + (asn ay) 2 x 12 + (ag M ay) 1 x 12 +
(a;Mas) 10 x9 + (asnas) 2 x9 + (agnas) 1 x9+ (a;nag) 10 x 11 +
(asn ag) 2 x 11 + (ag" ag) 11 + (a;»n a) 10 x 1 +
(asMnay) 2 x1+ (agMay)

= a3 tasll +agl2 +a,12 +as5 +ag9 + a6 +ag9 +agll +a,10 + as2 +
as

= a73 + (ag Ua5)11 + (agua7)]2 + 6155 + (ag Ua6)9 + a76 + a7]0 + 6152 + ag
= a73+a511+a712+a55+a69+a76+a710+a52+a8.

This is the way product is performed. Clearly a + b = 0 is impossible in C;,S. Thus
C;,Sisasemifield asa xb# 0 foranya, b € C),S.

Example 4.2.3: Let C;; be the chain lattice of order 11. Let S = {Z; x} be the semigroup
of order 6. C;;S be the semigroup semiring of finite order. Clearly C;;S is commutative
but is not a semifield.

For take x =ae3 € CyS.



Clearly
X XX =ag3 xae3 = (agMag) (3 x3)=as3.

Thus x is an idempotent element of C;;S.
Consider yv=a34 € Cy;S;

yxy=az4 xaz;4 = (asna;z) (4 x4) =az4 =y.
Thus y is also an idempotent of C;;S.
Let a=(a;3+as4) € C;S
axa = (a3 + asd) x (a3 xas4)

= ((110/7 a10) 3 x 3 + (a5ﬂ a10) 4 x 3 + (awﬂ a5) 3 x 4
+(a5ﬂa5)4x4

= a3 +as4d = a.
Thus a is also an idempotent of C;;S. C;,S has zero divisors.
For take

p=as2+as4and g =as3 € Cy;S.

pxq = (a2 + as4) xas3

= (ayMas) 2 x3 + (asMas) 4 x3

— 0,
so C;;8 has non trivial zero divisors. Hence C; ;S 1s not a semifield.

Next consider semigroup semiring which is non commutative.



Example 4.2.4: Let Cis = 0<aj <a;<.. <a,<a;<1be achain lattice of order 16
and S = S(4) be the symmetric semigroup of order 4°. Let C,4S be the semigroup semiring
of finite order. Clearly C,4S is non commutative as S(4) is a non commutative semigroup.

Now how sum and product operations are performed on C;4S is described briefly.

Let

1 2 3 4 1 2 3 4 1 2 3 4
X =ay tap +a +ag
21 4 3 31 4 2 1 1 1 3

and

(123 4) (1234 (1234
YZAoly 3 g 1) %2 1 4 3) Y2 2 1 g G0E e

. woapfl 23 Naea [t 230
= (2
Ty Gy 1 4 3) "3 1 4 2

1 2 3 4 1 2 3 4
tay +aj
1 113 1 3 4 1
Lo (1234,
o/
Dy o 1 4] 9od0
1 2 3 4 1 2 3 4 12 3 4
= a; Ta Tay +
21 4 3 31 4 2 1113
12 3 4 1 2 3 4
+ + C,sS.
a’”(l 3 4 1} a{z 2 4} 46 s
1 2 3 4 1 2 3 4 1 2 3 4
xxyo= [a42143+a“’3142+a91113+a6]x
[1234+1234+1234+]
a a a a
P13 4 1) P21 4 3 W22 1 4 ™



1
2
1
[:
(1
it
1

(ayMag) (2

= (ayM ap) { (

+ (a4/7 ag)

+ (614/7 a7)

+
(apag) [ (
(ajpMay)

(ajpaz)

+

+ (apM ay)

+ (ayN ay)

+ (asMayg) (1

+ (g a) @

W

4
4

3
4

—

— N

2 3 4

1
3

4
o

1
23

4 3

2 3 4
1 4 3

2 3 4
1 4 3

2 3 4
1

—_— N

—_ N
— W A~ W N W AW

1 2
1 2
4
3

)
1430(214:”

1 2 3 4
1 3 41

)
)

1 23

1 2 3 4
2 21 4

i
)

1

+ a;
2 2 4
2 3 4j+a10(1

1 13 4 2 3

2 3 4

)

2 3 4
1

3 4
3 4

1
4

|



~ b

_— U = W
W B

+ae C]6S.

Thus + and x are performed.

Consider
; [1234+1234+1234
X = a a a
Y 1 3 41 121 4 3 2 21 4
v <f 123 4) (123 4)
a a a
1o 121 4 3 P31 4 2

1234+]
a a
It 11 3 6

123 4) (1234
B (a"’na"’)ul 3 4 1]0[2 1 4 3”

1234 (1234
R P Il PSR

‘e )_12341234
) o
Gy 21 4)7 21 4 3

1 2 3 4
+ (@ ay (2 | 4 :J

s awnan) 1 2 3 4 1 2 3 4
a a o

WETSI N 3 401 31 4 2
+(/7)1234 123 4
ar»ra o
R 21 43) 3142

3 4 1 2 3 4
1 4 31 4 2




1

2 3 4
31 4 2

1 2 3 4
1 3 41

+ (@ ag {

+ (@ ay) { [

1 2 3 4
1113

+(a2ma9)—[l 23 4} 0[1 23 4”
2143 1113
+(a7na9)'(1 2 3 4)0(1 2 3 4”
2 21 4 1 113
+ (@ ay) G :j + (o ag) G i i ?j
vwon () 33 Y renw(y 1
+ajpMag
1 2 3 4 1 23 4 1 2 3 4
B a”’(z 4 3 2J+a‘{1 2 3 4J+a7(1 1 2 3]
+am(1 2 3 4j+am(1 2 3 4}
2 1 4 3 342 3
+a10(1 2 3 4J+aw(1 2 3 4]“’“’(1 2 3 4}
1 32 4 113 2 31 4 2
+am{1 2 3 4}”’9(1 2 3 4J+a9{1 2 3 4j
11 31 1131 1113
+am[1 2 3 4j+am(l 2 3 4j+a6{1 2 3 4}
1113 1 3 41 21 4 3
+a7{1 2 3 4j+am
2 21 4

Clearly x xy #y xx; thus C;4S(4) is a non commutative semigroup semiring.

However C;45(4) has no zero divisors but has units as well as idempotents. For

take



123 4
= C16S(4);
X a{l L JE 165(4)

1 2 3 4 1 2 3 4 1 2 3 4
XXX =ay xXaz =aj; = X.
1 1 1 1 1 1 11 1 1 1 1

Thus x is an idempotent of C;4S(4). Thus C;4S(4) is only a semigroup semiring
which is a semidivison ring.

In view of this the following result is important:

Proposition 4.2.1: Let C,S(m) be the semigroup semiring of the symmetric semigroup
S(m) over the chain lattice C,.

I C,S(m) has idempotents.
ii. C,S(m) is only a semidivision ring.
Proof: Follows from the simple fact

1 23 ... m
= C.S
g a’(1 11 .. 1}6 Sm)

is such that x x x = x. Thus C,S(m) has idempotents. Since S(m) has no zero divisors and
S(m) is non commutative semigroup; C,S(m) is a semidivision ring.

It is an important and an interesting observation to see that the existence of
idempotent in a semiring does not imply the existence of a zero divisor a marked
difference between rings and semirings.

Next the properties of semigroups S = {Z,, x! are characterized.

Proposition 4.2.2: Let S = {Z,, x} be the semigroup (n a prime) and C,, be the chain
lattice of order m. The semigroup semiring C,,S is a semifield.



Proof: Follows from the fact S has no zero divisors as n is a prime; hence C,S is a
semifield; for always a + b = 0 ifand onlyifa =b =0foralla, b € C,Sand a.b = 0 is
not possible.

Proposition 4.2.3: Let C,, be the chain lattice 0 <m—-2< m—1< .. <my<m;< [ and
S ={7Z, x}! be the semigroup. C,S be the semigroup semiring of the semigroup S over the
chain lattice C,,. C,S is not a semifield if and only if Z, has zero divisors.

Proof: When Z, has zero divisor clearly C,Z, has zero divisors so C,Z, is not a
semifield. If C,Z, has zero divisors since C,, is a chain lattice only zero divisors are
contributed by Z,. This is true from proposition 4.2.2. Hence the result.

Next consider the matrix semigroup using the natural product x,. For the notion of
natural product in matrices refer [90].

Example 4.2.5: Let Cy = 0 < ag< as; < ... <a,<a;< I be the chain lattice of order 8
and S = {(a;, ay, a3) | a;,e Z,, 1 <i <3, x} be the matrix semigroup. CsS is the semigroup
semiring. CgS has zero divisors and units. (1, 1, 1) is the unit of CsS. CsS is not a
semifield.

Example 4.2.6: Let

S= a, a,-EZ17,1_<i_<5, Xn}

be the column matrix semigroup under the natural product x,. C;p =0 <ag<a;< ... <a,
< a; < I be the chain lattice of order 10. C;,S be the semigroup semiring. C;,S has zero
divisors.

All the idempotents are only of the form



P=1la, |laef0 1}; 1<i<5 x} S

1
1
However C;,S has units and the identity element is |1].
1
_1_
"o _
2 9
x=116|andy = |16 | € C;ySis such that x x, y =
6
L _ . 3 .
Let
[0] 7] 0]
6 0 0
a=|0|and b = |8 | e C})S. ax,b=10
7 0 0
19 ] 10| 10

is a zero divisor.

Apart from this let

12

Q
Il
N
w
o &~ O W O
+
N
~N
© N o o o
+
Q
Co
o o o w o
+
Q
n

—_— e e




and

4] 2] [0 ]

0 0 0
p=a;|7|+a 0| +a; 6|eCS.
0 0 0
| 6] E3 112 ]

0
0
ax, f=10].
0
0

Thus C}yS has zero divisors even though the semigroup S = {Z;,, x} has no zero divisors.

Example 4.2.7: Let

M= as ag a, ag a,-6213,' 1<i _<12, Xn}

be the matrix semigroup under product x,. Let C, = {0, 1} be the chain lattice of order
two. C,M be the semigroup semiring. C,M has zero divisors however the idempotents are
from the subset

P= a, a, a, dag a,-E{O, 1},‘]_<i_<]2, X,,}_CM

ay 4y, 4 a4y

P is the collection of all idempotents from M.

Thus C,M has idempotents though Z;; has no idempotents or zero divisors.



Thus matrix semigroup S under the natural product paves way for several
idempotents, units and zero divisors even if S is built using Z,; p a prime.

Finally this leads to the following result:
Proposition 4.2.4: Let S = {collection of all m x n matrices with entries from Z, x,} be

the matrix semigroup and C; = {0 < a,_r < a;-3< ... < a,< a; < 1} be the chain lattice of
order s. C,S be the semigroup semiring of S over Ci.

i C,S has zero divisors, units and idempotents.

il. P = {m x n matrices with entries from {0, 1}} if t is a prime is the only subset
of idempotents of S.

iii. O = {m x n matrices with entries from {0, 1, collection of all idempotents from

7}, if tis a non prime} < S is the only collection of idempotents of S.

Proof: Follows from the fact S has zero divisors, units and idempotents. Further (ii) and
(111) can be verified to be true.

This will be illustrated by an example.

Example 4.2.8: Let
aie’Zs 1 <i <8, x, )}

a a, a, a
1 2 3 4
S = ( j
a; a; a, ag

be the matrix semigroup under the natural product x,.

1 1 11
is the unit element of S.
1 1 11

Let C; = {0 < a;< 1} be the chain lattice of order three; C;S be the semigroup
semiring of S over C;. The units of S are



M_111111111111 5555
1111511 1)(1t511)7{55 55|
That is

a;e{l, 5}} cS

a a, a, a
1 2 3 4
a;, a, a, dag

alone are units of S.

Further every x € P is such that

, (1111
X = .
1111

P is also a subsemigroup of S. Consider

a a, a, a
?‘ { 1 2 3 4
( J
a; a; a, dag

is the collection of all idempotents in S.

aef0, 1,3 4} 1 <i <8 x,} S

Let

103 4) (1143
=a + e CsS.
p’{4013j (3411}3

P 1 0 3 4 1 1 43 2
p = a +
4 01 3 3 41 1



1 0 3 4 1 0 3 4
= ana X,
4 01 3 4 013
1 1 4 3 1 143
+ Xy
3411 3411

1 0 3 4 11 43
+ (a]ﬂ 1) X,

4 01 3 3411

1 1 4 3 1 0 3 4
+ (] /7(11) Xn

3411 4 01 3

1 0 3 4 1 1 4 3 1 000
= a + +
4 01 3 3411 001 3
# p-
Thus in general p is not an idempotent of C3S though
1 0 3 4 1 1 43
and
(4 0 1 3} (3 4 1 J
are idempotents further in this case
1 0 3 4 1 1 4 3 1 0 0 O
Xn =
4 01 3 3411 0 01 3
is also an idempotent. Thus in this case M is an idempotent subsemigroup of S.

This may not in general be true for all matrix semigroup built using Z,.
This is proved by the following examples:

Example 4.2.9: Let



W= aiEZ]2,1_<i_<8, Xn}

a, aﬂ
a, a, )
P= a;ef{0, 1,49}, 1 <i<8 x,} cW
as 4
La; ]

is a subsemigroup of W. P is an idempotent subsemigroup of W. However if C,,W is a
semigroup semiring and C,,P is a subsemiring. But clearly C,,P has elements which are
not idempotents of C,,W.

Next the study of idempotent semigroups under < (or M) is analysed first by
examples.

Example 4.2.10: Let S = {1, a/, d,, ..., ag, $ N/ a, Mal=@gifi#£j 1 na'; =a, a' Na,
= a]; 1 <i, j <8} be the idempotent semigroup or a semilattice of order 10. C;y = {0 <

ag < a; < ... < a, < a; < 1} be the chain lattice of order 10. C;,S be the semigroup
semiring of S over Cy,.

Let
a = asa, +aga;+ as.

o = asa, +aga,+as+ (azNas) a] + (agNas) a;
+ (asNag) (a); Nay) +(asMaz)a) + (asMag)a
+ (agM az) (ayMay)

= asa, +aga; + as



is an idempotent of C;,S. This has both zero divisors and idempotents.

It is to be noted that one can in the above definition put ¢ = 0 without loss of
generality. If ¢ is used define a,¢ = gand 4.0 = 0 and ¢ is assumed to be the zero of C,S.

Example 4.2.11: Let S be any idempotent semigroup with [ and 0 such that

sins;=s;and s;Ms; =0, 5,101 = ;i #j. C,any chain lattice. The semigroup semiring

C,S is such that every x € C,S; x’ = x. For take

X = Zaisl. ;5;€81{0, 1} and a; € C,

i=1

n
XXX = {Z(a[mai) s, + Z(aimaj) s;N sj.} = Zaisi + 0.
i=1

Hence the claim. Let
X = 1 +a;s;+ aszs, e C,S.

I +ags; +azs,+ags; +aszs; + (apaz) (s;M )

=
|

= X.
If 1 is replaced by a,that is let
y = as +as; +ass;
y = ay tagps;t+azs, + (agnays; + (agMaz) s, + (g ags,
t (@ ay)s; + (@i as) (siNsz)+ (@M ay) (si0s2)

= a; taps; t+ass;
= y'

Thus every element is an idempotent.

In view of this one has the following result in case of idempotent semigroup under M of
the special form described in Example 4.2.11.



Proposition 4.2.5: Let S= {1, a|, a}, ..., a,, 0 /a;na;=0ifi#j a;na;=a, 1 Na,=
a; 0 a’;=0;1<ij <m} be the idempotent semigroup. C, be any chain lattice. C,S be

the semigroup semiring of the semigroup S over the semiring C,. Every a € C,S is an
idempotent of C,S.

Proof: Let

t
a= Zalalf e C,S.
i=1
Clearly o = @ in C,S; hence the claim (using a, M ai, = 0 if i # j and
aiﬂajzaiifi<j0rajifj<iandaiuajZa,-ifi>jandajifi<j).

Next the notion of substructures in C,S is analysed in the following section:

4.3 SUBSTRUCTURES IN SEMIGROUP SEMIRING C,S

Throughout this section C,S will denote the semigroup semiring of the semigroup
S over the chain lattice C,. Here the ideals, subsemirings, S-ideals and S-subsemirings of
SC, are analysed.

First a few examples to this effect are given.
Example 4.3.1: Let S = {Z;, x} be the semigroup. C;p = {0 < as<a;< ... <ay<a;<1}
be the chain lattice of order 10. C;,S be the semigroup semiring of S over C;,. Let H = {0,
2,4,6,8, 10, 12} < S be the subsemigroup of S. C;yH < C;,S is a subsemiring of C;,S.
LetK={0,7} cS; C1o)K={0, 7| a;e Cjy is a subsemiring of C;,S.

Let

x = as2 + a6 +as8 € CipH = {Zaigi la; € Cy,
g€{0,2,4,6,8 10, 12}.



xtx = X.
X Xx = a84+a48+a58+(a8/7a4) (2 X6)+(a4/7618) (6 XZ)
+ (agNas) (2 x8) + (asMag) (8 x2) + (ayas) (6 xX8)
+ (asMay) (8 x6)
= a84+(a4ua5)8+a812+a82+a56
= asd +ag2 + a,8 +agl2 +as6 € CiyH.
This is the way product operation is performed on C;)H. Clearly

1 ¢ C;yH. C;yH is only a subsemiring which has no identity. So C;y &z C;pH but H < C;pH
as I € Cj. Clearly C;yH has no nontrivial zero divisors; yet C;oH is not a semifield as /

& CoH.
Consider
B={0,a;(1+g)|aieCi;gr=7 €Z4.
Consider
ai(l+g)+ta(l+g)=a(l+g)ifa;>q
or=a; (I +gy)ifa,> a,
a; (1+g,) xa; (1 +g;) = (@ray) (1+g)°

=(a;Nna) (1 +g,+g +g)

aif i< j
=a (I +g). {ak :a l'fi>j}
J

Thus x xy € B forall x, y € B. Thus B is a subsemiring of C;,S.

In fact an idempotent subsemiring as x° = x for every x € B.



Ifx=as(l +g;),;,x+x=xand

X xXx = as (1 +g;) xas (1 +g;)

(asMas) (1 +g7)
= as (1 +g;) =x.

Hence the claim.

Thus these semigroup semirings can contain subsemirings which are idempotent
subsemirings.

Let V'=1{0,a;(g:+ g T8 + 8 + 80+t &2/ /aeCypandg, =2 g,=4, 8 =06,
gs =34, gm:]Oandg]z =12 EH_CZ]4}_CC]()S.

J'is again an idempotent subsemiring of C;,S.

Consider
x = a; (g +84+8 +8s+ 80t g)el.
X’ = (ain ay) [gq + g + g t g T & tgt g t gt gt g

T80t g t8nt8 t8& +8 Tt 80t8ntgy
= ang:t gt 8 +8t+gutgn el
Thus V' is an idempotent subsemiring of S.
However this V is different from the subsemiring C;yH. But V' < C,S.
Can V' be an ideal of C;,S ? The answer is yes.
For

X= (2 1T8s+8 8 +8&0tgnel;



Let
Y =(aigs T asg; + asgi) € CoS.
XXy = (821841 & 8 T &0t &) x(aigs + asg; + asgu)
= aigotaastag:tagtagstag,tas.0+a;.0+a;. 0
ta;. 0+a;. 0+a;. 0+ asgs + asg, + asgio + asgq + asgi

+ asgs

= (a;Uas) g + (a;as) g4 + (a;Uas) g + (a;Uas) gs
+(a;vas) gyt (a;Cas) g

= agtagstagstagstagotag:
= a;(g:+8s+t8 +8s+ g0t g
1sin V. Thus V' is an ideal of C,,S. Likewise B is not an ideal of C;,S.

Example 4.3.2: Let S = {Zy;, x} and C;; = {0 < a;p< a¢< ... < a,< a;< 1} be the
semigroup and chain lattice of orders 23 and 12 respectively.

Let S = {gyp =0, g, =1, g = 2, ..., 27 = 22, x} be used for notational
convenience. C;,S be the semigroup semiring of S over C;,.

LetP={0,a,(] +g + .. +g»)|aeCp;l < C;S be the subsemiring of C;,S.
Clearly P is an ideal of S. o(P) = 12.

In view of this the following result is true:

Proposition 4.3.1: Let S = {Z, x} ={gy=0,g,= 1, ..., g1 =p —1, x} be the semigroup
of order p, p a prime. C, be the chain lattice of order n.

Cn.' 0< a,_ < a,_3< .. <a<a<q< 1.



C,S be the semigroup semiring of the semigroup S over the semiring C,. C,S has an ideal
1 such that o(l) =n.

Proof: Consider V' = {a; (I + g, + ... +g, ) |a; € C,} < C,S be the semiring of C,S.
Clearly V'is an ideal as p is a prime and o(V) = n, the number of elements in C,. Hence

the claim.

Corollary 4.3.1: If in the semigroup S = {Z, x}; p is not a prime; V' is not an ideal of
C,S.

The semigroup {Z,, x} is such that p must be a prime for if p is not a prime say p =
12thatis S ={Z;,, x} ={gy=0,g,=1, 2, =2, ..., g;; = 11, x} be the semigroup.

V="{a;(l+g+g+..+tgy/laeCtlcCS

Let
x=a;(1+tg+gt..tgy el
Take
y =ags € C,S.
xxy = a;(g4tgt0+g,tgt0+g,tg+0+g,+gs+0

T84t gs)
= ar(g4tg) £V
Hence V'is not an ideal of C,,S'if in S = {Z,, x}, n is not a prime.

Example 4.3.3: Let S = {Z3), x} = {0, g, =1, 2, =2, ..., 259 = 29, x} be the semigroup of
order 30. Let Cs = {0 < a3 < a; < a; < 1} be the chain lattice of order 5. CsS be the
semigroup semiring of S over Cs.

Consider V] = {0, (1 +g15), Cl](] +g15), Clg(] +g15), Clg(] +g15)} _CC5S Clearly V]
1s only a subsemiring and not an ideal of C5S.



Let M = {d,g;5| d;e Cs} < CsS is an ideal of CsS of order 5. However V; is only
an idempotent subsemiring of order 5.

Consider V, = {di(gs + 12 + g1s + g24) /d;€ Cs} < CsS 1s a subsemiring which is
also an ideal of C;S of order S.

Let V;={d; {g, +g,+ ... + g9 | di € Cs5} < Cs S is only a subsemigroup and not
an ideal of S.

For if

y =gse CsS,
X=(gtg+8 T8 T80T 8nt8utgist st ot g0t 8yt gt g Vs
xy = (10t g0+ 0+gn+gun+t0+tgn+gnt0+gytgyto
+ g0+ g20)

= (10 T 820) € V5.

Hence the claim.

Thus if [ is an ideal of S; {Z g| g € I} need not in general be an ideal of C,S.

This will be characterized.
Can C;S have other ideals? The answer is yes.
Vy=1{d; (210 + 220) /d; e CsS} is an ideal of C;sS.
Vs=1{d; (g3 + g+ g9+ ... + 257) /d;e Cs} < CsS is not an ideal of C;sS.
Let
X=(gt8 8o+ gt gis T8t 8t gutgy eVsandy =3
xxy =(gist0+tg;s+0+g;s+0+g;s+0+g5)=gi5€7Vs

Thus V5 1s not an ideal of CsS.



Example 4.3.4: Let M = {Z,9, x} be the semigroup and Cy =0 <a;<ag< .. <a; <1be
the chain lattice; CoM be the semigroup semiring of the semigroup M over the semiring
Cy. CgM is of finite order.

CoM has no zero divisors, CoM is a semifield.

Letx =a;, (1 +g; + ..+ g5) € CoM then ¥ o= x (a; € Cy) is the nontrivial
idempotent of CoM. y = a;(1 + g;5) € CoM is an idempotent of CoM.

However a;/ = a; € Cy < CoM are idempotents of CoM and these are called as the
trivial idempotents of CoM.

It is interesting to note that this idempotent x generates an ideal of CoM.
Infact in view of the above example the following theorem is proved.
Theorem 4.3.1: Let C, : {0 < a,—; < a,-3 < ... < ay < a; < 1} be the chain lattice of

length n. M = {Z, x} be a semigroup; p a prime. C,M be semigroup semiring of the
semigroup M over the semiring C,. C,M has an ideal I generated by the idempotent;

X =aq; (] +g1 + ... +gp—2) Whereg] :2, &> :3: cee gp—2 =P~ 1.

Proof: Letx = a; (I + g, + ... + g, ) be an idempotent clearly as X =a;(l+g + ..+
gp—2) =X

Further 1 = <x> generates an ideal using the property of the chain lattice and the
semigroup M = {Z,, x}.

This is represented by the following example.

Example 4.3.5: Let M = {Z;, x} be the semigroup. C; = 0 < a; < I be the chain lattice of
length 3. C;M be the semigroup semiring of the semigroup M over the chain lattice C;.

Letx =a;(l +g; +..+gs)thatisx = a; (1 + 2+ ..+ 6)where /= 1g,=2, ..., g5
=6.



XXX = a; (1 +g;+ .. +gs)

= @ ra)d+g+.. +g5

= alﬂa1(1+g1+...+g5+g1+g2+...+1+...+g5+1
tgrtgtgtgy

= ar(1+g +..+gs)
Asa;na;=a;and1 U1 =1.
Now consider x xy where y = (g; + g, + 1) € C;M;
ar(l+g +g+tgteitg) x(@grtg+tl)

= (a;N1)(gs+1+gtg+gstgtgtgtl+tgtgtg
+1+g +tgtgstg,tgs)

aj(l+g +g+..+gs)

Thus <x> ={0,a; (I +g; + ... + gs)} is an ideal of order three.

Next some of subsemirings which are not ideals are illustrated by the following
example.

Example 4.3.6: Let S = {Z;,, x} be the semigroup and Cs; = 0 < a; < a, < a; < I be the
chain lattice of order five.

LetS={0,1=g;, g =2 .., g =11} beused for notational convenience. CsS be
the semigroup semiring of S over Cs.

Let H = {0, 1, a;gy, a, ag; + a; 1 <i, j <3 as well as a¢; = I and
a; = 1 can also occur}.



H is only a subsemiring and not an ideal of C;sS.
H = C;P where P is the subsemigroup = {0, 1, g;;} = {0, 1, 11}.

Similarly it K = {0, 1, 7} = {0, g; = 1, g7}, then C;sK is a subsemiring which is not
an ideal of CsS. Thus there are subsemirings which are not ideals.

In view of this the following theorem is proved:

Theorem 4.3.2: Let S = {Z,, x}; n a composite number. C,, be the chain lattice of length
m; Cp,=0<a,><a,-;<..<a; <1 C,S be the semigroup semiring of the semigroup
S over the semiring C,,

(i) If H is a subsemigroup of S and not an ideal of S then C,,H is a subsemiring
which is not an ideal of C,,S.

(it)  Every ideal of S contributes to a ideal in the semigroup semiring C,,S.

Proof: Let H be a subsemigroup of S which is not an ideal of S. C,,S be the semigroup
semiring. C,H 1is only a subsemiring and is not an ideal. For the
H=1{0, 1, n—- 1} < § is only a subsemigroup and not an ideal of S. H is only a
subsemigroup of § and not an ideal of S. Hence C,H is only a subsemiring and not an
ideal so is true.

Let K be an ideal of S, then C,K is an ideal of C,.S; can be verified by using the
ideal property of the semigroup S.

Hence the claim.

Next examples of non commutative semigroup semirings are given in the
following:

Example 4.3.7: Let § = S(6) be the symmetric semigroup which is non commutative. C;,
=0<a;<ag<..<a; <Ibe the chain lattice. C;,S be the semigroup semiring.

Let C},S be non commutative semigroup semiring. Take



P_123456 1 23 4 56) (123456
! 1 32 456)3 21 45%6){1 23456/
1 23 4 56)(1 23 456)(1 23456
21 3 4 56){31 2 45%6)\ 2314356

to be a subsemigroup of S(6). C;,P; is a subsemiring and not an ideal of C;,S.

Consider
P_1234561234561 4 5 6
11111 1) 22222 20103 3 3 3)
1 23 45 6Y(1 23 456\ (1 23 6
, , < S(6).
4 4 4 4 4 4)(5 5 55 5 5) 6 6 6 6

P, is an ideal of S(6). C;,P; is the subsemiring which is an ideal of C;,5(6). Thus if we
take subgroups G in S(6) then C;,G are not ideals of C;,S. If ideals I of S(6) are taken
then C;,/ are subsemirings which are also ideals of C;,S.

AN A~ W
AN L W W

In view of this we have the following theorem:

Theorem 4.3.3: Let S(n) be the symmetric semigroup. C,, be the chain lattice; 0 < a,,—; <

Ap -2 < ... <a; < 1; C,S(n) be the semigroup semiring of the semigroup S(n) over the
semiring C,, .

i) C,S(n) is a noncommutative strict semigroup semiring.
ii) C,S(n) has subsemirings which are not ideals.

iii) C,S(n) has ideals.

Proof: 1) Since the symmetric semigroup S(») is non commutative so is the semigroup
semiring C,S(n). Further as C, is a chain lattice if a, b € C,Sm),
a-b=0aswell asa + b =0 implies a = 0 and b = (. Hence C,,S(n) is a strict semiring.

i1) There is a subsemigroup P of S(n) such that C,,P are only subsemirings and not ideals.



1 2 3 ... n 1 23 45 ... n
111) B= , ,
111 ... 1 2 222 2 ...2
1 2 3 4 ... n
<Sn)
is an ideal of S(n) so C,,B is a subsemiring which is also an ideal of C,,S.

Hence the theorem.

Thus when chain lattices are taken as semirings with S(n) as semigroup the
semigroup semiring is semidivision ring.

However if S = {Z,, x}, n a composite number C,S the semigroup semiring has
zero divisors.

Similarly if M = {s x ¢ matrix with entries from Z,, x,! be the semigroup then C,,M
the semigroup semiring has zero divisors, ideals and subsemirings.

This is illustrated by an example or two.

Example 4.3.8: Let S = {(a;, ay, a3, ay) | a; € Z;,, i <i <4, x} be the matrix semigroup.

1
ng L= I
0

Figure: 4.3.1

be the lattice. LS be the semigroup semiring of the semigroup S over the lattice L. LS has
idempotents, ideals, subsemirings, zerodivisors and units.

Example 4.3.9: Let



S = a; €2y, 1 <i <6, x,}

be the column matrix semigroup under natural product x,.

o !

a1
T
. @
e U

Figure: 4.3.2

CsS be the semigroup semiring of the semigroup S over the semiring (chain lattice)
Cs. CgS has units, zero divisors and idempotents.

Further if S has S-units, S-zero divisors and S-idempotents then C,S will have S-
units, S-zero divisors and S-idempotents. In fact C,S has both subsemirings as well as
ideals.

The following results can be proved.

Theorem 4.3.4: Let S = {m x n matrices with entries from Z,, x,} be the semigroup L =
C, be any finite chain lattice. LS be the semigroup semiring.

i) LS has S-units, S-zero divisors, S-idempotents if and only if Z, has S-units, S-zero
divisors and S-idempotents respectively.

ii) C,S has ideals if and only if S has ideals.



Proof is similar to that of semigroups.

In fact in next section the study of semigroup semirings over the distributive
lattices are studied. Here the distributive lattices can be Boolean algebras or any finite
distributive lattice L. Further all distributive lattices are assumed to contain 0 and 1. Here
a distributive lattice L has Zero divisors if
anb=0fora b eL\{0}. Infact every element is an idempotent in L.

4.4 SEMIGROUP SEMIRINGS USING FINITE DISTRIBUTIVE LATTICES

In this section semirings which are distributive lattices which are not chain lattices
are used. Here semigroups as mentioned earlier in the scope of the thesis is {Z,, x}, S(n)
and matrix semigroups under the natural products x,. This is the first time the study of
semigroup semirings using disturbutive lattices as semirings is carried out.

Semirings considered in this thesis in general and in particular in this chapter are
finite distributive lattices. Such study is done systematically for the first time in this
thesis.

In this section semigroup semirings (where semirings are finite distributive
lattices) are described. First a few examples to this effect are given. Here distributive
lattices are not taken as chain lattices.

Example 4.4.1: Let

a

0
Figure: 4.4.1

be a distributive lattice. S(70) be the symmetric semigroup of degree /0.

LS(10) be the semigroup semiring of S(/0) over the lattice L. LS(10) has units,
zero divisors and idempotents. LS(10) is a non commutative semiring.



Let

I LR B )
Pr4ly 11 1) :

p’ = p is an idempotent of LS(10).

Let

123 4 .10) 12340y o
= and g = e ;
P4y 3 45 1 T2l 1 1 2 2

pxq=0.
Let

(123456 .10
231 456 .10

and

[V}
AN N

31 2 45

(1 2
Xxy=

1 2 3 4 10
yZ[ 10} e LS(10).

10
10

[98)

I 2

W

1s a unit in LS(10).



Example 4.4.2: Let

arz

°

ay

as

L
0

Figure: 4.4.2

be a distributive lattice.

S = §(4) be the symmetric semigroup of degree 4. LS(4) be the semigroup lattice
(semigroup semiring), LS(4) is non commutative as S(4) is a non commutative semigroup
and LS(4) has no zero divisors but LS(4) has units and idempotents. For

(2
e IR

is such that m’ = m. In fact LS(4) is of finite order and LS(4) has idempotents.

Let

1 2 3 4
X = e LS4)
21 43

is such that

5 1 2 3 4
x = =]
1 2 3 4



1S a unit in LS(4).
Clearly LS(4) has sublattices. LS(4) is a semidivision ring.

Example 4.4.3: Let

as

e

as

0
Figure: 4.4.3

be the Boolean algebra of order 8. S(6) be the symmetric semigroup. LS(6) be the
semigroup semiring. LS(6) is a non commutative finite semiring which is not a semifield.

In fact o(LS(6)) < o and has only finite number of zero divisors, units and
idempotents.

LS(6) is a Smarandache semigroup semiring as S5 < S(6) is the symmetric group
of degree 6. LS(6) has subsemigroups as well as ideals. Clearly LS(6) is not a
semidivision ring.

In view of all these the following theorem is proved.

Theorem 4.4.1: Let L be a distributive lattice other than a chain lattice and S(n) be the
symmetric semigroup of degree n. LS(n) be the semigroup lattice (semigroup semiring) of
S(n) over the semiring L.

i) LS(n) has zero divisors if and only if L has zero divisors.
ii) LS(n) has units and idempotents.
iii)  LS(n) is non commutative and is of finite order.

iv)  LSm) is a semidivision ring if and only if L is a lattice without



zero divisors.

Proof: Clearly S(n) has no zero divisors. Further only if L has a; m a; = 0;
a; a; € L'\ {0} then LS(n) has zero divisors and vice versa.

Thus if L has no zero divisors, LS(n) is a semidivision ring as S(n) is a non
commutative semigroup with no zero divisors. Hence (iii) and (iv) are proved.

S(n) has units and idempotents so LS(n) has units and idempotents.

Corollary 4.4.1: If L in the theorem 4.4.1 is replaced by a Boolean algebra of order
greater than two then LS(n) has zero divisors.

Proof: Follows from the fact all Boolean algebras of order greater than two has zero
divisors.

Example 4.4.4: Let

0

Figure: 4.4.4



be the distributive lattice of order 12. S(4) be the semigroup of order 4*. LS(4) be the
semigroup semiring. LS(4) has no zero divisors, has only idempotents and units.

All

1 2 3 4 1
X; = 4q; » X2 = 4;
11 1 1 2

1 2 3 4 1 2
X3 = 4a; ,» X4 = 4
33 3 3 4 4

are idempotents a; € L | {0}. LS(4) has also units.

3 4
2 2/

| cLsu
4| €L5H

EE N S

For
(123 4) (1234 (1234
Y701 437 341 27 21 3 4a)
(123 4y (1234 (1234
Tl 2 a3 e 2310713 2 4
are some of the units of LS(4).

However LS(4) has no zero divisors only units and idempotents as L has no zero
divisors.

Example 4.4.5: Let




be a lattice of order 12. S§(3) be the symmetric semigroup. LS(3) be the semigroup lattice
(semigroup semiring). LS(3) has no zero divisors, but has only idempotents and units.

Since L has no zero divisors so LS(3) has no zero divisors as S(3) has no zero
divisors.

Let

123 (123,
X =d a a
1311 111 2 !

(U2 (M2 N s cus
U CET Y I DN TR S B Aadd

and

311 11 2

a2 N en(t 2
Woly 1 2] T2 4

) 12 3) (1 23
B amam(3 1 1}{2 1 2j
+ama10(1 2 3]{1 2 3j
11221 2

X 12 3), 1 2 3\ (1 2 3
M M o
GO0y ) TEY 1 1)l 1 3

1 23 1 2 3
XXy = {05( JJraz[ ]+a1}x

[98)



1 2 3)(1 2 3 1 2 3
+a; MNay +a; MNag
I 1 2)\2 1 3 21 3

1 2 3 1 2 3
+as MNag +a,Nag +a;MNag
31 1 1 1 2

B 123), (123 (123
Wolg o o) "0 g o 1] "2 1 2

1 23
(v ajp Uag = ay,; ay 1s the coefficient of (2 5 JJ

Clearly x xy #y xx.
Thus LS(3) is a non commutative semiring which is a semidivision ring.

Next semigroups S = {Z,, x} are used to construct semigroup semirings which is
illustrated by the following example.

Example 4.4.6: Let S = {Z;,, x} be the semigroup and



az

as ay

as
ag

0
Figure: 4.4.6

LS be semigroup semiring. LS is commutative and is of finite order. LS has idempotents
and units.

Let
x=az;6 tas3andy =as8 + a4 €LS. (6,3, 4,8 €Z;;and ag, a, as, a, € L).
XXy = (as6 + as3) x (as8 + ax4)
= a3ﬂa6(6x8)+a5/7a8(3x8)+a3/7a2(6x4)
+asMay (3 x4)

= 0.

Thus LS has zero divisors.

Let
X = as4 +a,9 € LS
xXxXx = (as4 + a,9) x (as4 + a,9)

= asMas (4 x4)+a,nas (9 x4) + (as Nay) (4 x9)
+a,Nna;(9x9)

= as4d + a,9

= X.



Thus x is an idempotent in LS.
Letx =15 € LS; x° = [ is a unit in LS.
Thus LS has units zero divisors and idempotents. Thus LS is not a semifield.

It is to be noted that L has no zero divisors but S has zero divisors, units and
idempotents so that LS has zero divisors, units and idemoptents.

Example 4.4.7: Let S = {Z,, x} be the semigroup.

el
aj
a as

ay
0

Figure: 4.4.7
be the lattice of order six. LS be the semigroup semiring. LS is of finite order. LS has no
zero divisors and the idempotents are contributed by L and not by LS | L and LS has units.
x =5 € LS is such that
5°=1(mod 1) is a unit in LS.
6 e LS is such that 6°= 1 (mod 7),
2 e LS is such that 2° = 1 (mod 7),

3 e LS is such that 3° =1 (mod 7) and

4 e LS is such that 4’ = 1 (mod 7).



Thus L has units. Elements a € L are some of the idempotents of LS.

LS is a finite semifield. Further 4.2 = 1 (mod 7) and 3.5 = 1(mod 7) also contribute
for units.

These semifields have no characteristic associated with them.

Example 4.4.8: Let S = {Z;;, x} be the semigroup and

Figure: 4.4.8

L be the semiring; LS be the semigroup semiring of S over L. LS has units. LS has zero
divisors.

Let 10 € LS; 10° = 1(mod 11) is a unit in LS.
3x4=1(mod 11).
In view of all these examples the following theorem is proved:

Theorem 4.4.2: Let S = {Z,, x} be the semigroup. L is a distributive lattice (semiring)
without zero divisors. LS be semigroup semiring.

1) LS has zero divisors if and only if S has zero divisors.
i1) LS has nontrivial idempotents.

ii1) LS has (n — 2) nontrivial units if and only if n is a prime.



iv) LS is a semifield if and only if n in Z, is a prime and L is a lattice without zero

divisors.

Proof: S has zero divisors if and only if LS has zero divisors as L has no zero divisors.
Hence (i) is true.

Take x = (1 + g, + .. + g,- ) € LS where g, = 2, ..., g,-; = n — L
x* = x; thus x is an idempotent of LS. Hence (ii) is true.

Thus LS has idempotents even if S has no idempotents.

Proof of (ii1): If n is prime then 2 = g,, ..., g,—; =n— [ are units in S so LS has only n — 2
units. If z is a prime then clearly LS is a semifield hence (iv) is true.

Corollary 4.4.2: If L in the theorem have zero divisors, then LS has zero divisors even if
S has no zero divisors.

Now substructures in LS(n) and LS where S = {Z,, x} the semigroup semirings
using semigroups S(n) and S respectively are analysed.

Example 4.4.9: Let LS(9) be the semigroup semiring of the semigroup S(n) over the
semiring L (L any distributive lattice). LS(9) has ideals and subsemirings which are not

ideals.

For LP where
P 1 2 ... 9 1 2 3 ... 9 1 2 3 ... 9 1 2 3 4 ... 9
11 ... 1)\ 222 ...2)\333 ..3 (444 4 ... 4/
1 2 3 4 ... 09 1 2 3 ... 9 1 2 3 ... 9
, s e <SO)
55 55 ...5 6 6 6 ... 6 9 9 9 ... 9
is an ideal of the semiring LS(9).

Let



1 23 4 ...9
M= P
{1 2 3 4 .. 9}}
be the subsemigroup of S(9). LM is a subsemiring of LS(9) which is not an ideal of LS(9).
If L has ideals say 7' < L then TP will be an ideal of LS.

However TP c LP.
Example 4.4.10: Let 1
a;
L =
as
ay
0

Figure: 4.4.9

be the semiring of order 6. S(4) be the semigroup and LS(4) be the semigroup semiring.
T, =1{1, a; a;, a; 0} < L 1s a sublattice of L, 7;5(4) is a subsemiring of LS(4) which is
also an ideal of LS(4).

Example 4.4.11: Let
1
aj
L = a5
as ay
0

Figure: 4.4.10



be a semiring and S = {Z;,, x} be the semigroup. LS be the semigroup semring.

P=/{1, a,;, a5, a;, 0} <L be an ideal of L: PS is again an ideal of LS. Every ideal of
L leads to an ideal of LS.

In view of all these facts the following result is proved.

Theorem 4.4.3: Let L be a distributive lattice. S = S(n) (or (Z,, x)) be the semigroup.
LS(n) (or LS) be the semigroup semiring. If L has ideals then LS(n) has ideals.

Proof: If P is an ideal of L then P(S(n)) (PS) is an ideal of LS(n) (or LS). Hence the
claim.

Similarly if M is a sublattice of L, then MS(n) (or MS) is a subsemiring of LS(n)
(or LS).

Since all semirings used in this thesis are only distributive lattices which includes
the chain lattices and the Boolean algebras apart from finite distributive lattices.

This allows one to define filter in lattices which will be extended to filter in
semigroup semirings.

This will be illustrated by the following examples.

Example 4.4.12: Let L be the lattice

1
aj a;
%
ay as
a; ag
0

Figure: 4.4.11



S ={Z;,, x} be the semigroup. LS be the semigroup semiring. F' = {1, a;, a,, a3} is a filter
of L. FS is a subsemiring.

It is left as future study to find filters in the semigroup semirings.

4.5 CONCLUSIONS

In this chapter for the first time a systematic analysis of semigroup semirings by
taking finite semigroups over the finite distributive lattices is carried out. These concepts
are defined and condition for the semigroup semirings to contain idempotents, zero
divisors and units are obtained.

Also those semidivision rings are characterized and several examples are given
which makes the understanding of this abstract theory simple.

Substructures like ideals and subsemirings of these semigroup semirings is
studied. Finally conditions for the semigroup semirings to contain ideals are obtained.



CHAPTER FIVE

GROUP SEMIRINGS USING DISTRIBUTIVE LATTICES AS
SEMIRINGS

5.1 INTRODUCTION

In this chapter the study of group semirings is carried out using finite or
distributive lattices which are semirings. Group rings and semigroup rings have been
studied by several authors [24, 74-5]. Both these structures are only studied over rings
with unit or a field. In case of group rings several researchers have studied about the zero
divisors, idempotents, units etc; [44, 75, 93]. Likewise study of semigroup rings that is
semigroups over rings and fields have been studied and also special elements like zero

divisors, units have been analysed by several researchers [52, 67, 70].

This study is very new for group semirings have been studied by researchers very
sparingly [100]. In this chapter a study of group semirings is carried out in a systematic

way.

This chapter has four sections. Section one is introductory in nature. Section two
studies group semirings where semirings are taken as chain lattices. Section three
introduces the new study of group semirings by taking semirings which are distributive

lattices as well as Boolean algebras and the conclusions are given in the final section.



5.2 GROUP SEMIRINGS OF SEMIRINGS WHICH ARE CHAIN LATTICES
AND THEIR PROPERTIES

Throughout this section semirings are taken as chain lattices. C, will denote a
chain lattice of length n and G will denote a group under multiplication. First for the sake

of completeness the definition of group semiring is recalled.

Definition 5.2.1: Let S = C, be the chain lattice that is; a semiring. G be any group. The
group semiring C,G = SG of the group G over the semiring C, (= S) contains all finite

formal sums of the form

i=1

Si ES(:Cn)
g eG

i

on which two binary operations ‘+’ (the union in the lattice C,) and x (the M on the

lattice C,) are defined on SG which is as follows:

Let a = Zslal. and P = Zrlal. e C,G =5G; wheres, r, e C,=Sand a; € G,
i=1

i=1

= pifand only ifeach s; =r; 1 <i <n.

n m
i) a+f = Zsiai + Zrz‘az‘
i=l i=1



morn
= Z (s, U r)a, (whicheverm ornis greater)
i=l1

= Zml. a, (m;=s; Uur; € C,=35).

i=1

ii) axpf = (isi aij X [irz ajj

t t
= Z(Si m”,‘)0% = Z7kak
k=1 )

where o = o; oy and y, = 5; N1y

iii)  Fore =1 € G (the identity of G)
I xs;=s;x1=s;foralls; € C,

and s;g = gs; forall g € G.

iv) For 1 € C, =S we have
l-g=g-1=g forallg, €G.

V) For 0 € C, =S we have
0-g=g -0=0forall g, €G.

Vi) Further 1 -G <SG and S -1 < SG.
(Here 1 of G and 1 of C,, = S is defined and denoted by 1).

The identity element is 1 of SG = C,G. SG is a semiring.



Some examples of the group semirings is given in the following:

Example 5.2.1: Let

aj
C,= az
as

ay

as

—o 00 0 0

Figure 5.2.1: C;
be the semiring (chain lattice) and G = < glg” = 1> be the cyclic group of order 20. C,G
be the group semiring of the group G over the semiring C;.

Clearly number of elements in C,G is finite so the group semiring is of finite

order. Since G is a commutative group so is the group semiring C,G.
Let
a= a2g6 + a3g2 +a,g+as and f= a3g7 + a4g6 +a,g+1 €C,G.

a+p = (@:8° + asg’ + ag +as) + (a;¢” +ag’ +ag+ 1)

= a3g7 + (a; Uay g6 + agg2 +(a; vay)g +as Ul



= a3g7+a2g6+a3g2+a1g+ 1 €5G.

axf = (ayg® +a;g +ag+as) x(ag +ag’+agtl)

= (aynas) g xg' +(asnay) g xg's (a;naz) g xg
toas Noa) g+ @ o0 oa) g x g+ @ oa) g xg
+ (a4/7a4)gxg6+ (a5ma4)g6+ (a; M ayp) g6 x g
+ (a3 N oa)g x g (a Noa) g xgt (as N oa)g

t(@n)g+(@nl)g+ (@ nl)g+asnl

_ 13 9 8 7 2 8 7 6
= az;g " tasg tasg tasg tag tag tag tasg

+ae +ag +ag +asg+ag’ +ad +ag+as

_ 13 12 9 8 7 7 7
= ag’ t oag’ t oasg t oag t o (asg t+ oag t+ axg)

+(asg’ + ag’) +a; & + (g + asg’) + (asg + asg) + a;

= asg” +ag” + asg’ + a8’ + ag + ad® +asg’ +azg +

a,g +as € C,G.

This is the way sum and product are obtained on the group semiring using the

semiring as the chain lattice C,,.

Example 5.2.2: Let G = S; the permutation group of degree three and S = C;, be the
chain lattice. SG be the group semiring of the group G over the semiring C;,. Clearly

order of SG is finite but SG is non commutative.

S (A2 (123 1 2 3
= N, = :e:, :, :’
T o2 3 13 2) Prlg o q)7P2



123 (123 (123
201 3) Pl 3 TP s o)

be the symmetric group of degree three.

0
Figure 5.2.2: C]g

Let
a=apstaspstap;ta;
and
B=asps+ ap; +asp; +as € C,G =883
a+tp = (aips +asps + ayp; +az) + (agpy + axps + asp; + ag)

= aps + asps + (asps + axps) + (ap; +asp;) + (a; + ag)
= apps tagpy + (a3 Uay) p3 + (a, Vas)p; +a; Uag

= apps *+aspy + axps + axp; +as €88S;.



Consider

axpf

(a;ps + asps + ap; +a;) x(agps + axpz; + asp; + ag)

= (a; Mag) ps xpy + (az Nag) p3 xpy + (ay Nag) py xpy +

(a; Nag) py + (a; Nay) ps xps + (as Nay) ps xps +

Now find

fpxa

(a; Nay) p; xp3 + (a; Nay) ps + (a; Nas) ps xp; +
(a; Nas) ps xp; + (ax Nas)p; xp; + (a; Nas) p; +

(a; Nag) ps + (as Nag) ps + (a; Nag) p; +a, Nag

= ag tagp> tagps taspstaprtaz -1 +tap,tap;t

asps +asps tas +ap; +asps +agps +agp; + a;

= (ag Ua; Vas Uaz) + (ag Uay) py + (ag Ua; Uas Uag)ps

+ (ag Vay)py + (as Vag) ps + (as Uas Uay) p;

= az + ax;p; +asps + apy + asps + asp; € SS;. I

= (aspy + axps + asp; + ag) x (ajps + aspz + axp; + az)

= (as May) pg=ps + (a; Nay) psxps+(as Nay) p;yxps +
(as Nay) ps + (as Naz) pyxps+ (ax MNas) ps xp; +
(as Nas) py xXps+ (as MNaz) ps + (as N az) psxp; +
(az Naz) ps xpr + (asNax) pixpr+ (as Naz) pr +

(as May) ps+ (az Maz) ps + (as Naz) p;+ (as N ay)



= as -1 +ap; +asp, +agps +agp; +az -1 + aspy + agps

+agpyt+aps tas-1+ap;+agpytapstap t+a;

= (as Uaz; Uas Uay) + (a, Vag Uag Uayp; + (as Uag)p; + (as

Cayps + (as Uag) pyt+ (ag Uaz) ps

= az +axp; +asp; + aps + asps + agps. II

Clearly I and II are not equal so a x  # [ x « for this a, € SS;, hence SS; is a

non commutative group semiring of finite order.

The following proposition characterizes the group semiring of a group G over the

semiring which is a chain lattice.

Proposition 5.2.1: Let C, be a finite chain lattice. G be a group and C,G be the group
semiring of the group G over the semiring C,. C,G is a commutative group semiring if

and only if G is a commutative group.

Proof: Given C, is a chain lattice so C, is a commutative semiring infact a semifield. Let
G be a commutative group clearly the group semiring C,G is a commutative group

semiring.

Suppose C,G be a commutative group semiring of the group G over the lattice C,,.

To prove G is a commutative group, it enough to prove for every g, h € G, gh = hg.

Given SG i1s commutative let g, & € SG (g, h € G) then gh = hg as SG is

commutative. This is true for every g, # € G hence G is a commutative group.



Next result proves C,G is a finite group semiring.

Proposition 5.2.2: Let C,, be a semiring (chain lattice of order n) and G a group. C,G be
the group semiring. C,G is of finite order if and only if G is a finite group.

Proof. Given the group semiring C,G is of finite order.

Clearly if G is not of finite order, since G < C,G; C,G would be of infinite order.

Hence G must be a group of finite order.

Suppose G is a group of finite order clearly C,G the group semiring will be of

finite order as C,, is a finite semiring.

Now an example of group semiring of infinite order is given.

Example 5.2.3: Let G = R\ {0} be the group of reals under product and C;;5 be the
semiring (chain lattice of order 15). C;5G be the group semiring. Clearly C;5G is of
infinite order as R | {0} is an infinite group; so the group semiring C;;G is of infinite
order.
C]5 = 0<a13 <ap<..<q;< 1.
be the semiring.
Let
a=a;tas 0.3 +a9120+a10 6.2and,6’=a5 + ag 0.3 +a139 EC15G.

a+ﬂ = a;+a50.3+a9120+a106.2+a5+a80.3+a139

= (Cl] Ua5)+(a5 Uag) 0.3+a9 120+a10 6.2+a139



= a; +as 0.3+Cl9 120"‘61106.2"‘61139 EC15G.
aX,B = (a1+a50.3+a9120+a106.2)X(a5+a80.3+a139)
= a ﬂa5+(a5ﬂa5) 0.3+(a9/7a5) 120+(a10/7a5) 6.2
+ (a; N ag)0.3 + (as Nag) (0.3 x0.3)
+ (ay N ag) (120 x0.3) + (19 N ag) (6.2 x0.3)

+t(a;Mnap) 9+ (asnaps) (0.3 x9)
+ (a9m6113) (120 Xg) + (6110/76113) 6.2 x9.

= as + as 0.3+a9 120"‘61]06.2“"618 0.3+a8 0.09
+ ay 36 + ajo 1.86 + Cl139 + aj; 2.7+ as 1080 + a3 55.8

= as + (Cl5 o ag) 0.3 + dg 120 + ajo 6.2 + dag 0.09 + dg 36

+aj 1.86 + 61139 +aj; 1080 + as 2.7 + as 558 € C15G.

This is the way product is defined on the infinite group semiring.

There are several group semirings of infinite order.

Just recall all chain lattices are semifields. For more about semifields refer [100].

Theorem 5.2.1: Let C, be the semiring which is a semifield and G be a commutative

group. C,G the group semiring is a semifield.

Proof: Given C,G is a commutative group semiring. Clearly if o f € C,G;
a + B = 0 is possible only when o = 0 and g = 0. For in C,; a; + a; = 0 =

a; Ua;if only if a; = 0 = a; for



Cn=0<an72<an,3<...<a1<1.

Further a x = 0 1s possible in C,G only if &« = 0 and = 0. Forin C,; a,a; = 0 =

a; N a;if and only if a; = 0 or a; = 0.
Thus C,G is a semifield.

Corollary 5.2.1: Let C,G be a group semiring of a group G over the semiring C,; G is a

non commutative group then C,G is a semidivision ring.

Proof: Since C,G has no zero divisors and for every o, f € C,G, a + = 0 implies o =

0 and B = 0. C,G is a semidivision ring as G is a non commutative group.

Example 5.2.4: Let G = <g | g" :1> be the cyclic group of order 15. C,s be the chain

lattice of order 16. C;sG be the group semiring of the group G over the semiring Cjg.

C,6G 1s a semifield of finite order.

Example 5.2.5: Let G = <a,b |a> =b" =1,bab = a> be the dihedral group of order 14.

C,7 be the semiring of order 27. C,,G is the group semiring of finite order which is a
semidivision ring. This proves that group semiring, C,G where C, is a chain lattice has no

zero divisors.

This is in contrast with group rings for every group ring of a finite group G over

any field; finite or infinite field has zero divisors.
Next the units and idempotents in C,G are discussed in the following:

C,, the chain lattice has only idempotents and has no units.



For any x, y € C, we have x ny = [ is not possible unless x = y = [. Further g.h =

1 for g, h € G are defined as trivial units.

So C, has no units. Further every element in C, is an idempotent as in C,; @, N a; =

a; for every a; € C, as C,, is a chain lattice.
In view of this the following theorems are proved:

Theorem 5.2.2: Let C, be the chain lattice and G any group. The group semiring C,G

has no nontrivial zero divisors.
Proof: Follows from the fact C,G is a semifield.

Theorem 5.2.3: Let C,G be the group semiring. The only trivial units of C,G are I - g =

g foreveryg € C,G.

Proof: Follows from the fact G < C,G and every g € G has a unique inverse. However if

a € C, | {1}, then it is not a unit only an idempotent as C,, is a chain lattice.

If o= Za,.g,. then o/ = I is impossible as C,G is proved to be a semifield, so no

i=1

zero divisors to cancel of or add to 1.
Hence the chain.

However C,G has idempotents if G is a group of finite order.



Example 5.2.6: Let G = < g|g” =l> be the cyclic group of order 12. Cy be the chain

lattice. CsG be the group semiring.
Consider a = (1 +¢g°) €G,

o =  (1+g)x(1+g")
= (1+g+g +g")
= Jul+@dul)g’
= 1+g6

= a.

Thus « is an idempotent in CgG.

Consider
B = I1+g+g"+d €CG
F = (1+@+gd+d)x1+g+g"+2)

— ]+g3+g6+g9+g3+g6+g9+g12+g6+g9+g12+g3+g9

+g12+g3+g6

= I+g+g+d@s1ul=1)

= B

Thus Sis an idempotent. Similarly y= 1 +g* + ¢°* € C,G.
Clearly 7° = yis an idempotent in C,G,

Finally 6=1 +g+ g’ + ... + g'’ € C,G is also an idempotent of C,G.



Thus apart from this, all elements in C, as C,, < C,G are also idempotents of C,G

as a; xa; = a; N a, for all a; € C,; they will be known as trivial idempotents.
In view of this we have the following theorem:

Theorem 5.2.4: Let C, be the group semiring of the group G of finite order over the

chain lattice C,.
i) All a € C,; C,c C,G are trivial idempotents of C,G.

ii) If H; c G is a subgroup of G and H; = {1, hy, ..., h} then =1+ h; + ... + h,

e C,G is an idempotent of C,G. This is true for every subgroup of G.

i) IfG=4{1, g ... g,fthen y=1+ g, + g, + ... + g, € C,G is an idempotent of
C,G.

Proof: For every @ € C, it is clear « x @ = a N a = a is an idempotent of C,G as C, <

C,G.

Further if |G |<wand G ={1, g;, ..., gufthen f=1+g, + ... + g, € C,G is
such that 7= S Finally every H,, a subgroup in G is of finite order and if H; = {1, h,, h»,

v, b then y=1 +h; + ... + h, € C,G is such that y° =y
Hence the theorem.

Next subsemirings and ideals of the group semiring C,G are discussed in the

following:



Example 5.2.7: Let Cy be a chain lattice and G = < g|g"®= 1> be the cyclic group of order

18. CyG be the group semiring.
A;={01,(1+g+ .. +g")} cCyGis a subsemiring of order 3.
A, =401, (1+g +g'+ .. +g"%)} cCyG is again a subsemiring of order 3.
A;={01,(1+g +g"+d + .. +g")) cCyGis also a subsemiring of order 3.
A, =10, 1, {1+ g° + g"?}} € CyG is also a subsemiring of CyG.
As=1{0, 1, {1 + g°}} = CyG is a subsemiring of order 3.

Now let P; = {1, &, g’ ..., g'°) © G be a subgroup of G. CoP; < CoG is a

subsemiring of CyG.

Let P, = {1, g’} < G be a subgroup of G. CoP, < CyG is a subsemiring of CyG. Let
P; = {1, g° g'’} © G be a subgroup of G. CoP; = CyG is a subsemiring of CyG. Let P, =

{1, g, g ... g"”) G beasubgroup; CoP, c CyG be a subsemiring of CyG.

Let M; = {0, as, 1} < Cybe a sublattice of Cy = 0<a,<as< .. <a,<a; <,

now M,;P; < CyG is a subsemiring of CyG.

Let M, = {0, as, 1} < Cy be a sublattice of Cy and M,P;, M,P,, M,P;and M,P, are

all subsemirings of CyG.

Thus CyG has several subsemirings but all of them are not ideals of CyG, only a

few of them are ideals.



Further M,P;, M,P,, M,P; and M,P, are only subsemirings and none of them are
1deals of CyG.

Example 5.2.8: Let C, be the chain lattice. G = < glg’ = 1> be the cyclic group of degree

three. C,G be the group semiring of the group G over the semiring C,. P ={0, I, I + g +

g’} < C,G is a subsemiring. This is not an ideal of C,G.
In view of all these the following proposition is proved:

Proposition 5.2.3: Let C,G be the group semiring of the group G over the semiring C,. If
M is a subsemiring of C,G then M is not an ideal of C,G.

Proof: Proved using an example. In the example 5.2.7 of this chapter there are several

subsemirings of the group semiring which are not ideals.

Next the concept of right and left ideal exist only when C,G is a non commutative

group semiring.
Consider the following example:

Example 5.2.9: Let C,S; be the group semiring of the symmetric group S; over the

semiring C,.

P={0,1+p,p>+psps+tpsl+p+p,+tpsI+pstp +p,
1 +py+p>+p;s+ps+psprtps+pstpst cCS;

is a right ideal and is not a left ideal.



Thus as in case of group rings which are non commutative in case of group
semirings which are non commutative has right ideals that are not left ideals and vice

versa.

Another interesting feature is in case of a field, field has no ideals other than (0)

and F' but however semifields which are group semirings of the form C,G has ideals.

In the next section the study of group semirings using distributive lattices which

are not chain lattices is carried out.

5.3 STUDY OF GROUP SEMIRINGS USING DISTRIBUTIVE LATTICES
WHICH ARE NOT CHAIN LATTICES

In this section a study of group semirings using distributive lattices L which are
not chain lattices is carried out. Unlike chain lattices in case of distributive lattices, group
semirings in general are not semifields. However in case of certain lattices the group

semiring can be a semifield.

Since the replacing of semiring (chain lattice) by a distributive lattice will not alter
the definition of a group semiring, so here the definition of group semiring using

distributive lattices are not made once again.  First a few examples of them are given.

Example 5.3.1: Let L be the lattice whose Hasse diagram is as follows:

1
a;
be a distributive lattice. a;z
ay
as

0
Figure 5.3.1: L



G= < g|g"’= 1> be the cyclic group of order /0. LG be the group semiring of the

group G over the semiring L which is a distributive lattice. LG is not a field. In the first
place L is a semiring and not a semifield as

as M ag = 0. Thus LG has zero divisors so LG is only a semiring.

Example 5.3.2: Let L be the Hasse diagram of the lattice which is as follows:

a

X0

Figure 5.3.2: L

be a distributive lattice and G = S, be the symmetric group of degree 4. LG the group
semiring is a semidivision ring. Further L is not a semifield as LG is non-commutative

semiring. Thus LG has no zero divisors but LG is a non-commutative semiring.

Example 5.3.3: Let B
1
I ‘ as
ay
0

Figure 5.3.3: Boolean Algebra B



be the Boolean algebra. G = < glg” = 1> be the cyclic group of order 12. BG the group

semiring. BG has Zero divisors, units and idempotents.

o = (a,g° + asg’) and f = a,g’ € BG.

af = (asg’ + asg’) x a,g’ = 0.

Let
a=1+g +¢°+ 4 €BG.

Clearly o = a so a is an idempotent in BG. g/, g BG is such that

g’ x g = 1. All elements in G are units and G  BG.

Theorem 5.3.1: Let L be a distributive lattice and G any group. LG be the group
semiring of the group G over the semiring L. LG has zero divisors if and only if L is a

distributive lattice which is not a semifield.

Proof: If L is not a semifield. That is there exist a; a;je L | {0}, a; # a; such that a; N a; =

0.

Take o = a;g;and f = a;g, € LG, g), g€ G,

a NP a;gr1Ma; g
= (a;M a/) (2:82)

0(g:g2) = 0.

Thus LG has zero divisors.

Corollary 5.3.1: If L is a semifield then the group semiring LG has no zero divisors for

all groups G.



Proof: Follows from the fact L is a semifield andno @, f € LG | {0} is such that a x f =
(0).

Example 5.3.4: Let L be the lattice given by following diagram:

ol

as

0
Figure 5.3.4: L

G = §; be the symmetric group of degree three. LG be the group semiring of the

group G over S;.

Let R; = {1, p;} be a subgroup of S;. LR; is a subsemiring which is not an ideal.



Let R, = {1,p, } < S; be the subgroup of S;. LR, is again a subsemiring.

LR; and LR, are isomorphic as subsemirings by mapping p; to p, and rest of the

elements to itself.

The following theorem is interesting which describes a semiring which is not a

semifield.

Theorem 5.3.2: Let G be a finite group. L is a Boolean algebra of order greater than or

equal to four. LG the group semiring has zero divisors.

Proof: Follows from the fact all Boolean algebras of order greater than or equal to four
has elements a, b € L | {0} with a » b = 0. This will contribute for zero divisors of the
form  of = 0  when o = ag; and f = bg,  with

axp=oaf =ag; xbg,=(anb)gg =0.

Theorem 5.3.3: Let G be a group of finite order and L be a distributive lattice which is
not a chain lattice. LG be the group semiring of the group G over the lattice L. LG has

non trivial idempotents.
Proof: Given | G | = n < o a finite group. LG be the group semiring.
Takea = (1 + g, + ... + g,-)) € LG. Clearly o’ = o s0 a is an idempotent of LG.

Likewise if H;, H, ..., H, are non- trivial subgroups of order p; p, ..., p;

respectively then ;=1 + h; + hy + ... +hp17 € LG where H; = {1, hy, h,, ..., hplfl} <G

1

is such that 8* = f3,.



Let o = 1+ k +k, +..+ kprl € LG, where H, = {1, k,, k,, ...,kprl} c G 1s
such that 3 = 3,.
Likewise if
H={lm, m,, .., m, fcG

be the subgroup, then

Br=1+m+m+.+m, LG

is such that g’ = 3.

Hence the theorem.

The idempotents in L will be called as trivial idempotents. Likewise zero divisors

in L will be defined as trivial zero divisors of LG.

Clearly L has no units and units contributed by the group G will be termed as

trivial units of LG.

Conditions for Smarandache zero divisors to exist in group semirings; BG where B

is a Boolean algebra is obtained in the following:

Example 5.3.5: Let B 1

as

<

as

0

Figure 5.3.5: B



be a Boolean algebra. G = < g|g"’= 1> be the cyclic group of order 16. BG be the group

semiring of the group G over the semiring B.
Letx =a,(g”+g)andy =a;s (¢’ +¢’) € BG.
xxy = a; @’ +g)xas@ +g)

= (wna) (@7 +g)(E +g)

Leta = as (g7 + g and b =a, (¢ + g’ + ¢”) e BG. x x a = 0 and
yxb=0buta xb#0.

Thus x, y € BG is a Smarandache zero divisor.

Example 5.3.6: Let B be a Boolean algebra

Figure 5.3.6: B



and G be any group. BG be the group semiring of the group G over the semiring B. BG

has no S-zero divisors.

In view of this the following theorem is proved:

Proposition 5.3.1: Let G be any group and B a Boolean algebra; BG the group semiring.

I. BG the group semiring has S-zero divisors if | B | > 4.
il. BG has only zero divisors and no S-zero divisors if | B | = 4.
iii.  BG has no zero divisors if | B | = 2.

Proof: Proof of i: Follows from the fact if | B | > 4 then B has zero divisors as well as S-

zero divisors.

Hence BG will have S-zero divisors (refer example 5.3.5).

Proof of ii: If | B | = 4 then B =

0

Figure 5.3.7: B



Clearly a x b = 0 is a zero divisor and cannot find another y # 0 with

a.y = 0 and a. x # 0 with bx = 0 and xy # 0. Hence the claim.

Proof of iii: If | B | = 2 then B is a chain lattice hence BG has no zero divisors.

Next the study about the existence of S-anti zero divisor is discussed.

Example 5.3.7: Let B

Figure 5.3.8: B

be the Boolean algebra of order four, G = §;, the symmetric group of degree 3. BS; be the

group semiring of the group S; over the semiring B.

Leta=(1+p;+py) p=(I +py €BS; Clearly a x # (0).

Takex =a (p, + ps)andy = b (ps + p; + 1) € BS;.

Consider

ax = (I +p;+py)ap:+ps)
I'nal(l+p;+p)*@:+ps)]

ap, +ps+1+ps+p;+p3)



= a(p, +1+ps+ps+p,+p3)
= a(l+ps+p;+ps3)#0.

Consider

B = (I+py)xb(l+p;+ps)
= bNI[(I+py x(1+p;+ps)]
= b(l+ps+ps+p+1+ps)
= b(l+p;+ps+ps+tps)#0.

So fy # 0 and ax # 0 but

xy = a(p>+ps) *b(ps+tpsti)
= anb[(p;+ps) *(ps+ps+1)]
= 0.

Thus x is a Smarandache anti-zero divisor of BG.

In view of this the following proposition is proved:

Proposition 5.3.2: Let B be a Boolean algebra of order four. G any group and BG be the

group semiring of the group G over the semiring B. BG has S-anti zero divisors.

Proof: Let a = 2g;and f = 2 h;, g, h; € G (all coefficients of g; in a and 4, in S are 1).
Take x = (X' ak;) and y = 2 bm; (k;, m; e G).

0

Figure 5.3.9: B



Clearly af # 0. Further ax # 0 and fy # 0 but xy = 0. Thus x is a S-anti zero divisor
in BG.

Theorem 5.3.4: Let BG be the group semiring of the group G over the Boolean algebra

of order four. Let 0. € BG be a S-anti zero divisor then o need not be a S-zero divisor.

Proof: Follows from the examples 5.3.7 and 5.3.6. For x in that example is not a S-zero

divisor in BG.

Proposition 5.3.3: Let BG be the group semiring of the group G over the Boolean
algebra of order greater than 4. BG has both S-zero divisors as well as S-anti zero

divisors.

Next the study of Smarandache idempotents in these group semirings is carried
out. At first it is important to know that the distributive lattices or for that matter any
lattice L will not contain any Smarandache idempotent as every element a in L is such

thata xa=ana=a’ =aforalla L.

However it is an interesting feature to analyse whether the group semiring of a
group G over a distributive lattice L have Smarandache idempotents. Let BG be the group

semiring of the group G = Sj; over the semiring B which is a Boolean algebra.

Take a = (I + ps + ps)and b = (p; + p> + p3) we see @’ = a and b° = a; ab = a.

This group semiring has S-idempotents.

Example 5.3.8: Let G = < glg’= 1> be the cyclic group of order 8. B be any Boolean

algebra or a distributive lattice. BG be the group semiring of the group G over the

semiring B.



Leta=1+g +g'+g’andf=g+g +¢ +¢ eBG.Clearly &’ =a, f° = o and
ofp = B. Thus « is a S-idempotent of BG.

In view of all these the following interesting theorem for cyclic groups of even

order is given:

Theorem 5.3.5: Let G = < glg” = 1> be the cyclic group of order 2n. B be a distributive

lattice or a Boolean algebra. BG the group semiring has a Smarandache idempotents.
Proof: Takea=(1 +g’ +g’+ g+ " + ... + &"7) e BG.

Letf=(g+g +g +g +..+g"") eBG. Clearly o’ = o, aff = fand f’ = a.

So a 1s a Smarandache idempotent.
Example 5.3.9: Let B be a distributive lattice or a Boolean algebra.

D={a b/d=b"=I bab=a)

be the dihedral group. BD be the group semiring of the group D over the semiring B.

Takea = (1 +b+ b+ ... +b’)and f=(a+ ab + ab’ + ... + ab”’) € BD

Clearly o = o and ° = a with o8 = . Then o is a Smarandache idempotent in BD.
In view of this the following theorem:

Theorem 5.3.6: Let L be a distributive lattice or a Boolean algebra. Let
G =D, ={ab/a’ =b"=1; bab = a} be a dihedral group; n an even integer say 2m.

LG be the group semiring of the group G over the semiring L. LG has S-idempotents.



Proof: Consider a = (1 +b+b° + ... + b )and f= (@ + ab + ab’ + ... + ab™""’) €

LG. Clearly o’ = a and #° = a and o = . Thus « is a Smarandache idempotent of LG.

Example 5.3.10: Let A, be the alternating subgroup of S;; L be a distributive lattice or a

Boolean algebra. LA4, be the group semiring.

Let
1 2 3 4 1 2 3 4
a = +
21 4 3 1 2 3 4
and

1 2 3 4 1 2 3 4
p = + e LA,.
341 2 4 3 2 1

, (12 3 4) (1 2 3 4) (1 2 3 4 1 2 3 4
p = + + + =a
2 1 4 3)(1 2 3 4 21 4 3)\1 2 3 4
1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
off = + X +
21 4 3 1 2 3 4 341 2 4 3 2 1

_1234+1234+1234+1234
4 3 2 1 341 2 3 41 2 4 3 2 1

Thus o 1s a Smarandache idempotent of LA4,.



In view of all these the following theorems are proved.

Theorem 5.3.7: Let G be a group of order n and G has a subgroup H of order m (m/n; m
an even number). L be any distributive lattice or a Boolean algebra. LG, the group

semiring has S-idempotents.

Proof: Let H be a subgroup of order say m = 2t and let P = {1, g;, ..., g _ ;} be a
subgroup of H. Thentake oo = 1 + g; + ... + g.; and

p= > helG.

hie H\P

Clearly ¢’ = a and #° = o and a8 = a. Thus a is the S-idempotent of LG.

Theorem 5.3.8: Let S, be the symmetric group of degree n (n even or odd). L any

distributive lattice. LS, be the group semiring. LS, has S-idempotents.

Proof: Case 1: n is even. S, has a subgroup of order » which is cyclic. Hence using this
subgroup; say G = {1, g .. g&"'} contributes to the S-idempotent
a=1+g+. . +gandf=(+g +..+g") eLS,is such that &’ = o, f* = a and
ofp = . Let n be odd then n — I is even. Let H = cyclic group generated by 4 € S, of

ordern — 1.

Now (I +h +h'+ . +K7)=aqandf=(h+h +..+ 1) eLS, are such that

o =a, f/ =aand off = B. Thus a is a S-idempotent of LS,. Hence the theorem.



5.4 CONCLUSIONS

In this chapter group semirings of groups over semirings which are distributive
lattices is carried out. Further in case of chain lattices C, the group semiring C,G is a

semifield; in case G is abelian and a semidivision ring in case G is a non-commutative

group.

Further if the distributive lattice L has zero divisors then only the group semiring
LG will have zero divisors. However grouprings F'G have zero divisors if G is a finite

group; a marked difference between these two structures.

Finally idempotents which are in LG \ L are identified. The concept of
Smarandache zero divisors and Smarandache idempotents in group semirings (where
semirings are distributive lattices) are carried out and conditions for their existence is also
determined in this chapter. However in case of group semirings LG over distributive

lattices; it is impossible to find units or S-units in LG\ G



CHAPTER SIX

CONCULSIONS

Conclusions at the end of each chapter is given. Overall research work carried out

in this thesis is briefly described.

Study of properties enjoyed by finite semigroups in par with finite groups is
carried out in connection with classical theorems for finite groups in this thesis. This is

relevant as semigroups are generalization of groups.

Further study of this type is completely lacking. So this is the first attempt which
1s made and it is proved that classical Lagrange’s theorem for finite groups is not true in

general in case of finite semigroups.

For there are some finite semigroups for which the order of the subsemigroup will
divide the order of the semigroup and in the same semigroup there are subsemigroups
whose order does not in general divide the order of the semigroup. So in this thesis two
new properties are defined viz; anti Lagrange’s property and weak Lagrange’s property.
In fact semigroups of prime order have subsemigroups but this class of semigroups
satisfy anti Lagrange’s property. For instance S = {Z, x p a prime} is a class of

semigroups which satisfy anti Lagrange’s property.

Further all symmetric semigroups satisfy both the anti Lagrange’s property as well

as weak Lagrange’s property.



Next natural study would be analyzing Cauchy property in case of finite

semigroups.

Again the class of semigroups, S = {Z, x}, p a prime do not satisfy Cauchy
property. However S(n) has elements which satisfy Cauchy property as well as elements

which do not satisfy Cauchy property. These are characterized in this thesis.

Finally an attempt is made to embed all semigroups in the symmetric semigroup
S(n), which happens to be an impossibility. However to overcome all this extended
Cayley’s theorem was defined and a class of idempotent semigroups (semilattice) happen
to satisfy the notion of extended Cayley’s theorem. Several interesting results are

obtained in the course of this analysis.

Finally the relevance of Sylow theorems was pondered.

Certainly, pseudo p-Sylow subsemigroups in general are not conjugate. Further the
concept of partition of a finite semigroup by cosets or double cosets happens to be an

impossibility.

However when the subsemigroups are ideals these notions are interesting leading
to innovative results. These new results are derived. Thus chapter three happens to be the
back bone this thesis, finite semigroups for the first time are analysed for these classical
theorems on finite groups. This has led to new definitions and new characterization of
finite semigroups. Apart from this only in this chapter special elements like S-units, S-
idempotents etc. are introduced for the first time in semigroups. Condition for

semigroups to contain these special elements is obtained in this thesis.

Since semirings are nothing but two semigroups on the same set with two distinct



binary operations, the two operations connected by the distributive law. The study of
semigroup semirings and group semirings has become mandatory. Throughout this thesis
finite distributive lattices are taken as semirings of finite order. This includes chain
lattices, Boolean algebras and other distributive lattices which are not Boolean algebras
or chain lattices. Semigroup semirings using lattices as semirings are studied for the first
time elaborately. Conditions for these semigroup semirings to contain ideals,

subsemirings are obtained.

Also conditions for these semigroup semirings to be semifields or semidivision
rings are obtained. However the presence of idempotents in the semigroup semirings in
general do not guarantee the presence of zero divisors which is a marked difference

between the semirings and rings.

Finally condition for S-units, S-zero divisors and S-idempotents to be present in a

semigroup semiring are characterized.

The chapter on group semirings using finite groups and distributive lattices as

semirings is systematically carried out for the first time in this thesis.

Here also presence of idempotents do not guarantee the presence of zero divisors.
Further zero divisors are present in group semirings if and only if the distributive lattices

(semirings) contain zero divisors.

However every group semiring has idempotents where the group is of finite order.
Several results in this direction are obtained. For study of group rings is done
systematically but group semirings that too using distributive lattices are meager [100].
Hence the study is important and relevant. Characterization of group semirings to contain

S-anti zero divisors, S-idempotents and S-zero divisors are obtained.



A few problems are given for future study for this thesis could not find solutions

for them.

The problems for future study is listed below.

1. CanS = {Z, x}; n=p', p aprime satisfy Cauchy property?

2. Find filters in the semigroup semirings.
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