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Abstract

The concept of Smarandache Bryant Schneider Group of a Smarandache loop is
introduced. Relationship(s) between the Bryant Schneider Group and the Smarandache
Bryant Schneider Group of an S-loop are discovered and the later is found to be useful
in finding Smarandache isotopy-isomorphy condition(s) in S-loops just like the formal is
useful in finding isotopy-isomorphy condition(s) in loops. Some properties of the Bryant
Schneider Group of a loop are shown to be true for the Smarandache Bryant Schneider
Group of a Smarandache loop. Some interesting and useful cardinality formulas are
also established for a type of finite Smarandache loop

1 Introduction

The study of Smarandache loops was initiated by W. B. Vasantha Kandasamy in 2002.
In her book [16], she defined a Smarandache loop (S-loop) as a loop with at least a subloop
which forms a subgroup under the binary operation of the loop. For more on loops and their
properties, readers should check [14], [3], [5], [7], [8] and [16]. In her book, she introduced
over 75 Smarandache concepts in loops but the concept Smarandache Bryant Schneider
Group which is to be studied here for the first time is not among. In her first paper [17], she
introduced some types of Smarandache loops. The present author has contributed to the
study of S-quasigroups and S-loops in [9], [10] and [11] while Muktibodh [13] did a study on
the first.

Robinson [15] introduced the idea of Bryant-Schneider group of a loop because its im-
portance and motivation stem from the work of Bryant and Schneider [4]. Since the advent
of the Bryant-Schneider group, some studies by Adeniran [1], [2] and Chiboka [6] have been
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done on it relative to CC-loops, C-loops and extra loops after Robinson [15] studied the
Bryant-Schneider group of a Bol loop. The judicious use of it was earlier predicted by
Robinson [15]. As mentioned in [Section 5, Robinson [15]], the Bryant-Schneider group of a
loop is extremely useful in investigating isotopy-isomorphy condition(s) in loops.

In this study, the concept of Smarandache Bryant Schneider Group of a Smarandache loop
is introduced. Relationship(s) between the Bryant Schneider Group and the Smarandache
Bryant Schneider Group of an S-loop are discovered and the later is found to be useful in
finding Smarandache isotopy-isomorphy condition(s) in S-loops just like the formal is useful
in finding isotopy-isomorphy condition(s) in loops. Some properties of the Bryant Schneider
Group of a loop are shown to be true for the Smarandache Bryant Schneider Group of a
Smarandache loop. Some interesting and useful cardinality formulas are also established for
a type of finite Smarandache loop. But first, we state some important definitions.

2 Definitions and Notations

Definition 2.1 Let L be a non-empty set. Define a binary operation (-) on L : If
rx-y€ LY xyelL, (L) is called a groupoid. If the system of equations ; a-x = b and
y - a = b have unique solutions for x and y respectively, then (L,-) is called a quasigroup.
Furthermore, if there exists a unique element e € L called the identity element such that
VeeL z-e=e-x=u, (L,-) is called a loop.

Furthermore, if there exist at least a non-empty subset M of L such that (M,-) is a non-
trivial subgroup of (L,-), then L is called a Smarandache loop(S-loop) with Smarandache
subgroup (S-subgroup) M.

The set SYM(L,-) = SYM(L) of all bijections in a loop (L, -) forms a group called the
permutation(symmetric) group of the loop (L,-). The triple (U, V,W) such that U, V,W €
SY M(L,-) is called an autotopism of L if and only if zU-yV = (z-y)W V z,y € L. The group
of autotopisms(under componentwise multiplication([14]) of L is denoted by AUT(L,-). If
U =V = W, then the group AUM(L,-) = AUM(L) formed by such U’s is called the
automorphism group of (L,-). If L is an S-loop with an arbitrary S-subgroup H, then the
group SSYM(L,-) = SSY M (L) formed by all § € SY M (L) such that h§ € HY h € H is
called the Smarandache permutation(symmetric) group of L. Hence, the group SA(L,-) =
SA(L) formed by all § € SSYM (L) N AUM (L) is called the Smarandache automorphism
group of L.

Let (G,-) be a loop. The bijection L, : G — G defined as yL, = -y V z,y € G is
called a left translation(multiplication) of G while the bijection R, : G — G defined as
yR, =y -z V x,y € G is called a right translation(multiplication) of G.

Definition 2.2 (Robinson [15])
Let (G,-) be a loop. A mapping 0 € SY M(G,-) is a special map for G means that there
erist f,g € G so that (0R9_1,6L;1,9) € AUT(G,-).



Definition 2.3 Let (G,-) be a Smarandache loop with S-subgroup (H,-). A mapping 0 €
SSYM(G,-) is a Smarandache special map(S-special map) for G if and only if there exist
f,9 € H such that (0R,,0L;",0) € AUT(G,-).

Definition 2.4 (Robinson [15])
Let the set

BS(G,-)={0e€ SYM(G,) : 3 f,geG > (0R,',0L;',0) € AUT(G,-)}

i.e the set of all special maps in a loop, then BS(G,-) < SYM(G,") is called the Bryant-
Schneider group of the loop (G,-).

Definition 2.5 Let the set
SBS(G,-) ={0 € SSYM(G,-) : there exist f,ge H > (0R,',0L;",0) € AUT(G,-)}

i.e the set of all S-special maps in a S-loop, then SBS(G,-) is called the Smarandache
Bryant-Schneider group(SBS group) of the S-loop (G,-) with S-subgroup H if SBS(G,-) <
SYM(G,-).

Definition 2.6 The triple ¢ = (R,, Ly, I) is called an f, g-principal isotopism of a loop
(G,-) onto a loop (G,o) if and only if

x-y=asRjoylyVao,yecG orxoy:ngl-yLJTle,yeG.

f and g are called translation elements of G or at times written in the pair form (g, f),
while (G, o) is called an f, g-principal isotope of (G, ).

On the other hand, (G,®) is called a Smarandache f, g-principal isotope of (G, ®) if for
some f,g € S,
R, @yLy=(x®y)Vz,yed

where (S,®) is a S-subgroup of (G,®). In these cases, f and g are called Smarandache
elements(S-elements).

Let (L,-) and (G,0) be S-loops with S-subgroups L' and G’ respectively such that A €
G'Vx el where A : (L,-) — (G,0). Then the mapping A is called a Smarandache
isomorphism if (L,-) = (G, 0), hence we write (L,-) 7 (G,0). An S-loop (L,-) is called a
G-Smarandache loop(GS-loop) if and only if (L,-) 2= (G, 0) for all S-loop isotopes (G, o) of
(Lv )

Definition 2.7 Let (G,-) be a Smarandache loop with an S-subgroup H .

O(G,-) = {(QRg_l,@LJZI,Q) € AUT(G,") for some fge H : 0 e HY h e H}



3 Main Results

The Smarandache Bryant Schneider Group
Theorem 3.1 Let (G,-) be a Smarandache loop. SBS(G,-) < BS(G,-).

Proof

Let (G,-) be an S-loop with S-subgroup H. Comparing Definition 2.4 and Definition 2.5,
it can easily be observed that SBS(G,-) C BS(G,-). The case SBS(G,-) C BS(G,-) is
possible when G = H where H is the S-subgroup of G but this will be a contradiction since
G is an S-loop.

Identity If I is the identity mapping on G, then hl = h € HY h € H and there exists e € H
where e is the identity element in G such that (IR;Y IL;Y, 1) = (I,1,1) € AUT(G,").
So, I € SBS(G,-). Thus SBS(G, -) is non-empty.

Closure and Inverse Let o, 5 € SBS(G,-). Then there exist fi, g1, f2, 92 € H such that

A= (aRr;!

g1’

AB™' = (aR,! oLy a)(Ry,B ™ LBt 57

= (@R Ry, 07" aL ' L, B~ af7") € AUT(G, ).
Let 0 = BR,' Ry, 6" and v = BL; Ly, 37", Then,

aL;!,a), B=(BR,} AL;!,B) € AUT(G,).

(af7'6,a8 ,af ™) € AUT(G,-) & (zaB7'6) - (yaB ™) = (z-y)af " YV z,y € G.

Putting y = e and replacing x by xB8a~!, we have (26) - (ea371y) = x for all z € G.
Similarly, putting = e and replacing y by yBa~!, we have (ea3710) - (yy) = y for all
y € G. Thence, 10 R(cop-14) = ¥ and yyL(cag-15) = y which implies that

-1 o —1
(cap—1y) AT = Ligo5-14):

0=R
Thus, since g = ea37 17y, f =eaB~1d € H then

AB™' = (af™'R;" a7 LY af™h) € AUT(G,-) & af ™! € SBS(G, ).
9 f

. SBS(G,-) < BS(G, ).

Corollary 3.1 Let (G,-) be a Smarandache loop. Then, SBS(G,:) < SSYM(G,:) <
SYM(G,-). Hence, SBS(G,-) is the Smarandache Bryant-Schneider group(SBS group) of
the S-loop (G, ).



Proof

Although the fact that SBS(G,-) < SYM (G, -) follows from Theorem 3.1 and the fact in
[Theorem 1, [15]] that BS(G,-) < SYM(G,-). Nevertheless, it can also be traced from the
facts that SBS(G,-) < SSYM(G,-) and SSYM(G,-) < SYM(G,-).

It is easy to see that SSY M (G, ) C SYM(G,-) and that SBS(G,-) C SSY M (G, -) while
the trivial cases SSYM(G,-) € SYM(G,-) and SBS(G,-) C SSYM(G,-) will contradict
the fact that GG is an S-loop because these two are possible if the S-subgroup H is G.
Reasoning through the axioms of a group, it is easy to show that SSY M (G, ) < SYM(G,-).
By using the same steps in Theorem 3.1, it will be seen that SBS(G, ) < SSYM(G,-).

The SBS Group of a Smarandache f, g-principal isotope

Theorem 3.2 Let (G, -) be a S-loop with a Smarandache f, g-principal isotope (G, o). Then,
(G,o0) is an S-loop.

Proof
Let (G, -) be an S-loop, then there exist an S-subgroup (H, -) of G. If (G, o) is a Smarandache
f, g-principal isotope of (G, -), then

x-y=aR;oyLyV x,y € G which implies :1coy::URg_1 -yLJ?1 Vae,yeG
where f,g € H. So
hiohy = th;1 . thJIl Y hi,hy € H for some f,g € H.
Let us now consider the set H under the operation ”o”. That is the pair (H, o).

Groupoid Since f,g € H, then by the definition h; o hy = th;1 . th}l, hiohy €
H Y hy,hy € H since (H, ) is a groupoid. Thus, (H,o) is a groupoid.

Quasigroup With the definition hyohy = hi R;! hoL7YY hy, hy € H, it is clear that (H, o
g !
is a quasigroup since (H,-) is a quasigroup.

Loop It can easily be seen that f - ¢ is an identity element in (H, o). So, (H, o) is a loop.
Group Since (H,-) is a associative, it is easy to show that (H, o) is associative.

Hence, (H, o) is an S-subgroup in (G, o) since the latter is a loop(a quasigroup with identity
element f - g). Therefore, (G, o) is an S-loop.

Theorem 3.3 Let (G,:) be a Smarandache loop with an S-subgroup (H,-). A mapping
0 € SYM(G,-) is a S-special map if and only if 0 is an S-isomorphism of (G,-) onto some
Smarandache f, g-principal isotopes (G, o) where f,g € H.



Proof
By Definition 2.3, a mapping 0§ € SSY M (G) is a S-special map implies there exist f,g € H
such that (R, HL]?l, 0) € AUT(G,-). It can be observed that

(OR, ", 0L;',0) = (0,0,0)(R,", L', 1) € AUT(G,-).

But since (R,', L', 1) : (G,0) — (G,-) then for (R,',0L;",0) € AUT(G,-) we must
have (6,6,6) : (G,-) — (G, o) which means (G,-) 2’ (G, o), hence (G, ) =’ (G, o) because
(H,-)8 = (H,0). (Ry,L¢,I) : (G,-) — (G,0) is an f, g-principal isotopism so (G, 0) is a
Smarandache f, g-principal isotope of (G, -) by Theorem 3.2.

Conversely, if 6 is an S-isomorphism of (G,-) onto some Smarandache f, g-principal
isotopes (G,0) where f,g € H such that (H,:) is a S-subgroup of (G,-) means
0,0,0) : (G,:) — (G,0), (Ry,Ls,I) : (G,-) — (G,o) which implies
(R;*, L' 1) : (G,0) — (G,-) and (H,-)0 = (H,0). Thus, (0R,;',0L;",0) € AUT(G,").
Therefore, 0 is a S-special map because f,g € H.

Corollary 3.2 Let (G,-) be a Smarandache loop with a an S-subgroup (H,-). A mapping
0 € SBS(G,") if and only if 0 is an S-isomorphism of (G,-) onto some Smarandache f,g-
principal isotopes (G, o) such that f,g € H where (H,-) is an S-subgroup of (G,-).

Proof

This follows from Definition 2.5 and Theorem 3.3.

Theorem 3.4 Let (G,-) and (G,0) be S-loops. (G, o) is a Smarandache f,g-principal iso-
tope of (G, ) if and only if (G,-) is a Smarandache g, f-principal isotope of (G, o).

Proof

Let (G,-) and (G, o) be S-loops such that if (H,-) is an S-subgroup in (G, ), then (H,o)
is an S-subgroup of (G, o). The left and right translation maps relative to an element x in
(G, o) shall be denoted by £, and R, respectively.

If (G, o) is a Smarandache f, g-principal isotope of (G, -) then, -y = zR,oyL;V z,y € G
for some f,g € H. Thus, xR, = xR/R,, and yL, = yLsL,g, x,y € G and we have R, =
RyRyr, and L, = LyL,p, v,y € G. So, R, = Rg_lRij—.l and £, = L;1L$R51 = x,y € G.
Putting y = f and x = g respectively, we now get Ry = Rg_lRfo = Rg_l and L, =
L;ngRg_l = L;'. That is, Ry = R;" and £, = L}' for some f,g € H.

Recall that

r-y=xRjoylyVo,yecG & xoy:xR;I'yLJTl‘v’x,yEG.
So using the last two translation equations,
roy=aRs -yL,Vz,y € G < the triple (R, L,,I) : (G,0) — (G, ")

is a Smarandache g, f-principal isotopism. Therefore, (G, -) is a Smarandache g, f-principal
isotope of (G, o).

The proof of the converse is achieved by doing the reverse of the procedure described
above.



Theorem 3.5 If (G,-) is an S-loop with a Smarandache f,g-principal isotope (G,o0), then
SBS(G,-) = SBS(G,0).

Proof

Let (G, o) be the Smarandache f, g-principal isotope of the S-loop (G, -) with S-subgroup

(H,-). By Theorem 3.2, (G,0) is an S-loop with S-subgroup (H,o). The left and right

translation maps relative to an element z in (G, o) shall be denoted by £, and R, respectively.
Let a € SBS(G, "), then there exist f1,g1 € H so that (aR_* aL;ll,a) e AUT(G,").

g1’

Recall that the triple (R,,,Ls,I) : (G,:) — (G,0) is a Smarandache f, g-principal
isotopism, so x -y = xR, oyL; ¥V z,y € G and this implies

R, = RyR.r, and L, = LyL,r, V x € G which also implies that
Rar, = R;'R, and Log, = L7'L, V o € G which finally gives
R, = Rg’lRmL? and £, = L' Lp Vo €G.
Set f, = faR,'Ry and g, = gaL;' L. Then
Rgz = Rg;leaL;;Llejl = Rg;leaLJIll (1)

and Ly, = L' Lypip gt = L' Ly Vo € G (2)
Since, (aR, !, aL;' a) € AUT(G,-), then

g1’
(zaR,') - (yaLly!) = (z-y)aVz,y € G, (3)
Putting y = g and x = f separately in the last equation,
xaR;llR(gaL;f) = rRya and yaLﬁlL(faR;f) =yLiaVx,yed.
Thus by applying (1) and (2), we now have

-1 _ -1 _ —1p-1 1 _ -1 _ —17-1
We shall now compute (x o y)a by (3) and (4) and then see the outcome.
(z o y)a = (R, - yL;l)oz = =R 'aR,' - yL;laLﬁl = zR;'R,aR 'R, -
yL;lLfOé;C;;L;l =zaR, 'R} ~ya£;21LJ71 =zaR,} o yaL']?Ql VzyeQG.
Thus,
(xoy)a = asaRg_Ql o yaﬁf; Va,yeG e (aR} al;,a) e AUT(G, o) < a € SBS(G,o).

g2 2

Whence, SBS(G,-) C SBS(G, o).

Since (G, o) is the Smarandache f, g-principal isotope of the S-loop (G, -), then by The-
orem 3.4, (G,-) is the Smarandache g, f-principal isotope of (G, o). So following the steps
above, it can similarly be shown that SBS(G,0) C SBS(G,-). Therefore, the conclusion
that SBS(G,-) = SBS(G, o) follows.



Cardinality Formulas

Theorem 3.6 Let (G,-) be a finite Smarandache loop with n distinct S-subgroups. If the
SBS group of (G,-) relative to an S-subgroup (H;,-) is denoted by SBS;(G,-), then

|BS(G Z ISBS;(G,-)| [BS(G,-) : SBS;(G,-)].

Proof

Let the n distinct S-subgroups of G be denoted by H;, ¢+ = 1,2,---n. Note here that
H;# H;Vi,j=1,2,---n. By Theorem 3.1, SBS;(G,-) < BS(G,-) Vi=1,2,---n. Hence,
by the Lagrange’s theorem of classical group theory,

IBS(G,-)| = |SBSi(G, )| [BS(G,") : SBS,(G, )| Vi=1,2,-n

Thus, adding the equation above for all 1 = 1,2, ---n, we get
n|BS(G, )| = Z ISBS;(G,-)| [BS(G,-): SBS;(G,-)] Vi=1,2,---n, thence,

BS(G,)| = - 3 [SBS,(G, )| [BS(G,) : SBS(C, )]

i=1
Theorem 3.7 Let (G,-) be a Smarandache loop. Then, Q(G,-) < AUT(G,-).

Proof
Let (G, ) be an S-loop with S-subgroup H. By Definition 2.7, it can easily be observed that

Identity If I is the identity mapping on G, then hl = h € HY h € H and there exists e € H
where e is the identity element in G such that (IR;Y, IL;Y, 1) = (I,1,1) € AUT(G,").
So, (I,I,1) € Q(G,-). Thus Q(G,-) is non-empty.

Closure and Inverse Let A, B € Q(G,-). Then there exist a, § € SSYM(G,-) and some
f1, 91, f2, g2 € H such that

A= (aR;! L7 ,a), B = (BR;),BL7),8) € AUT(G, ).

g1’
AB™' = (aR,! oLyl ) (Ry, 57" L, 871, B7)
= (@R, Ry, 07" aL ' Ly, B~ af™") € AUT(G, ).
Using the same techniques for the proof of closure and inverse in Theorem 3.1 here
and by letting 6 = R, 'Ry, and v = ﬁLithﬁ*l, it can be shown that,
AB™! = (aﬁ_le_l,ocﬁ_lLJTI,aﬁ_l) € AUT(G,-) where g = eafS™ 'y, f =eaf 6 € H

such that a3~ € SSYM(G,-) < AB™! € Q(G, -).



- Q(G, ") < AUT(G, ).

Theorem 3.8 Let (G,-) be a Smarandache loop with an S-subgroup H such that f,g € H
and o € SBS(G,-). If the mapping

o : QG,-) — SBS(G,-) is defined as P : (aRg’l,aL]?l,a) — a,
then ® is an homomorphism.

Proof
Let A, B € Q(G,-). Then there exist o, 8 € SSYM(G,-) and some fi, g1, f2,92 € H such
that

A= (aR,},aL;!,0), B=(6R,}, BL}, B) € AUT(G,-).

g1’
®(AB) = ®[(aR,,aL;' a)(BR,}, ﬁLf2, )] = ®(aR,'BR,} oL} BL,} af). It will be

good if this can be written as; ®(AB) = ®(af6, af~, aff) such that haff € HV h € H and
0= R;l, v = L;l for some g, f € H.
This is done as follows: If

(aR;lﬁR;zl,aLJIllﬁLE,aﬁ) = (afd,afvy,af) € AUT(G,-) then,
zafé - yafy = (x-y)apf ¥V z,y € G.

Put y = e and replace x by 28 'a~! then 26 - eaBy =2z < § = Realm

Similarly, put « = e and replace y by y3~'a~!. Then, eafd -yy =y < v = L;alﬁé. So,

®(AB) = (aBR s, aBL 55 aB) = aff = ®(aR ' aLy!, a)P(BR,), BLY, ) = B(A)®(B).
.. @ is an homomorphism.

Theorem 3.9 Let (G,-) be a Smarandache loop with an S-subgroup H such that f,g € H
and o € SSY M(G,-). If the mapping

o : QG,-) — SBS(G, ) is defined as O : (aR;l,aL;I,a) —

then,

A= (ozRg_l, aL;l, a) € ker ® if and only if «
is the identity map on G, g - f is the identity element of (G,-) and g € N,(G,-) the middle
nucleus of (G, ).

Proof



Necessity ker® = {4 € Q(G,-) : ®(4) = I}. So, if A = (aR,' oL} a) € ker ®, then

g1’

P(A)=a=1. Thus, A= (R!

” ,L;ll,l) € AUT(G,") &
x-y:ngl-yLJTl‘v’x,yEG.
Replace z by 2R, and y by yL; in (5) to get
r-y=xg-fyVvVaxyecd.
Putting z =y = e in (6), we get g - f = e. Replace y by yL;l in (6) to get
x-yLJIlzajg-ny,yGG.

Put z = e in (7), then we have yL]?1 =g-yVy € G and so (7) now becomes

r-(gy) =zg-yVa,yec G ge N,G,-).

()

Sufficiency Let « be the identity map on G, ¢ - f the identity element of (G,-) and g €
N.(G,-). Thus, fg-f = f-g9f = fe = f. Thus, f-g = e. Then also, y =
fg-y=f-9yVye G which results into yLJT1 =gy YV y € G. Thus, it can be seen

that zaR,' - yaL;' = eR;' - yLy' = aR'a - yLi'a = aR;Y - yL' = aR;Y - gy =
(zR;'-g)y = xR, 'Ry-y = x-y = (z-y)aV x,y € G. Thus, ®(A) = ®(aR,’, aL;l, a) =

SR Ly T) =1 = A€ker®,

Theorem 3.10 Let (G,-) be a Smarandache loop with an S-subgroup H such that f,g € H

and o € SSY M(G, ). If the mapping
¢ : QG,-) — SBS(G, ) is defined as D : (aR;l,aLgl,@) —

then,
INu(G, )| = |ker @ and |G, )| = [SBS(G,-)||Nu(G,)|.

Proof
Let the identity map on G be I. Using Theorem 3.9, if

g0 = (Rg_l,L;l,I) Vg€ N,(G,-) then,  : N,(G,-) — ker ®.

g is easily seen to be a bijection, hence |N,(G, -)| = |ker ®|.

Since ® is an homomorphism by Theorem 3.8, then by the first isomorphism theorem
in classical group theory, Q(G,-)/ker ® = Im®. & is clearly onto, so Im® = SBS(G,-),
so that Q(G, )/ ker® = SBS(G,-). Thus, [Q(G,-)/ker®| = |SBS(G,-)|. By Lagrange’s
theorem, |Q(G, )| = | ker ®||Q(G, )/ ker ®|, so, |G, -)| = |ker ®||SBS(G, )], ... |G, )| =

[Nu(G)IISBS(G, )

10



Theorem 3.11 Let (G,-) be a Smarandache loop with an S-subgroup H. If

0(G,) = {(f,9) € Hx H : (G.0) 2 (G.")

for (G, o) the Smarandache principal f, g-isotope of (G, )} then,
Proof
Let A, B € Q(G,-). Then there exist a, 8 € SSYM(G,-) and some fi, g1, f2,92 € H such

that
A= (aR;?

g1’

aLy!,a), B= (B8R, 0L}, 5) € AUT(G,").
Define a relation ~ on Q(G, -) such that
A~ B < fi=frand g1 = g>.

It is very easy to show that ~ is an equivalence relation on (G, -). It can easily be seen
that the equivalence class [A] of A € Q(G, -) is the inverse image of the mapping

U QG,) — O(G, ) defined as ¥ : (aR;,aL;ll,a) — (f,9).

If AAB € Q(G,:) then V(A) = ¥(B) if and only if (fi,;1) = (f2,92) so,
fi = fo and g1 = go.  Thus, since Q(G,-) < AUT(G,:) by Theorem 3.7,
then AB™' = (aR;!,aL}', a)(BR,}, AL, B)™" = (aR;'Ry,B7" aLy' Ly, af™!) =
(af~',aB 1 af™) € AUT(G,) & af~ ' € SA(G,-). So,

A~B <<= af ' c SAG,-) and (f1,91) = (f2, g2).

~[A]] = |SA(G,)|. But each A = (aR;l,aLJTI,a) € Q(G, ) is determined by some
f,g € H. So since the set {[A] . A e Q(qG, )} of all equivalence classes partitions Q(G, -)

by the fundamental theorem of equivalence Relation,

QG )= > [[A] = > [SA(G, )| =0(G.)|ISAG, ).
f

| pu—
,9€H f,9eH

Theorem 3.12 Let (G,-) be a finite Smarandache loop with a finite S-subgroup H. (G, -)
1s S-isomorphic to all its S-loop S-isotopes if and only if

|(H,)PISA(G, )| = |SBS(G, )| INu(G, ).

11



Proof
As shown in [Corollary 5.2, [12]], an S-loop is S-isomorphic to all its S-loop S-isotopes if and

only if it is S-isomorphic to all its Smarandache f, g principal isotopes. This will happen if
and only if H x H = ©(G, -) where O(G, -) is as defined in Theorem 3.11.

Since O(G, ) C H x H then it is easy to see that for a finite Smarandache loop with
a finite S-subgroup H, H x H = ©(G,-) if and only if |H|? = |©(G,-)|. So the proof is
complete by Theorem 3.10 and Theorem 3.11.

Corollary 3.3 Let (G, ) be a finite Smarandache loop with a finite S-subgroup H. (G,-) is
a GS-loop if and only if

|(H,)PISA(G, )| = |SBS(G, ) |INu(G, ).

Proof
This follows by the definition of a GS-loop and Theorem 3.12.

Lemma 3.1 Let (G,-) be a finite GS-loop with a finite S-subgroup H and a middle nucleus
NM(G> ) .

((H, )| = NG, )| == [(H,-)| = SAG. )|

Proof
From Corollary 3.3,
|(H,)PISA(G, )| = |SBS(G, )| INu(G. -)|-

Necessity If |(H,-)| = |N,(G,")|, then

_ |SBS(G, )|

(H, JISA(G, )| = ISBS(G. )| = I(H, )| = STgmarsT

Sufficiency If |(H, )| = FZ5E then, |(H,-)[|[SA(G, )| = |SBS(G,-)|. Hence, multiplying

both sides by |(H, )|,
So that

[SBS(G,)[[Nu(G )| = |SBS(G,)|(H, )| == [(H, )| = [Nu(G, )]

Corollary 3.4 Let (G,-) be a finite GS-loop with a finite S-subgroup H. If [N, (G,-)| = 1,
then,

|(H,-)] SAG.)

. Hence, |(G,-)| =

for some n = 1.

12



Proof
By hypothesis, {e} # H # G. In a loop, N,(G,-) is a subgroup, hence if |N,(G,-)| = 1,

then, we can take (H,:) = (G,~) so that |(H,-)] = |N,(G,-)|. Thus by Lemma 3.1,
(H, )] = et
’ [SA(G,)| -

As shown in [Section 1.3, [8]], a loop L obeys the Lagrange’s theorem relative to a subloop
H if and only if H(hx) = Hz for all x € L and for all h € H. This condition is obeyed by
N,(G, ), hence

HAIIE = T T 6=
there exists n € N such that

But if n = 1, then |(G,-)| = |(H, )| = (G,) = (H,-) hence (G, ) is a group which is a
contradiction to the fact that (G,-) is an S-loop.

@ | = MSBSG )|
NEN=Tsa@n)

for some natural numbers n > 1.
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