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Abstract The concepts of neutrosophic normal soft group, neutrosophic soft cosets, neutro-
sophic soft homomorphism are introduced and illustrated by suitable examples in this paper.
Several related properties and structural characteristics are investigated. Some of their basic
theorems are also established.
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Introduction

Classical mathematical tools may not be appropriate in dealing different uncertainties
appeared in several real life fields like economics, sociology, medical science, environ-
ment etc. While probability theory, theory of fuzzy set [1], intuitionistic fuzzy set [2] and
other mathematical tools are well known and often useful approaches to describe uncer-
tainty, each of these theories has it’s inherent difficulties as pointed out by Molodtsov [3].
In 1999, Molodtsov [3] introduced a novel concept of soft set theory which is free from the
parametrization inadequacy syndrome of different theories dealing with uncertainty. This
makes the theory very convenient and easy to apply in practice. The classical group theory
was extended over fuzzy set, intuitionistic fuzzy set and soft set by Rosenfeld [4], Mukherjee
and Bhattacharya [5], Sharma [6], Aktas et al. [7] and many others. In accordance of this,
several authors applied the theory of fuzzy soft sets, intuitionistic fuzzy soft sets to different
algebraic structures, for instance, Maji et al. [§—10], Dinda and Samanta [11], Ghosh et al.
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[12], Mondal and Roy [13], Chetia and Das [14], Basu et al. [15], Augunoglu and Aygun
[16], Yaqoob et al. [17], Varol et al. [18], Zhang [19].

As a generalisation of fuzzy set and intuitionistic fuzzy set theory, the neutrosophic set
theory makes description of the objective world more realistic, practical and very promis-
ing in nature. The concept of neutrosophic set (NS) was first introduced by Smarandache
[20]. Later, Maji [21] has combined this concept with the soft set theory. Consequently, the
notion of Neutrosophic soft set (NSS) theory has been innovated. Using this concept, several
mathematicians have produced their research works in different mathematical structures for
instance Sahin et al. [22], Broumi [23], Bera and Mahapatra [24], Maji [25], Broumi et al.
[26-33]. But, this concept has been redefined by Deli and Broumi [34]. Accordingly, Bera
and Mahapatra [35-38] have studied some algebraic structures upon this concept.

The motivation of the present paper is to extend the notion of neutrosophic soft groups
[35] along with investigation of some related properties and theorems. Section “Preliminar-
ies” gives some preliminary useful definitions related to it. In section “Neutrosophic Normal
Soft Groups”, the notion of neutrosophic normal soft groups (NNSG) is introduced. Sec-
tion “Neutrosophic Soft Cosets” deals with the neutrosophic soft cosets. Finally in section
“Neutrosophic Soft Homomorphism”, there has been studied about neutrosophic soft homo-
morphism.

Preliminaries

We recall some basic definitions related to fuzzy set, soft set, neutrosophic soft set, neutro-
sophic soft groups for the sake of completeness.

Definition 2.1 [39] 1. A binary operation * : [0, 1] x [0, 1] — [0, 1] is continuous t-norm
if x satisfies the following conditions:

(i) *is commutative and associative.
(ii) * is continuous.
(i) ax1=1%a =a, VYa € [0, 1].
(v) axb <cx*difa <c, b <dwitha,b,c,d e |0,1].

A few examples of continuous t-norm are a * b = ab, a * b = min{a,b}, a x b =
max{a+b—1,0}.

2. A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is continuous t-conorm (s-norm) if ¢
satisfies the following conditions:

(i) ¢ is commutative and associative.
(i1) © is continuous.
(iii) a©0=0%¢a =a, Va € [0, 1].
(iv) aob<codifa<c, b<dwitha,b,c,d €]0,1].

A few examples of continuous s-normareaob = a+b—ab, aob = max{a, b}, aob =
min{a + b, 1}.

If foralla € [0, 1], a xa = a and a ¢ a = a, then x is called an idempotent t-norm and
¢ is called an idempotent s-norm. If % and ¢ are continuous t-norm and s-norm, respectively,
then for a, b, c € [0, 1],

() (@axb)yrn(axc)=a*xbArc), (@xb)yVv(axc)=a*xbVc)
(i) (@aobyn(@oc)=aobnrc), (a@aob)vaoc)=ao bV
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Definition 2.2 [20] A neutrosophic set (NS) on the universe of discourse U is defined as:
A = {{x, Ta(x), 1a(x), Fa(x)) : x € U},

where T, I, F : U =170, 17[and =0 < Ta(x) + Ia(x) + Fa(x) < 37T.

From philosophical point of view, the neutrosophic set (NS) takes the value from real
standard or nonstandard subsets of ]~0, 17[. But in real life application in scientific and
engineering problems, it is difficult to use NS with value from real standard or nonstandard
subset of ] =0, 11[. Hence we consider the NS which takes the value from the subset of [0, 1].

Definition 2.3 [3] Let U be an initial universe set and E be a set of parameters. Let P(U)
denote the power set of U. Then for A C E, a pair (F, A) is called a soft set over U, where
F: A — P(U) is amapping.

Definition 2.4 [21] Let U be an initial universe set and E be a set of parameters. Let P (U)
denote the set of all NSs of U. Then for A C E, apair (F, A) is called an NSS over U, where
F: A — P(U) is amapping.

This concept has been modified by Deli and Broumi [34] as given below.

Definition 2.5 [34] Let U be an initial universe set and E be a set of parameters. Let P (U)
denote the set of all NSs of U. Then, a neutrosophic soft set N over U is a set defined
by a set valued function fy representing a mapping fy : E — P(U) where fy is called
approximate function of the neutrosophic soft set N. In other words, the neutrosophic soft set
is a parameterized family of some elements of the set P(U) and therefore it can be written
as a set of ordered pairs,

N = {(e, {(x, TfN(g)(x), IfN(g)(x), FfN(e)(x)) LX € U}) e e E}

where Trye) (), Ly (o) (X), Frye)(x) € [0, 1], respectively called the truth-membership,
indeterminacy-membership, falsity-membership function of fy (e). Since supremum of each
T, 1, F is 1 so the inequality O < Ty (o) (X) + Iy (e)(X) + Fry(e)(x) < 3 is obvious.

Example 2.5.1 Let U = {hy, hy, h3} be a set of houses and E = {e; (beautiful), ex(wooden),
e3(costly)} be a set of parameters with respect to which the nature of houses are described.
Let

fn(er) = {{h1,(0.5,0.6,0.3)), (h2, (0.4,0.7,0.6)), (h3, (0.6,0.2,0.3))};
fn(e2) = {{h1,(0.6,0.3,0.5)), (h2, (0.7,0.4,0.3)), (h3, (0.8,0.1,0.2)) };
fn(e3) = {(h1,(0.7,0.4,0.3)), (h2, (0.6,0.7,0.2)), (h3, (0.7,0.2,0.5))};

Then N = {[e1, fn(e1)], [ea, fn(e2)], [e3, fn(e3)]} is an NSS over (U, E). The tabular
representation of the NSS N is as (Table 1):

Table 1 Tabular form of NSS N

fn(er) fn(e2) Sn(e3)
h (0.5,0.6,0.3) (0.6,0.3,0.5) (0.7,0.4,0.3)
hy (0.4,0.7,0.6) (0.7,0.4,0.3) (0.6,0.7,0.2)
3 (0.6,0.2,0.3) (0.8,0.1,0.2) (0.7,0.2,0.5)
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Definition 2.5.2 [34] The complement of a neutrosophic soft set N is denoted by N¢ and is
defined by:

N¢ = {(e, {(x, Frye)(x), 1 =Ty (X), Trye)(x)) = x € U}) te € E}

Definition 2.5.3 [34] Let N and N, be two NSSs over the common universe (U, E). Then
N1 is said to be the neutrosophic soft subset of N; if

Try, @ (X) = Try, @), gy, @0(X) = L gy (0)(X), Fry (0)(X) = Fry e)(x); Ve € Eandx € U.
We write N1 € N; and then N3 is the neutrosophic soft superset of Nj.

Definition 2.5.4 [34]

1. Let Ny and N; be two NSSs over the common universe (U, E). Then their union is denoted
by N1 U N> = N3 and is defined by:

N3 = {(e, {(x, Ty, )X Ly (0 (X), Fry o) (X))t x € U}) te € E}

where T'ry. o) (X) = Try, e)(X) © Ty, (0)(X)s L pyy0)(X) = gy ()(X) * Ly, () (%)
Fry (X)) = Fry (e)(X) * Fry () (x);

2. Let Ny and N, be two NSSs over the common universe (U, E). Then their intersection is
denoted by N1 N Ny = N3 and is defined by:

Ny = { (et Ty ), L@ @, Fryo@) ix e U}) e e E}

where Ty, o) (x) = Try e)(X) * Ty, () (X)s Ly ) (X) = L gy, (0)(X) © Ly, () (%),
Frye(X) = Fry (%) © Fry, () (X)3

Definition 2.6 [35] 1. Let N; and N; be two NSSs over the common universe (U, E). Then
their ‘AND’ operation is denoted by N1 A No = N3 and is defined by:

Ny = {[@ 5. | T @n @), L@ @), Fryan ) ¥ € U} ] @.b) € E x E}
where Ty, a.b)(¥) = Ty, @))% Try, 0)(X)s L py,@.p) (%) = Ly @ (X) © Ly, o) (%),

Fiyy@n)(x) = Fry @ () © Fry, ) (X);

2.Let N1 and N; be two NSSs over the common universe (U, E). Then their ‘OR’operation
is denoted by N1 vV N = N3 and is defined by:

N3 = {l(a, b), {{x, Ty, @.b)(X)s Ly, @by (%), Fryyab)(x)) : x € U] 2 (a, D) € E X E}
where Tpy (a.5)(X) = Ty, @) (X) © Ty, 0) ()5 Ly, (a.b)(X) = L gy, (@) (%) * Ly, ) (X)),
Fy @) () = Fry, () (X) * Fpy, o) (X);
Definition 2.7 [7] Let (F, A) be a soft set over the group G. Then (F, A) is called a soft
group over G if F(a) is a subgroup of G, Va € A.
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Table 2 Tabular form of neutrosophic soft group N

SN (@)

IN@B)

INW)

In @)

SRS

o

(0.65,0.34, 0.14)
(0.71,0.22,0.78)
(0.75,0.25, 0.52)
(0.67,0.32,0.29)

(0.88,0.12,0.72)
(0.71,0.19, 0.44)
(0.83,0.11,0.28)
(0.75,0.21,0.19)

(0.72,0.21,0.16)
(0.84,0.16,0.25)
(0.69,0.31, 0.39)
(0.79,0.19, 0.41)

(0.69,0.31,0.32)
(0.62,0.32, 0.42)
(0.58, 0.41, 0.66)
(0.71,0.27, 0.53)

Definition 2.8 [35] A neutrosophic set A = {(x, T4(x), Ia(x), Fa(x)) : x € G} over a
group (G, o) is called a neutrosophic subgroup of (G, o) if

Ta(xoy) > Ta(x) * Ta(y)
(i) { Ia(xoy) < Ia(x) o I1a(y)
Fa(xoy) < Fa(x) o Fa(y); forx,y € G.
Ta(x™1) > Ta(x)
(i) § Ia(x™) < Ii(x)
Fa(x~!) < Fo(x); for x € G.

AnNSS N overagroup (G, o) is called a neutrosophic soft groupif fu (e) is a neutrosophic
subgroup of (G, o) foreache € E.

Example 2.8.1 Let us consider the Klein’s -4 group V = {e, a, b, ¢} and E = {«, B, y, §} be
the set of parameters. We define fy(«), fn(B), fn(y), fn(5) as given by Table 2.

The t-norm (%) and s-norm (¢) are defined as a * b = max{a + b — 1,0}, ao b =
min{a + b, 1}; Then, N forms a neutrosophic soft group over (V, E).

Proposition 2.8.2 [35]An NSS N over the group (G, o) is called a neutrosophic soft group iff
followings hold on the assumption that truth membership (T), indeterministic membership (I)
and falsity membership (F) functions of an NSS obey the idempotent t-norm and idempotent
s-norm disciplines.

Thyie)x0y™") = Tpye)(x) * Ty (),
IfN(e)(XOy_l) S iy (X)) o Ipye (),
Frye(x0y™") < Fry0)(x) © Fry)(»); ¥x,y € G, Ve € E.

Proposition 2.8.3 [35] Let N be a neutrosophic soft group over the group G. Then for each
x € G, followings hold.

(i) Ty ™) = Thy @), Ly () = Iy ), Fryo (™) = Frye)(x);
(ii) Tryey(ec) = Trye)(x), Trye)(ec) < Iiy@e)(x), Fryey(ec) < Frye)(x);

if T follows the idempotent t-norm and I, F follow the idempotent s-norm disciplines,
respectively. (e being the identity element of G.)

Definition 2.9 [35] Let g be a mapping from a set X to a set Y. If M and N are two
neutrosophic soft sets over X and Y, respectively, then the image of M under g is defined
as a neutrosophic soft set g(M) = {[e, fym)(e)] : e € E} over Y, where ng(m(e)(y) =

Tru@l8 'O Trun@ ) = L@ lg ™ M1 Frune ) = Fry@lg ™ ()] ¥y € Y.
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The pre-image of N under g is defined as a neutrosophic soft set g~!(N)
{le, fe-1vy(e)] e € E}over X, where Ty ;) (X) = Ty 8], 15y @)
Iy elg(x)], ng,l(N)(e)(x) = Fryelg®)]; Vx € X.

Neutrosophic Normal Soft Groups

In this section, we have defined the neutrosophic normal soft groups and some basic properties
related to it.

Unless otherwise stated, E is treated as the parametric set through out this paper and
e € E, an arbitrary parameter.

Definition 3.1 A neutrosophic soft group N over the group (G, o) is called neutrosophic
normal soft group (briefly, NNSG) if fy (e) is a neutrosophic normal subgroup of (G, o) for
eache € E ie.,

Ty (e)(yoxoy™ ) = Ty (e)(x)
Iy ) (yoxoy™) < Iy e)(x)
Fpy(e)(yoxoy™") < Frye)(x) for x € fy(e), y € G.

Definition 3.1.1 A neutrosophic soft group N over the group G is called abelian neutrosophic
soft group if Vx, y € G, Ve € E, the following triplet hold.

Tty (e)(x0y) = Ty (e)(yOx)
Ly (e)(x0y) = I 1y () (yox)
Fye)(x0y) = Fpy (o) (yox).

Example 3.1.2 Define a mapping fy : N — NS(Z), where N be the set of natural number,
Z be the set of all integers and for any n € N, as:

0 if x isodd
Trum©) =12 46 s even.

n

1 . .

= if x is odd
T @) =130 if x is even.

1—2 ifxisodd
Fram®) =10 " it ¢ is even.

Corresponding t-norm (x) and s-norm (¢) are defined as a x b = min{a,b}, a o b =
max{a, b}; Then, M forms a neutrosophic normal soft group over [(Z, +), N].

Proposition 3.2 Let N be an NNSG over a group G. ThenVx,y € G, Ve € E,

() Trye)(voxoy™) = Trye)(X), Iye)(voxoy™) = Ipy(e)(x), Frye)(yoxoy™) =
Fiye)(x);
(ii) N is an abelian neutrosophic soft group over G.

Proof
(1 TfN(e)(x) = TfN(e)[(y710y)0x0(y710y)]
= Tjyely " o(yoxoy oy)]
= TfN(E)[y_lo(yOXOy_l)o(y_l)_l]
> Tyy(e)(yoxoy™ '), by definition.
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Now from definition, T'fy (¢ (yoxoy™h) = Ty e)(x);
The other two results hold in similar fashion.

(ii) Thye)(x) = Try(e)(yoxoy™)
= Ty (x0y) = Trye (vo(xoy)oy™ ), replacing x by xoy.
= Tiye)(x0y) = Tpy(e)(yox)

Similarly, 17y o) (x0y) = Ifye)(y0X), Frye)(x0y) = Fpy(e)(yox);
Hence, N is an abelian neutrosophic soft group over G. O

Theorem 3.3 Let Ny and Ny be two NNSGs over the group X. Then,

(i) N1 N Ny is also NNSG over X.
(ii) N1 A N3 is also NNSG over X.

Proof (i) Let N3 = Ny N N>. Thenforx,y € X ande € E,

Ty, @) (yoxoy™) « Tpy (o) (yoxoy™)
Ty, (e)(xX) * Ty, () (X)
= Ty, e)(x)

Tyye)(yoxoy™)

A%

IfN3(e)(y0xoy71) = Iy, (@ (yoxoy™") o Isz(e)(yoxoyfl)
= Ly 00 (X) © L gy, e (%)
= Iy (0 (x)
Similarly, FfN3 (e (yoxoy™h) < FfN3 (e)(X);
Hence, the 1st part is completed.
(ii) Let N3 = Ny A Np. Thenforx,y € X and (a,b) € E X E;
Tfyytaty(yoxoy™ ") = Ty @) (voxoy™ ") % Ty, iy (yoxoy™)
= Ty, @ X) * Tpy ) (x)
= Ty, (a.b)(X)
Lfy, (a.b) (voxoy™!) = Igy, (@ (yoxoy™) o sy, ) (yoxoy™h)
= L (@) () & Ly, () (X)
= Iy, @.b)(x)

Similarly, FfN3 (a,b) (yoxoy_l) < FfN3 (a,b)(X);
This completes the final part. O

Remark 3.3.1 Generally, union of two neutrosophic normal soft groups is not so. It is possible
if any one is contained in other.

For example, let G = (Z, +), E = 3Z. Consider two neutrosophic soft groups N and
N> over G as following. For x,n € Z

1 .

5 ifx=6kn, dk € Z
Ty om () = 6 others.

0 ifx=6kn, dkeZ
Ly, G (x) = % others.

0 ifx=06kn, dk € Z
Fpy m) = % others.
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and
2 .
2 ifx=9%n, kel
Ty Gy () = 8 others.
/ () = 0 ifx=9n, kel
fiy G (X = % others.
1 .
5 ifx=9%n, kel
Ffy,0m ) = f others.

Corresponding t-norm (%) and s-norm (¢) are defined as a x b = min{a, b}, a ¢ b =
max{a, b}. Then, obviously Ny, N, are normal over G.

Let Ny NNy = N3; Thenforn =1, x =6, y =9 we have,
TfN3 3) (6 - 9) = Tle 3) (—3) < Tsz(l)(—3) = max{O, 0} =0
and

Ty, 3)(0) * Ty, 3)(9)
={T1y,3(0) © Ty, 3(0)} * {Tgy, 3)(9) © Ty, 39}

. 1 2
=min|max {—=,0¢,max {0, —
2 3
. 1 2
=min| -, =
23

1

2

Hence Tf/v3 36 -9 < TfN3 3)(6) * Tf/v3 3 )
i.e., N1 U N, is not a neutrosophic soft group, here.
Now, if we define N, over G as following:

1 .

s ifx =12kn, dk € Z
Ty 3y (%) = 8 others.

1 .

5 if x =12kn, 3k € Z
Ly 3y (%) = % others.

0 ifx=12kn, dkeZ
F i, @ () = 2 others.

Then, it can be easily verified that No € Nj and N| U N, is a neutrosophic normal soft group
over G.

Theorem 3.4 Let N be an NNSG over the group G. Suppose, Nl., = {fn(e)le; : € € E}
where, fy(€)leg = {x € G : Trye)(x) = Try(e)(€G)s Liye)(X) = Lgye)(€c), Fry@e)(x) =
Frye(ec)}, eg being the unit element of G. Then N is a normal soft group over G,
on the assumption that truth membership (T), indeterministic membership (I) and falsity
membership (F) functions obey the t-norm and s-norm disciplines.
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Proof Since N is a neutrosophic soft group over G, then for x, y € fn(e)les;
Thye)x0y™") = Tpy()(x) * Ty (e ()
= Ty (ec) * Ty (ec)
= Tfy(e(ec)
Further, Ty, () (e6) = Try(e{(xoy™Do(xoy )™}
Ty oy ™) Tpy e (xoy™")
Ty (xoy™")

v

Hence TfN(e) (xoy_l) = TfN(g) (eg);

Similar conclusion can be drawn in favour of indeterminacy(I) and falsity membership(F)
function.

Therefore, xoy™" € fn(e)le; and so fy(e)le; is a subgroup of G in classical sense for
each e € E. Thus, N|,; is a soft group over G.

Next, since N is an NNSG over G then for each e € E, fy(e) is a neutrosophic normal
subgroup over G.

Letx € fn(e)le; and y € G. Then,

1

Ty (yoxoy™") = Tpye)(¥) = Ty (€6)
Ly (voxoy™) = Iy () = Iy (€6)
Fry) (yoxoy™) = Fpy)(¥) = Ffy)(e6)
This shows that yoxoy’1 € fn(e)leg for x € fy(e)le; andy € G.

Hence, fy(e)le; is anormal subgroup of G in classical sense for each e € E and so N/,
is a normal soft group over G in combination of both.

Theorem 3.5 Let g : X — Y be an isomorphism in classical sense. If N is a normal
neutrosophic soft group over X, then g(N) is so over Y.

Proof Letforz; € fgvy(e),y € Y therebeexistzy € fy(e),x € Xsothaty = g(x),z2 =
g(z1). Now,

ng(m(e)(yOZzOy*]) = Tryelg ™ (yoza0y™ )]

Uis homomorphism.

1

= Tryolg ' (og ™ (z2)og ' (y™ D1, as g~
= Tryolg ™' (og  (22)o(g™ (y) 7', as g~
= TfN(e)(xozlox_l)

= Tiy(e(z1)

TfN(e)[g_l(ZZ)]

= Tty (e (22)

is homomorphism.

\

Lty (02205~ = Lyl (yozaoy™ )]
= Ifyolg ' (1og  (z2)0g ' (" D1, as g~
= Ipyolg ' (Mog @0 (). as g~
= IfN(e)(xozlox_l)
< Iy (z1)
= Ityolg (2]
= I, (0)(22)

Uis homomorphism.

Uis homomorphism.
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Similar]yv ng(N)(e) (yOZZOyil) E ng(N)(F) (Z2);
This completes the proof. O

Neutrosophic Soft Cosets

Definition 4.1 Let N be a neutrosophic soft group over the group G and x € G be a fixed
element.

Then the set xoN = {xofn(e) : Ve € E} where,
xofn(e) = {(g, TxofN(e)(g)» IxofN(e)(g)a FxofN(e)(g)) :Vg € G}
= {(&. Ty (x 7' 09). Lpye)(x ' 08). Frye)(x'0g)) : Vg € G}

is called left neutrosophic soft coset of N in G.
Similarly, the right neutrosophic soft coset of N in G is

Nox = {fn(e)ox : Ye € E} where,
fy(e)ox = {{g, TfN(e)(gOX_]), IfN(e)(gOX_l), FfN(e)(gOX_])) :Vg € G}

Proposition 4.1.1 N is NNSG over G < left and right neutrosophic soft cosets are equal.
Proof First suppose that N is an NNSG over G. Then,

xofy(e) = {(g. xafN(e)(g) Loty ) (8), FxofN(e) (8)) : Vg € G}
= {(g. Ty (x'08). Lpye)(x ™ '0g), FfN(e)(x_log)) :Vg € G}
= {(8. Tyye)(80x ™). Ipy(e)(g0x™ 1), Fpy(e)(gox™ ") : Vg € G}
= {(&: Tty (@ox(8): L fy(@0ox (&), Ffyeox(g)) : Vg € G}
= fn(e)ox
Now, xoN = {xofn(e) : Ve € E} = {fn(e)ox : Ve € E} = Nox
Next suppose that xoN = Nox. Then,
Trofn @) (@) = Try(e)ox (&), Ixofy(e)(8) = Ify(e)ox (&), Frofy(e)(&) = Fry(e)ox(8)
= The (0 108) = Trye)(gox ™), Ty (x'0g) = Ipye)(gox™"), Fryie(x~'og)
= FfN(e)(gox_])
= Try(80x™") = Tryo @ 0g), Iy (gox™") = Iy (x'0g). Fryw(gox™)
= Fpy(o(x"'0g)
= Tpye)(x0g0ox ") = Trye(8), Iy (x0g0x™") = L1y )(8). Fry(e)(xogox™")
= Frye(@)

This shows that N is an NNSG over G.

Thus if N is NNSG over G then left and right neutrosophic soft cosets coincide. In that
case, we call only neutrosophic soft coset instead of left or right neutrosophic soft coset,
separately. O

Example 4.1.2 Let G be a classical group. Then N = {(e, fn(e)) : Ve € E} where,
v = {{x, Try@e)(X), Iy (X), Fry@e () : Vx € G} with  Tpye)(x) = Trye)(ec),
Irye)(x) = Ifye)(ec), Frye)(x) = Frye(eg); (eg being identity element in G) is an
NNSG of G.
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In that case, we can get a neutrosophic soft coset.
For the sake of convenience, we use multiplication as a binary composition in rest of this
paper unless otherwise stated e.g., xoy = xy.

Theorem 4.2 Let N be an NNSG over the group G. I be the collection of all distinct
neutrosophic soft cosets of N in G. Then J is a group in classical sense under the law of
composition xNyN = (xy)N Vx,y € G.

Proof First we show that the composition is well defined in the sense that if x N = x’N and
yN = y'N then xNyN = (x'y")N forx, y,x’,y € G.

Now, xN = x'N implies x~'x’ = fy(e1),e; € E and yN = y'N implies y~'y’ =
fn(e2),er € E.

We show, (xy)N = (x'y)N i,e (xy)~'(x'y) € N.

Now, (xy) ' (x'y) =y~ 'x~'x'y’

=y fn(en)y

=y 'y fn(er) lasy'N = Ny']
= fn(e2) fn(er)

= fn(e3) e N,e3 € E;
Hence, composition is well defined. Now,

(i) Clearly, closure axiom is satisfied.
(i) xN[yNzN] = xN(yz)N = x(yz)N and [xNyN]zN = (xy)NzN = (xy)zN for
x,y,2€G.

Now x(yz) = (xy)z, since G is a group and so (.) is associative.
(iii) egNxN = (egx)N = xN and xNegN = (xeg)N = x N, for e being unity in G.
>iv) Finally,x_leN =(x""X)N =egN = N and

xNx“'N = (xx )N =egN = N.
O

Thus J is a group. This group is said to be the quotient group (or the factor group)of G
by N and is denoted by G/N.

Definition 4.3 Let G be a groupoid and Ny, N, be two NSSs over G. Then the neutrosophic
soft product of Ni and N is denoted by Ni N, and is defined as NyN, = N3 where, for
(a,b) € E x E and x € G,

_ maxc—y (Try @ () * Try, ) (2)]
TfN3 (@b (¥) = 0 ifx is not expressible as x = yz.

miny=yz[Lfy @)(¥) © Ly, )(2)]
1 = U L2
Fy (@) (%) 1 ifx is not expressible as x = yz.

ming—y:[Fpy @) (¥) ¢ Fpy, 1) (2)]
F = . ! . 2
Ins(@.b) () 1 if x is not expressible as x = yz.

Theorem 4.4 Let N be an NNSG over the group G. Then there exists a natural homomor-
phism ¢ : G — G/N defined by ¢(g) = gN, Yg € G in classical sense.
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Proof Let¢p : G — G/N be given by ¢(g) = gfn(e),Ve € E.
We show that ¢ is homomorphism i.e., ¢ (gh) = ¢p(g)¢(h), Vg, h € G.
ie., (gh) fn(e) = (gfn(e))(hfn(e)); Now for x € G,

(gfn(E@)(x) = (Tgrye)X), Igfye)(X)s Fgrye) (X))
= (Try) (& 'X), L1y (g™ ), Frye(g™ L))
(hfn(@)(x) = (Try@e(h™ %), Ipyey(h™ ), FfN(e)(h 1))
(

(€M) fn (@) (x) = (Trye) (€M) %), Lpye) (@R %), Fry(o)((gh) ™' x));

Then,

[(g(fnE@))(h(fn(N](x) = (maxy—rs[Te(fy ) @) * Tn(rye) ()],
minx=rs[Ig(fy(e) () © In(fy(e) ()],
Miny—rs[Fg(fy (@) () © F(fy(e) ($)])
= (maxe=rs[Try ()@ * Ty (" '9)],
min—rs[L ) (8'1) Ly (W '$)1,
min—rs[Ffye)(87'r) ¢ Fpye) (h™'9)])

Further, Tf,v(e)((gh)flx) — TfN(e)(hflgflx)
= Tf/v(e)(hilgflrs), [putting x = rs]
= Tyy(h (g rsh™"h)
= Tfye) (g 'rsh™"), [as N is NNSG |
> Ty (87'1) * Trye) (sh™)
Hence, TfN(g)((gh)_lx) = maxX:rS[TfN(e)(g_lr) * TfN(e)(h_IS)L
Similarly, IfN(e)((gh)_lx) = minX:’S[IfN(é‘)(g_lr) <¢ IfN(e)(h_IS)]§
Fru ((@h)™'%) = mine—rs[Ffye) (8 ') © Frye)(h™'9)];

This shows that, [(gh) fn (e)](x) = [(gfn (€))(hfn(e)](x) = ¢(gh) = ()¢ (h). o

Lemma 4.5 Let N be a neutrosophic soft group over a finite group G. Define, Ve € E,
H={ge€G :Tre) (&) =Trye)(€c); Ly (&) = Ify@e)(€c); Frye)(&) = Frye (ec)}

K ={x € G: Nx = Neg}ie{x € G : Tryex(8) = Try@ec(8); Lyex(8) =
Ify@eq (&) Fry@ex(8) = Fry(ereg(8): Vg € G} where eg is the unity in G.

If x is idempotent t-norm and < is idempotent s-norm, then H and K are subgroups of G.
Further H = K.

Proof Let g, h € H. Then,

Tty (&) = Try(e)(8) * Try(e)(h)
=Tty (€6) * Try(e)(ec)
= Ty (ec)
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Hence, Tyy ) (8h) = Trye)(ec)-
Further, Ty, e)(88™") = Trye)(8) * Try(e)(8)
i.e., TfN(e)(eG) > TfN(e)(g)
Thus, T¢y ey (ec) = Try(e)(8)- Putting ‘gh’ instead of g, Ty e)(eG) = Ty (e) (8h)-

Therefore,

Try(e)(8h) = Ty (e)(ec) (1)

Next, Iry(e)(gh) < Lfye)(8) @ Ly(e)(h)
= Ifye)(€c) © Igy(e)(eq)
= Ity (ec)
Hence, Iy (e)(gh) < 1y (ec)
Further, 17,()(887") < Ify()(8) © Iy(e)(8)
ie, Ipye(ec) = Ifye(8)
Thus, 17y (ec) < Iy (g). Putting ‘gh’instead of g, Iy (e)(eG) < Ify(e)(gh).
Hence,
Tiy(e)(8h) = Iy (ec) @
In a similar way,
Frye)(gh) = Fpye)(eg) 3)

So by (1), (2), (3) it follows that, gh € H for g,h € H.
Now since G is finite, so H is a subgroup of G.
We finally show that H = K. Letk € K. Then for g € G,
Trvek(8) = Trye)eg(8)s Liy@k(8) = Lfy@eec(8), Fryek(8) = Fry(ereq(8);

= TfN(e)(gk_l) = TfN(e)(gec_l), IfN(e)(gk_l) = Ity (gec™ ), FfN(e)(gk_l)

= FfN(e)(geG_l)§

= Ty @k~ = Try@(@): Ty (k™) = T1y@(@) Frye(@k™") = Fry (@)

= Ty k™) = Trye€6): Ie®™) = I (€6), Frye k™) = Frye(ec);

(putting g = eg)

This shows that k! € H = k € H as H is a subgroup of G.
Hence,

KeH @
Next, leth € H.
Then Vg € G, Tryen(g) = Ty (gh™) and Tryere(8) = Trye)(gec™") =
Try(e)(8)-
Now, Tjy(e)(8h™") = Tjy()(8) * Tfy(e)(h), by proposition (2.8.3)
=Try@(8) * Trye (ec)
Tryv(e)(8) * Try(e)(g), by proposition (2.8.3)
= Tiy©(8)

v
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Also, Ty e)(8) = Try(e)(gh™"h)

Thye(@h™") % Tpye ()

Trye)(@h™") % Ty (e6)

Trye (gh_l) * Try(e) (gh_l), by proposition (2.8.3)
= Tfyie(gh™")

v

%

This shows that Ty () (gh™" = Ty (e)(g). Similar conclusion can be drawn in case of
indeterminacy(I) and falsity(F) membership functions.
Thus, & € K and so

HCK )
Hence by (4) and (5), H = K and so K is also a subgroup of G. m]

Theorem 4.5.1 Let N be an NNSG over the group G. Let 6 : G — G be a homomorphism.
Then 6 leaves invariant the set

H={x€G:Tye)®) = Ty (@) Liye)x) = Ly ) (€); Frye)(X) = Frye (@)} .

Also 0 induces a homomorphism 6 of the neutrosophic soft coset of N defined by 6 (Nx) =
NO(x), on the assumption that % is idempotent t-norm and < is idempotent s-norm.

Proof By lemma (4.5), H is a subgroup of G in classical sense.
First we show that 0 is well defined.
For x,y € G,let Nx = Ny. We are to prove that N6 (x) = NO(y).

Then,  Tpyx () = Thy@y () Tryex() = Thy@ey(), Ve € E.
= Thy(€6) = Ty (v ™) = Try(x ™)
Similar result can be brought in case of indeterminacy(I) and falsity(F) membership functions.
Thus xy’l, y)F1 € H.
Again, since (H) = H so 0(xy~ 1), O(yx~!) € H.
This implies TfN(e)(G(xy_l)) = TfN(g)(O(yx_l)) = Tyy(e)(ec) and so on for I, F.
Now, Ty (&) = Trye)(g0(x™)), forg e G
= Ty (80(y~ ' yx™")
= Trye (@00 Ho(x™")
T @00 ™) * Trye @(x~ ")
Try@ (00 * Try(ey(ec)
> Trye) (80 ™N) * Trye)(80(y™")), by proposition (2.8.3)
Ty (@00")
= Tiy@o)(8)

v

\%

Hence, Ty (e)0(x)(8) = Try(e)0()(8)- Similarly, Try )00 (8) = Ty (e)0(y) () holds good.
Thus,

Tty ©0() (&) = Trye)o(y)(8) (6)
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Next, Iy (o) (8) = Iy (80(x™ 1) forge G
= Iy (@00~ yx™")
=I5y (g0 o)
< Iy @00 ™) o Iy @(x")
IfN(e)(go(yil)) o Iryer(eg)
< @O0 ™) 0 Iy (g0(y™h)
[by proposition (2.8.3), I () (eG) < Iy (e) (€0~
= Iy (80(™")
= Iy 0 (8)

A

Thus, IfN(e)Q(x) (g) < IfN(g)g(y) (g). Similarly, IfN(e)Q(x) (g) > IfN(e)G(y) (g) holds gOOd.
Thus,
Iv @000 (@) = L y@0(n (&) @)

Similarly, also

Fiv@o)(8) = Fry@o (&) ®)
Therefore, fy(e)0(x) = fn(e)0(y),YVe € E = NO(x) = NO(y).
Hence, 6 is well defined.
Next we show @ is a homomorphism. For x, y € G we are to prove that,

O(Nx)(Ny) = (Nx)O(Ny)

& 6(Nxy) =6(Nx)E(Ny)

< NO(xy) = NO(x)NO(y)

& NO(xy) = NO(x)0(y) )

As 0 is homomorphism, so 8(xy) = 6(x)0(y) holds = (9) holds = 6 is a homomorphism.
O

Corollary 4.5.2 Thus 0 defined above is an automorphism if 0 is an automorphism and G
is finite.

Proof Since G is finite, it is easy to verify that 6 is of finite order. Let the order of 6 is k.
Then 6% = I, the identity mapping.
We now prove that 6 is one-to-one. For x, y € G suppose NO(x) = NO(y). We like to
bring N(x) = N(y).
Now,  O[NO(x)] =0[NO(y)]
= NO(O(x)) = NO©O(y)
= NO*(x) = NO*(y)
Iterating this, ~ N6*(x) = N6*(y)
= N(x)=N(y), asof=1
Hence, 6 is one-to-one i.e., 6 is automorphism. O
Corollary 4.5.3 With the hypothesis as in theorem (4.5.1), 0 is an automorphism of G if 0

is an automorphism and H = {eg} in classical sense.
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Proof LetO(x) = 0(y) for x, y € G. We show that x = y.
Now, NO(x) = NO(y)
= 6(Nx) =6(Ny)
= Nx = Ny, as 6 is one-one.
= Tryex () = Tiy@y (M Livex ) = Liyey () Fryex () = Fryey ()
= Tryvo0x ) = Trv@(€6); L 0x™) = Iy (€6); Ty (x")

= Ity (ec)
= yx’1 € H = {eg}
= yx ' =e¢g

=>x=y

Neutrosophic Soft Homomorphism

In this section, first we define an NSS function, then define image and pre-image of an
NSS under an NSS function. In continuation, we introduce the notion of neutrosophic soft
homomorphism along with some of it’s properties.

If M be an NSS over U with respect to the parameter set E, we write (M, E), an NSS
over U.

Definition 5.1 Letg : U — V and ¢ : E — E be two functions where E is the parameter
set for each of the crisp sets U and V. Then the pair (¢, ¥) is called an NSS function from
U to V. We write, (p, V) : U — V.

Definition 5.2 Let (M, E), (N, E) be two NSSs defined over U, V, respectively and (¢, ¥)
be an NSS function from U to V. Then,

(1) The image of (M, E) under (¢, ), denoted by (¢, ¥)(M, E), is an NSS over V and
is defined by:

(@, V)M, E) = (¢(M), ¥ (E)) = {{¥ (@), fy)) : a € E} where Vb € Y/ (E),Vy €V,

. -1
| maxgy=y maxy@y=b [Try@ )], ifx €™ (y)
Tfoan ) (¥) = 0, otherwise. !

. . : -1
| mingeoy=y ming@y=p U @)X, ifx € o7 (y)
Tfpan ) = 1. otherwise. !

. . 1 -1
. | mingoo=y ming@y=p [Fry@ )], ifx e o™ (y)
Foan e () = 1, otherwise. !

(2) The pre-image of (N, E) under (¢, ¥), denoted by (¢, )~ '(N, E), is an NSS over
U and is defined by:
(o, w)_](N, E) = ((p—l(N)’ 1//_1(E)) where Va W_I(E), Vx e U,
wa“(zv)(“)(x) = Tryiy@1(9(x))
Ifw—l(zv)(“)(x) = Iryiy@1(@(x))
Fr @) = Fryiy @i (@)

If ¢ and ¢ is injective (surjective), then (¢, ¥) is injective (surjective).
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Example 5.2.1 Let E = N (the set of natural no.) be the parametric set and G = (Z, +) be
the group of all integers. Define a mapping fy : N — NS(Z) where, for any n € N and
xeZ,

0 ifx=2k—-1,keZ

Trum@ =11 4 _op ke
n ’ N

ifx=2k—1, keZ
if x =2k, ke Z.
1-Lifx=2k—1,keZ
0 ifx=2k keZ

1
Ifyon () =1 5"

Fryom(x) =

Corresponding t-norm (x) and s-norm (¢) are defined as axb = min{a, b},acob = max{a, b};
Then, (M, N) forms a neutrosophic soft group over (Z, +).

Now, let ¢(x) =3x+ 1 and ¥ (x) = x2 be two functions defined on Z. Then, we have an
NSS function (¢, ¥)(M,N) = (p(M), y(N)) = (¢(M), N?) as follows:

For any a € N2, y € 3Z + 1, we have

0 ifx=6k—-2, keZ

Ty &) = Loifr=6k+1, keZ
1 .
L ifx=6k—2 keZ
bi =1 V2 ’
I @) = kL ke Z
1—L ifx=6k—2, keZ
Ffy(a(x) = va Y

0 ifx=6k+1, keZ.

Theorem 5.3 Let (N, E) be a neutrosophic soft group over a group G and (¢, V) be a
neutrosophic soft homomorphism from G to Gy. Then (¢, ¥)(N, E) is a neutrosophic soft
group over G.

Proof Let b € y(E) and y;, y; € Ga. For ¢~!(y;) = ¢ or 9~ (y2) = ¢, the proof is
straight forward.

So, we assume that there exists x1, xo € G such that ¢(x;) = y1, ¢(x2) = y». Then,

Ttyi0 ) (V1Y2) = maxg(oy=y,y, maxy @=b [T fy@)(*)]

maxy @y=b [T fy @) (x1x2)]

maxyay=b [T fy@)(x1) * Tfy @) (x2)]

= maxy a)=b [T fy ) (X1)] * maxy @y=b [Tfy(a)(x2)]

IV v

wa(N)(b) (y;l) = max(p(x):yl_l max,/,(a)zb [TfN(a)(x)]

> maxy @y=b [ Try@ 1]
> maxy a)=b [Tty @) (x1)]

Since, this inequality is satisfied for each x1, x, € G satisfying ¢ (x1) = y1, ¢(x2) = y2 0
we have,

T, (1y2)
= (maxy(e)=y maxy@=b [Tfy @) XD * (MaXpy)=y,maxy @y=b [Tty @ (x2)])
= T, 1) * Tg, 0 1) (2)
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Also, qu,(N)(b)(yl_]) > (maxg(x)=y,Maxyay=b [Ty @ DD = T, w) (V1)
Similarly, we can show that
—1 .
L, 01Y2) = L g0y VD) © L0 ) 02)s Loy 1 ) = 1,0y ) (013
—1 .
FronmO01Y2) = Fronmy VD) © Frn o) (02)s Fronm O ) = Fr,in i) (01):

This completes the proof. O

Theorem 5.4 Let (M, E) be a neutrosophic soft group over a group G, and (¢, V) be a
neutrosophic soft homomorphism from G1 to Ga. Then (¢, ¥)~' (M, E) is a neutrosophic
soft group over G1.

Proof Fora € W_I(E) and x1, xp € G, we have,

wa—l(M>(“)(x1x2) = Tryy@1(@x1x2))
= Tryiv@1(@(x1)e(x2))
> Truiv@1(@xD) * Try iy @) (9(x2))
=Tf, 14 @@ * Ty @ (2)

—1 -1
Tty @@ = Tryly @) (w (xl ))

—1
Tty @y (9 ™)
Tyty @1 (@(x1))

=T, 1 @)

v

In a similar fashion, the following inequalities also hold.
Iqu,l(M)(a)(xle) < Ifw,l(M)(a)(xl) Qlfw,l(M)(a)(XZ),

—1 A

If, 1@ (xl ) = f gy @ (X1

Ffw,l(M)(a) (x1x2) < Ffw,l(M)(a)(xl) o Ffw,l(M)(a)(xz),
—1 .

Ffprgpn@ (xl ) = Ff @)

Thus, the theorem is completed. O
Theorem 5.5 Let (N, E) be a normal neutrosophic soft group over a group X and (¢, V) be
a neutrosophic soft epimorphism from X to Y. Then (¢, ¥)(N, E) is a normal neutrosophic
soft group over Y.

Proof 1t is similar to the proof of theorem (5.3). O
Theorem 5.6 Let (M, E) be a normal neutrosophic soft group over a group Y and (¢, V)
be a neutrosophic soft homomorphism from G1 to Gy. Then (¢, tﬁ)_l (M, E) is a normal

neutrosophic soft group over X.

Proof 1t is similar to the proof of theorem (5.4). O
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Conclusion

Here, the theoretical point of view of normal neutrosophic soft group has been discussed.
Along with, we also have defined the neutrosophic soft cosets and neutrosophic soft homo-
morphism. These are illustrated by proper examples and some related theorems have been
developed in each part. These concept will bring a new opportunity in research and develop-
ment of NSS theory.
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