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Surface Formulations of the

Electromagnetic-Power-based Characteristic
Mode Theory for Material Bodies — Part 11

Renzun Lian

Abstract—Both the previous Part I and this Part II focus on the
linear electromagnetic system constructed by a Single
Homogeneous Material body (SHM), and the SHM can be electric
and/or magnetic. The studies for the system constructed by
Multiple Homogeneous Material bodies (MHM) will be finished in
Part I11.

It is indispensable for the Surface formulations of the
ElectroMagnetic-Power-based SHM Characteristic Mode Theory
(Surf-SHM-EMP-CMT) to relate the surface equivalent electric
and magnetic currents, and a boundary condition based method
for establishing the relation has been provided in the Part I. In
this Part II, some further studies for the boundary condition
based method are done (such as the revelation for physical essence,
the numerical analysis, and the improvement), and a new
conservation law based method is given.

As a supplement to the Part I, some new surface formulations
for the output power of a SHM are developed in this Part II, and
then some new surface formulations for constructing the Output
power Characteristic Mode (OutCM) set and some new
variational formulations for the scattering problem of a SHM are
established.

In addition, the power relation contained in the PMCHWT
formulation for a SHM is analyzed. Then, it is clearly revealed
that the physical essence of the PMCHWT formulation for the
SHM scattering problem is the conservation law of energy; the
power character of the CM set derived from the PMCHWT-based
CMT is not always identical to the OutCM set derived from the
Surf-SHM-EMP-CMT; the PMCHWT-based CMT can be viewed
as a special case of the object-oriented EMP-CMT.

Index Terms—Characteristic Mode (CM), Electromagnetic
Power, Extinction Theorem, Material Body, PMCHWT, Surface
Equivalent Principle.

1. INTRODUCTION

OR a certain linear ElectroMagnetic (EM) system, all
Fpossible operating states constitute a linear space. To
construct the basis sets of the space is very valuable for both
theoretical researches and engineering applications, and there
have existed many different theories and methods for
constructing the basis sets, such as the separation of variables
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[1]-[2], the Eigen-Mode Theory (EMT) [3]-[4], and the
Characteristic Mode Theory (CMT) [5]-[12], etc. The basis
derived from the separation of variables are usually called as
special functions; the basis derived from the EMT are called as
eigen-modes; the basis derived from the CMT are called as
Characteristic  Modes (CMs), and this basis set is
correspondingly called as CM set.

For the CMT, especially the ElectroMagnetic-Power-based
CMT (EMP-CMT) [8]-[12], the procedure to select a series of
complete and independent EM quantities (called as basic
variablesin [9]-[12]) and to express all of the EM quantities in
terms of the selected basic variables is an indispensable
preprocessing step, because the absence of this preprocessing
may lead to some unphysical CMs, as explained in [9]-[12], and
this procedure can be specifically called as “to unify variables”.

In the previous Part I [10], a boundary condition based
method to unify variables was provided for a Single
Homogeneous Material body (SHM), such that all EM
quantities related to the SHM were expressed in terms of the
surface equivalent electric Or magnetic current on the boundary
of SHM, and three different surface formulations for the output
power of a SHM were given, and then the Surface formulations
of the EMP-CMT for a SHM (Surf-SHM-EMP-CMT) was
established.

In this Part II, the physical essence revelation, numerical
analysis, and improvement for the precious boundary condition
based method are done, and a new conservation law based
method to unify variables is developed; some new surface
formulations for the output power of a SHM are constructed,
and then some new surface formulations for deriving the
Output power CM (OutCM) set and some new variational
formulations for the scattering problem of a SHM are given.

Just like the previous discussions on the power characters of
the EFIE for perfect electric conductors [8] and the VIE for
material bodies [9], the power character of the PMCHWT
(Poggio, Miller, Chang, Harrington, Wu, and Tsai) formulation
for a SHM is carefully analyzed in this paper. Then, it is clearly
revealed that the physical essence of the Galerkin-based
PMCHWT-MoM for the SHM scattering problem is the
conservation law of energy; the power character of the CM set
derived from the PMCHWT-based CMT is not always identical
to the OutCM set derived from the Surf-SHM-EMP-CMT; the
PMCHWT-based CMT can be viewed as a special case of the
object-oriented EMP-CMT.

In what follows, the € convention is used throughout.
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II. SOURCE-FIELD RELATIONSHIPS

When an external field F™ incidents on a material body 7,
the scattering sources will be excited on the ¥, and then the
scattering field F*“ is generated, here F=E,H . The
summation of F™ and F*“ is the total field, and it is denoted
as F” ,ie., F"=F" +F*.

A. Physical scattering sources on V

When the conductivity of 7 is not infinity, the scattering
sources on V include the volume ohmic electric current J"
and the related electric charge, the volume polarized electric
current J*” and the related electric charge, and the volume
magnetized magnetic current A" and the related magnetic
charge [13]-[14]. The various charges are related to the
corresponding currents by current continuity equations, so it is
sufficient to only use the scattering currents to determine the
scattering field [13]-[14]. In addition, the summation of J"
and J¥ is denoted as J'”,ie., J P AT +J7.

B. Surface equivalent currents on oV

For a certain ¥ , the surface equivalent currents on its
boundary oV are defined as follows [10]

JEF) 2 [m(r)xfl’”’(?i)L , (Fear) (1)
M (F) 2 [Ew'(@)xﬁi(f)]H , (Fear) )

here A, and 7_ are respectively the external and internal
normal directions of 9V ; 7, eextV =R’ \clV , and 7 eintV ,
here the R’ is three-dimensional Euclidean space, and the
symbols clV and intV are respectively the closer and interior
of point set V' [15]; as a companion to the intV , the extV can
be called as the exterior of V. From a purely mathematical
viewpoint, intV c ¥V cclV forany V [15], but it is restricted in
this paper that ¥ =clV, and then ¥V =intV UdV .

When the magnetized magnetic current model is employed
to depict the magnetization phenomenon, there doesn’t exist the
surface physical scattering current on 97 [13]-[14], so the
tangential component of F* is continuous on 97 . In fact, the
tangential component of F™ is also continuous on 9V ,
because it has been assumed that the source of F™ doesn’t
distribute on ¥ [10]. Then, the tangential component of F*' is
continuous on d¥ . In addition, 7, (¥)=-#A_(7) forany redv,
so a unified expression for C* and C* can be introduced as
follows [10]

C¥(r) 2 C*(r) = -=C*(¥) , (FedV) (3)
here C=J,M .

The various fields, physical scattering currents, and surface

equivalent currents are illustrated in Fig. 1.

C. To express the various fields and physical scattering
currents in terms of the surface equivalent currents

The various fields and physical scattering currents can be
expressed in terms of the surface equivalent currents as follows
[10]

T \ Fine
av ¥ \ W
g(’ JmpT $ YV }
itV - -
extV vl ,/IR/ N

Fig. 1. The various fields, physical scattering currents, and surface equivalent
currents on a single homogeneous material body.

Fsca (F) = e (jSE’MSE)

Fe (T MF) , (FeintV) 4)
- Esm(jSE’MSE) , (76 CXtV)
FLW(?) — }?ot(jSE’MSE) , (?EintV) (5)
Fr(r) = F*(J%,M*) , (FeintV) (6)
and

JF) = Je(TF.MT) (Feinth) (7.1)
Jr(F) = JLW(jSE,MSE) , (FeintV) (7.2)
jwp (7) — jvap(jSE’MSE) , (FeintV) (73)
v (F) = M (TF.M7) . (Feint)) (8)

here F=E,H , and correspondingly F =&,H ; to utilize the
subscript “~> in F and F™ is to emphasize that they are
respectively the total and incident fields in the interior of V.

The specific mathematical expressions of the operators in
above (4)-(8) can be found in Appendix.

III. VARIABLE UNIFICATION

It has been pointed out in [10] that the J** and M** are not
independent, and it is indispensable for Surf-SHM-EMP-CMT
to establish the relation between J*° and A . The procedure
to establish the relation is specifically called as “to unify
variables” or equivalently as variable unification, and it is done
in this section.

A. Some fundamental concepts related to variable unification
(Not restricted to a single homogeneous material body)

Although this paper mainly focuses on the EM system
constructed by a SHM, it must be clearly claimed here that the
concepts mentioned in this subsection are suitable for any linear
EM system, as illustrated in [9]-[12].

For a certain EM system, any one of its possible operating
states is called as a mode, and this mode is not restricted to the
eigen-mode or CM. Because of the linear superposition
principle [16], all of the modes constitute a linear space, and the
space is called as modal space, and denoted as {mode,} _ ,
here the subscript “m ” is the modal index. To quantitively
depict the modal EM character from different aspects, scientists
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defined a series of EM quantities, such as the modal current c,,
the modal charge p, , the modal field F, generated by C, and
p,,» and the modal power P, generatedby C, and p, , etc. For
any mode, all of these modal EM quantities constitute a set
{C,.p,.F,.P,.-~-} . Obviously, the spaces {mode,} and
{C m,Fm,Pm, --}::l are isomorphic to each other, and the latter
is called as EM quantity Space

For some quantltles g .q>,+,q" which are the elements in
set {C,.p,.F,.P,,-} , if there is a quantity ¢/, such that it can
be determined by other n—1 quantities, the quantities
g, .q>,.q" are called as being dependent, otherwise they are
called as being independent; if all of the elements in set
{C,.p,.F,.P,,-~-} can be determined by g,.q,.--.q, , the
quantities qm,qm,-n,q;ﬁ are called as being complete; if the
quantities ¢,q2,"--,q" are both independent and complete, they
are called as basic variables [9]-[12], and the set {q,.q,.,"-.q. ]
is called as basic set. In general, the basic set is not unique, as
illustrated in [9]-[12].

For a selected basic set {g..42,---,q.}, the ordered array
(4.4, | canbe regarded as a vector called as basic vector,
and denoted as g, . If the basic set can guarantee that all of
possible values of basic vector constitute a linear space, this
space is called as basic vector space, and denoted as {qm} It

is easy to find out that the {g,}>_ and {C,.p,.F,.P,." szl are
isomorphic, and then the {g,} _ and {modem}m:l are
isomorphic too.

If the {b, }E is a complete and independent basis function set

of space {qm}m ,» any vector g, can be uniquely expanded in
terms of {175}5:1 as g,=2:a,.b. , and then a one-to-one
mapping between the space {g,} _ and the expansion vector
space  {a,} _ ~is automatically  established, here
a, =[am;l’am;2’ : aam:E]T

. At the same time, the one-to-one
mappings from the spaces {mode, }, | and {C,.p,.F,.P,.-}
to the space {a,}"_ are also established, as illustrated in Fig. 2.

Above these imply that the researches for the any one of
spaces {mode, ), , (BB s {71 and {@,)7,
can be accomplished by researching the any one of the other
three spaces. Based on this, these four spaces are collectively
referred to as space to simplify the terminological system of
this paper. Generally speaking, it is relatively easy to research
the space {a,} _ , because this kind of research belongs to the

m=172

The basic set of mode 1

linear algebra problem, which has had a very complete
theoretical system [17].

In the following parts of this section, the mapping from
modal space to expansion vector space is established at first.
Then, the method to unify variables is provided in the
expansion vector space.

B. From modal space to expansion vector space

The C¥ is expanded in terms of the basis function set
{Ef}; as follows

B = [6°(F) . BS(F) L -, BL(F)]  (10.D)
a = a . o .o, & ] 02

The superscript “7 ” in (10.2) represents matrix transposition.

C. To unify variables — Methodology I: The EM boundary
condition viewpoint and its physical essence, numerical
analysis, and improvement

Four EM boundary condition based methods to relate a’
with @" have been developed in [10]. In this subsection, their
physical essence is revealed at first, and then the numerical
analysis and improvement for them are given.

To select a’ as the basic variable: The (ME) and (MH)
schemes given in [10] and their another implementation
ways

When the @’ is selected as basic variable, the following two
schemes can be utilized to construct the transformation matrix
7/-" from @’ to @, such that @ =7"~".a”.

The (ME) scheme: To match the tangential boundary
condition of £ on 9% , and to test the boundary condition by
employing the basis functions used to expand M* .

The transformation matrix 7/~" derived from this scheme is
correspondingly denoted as 773", and it is as follows [10]

MSEEa

The EM quantities of mode 1

Basic Vector
Space

Expansion Vector
Space

EM Quantity Space Modal Space

Fig. 2. The one-to-one mappings among modal space, EM quantity space, basic vector space, and expansion vector space.
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TJ~>M
FTE e

= -1
= (Bt~ i) (B -Ex) (D)

In [10], the matrices E““MM and Ej“‘w were obtained by
respectively discretizing the following two integral operators,

based on the Galerkin-based MoM

’CA’\{E (MSE) — gjw (O,MSE)
=+ fpaG ) e a1
Ll
K:(;’\;[E(MSE) — gjca(O’MSE)
= _@55”E(z,7) M (F)dS’ (13)

ar

and the expansion and testing functions are both {E;’};
(12)-(13), 7 eintV ,and 7, € extV .

In fact, the matrix E*, -E, as a whole can also be
directly derived from discretizing the following integral
operator (14) by u_ﬁ}ng expansion functions {5, }zfl and testing
functions {i x5} .

TmA:E (MSE) = A (F)X[’CKE (MSE)_IC(XE (MSE)]

_ (14)
M (7)+i_ (7)< K)E (M)

here ¥ e dV , and
’Cr;:/lf(MSE) — gjnr(O’MSE)

PG (7.

v

7). 515 (7)dS’ (1)

and the second equality in (14) originates from the (A-7.2) and
the tangential boundary condition corresponding to the electric
field generated by a surface magnetic current.

Of course, the matrix £, —E*, in (11) can also be derived
as a whole, i.e., to d1scretlze the operator (22) by employlng
expansion functlons {b’} and testing functions {#, x5}

The (MH) scheme: To match the tangential boundary
condition of H*“ on oV , and to test the boundary condition by
employing the basis functions used to expand M** .

The transformation matrix 7/~ derived from this scheme is
correspondingly denoted as 7’ e » and it is as follows [10]

WiSE

Tt = (A=) (Am,-1%) (6

In [10], the matrices A’ ey and Hj‘”w were obtained by
respectively discretizing the following two integral operators,

based on the Galerkin-based MoM

LY () = 1 (0,01%)
= +{paG" (7.7) M (7)ds’ 1n
v
»Cg’iH (MSE) — H-;(a (O,MSE)
(18)

= — PGy (7.7)- M (7)as’

v

and the expansion and testing functions are both {5, };:l

In fact, the matrix #*, —H, as a whole can also be
directly derived from dlscretlzlng the following integral
operator (19) by employ_iwng expansion functions {5”}; and
testing functions {i_x5"}_ .

7—;81\:H(MSE) _ ;li(?)x[ﬁlefl(?SE)_[OA/:H(MSE)J (19
= A (F)x L (#)
here 7¥e oV , and
L (M) = He(0,M)
(20

§pG (7. 7)- M (7) s’

ar

and the second equality in (19) originates from the (A-7.4) and
the tangential boundary condition corresponding to the
magnetic field generated by a surface magnetic current.

Of course, the matrix H:, - Hfj?w in (16) can also be
directly obtained as a whole, i.e., to discretize the operator (27)
by employing expansion functions {/ }; and testing functions
{n be }5 1

To select " as the basic variable: The (JE) and (JH)
schemes given in [10] and their another implementation
ways

When the @ is selected as basic variable, the following two
schemes can be utilized to construct the transformation matrix
7"~ from @ to @’ , such that @’ =T7"~.a" .

The (JE) scheme: To match the tangential boundary
condition of E*“ on oV , and to test the boundary condition by
employing the basis functions used to expand J* .

The transformation matrix 7"~/ derived from this scheme is
correspondingly denoted as TY’,‘l’m , and it is as follows [10]

riy = (B -En) (Eme-Em) @D

Similarly to the (MH) scheme, the matrix Ejj“ E;"JJ as a
whole can be derived from discretizing the following integral
operator (22) by employing expansion functions {175’};1 and

testing functions {i_xb/}_ .

TETY) = RERE )R]
= A (F)xLE(T)
here e dV , and
EZﬁ(jSE) — gsm(jSE )
= +#A (7.,7)- T (7)dS’ (23)
Jf (jSE) — g:ca (JSE 0)
(24)

— _@GJE( r)JSE )
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and

[:f;(jSE) — gﬁat(jSE’O)

PG (7.7)- T (7)ds’ (23)

The second equality in (22) is due to the (A-7.1) and the
tangential boundary condition corresponding to the electric
field generated by a surface electric current.

In addition, the matrix E}, —-E*9, in (21) can be derived
from dlscretlzmg the operator (14) by employmg expansion
functions {; “} and testing functions {4, xb; }

The (JH) scheme To match the tangent1a1 boundary
condition of #*“ on oV , and to test the boundary condition by
employing the basis functions used to expand J* .

The transformation matrix 7"~/ derived from this scheme is
correspondingly denoted as 7', , and it is as follows [10]

T[T

T, = (o —H) (Fo -1,)  @6)

Similarly to the (ME) scheme, the matrix I-:Ij‘; —Hj‘”ﬂ as a
whole can be derived from discretizing the following integral
operator (27) by employing expansion functions {17’}; and

testing functions {A_xb;}_

TET) = KT KT
= “TE(F) A (7)< K (T*)
here ¥ e oV , and
KXE’ (jSE) — Hjca (jSE’O)
= +JpaG" (7. 7). T (7)ds’ @8
v
Jf] (jSE) — H.Yca (jSE 0)
= —ﬁ)G’H (7,,7)-J*(¥)as’ (29)
and
KL (T = 1 (T%.0)
(30)

7)-J % (7)dS’

= JpG" (7.
v

The second equality in (27) is due to the (A-7.3) and the
tangential boundary condition corresponding to the magnetic
field generated by a surface electric current.

In addition, the matrix A, —H*, in (26) can be derived
from dlscretlzmg the operator (19) by employmg expansion

functions {; “} and testing functions {4, xb; }

The physical essence of the above four schemes

Based on the above observations, it can be concluded that the
J¥* and M* are related to each other by the following
integral operators.

T’\/[E( SE) —

tan

TJH(JSE) —

_/Z—JE(JSE)

tan

_/Z—MH(MSE)

€2))
(32)

tan tan

By inserting the (14) and (22) into the (31), it is found out that
the (31) is equivalent to say that

() = [ (7). (37

33
[0 (75,41 i 9

(Feov)

By inserting (19) and (27) into the (32), it is found out that the
(32) is equivalent to say that

JE(7)

A (F )X I (T + L (MSE)]M

[ (F)xH (T M5)] L (Fedv)

T

(34

Obviously, the above (33) and (34) are just the extinction
theorems for total electric and magnetic fields in an inside-out
manner.

The numerical analysis for above four schemes and the
improvements for (ME) and (JH) schemes

In the electric extinction theorem (33), the K is a compact
operator, and the £ is a unbounded operator [18]; the
inhomogeneous term M corresponds to an identity operator,
if the expansion and testing functions are both {5, ”} . Then,
the eigen-values of operator M — ¥ x7_ will be clustered
around a non-zero point [18], so its matrix is usually
well-conditioned, if the expansion and testing functions are
both {5, };:l, the matrix corresponding to operator £ x7_ is
usually bad-conditioned, because the matrix corresponding to a
unbounded operator usually has a relatively large condition
number [18].

These above imply that: If the expansion and testing
functlons are both {», ”} instead of using the testing functions
{a_xb; } like the orlginal (ME) scheme, the electric
extlnctlon theorem (33) is more suitable for constructing the
transformation from J* to M* , and it is called as improved
(ME) scheme.

Similarly, it can be concluded that: If the expansion and
testing functions are both {b’} instead of using the testing
functions {i_ xb’} like the 0r1g1na1 (JH) scheme, the magnetic
extinction theorem (34) is more suitable for constructing the
transformation from M* to J* , and it is called as improved
(JH) scheme.

In addition, if a purely mathematical viewpoint, such as the
EM boundary condition, is directly utilized to established the
relation between J% and M* just like the paper [10] did, the
matrix E*, —E, in (11) can be obtained by respectively

omputlng the matrices £*¢, and E, . However this
scheme may lead to some numerical problems, for example, the
electric field generated by M* is very singular near 9V [19],
and then it is sometimes difficult to accurately compute the
matrices £, and EX,, ; the inhomogeneous term M* in

MM + MM

(33) cannot be well tested, because the expansion and testing
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functlons are respectively selected as the {bt”} and
{A_xb } , and then the eigen-values of E*,, —E, may be
clustered around zero point, and this will 1ead to the difficulty
for inversing E*,, —E,, .

From above analysis, it is found out that it is more desirable
for establishing the relation between J* and M** to utilize
some physical methodologies instead of some purely
mathematical methodologies. To follow this philosophy,
another physics-based method to relate J* with M is

provided below, based on the conservation law of energy.

D. To unify variables — Methodology II: The conservation
law viewpoint and its essential relationship with boundary
condition viewpoint

At first, the following functionals are defined.

j 2w{%<ﬁmﬂoﬁm>m _i<€OE5C"’Esm>AQ:|

— Sf‘ (jSE MSE)—SF (jSE MSE)

(37

In (37), the inner product is defined as < f,g >,2[, /" g dQ;
integral domain AQ is the region enclosed by oV, and dV_;
the second equality is based on the formulation (A-7) in [10],
and its physical explanation is the conservation law of energy
[16], i.e., the radiative power flux passing through oV will
totally pass through oV, , and the difference between the
non-radiative power fluxes passing through dV_ and dV, is
totally stored in AQ (because of the absence of surface
physical scattering current on 9V ); the first equality is due to
that the volume of AQ is zero, and that the F*(7) is finite for
any 7€ AQ (because of the absence of surface physical

F(T,MT) & SH(TF.M™)-SE(T*, M) (35.1)  scattering current on 9V7).
o — o s e e Inserting J% =¥%, agl;; =B’-a’ and M% =3 alb)
(T MF) & ST(TE M) -S(TF M) (35.2)  _ =B .g" into (35),the §" can be rewritten as the version (38).
In (38), 7 (b)) & 7 (b/,0), and F“ (b} )& 7 (0,b)").
in which To select a’ as the basic variable
- For a certain a’, the " will make the §* be zero and
S (J M ) stationary, because of the conservation law of energy [16]. If
_ 7 = the Rayleigh-Ritz scheme [20] is applied to §*, the following
= [ x(f) |-ds 3¢61) . !
simultaneous equations can be derived.
_ { ; JSE MSE |:Hrca (JsE MSE)jr}.dE B B I
0= Zagcgﬁ{[gw — & (b7 ) <[ e (B2)] }.dS
{=1 or (39)
and +;a?$ﬁ{[5w( ) 5( )}{7—@(}2”)}}0&
= v
SH (jSE MSE)
1 e mev ] = for any £=1,2,---, 2" . In fact, the (39) can also be rewritten as
= E?}S[E X(H ) ]dS (36.2)  the following matrix form.
Vi
1 P P - -
_ Egs{g:w(JSE’MSE)X[wm (JSE’MSE)J }~dS 0= S™M.z/ +§MM .M (40)
h PR . here
ere superscript “* ” represents the complex conjugate of
relevant quantity. The second equalities in (36.1) and (36.2) are = »
based on the continuity of the tangential component of the F* ST = [5.5; was’ (41.1)
on JV . MM MM
e e — S™ = s} 41.2
For any physically possible {J%, A%}, the §"(J*% M%) [ng JE‘"XE‘” (412)
must be zero, because
in which
5 (BT a) = g Saen (bz)}— (a2 ()] 5+ 5 Ezazsvm(b;)} < lamt (5)] 15
2 o [L¢=1 =1 2 Fle =1 ¢=1
1 [& sca (7. = sea (7, " I 1 [& sea (7, X sca (7.1 - <
A Soren ) o @] + 1| Sarern ) ot (] |8
o (L¢=! ¢=1 v (L= ¢=1 (38)
1 = sca z sca A Q 1 [& sca < sea : N
L { Sazer( )}xz[a%( 3 }dS ! { ates (5 )}XZ[QMW( )] }-dS
ar | L¢=1 ¢=1 ar | L¢=1 ¢=1
1 E M psca (7, < sca - < 1 [& M psca (7, X sca - QT
|| Serer ) [ Eomr (] o8 - | St ot ] |8
ar | L¢=t ¢=1 a |L¢=t ¢=1
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& = e @)-eo @ @]}

v

s = @s{[gw(b )& (B ) |<[ 1 (B )}} &5 (42.2)

Ll

(42.1)

By solving the (40), it is obtained that

gM = 7MY (43)

a
here

]:—vj—n’l/l _ (EMM )71 .§JM (44)

The superscript “—1" in (44) represents the matrix inversion.

To select a* as the basic variable

For a certain @, the @’ will make the §7 be zero and
stationary. If the Rayleigh-Ritz scheme is applied to §”, the
following simultaneous equations are derived.

0 = So(ar) gpfec )X e ) - ()] -

N v (45)

o) gl b e (52) - ()] o5

=

for any £=1,2,---,Z7 . In fact, the (45) can also be rewritten as
the following matrix form.

0=5"a +5".g" (46)
in which

§7 =[] 47.1)
§ = [s;?]-J B 472)

here
& = e @] @) @
sy = 33&!}{[5;“’@)} x| 1 (B2 = He (b } -dS (48.2)

By solving the (46), it is obtained that

a = 1" .a" (49)

here
Tu-s = -(5“)'15“4 (50)

In fact, the (43) and (49) can be uniformly written as follows

v Zzwquw —o

a (51)
here (@,¥)=(J,M), if the a’ is selected as basic variable;
(®,¥)=(M,J), if the @ is selected as basic variable. So far,
the variable unification in the expansion vector space is done.

The essential relationship between the conservation law
based method and the boundary condition based method

It is obvious that the (39) can also be derived from testing the
(31) by using {H*(2," )}; (based on the inner product), and
that the (45) can also be derived from testing the conjugate of
(32) by using {&:(5; )}; (based on the symmetrical product
instead of the inner product). Then, it can be concluded that the
conservation law based methodology and the boundary
condition based methodology have the same physical essence.

IV. SURFACE FORMULATION OF OUTPUT POWER

In [10], three different surface formulations for the output
power of a SHM have been established, and another new
surface formulation is developed in this section, and some other
new surface formulations are provided in Sec. V-C.

A. New surface formulation of output power

For a SHM, it can be proven that
(1/2) <jvup,Einr >V

_ HAE] |:1<JSE Einc> o
Moy — ME, o
(1/2)<H"",M"">

_ &M |:€0 <JSE E'"‘> l<l_7mg’MSE> J
Elly —EM| €, 2 w2 aV

to 1 e s
—°5<H M)

S (52.1)
u BV}

(52.2)

if we, —ue, 1, — €40 #0 . Then, the output power P and
the input power P™ can be evaluated as follows

Poul/inp - (1/2)<jvnp’Einc>7+(1/2)<Hinc’Mvm>V
M AE e\ Mo L)
W{ (7%, Er) +52 P 2<H MSE> }(53 1)
+ £, Au |:301<JSE’E,"C>* +l<[_7i-,,c’MSE> }
EMy—EM| E.2 v o2 v

here Ael=¢ -¢,, and ¢ =e+0/jo, and Au=pu—yu, . In
(53.1), the second equality is for the utilization of formulation
(6), and based on the continuity of the tangential component of
the F™ on oV .
Inserting the (6) into the (53.1), the P™ and P* can be
uniformly written as the following operator form.
P = P =

1P41mt (jSE,MSE) (532)

The subscript “4” in operator P is to emphasize that this
operator is different from another three operators given in [10].
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B.  The matrix form of new surface formulation (53)

In this subsection, the operator (53) is transformed into its
matrix form for the convenience to construct the OutCM set in
the expansion vector space.

The matrix forms of two building-block powers

Inserting the (6) and (9) into the (1/2)<J*,E™ >,, and
(1/2)< H™,M* >,, , these two building-block powers can be
transformed into the following matrix forms.

H .

@ (54.1)
P .a (54.2)

|
]|
Il
S

(1/2)<jSE,Ei”‘>

v

(1/2)(H"™ . M*) =

v

]|
=
<

here superscript “ H ” represents the transpose conjugate of
related matrix, and

— DI pIM
P, = {P’E PJE} (55.1)
0 0
- 0o B
P, = _ (55.2)
0 P
and
a]
a = 56
a LM} (56)
In (55), the submatrices are as follows
Py = [pjgfé“}s’xsﬁ (7.1)
Pt = [ Pt e (57.2)
here C'=J,M , and
i = (/2)(6 & (b)) (58.1)
ngﬁ{ = (1/2)<Hi”"([;§c'),[;;M>W (58'2)
In (58.1), £=1,2,--,2" , and ¢=12,-,2° . In (58.2),

£=1,2,--,2%, and ¢ =1,2,---,E".

The matrix form of operator (53)
Inserting (54) into (53), the P and P can be written as
the following matrix form.

p? =P =g".Pa (59)
here
e T e R A R
Ho€y — HE, H Eolly —EH\ E.

Inserting the (51) and (56) into (59), the (59) can be rewritten

as follows

P = p o= (a®) P .a° (61)
here (®,¥)=(J,M), if the @’ is selected as basic variable;
(®,¥)=(M,J),ifthe @ is selected as basic variable. In (61),

= H =
o= P = [’ 1 .p.[’ ] (62.1)
TJ~>M TJAM
for the case ® =J , and
_ _ 7:—vM~>J " _ 7:—vM~>J
P* =P =| _ P _ (62.2)
1 1

for the case ® =M . The 7 in (62) is identity matrix.

The procedure for constructing the OutCM set is completely
similar to [10], and it will not be repeated in this paper.

V. DISCUSSIONS

For the surface formulations of both CMT and scattering
problem of a SHM, many topics are worthy to be discussed in
detail, but it was not done in the previous Part I to make the Part
I be more compact, and it is finished in this section.

A. On the physical essence of the symmetrical PMCHWT
formulation for the scattering problem of a single
homogeneous material body

Based on the (1)-(3) and the continuity of the tangential
component of F™ on oV and the Maxwell’s equations for
F™ and F™, it is easy to prove that

(/2)(T*.Er), =

v

—(1/2 jw)p,EmL,
(1 )‘< >V‘ o
_] (])VS‘WMN-V“C + Py/ru,rea(l,vac)

(2)(H M%) = —(1j2)(H"™ M)

ar

. 63.2
_j (PVI'S,"eact.vac + PVinc.reacl,vac) ( )

here F™ is the incident field in region ext)V , and

Psi, react,vac __
V =

mB(ﬁm, "), -i@j%iiﬂf” (64.1)

R = 20| L), 4 {0EE), | (642)

and

PVmc, react,vac  _ 2w|:%<1_7inc,lu0[f1inc >V _%<SOE!'"C’EW' >V:| (65)
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Based on the (1)-(3) and the continuity of the tangential
component of F*“ on o9V and the Maxwell’s equations for
F* and F'"™ ,itis easy to prove that

2)(J*EX) = —(1)2)(H™,M™
R A,
+ P.s‘cu,rud + ] ( P[z;’z\l;/react,va(' _ PVm,react,mc)
1/2 Hsca’MSE = —(1/2 jvop’Einc
(2) (M%) = = (1/2)( ), | 662
+ Psm.raz/ +] (Pf\zgé\w;/reucl,mc _PVSL,rmcz.mc)
here F' is the scattering field in region extV , and
prom 2 %%[F‘“x(ﬁm’)*]ﬁ (67)

R}

L/ mwa | isea 1/ e Fsea
e react,vac. 2a)h<H Mo H >R3\V_Z<80E E >R3\VJ (68)

Based on the (1)-(3) and the Maxwell’s equations for F™ | it
is easy to prove that

(1/2)<jSE,Eim>aV — _Pt()/‘,l{).\'.\' _ ] Per,reucz (69 1)
(1/2)<Flf)t,MSE>)V — _Pt()/‘,l{).\'.\' _j Per,reucz (692)

here F* is the total field in region intV , and
Plol,loss — (1/2)<O_Eto/’Eto/>V (70)
PVtol,reacz — Py/ol.reacl,vuc + Plol,/‘earl,mal (71)

In (71),

Pm[, react,vac  __
v =

2w|:i<lf]mt ’Iuolfltaz >V _i<gogtaz ’Elol >V:| (72)

prots react, mat _

1 7 tot 7 tot 1 T tot  Trtot
Zw{Z<H JAuH >V—Z<A6E E H (73)

In addition, the following relation is evident.

tot, react,vac  __ sca, react, vac coup, react, vac inc, react, vac
P =P + B +P

(74)
here

pcas react, vac
v

- 2QB<FI‘“",%H““”>V—%(e@““”,i“‘”)y} (75)

(76)

coup, react, vac __ i, react, vac is, react, vac
F; = F +F

In fact, the P in (68) and the A" in (75) satisfy
the following relation [10].

P.rca.reaw,vnc — P.rca,reaw,vaz' + Ps:a,r‘eacl.wzc
R3W v

(77)

here

R?

Do M,B(ﬁsw,ﬂofp% e ) J (78)

Obviously, the summation of the left-hand sides of (63) and
(66) equals to the left-hand side of (69), viz.,
(1/2)<jSE,E;'">aV + (1/2)(?1;’",MSE>M
+(Y2) (T B )+ (12)(H M)
= (Y2)(T*E) +(Y2)(H M)

(79

v

v

because of the following boundary condition [7]

i (P[P )+ F ()], = i (F)(F (7)), (80)

o7

for any 7edV , here 7 eextV/ and r eintV . For the
convenience of the following discussions, the (79) can be
equivalently rewritten as the following (81), based on (3).

(V2)(TFEr) +(2)(H M),
+(Y2) (T Ex) + (1f2)(H " M)
= (Y2)(TFE™) +(Y2)(H" M)

vV

(81)

v

v

Because of above (79)/(81), the summation of the right-hand
sides of (63) and (66) must equal to the right-hand side of (69),
ie.,

B < a EU,C>V J% < i, Ajlym>y } L ( e rect e })Vin(‘.reacl,vnc)

RW

+ {% < jvop , Emf >V % < Flim' , Mvm >V }_2 Pm,md +j ( Bf‘[rtxp,retl:‘i,vac‘ ) Pysu,rf'acl,vm‘ )

=2 Pmr‘luxs + ] 2 ( P;m,reun, vac P;mn.muvt,var + P’f‘uup, react, vac__ Ptul.:wct,mm)

here the first line corresponds to the (63), and the second line
corresponds to the (66), and the third line corresponds to the
(69).

From the (82) and the above-mentioned relationships among
various powers, it can be found out that the physical essence of
(79)/(81) is just the conservation law of energy, because the (82)
is equivalent to say that P = P here P* = P""™ + p*"
+j(prenrecctyie 4 pretreactnat) 191 Then, it can be concluded that
the physical essence of the symmetrical Galerkin-based
PMCHWT-MoM (79)/(81) for the scattering problem of a
SHM is also the conservation law of energy, just like the
Galerkin-based EFIE-MoM for PEC scattering problem [8], the
Galerkin-based MFIE-MoM for PMC scattering problem, and
the symmetrical Galerkin-based VIE-MoM for material
scattering problem [9]. The reason to use the adjective
“symmetrical” can be found in [9], and generally speaking the
traditional PMCHWT-MoM (or non-symmetrical
Galerkin-based PMCHWT-MoM) [7] and the traditional
VIE-MoM (or non-symmetrical Galerkin-based VIE-MoM) [6]
cannot be completely consistent with the conservation law of
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energy, though the consistence may be existed for some special
cases, as explained in [9].

B. On the symmetrical PMCHWT based surface formulation
of the CMT for a single homogeneous material body
In fact, the (81) can be equivalently rewritten as follows

(1/2)<jfE’Eim'>aV + (1/2)<Flin<',MfE>

v

= (2)(TFE), +(2)(H M) (81"
TSE osca rrsca 3 gSE
—(U2TEE (2,
here the relation lim_ ___,, F/ (7, )=F" () has been utilized in

the first line. If the left-hand side of (81') is viewed as the power
done by incident fields {E™,H"™] on equivalent currents
{7%,M}, and denoted as P"~*", it is easy to find out from
the (63) that

inc—equ __ pinp[out . coup, react, vac inc, react, vac
P = P (B +2P; )

_ Pmt,/osx + Pm:,md + . Psca,reacr,vac + Pim',reacr,vac + Pmt,reucz (83)
- J ( R\ 4 4 )
It is obvious from (83) that
Re{P[ncaequ} — Plo/,loss +Psca,md
_ (84.1)
— Re{Pmp/ouf}

Im{ pire=eanl — Ps;a,reacf.vac 4 pine.react,vac 4 pyot, react

{ } R\ 4 4 (8 4'2)

inp/out coup, react, vac inc, react, vac
Im{P"™"*"} + P +2P;

because the P , peasrad , Pﬂg}c?;/reaa,mc , E/im',rea:t‘vac , Pycnup,l‘eaz't‘vac ,
and P are real numbers. Then, it is found out that the
active power done by {E™ H"™} on {J*,M*} equals to the
active power done by {E"™,H"} on {J*”,M "}, but the reactive
power done by {£"™,H"} on {J%* M} is not always the same
as the reactive power done by {E™,H"™} on {J*” i} . This
implies that the power character of the CMs derived from the
symmetrical PMCHWT based CMT is not always identical to
the OutCMs derived from Surf-SHM-EMP-CMT, especially
for the resonant modes.

However, this above doesn’t imply that the symmetrical
PMCHWT based CMT is worthless, because the EMP-CMT is
an object-oriented theory [8]-[9], and any physically reasonable
power can be treated as the objective power to be optimized by
EMP-CMT. In fact, the symmetrical PMCHWT based CMT
may have its values in some aspects, and it can be viewed as a
special case of the object-oriented EMP-CMT.

In addition, it is obvious that B =(pR*" )" and
prore e R, so (1/2)<J ¥ E™ >, +(1/2) < H™ MY >,
=(1/2)<J"",E™ >, +(1/2) < H™ ,M"" >, because of the (63),
and then generally speaking the power character of the CM set
derived from the non-symmetrical PMCHWT based CMT is
also different from the OutCM set, because the power character
of the CM set derived from the non-symmetrical VIE based
CMT [6] is not always identical to the OutCM set as explained
in [8].

C. On the surface formulations of the EMP-CMT for a single
homogeneous material body

Three equivalent surface formulations for the output power
of a SHM were established in [10], and another equivalent
formulation is developed in the Sec. IV-A of this paper. In fact,
there also exist many other equivalent surface formulations for
output power, such as the following formulations V and VI.

Surface formulation V for output power
Based on the Maxwell’s equations of F*“ and F™ it is easy
to prove that

PP o= pot — _%#[E:m > (Iflinr )* + E" % (]flsca )i| .dS
v

—j P];‘OM.D. react,vac
o fB[ B x(f) + () | o
v

. pcoup, react, vac
- B

(85)

here the third equality is due to the continuity of the tangential
components of F** and F™ on oV . Inserting the (4) and (6)
into the third equality of (85), the (85) can be written as the
following operator form V.

pw = pout — zpsuuz (jSE,MSE) (86)
Surface formulation VI for output power
In fact, the (63) is equivalent to say that
inp  __ out  __ TSE Trince ryinc 3 gSE
P o= P = —(1/2)(T"EN) —(Y2)(H M)
_] Pcoup,reafz,mc + zp{nc,reacl,var
(7 : ) &7

)7 B, ()7
—_ ] ( PVcoup.reacr,vac + 2 PVim'.reacf. Vac)

v

here the third equality is due to the continuity of the tangential
component of F™ on oV . Inserting the (4) and (6) into the
third equality of (87), the (87) can be written as the following
operator form VI.

Pinp — Pout — ,P()m”(jSE,MSE) (88)

A brief discussion for various surface formulations

Various surface formulations given in [10] and this paper
have their own merits respectively, and three typical ones are
briefly discussed as below.

1) The operator form I given in the formulation (14) in [10] is
very suitable for the multi-body system as illustrated in [12],
because the scattering field explicitly appears, and then the
coupling among different bodies can be easily expressed.

2) The operator form III given in the formulation (16) in [10]
clearly expresses the interaction between incident field and the
physical scattering currents, and then it has a clearer physical
picture than other forms.
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3) The calculation effort of the operator form I'V given in the
formulation (53) of this paper is smaller than other forms.
Specifically, the unknowns of all forms are the same, and all
forms (except the form I'V) need to do some volume integrals,
but the form IV need only to do two surface integrals.

D. Some new variational formulations for the scattering
problem of a single homogeneous material body

When a certain incident field {E£™,H"] is applied to a
homogeneous material body, the surface equivalent currents
{7, M} will make the following functional (89) be zero and
stationary [8]-[12], because of the conservation law of energy
[16].

S(jSEJ?SE)

AT 1= Linc 1 rine 17 SE\"
M{2<JSE’E >a¢'+%E<H ’MSE>aLl

i e )
0770 c c
_1P40ul (jSE’MSE)

11>

Inserting the (9) into (89) and employing the Rayleigh-Ritz
scheme [20], a simultaneous equations for the expansion
coefficients in (9) can be derived. By solving the equations, the

expansion coefficients and then the {J**,A/**} can be obtained.

Inserting the derived {J*,M*} into (4)-(8), various fields and
physical scattering currents can be obtained.

A similar and detailed procedure of above method can be
found in [8]-[12], and it will not be repeated here. In addition,
the variantional formulations corresponding to (86) and (88)
can be similarly constructed, and they are not specifically given
here.

VI. CONCLUSIONS

As a supplement to the Surf-SHM-EMP-CMT established in
the previous Part I, some further studies are done in this Part II.
For example:

The physical essence revelation and the numerical analysis
for the boundary condition based method to unify variables are
given, and then it is found out that its physical essence is
so-called extinction theorem, and that the improved (ME) and
(JH) schemes are more desirable for variable unification; a new
conservation law based method for variable unification is
developed, and it has the same physical essence as the boundary
condition based method; some new surface formulations for the
output power of a SHM are provided, and then some new
surface formulations for constructing the OutCM set and some
new variational formulations for the scattering problem of a
SHM are established, and it is found out that the formulation IV
is more advantageous than the other formulations to save
computational resources.

The power relation contained in the symmetrical PMCHWT
formulation is carefully researched, and it is found out that the
physical essence of the symmetrical PMCHWT formulation for

the SHM scattering problem is the conservation law of energy,
just like the surface EFIE for PEC scattering problem and the
symmetrical VIE for material scattering problem. Then, it is
clearly revealed why the symmetrical Galerkin-based MoM for
these integral equations is variational stationary. Moreover, it is
also found out that the power character of the CM sets derived
from the symmetrical and non-symmetrical PMCHWT based
CMTs are not always identical to the OutCM set derived from
the Surf-SHM-EMP-CMT; the symmetrical PMCHWT based
CMT can be viewed as a special case of EMP-CMT, because of
the object-oriented character of EMP-CMT.

Based on the above observations, it can be concluded that the
modal theory for physicists and engineers should be established
in a more physical framework instead of a purely mathematical
framework, just like Arnold Sommerfeld (an outstanding
educator and scientist) said in [21] that:

“We do not really deal with mathematical physics, but with
physical mathematics, not with the mathematical formulation of
physical facts, but with the physical motivation of mathematical
methods. The oft-mentioned ‘prestabilized harmony’ between
what is mathematically interesting and what is physically
important is met at each step and lends an esthetic — I should like
to say metaphysical — attraction to our subject.”

APPENDIX

In this appendix, the specific mathematical expressions of
the operators in (4)-(8) are provided.

Because the relevant material parameters are constants in
both intV and extV , the dyadic Green’s functions used in [10]
satisfy the following dual relationships

GE(FF) o (7 F) (A-1.1)
GI'(FF) o -GY(F.7) (A-1.2)
7 © g (A-1.3)
g © Jri (A-1.4)

here the subscript “ X ” can be “~"or “0”; (&,&)=(u.¢,) for
the region intV , and (/,€)=(4,.€,) for the region ext) .

In addition, the Green’s functions Gy (¥,7) and G (¥.7)
satisfy the following symmetry [22].

GI(F.F) = [E;E(V,F)T (A-2.1)
G (F.7) = [é;ﬁ(?,r)]r (A-2.2)

here the superscript “ T ” represents the transpose operation for
the relevant Green’s function, as defined in [22].

Inserting the (1)-(3) and (A-1)-(A-2) into the formulations
(C-7) and (C-13)~(C-15) in Part I [10], the followings integral
expressions for various fields are obtained.
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here 7,7 eintV, and

ginc(jEE’ME) —

Hinc(jSE,MSE) —

here 7,7 eintV, and

ER(IFMF) =

here 7,7 e extV , and

ER(IFMF) =

here 7,7 eintV, and
AG®(F,F) =
AGME(F,F) =
AGM(F,F) =

+§pG=(r.r)- 3%(

oV

2
o
7}

(A-3.1)

(A-3.2)

(A-4.1)

(A-4.2)

(A-5.1)

AG™(F,F) = G™(F,F) — G™(F.F)  (A-7.4)
In (A-3)-(A-7), [13], [22]
=, 1 - .,
E(F,F) = ngO(VV+k§|)go(r,r) (A-8.1)
GrE(F.F) = —Vx[:go(T,F)} (A-8.2)
Gr(rr) = Vx{Ta ()] (A-8.3)
- 1 = _ .,
G (T.F) = o VV+kI )go(r,r) (A-8.4)
here 1 is the identity dyad, and
— o 1 ~ k[T A-9
9,(7.7) pr— (A-9)
and
~E [+ =\ _ 1 2T —
G (r.F) = ﬁ.wgc(Vchl)g_(r,r) (A-10.1)
GYE(F.F) = -VX[:g,(r,f)} (A-10.2)
GH(r.7) = VX[:g,(r,r)} (A-10.3)
1 =
G™(F,F) = —(VV+KT)g (T.F)  (A-10.4)
(.1) Jwﬂ( ke ) (r.1)
here
) = 1 ik =T A-11
9.(T.7) e (A-11)

In (A-9), k, =o€, . In (A-11), k. = Jue, .
The operator forms of physical scattering currents are as
follows

TO(IEME) = o (IF M%) (A-12.1)
TP(IEME) = joAe™ (TJEMF)  (A-122)
TP(TEME) = joAe £ (TFMF)  (A-123)
M™T(TEMF) = jorgH* (IF,MF)  (A-13)
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