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Abstract: A new quantum mechanical formalism based on the probability
representation of quantum states is proposed. This paper in particular deals with
the special case of the measurement problem, known as Schrédinger’s cat
paradox. We pointed out that Schrédinger’s cat demands to reconcile Born’s rule.
Using new quantum mechanical formalism we find the collapsed state of the
Schrédinger’s cat always shows definite and predictable outcomes even if cat also
consists of a superposition

|cat) = c1|live cat) + ¢, |death cat)
lc1)? +|c2)* = 1.

Using new quantum mechanical formalism the EPRB-paradox is considered
successfully. We find that the EPRB-paradox can be resolved by nonprincipal and
convenient relaxing of the Einstein’s locality principle.
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Part I.

Schrodinger’s cat paradox resolution using GRW
collapse model. Von Neumann measurement postulate
revisited.

|. Introduction

In his famous thought experiment,Schrédinger(1935) imagined a cat that
measures the value of an quantum mechanical observable with its life. Since
Schrédinger’s time, no any interpretations or modifications of quantum mechanics
have been proposed which gives clear unambiguous answers to the questions
posed by Schrodinger’s cat of how long superpositions last and when (or whether)
they collapse? In this paper appropriate modification of quantum mechanics are
proposed. We claim that canonical interpretation of the wave function v = ¢y +
cay, is correct only when the supports the wave functions y; and v, essentially

overlap. When the wave functions y, and vy, have separated supports (as in the

case of the experiment that we are considering in this paper) we claim that
canonical interpretation of the wave function v = ¢ v + c2y, is no longer valid for a

such cat state. Possible solution of the Schrodinger’s cat paradox are

considered.We pointed out that the collapsed state of the cat always shows definite

and predictable outcomes even if cat also consists of a superposition [16]-[17] :
|cat) = c1]live cat) + c2|death cat).

1.1.The canonical interpretations of the Schrodinger

experiment.
As Weinberg recently reminded us [1], the measurement problem remains a



fundamental conundrum. During measurement the state vector of the microscopic
system collapses in a probabilistic way to one of a number of classical states, in a
way that is unexplained, and cannot be described by the time-dependent
Schrédinger equation [1].To review the essentials, it is sufficient to consider
two-state systems. Suppose a nucleus n, whose Hilbert space is spanned by
orthonormal states |s;(¢)), i = 1,2,where |s;(¢)) = |undecayed nucleus at instant t>

and [s2(?)) = |decayed nucleus at instant t> is in the superposition state,

W0y, = cilsi(@)) + cals2(D)),|c1 ] +|ea]* = L.

A measurement apparatus 4, which may be microscopic or macroscopic, is
designed to distinguish between states |s;()) by transitioning at each instant ¢ into
state |a;(¢)) if it finds nis in |s;(¢)), i = 1,2. Assume the detector is reliable, implying
the |a:(¢)) and |a.(¢)) are orthonormal at each instant 7 ,i.e., (a1(¢)]ja2(¢)) = 0 and
that the measurement interaction does not disturb states |s;) -i.e., the measurement
is “ideal”. When 4 measures |¥,) , the Schrodinger equation’s unitary time
evolution then leads to the “measurement state” |'¥;)_, :

W), = cilai(®)) + calaz(®)),|c1]* +|e2|* = 1.

of the composite system n4 following the measurement.

Standard formalism of continuous quantum measurements [2],[3],[4],[5-10]
leads to a definite but unpredictable measurement outcome, either |a,(¢)) or |ax2(¢))
and that |¥,), suddenly “collapses” at instant ¢' into the corresponding state |s;(¢')).
But unfortunately the equation (1.1.2) does not appear to resemble such a
collapsed state at instant 7'?.

The measurement problem is as follows:

(1) How do we reconcile canonical collapse models postulate’s

(I) How do we reconcile the measurement postulate’s definite outcomes with
the

“‘measurement state” |\¥',), , at each instant r and

(111 how does the outcome become irreversibly recorded in light of the
Schrédinger

equation’s unitary and, hence, reversible evolution?

The Part | of this paper in particular deals with the special case of the
measurement problem, known as Schrodinger’s cat paradox. For a good and
complete explanation of this paradox see Albert [7], Leggett [11], Hobson [12] and
Schrédinger[13], see also [14]-[16].

(1.1.1)

(1.1.2)



Pic.1.1.1.Schrodinger’s generic cat.

In his famous thought experiment [11], Schrédinger(1935) imagined a cat that
measures the value of an quantum mechanical observable with its life. Adapted to
the measurement of position of an alpha particle, the experiment is this. A cat, a
flask of poison, and a radioactive source are placed in a sealed box. If an internal
monitor detects radioactivity (i.e. a single atom decaying), the flask is shattered,
releasing the poison that kills the cat. The Copenhagen interpretation of quantum
mechanics implies that after a while, the cat is simultaneously alive and dead. Yet,
when one looks in the box, one sees the cat either alive or dead, not both alive and
dead.

This poses the question of when exactly quantum superposition ends and
reality collapses into one possibility or the other?

Since Schrddinger’s time, no any interpretations or extensions of quantum
mechanics have been proposed which gives clear unambiguous answers to the
questions posed by Schrodinger’s cat of how long superpositions last and when (or
whether) they collapse.

The canonical interpretations of the Schrodinger
experiment.

1.1.1.The Copenhagen interpretation

The most commonly held interpretation of quantum mechanics is the
Copenhagen interpretation.[14-15] In the Copenhagen interpretation, a system
stops being a superposition of states and becomes either one or the other when an
observation takes place. This thought experiment makes apparent the fact that the
nature of measurement, or observation, is not well-defined in this interpretation.
The experiment can be interpreted to mean that while the box is closed, the system
simultaneously exists in a superposition of the states "decayed nucleus/dead cat"
and "undecayed nucleus/living cat", and that only when the box is opened and an



observation performed does the wave function collapse into one of the two states.
However, one of the main scientists associated with the Copenhagen
interpretation, Niels Bohr, never had in mind the observer-induced collapse of the
wave function, so that Schrodinger’s cat did not pose any riddle to him. The cat
would be either dead or alive long before the box is opened by a conscious
observer [14-15]. Analysis of an actual experiment found that measurement alone
(for example by a Geiger counter) is sufficient to collapse a quantum wave function
before there is any conscious observation of the measurement.[15] The view that
the "observation" is taken when a particle from the nucleus hits the detector can be
developed into objective collapse theories. The thought experiment requires an
"unconscious observation" by the detector in order for magnification to occur.

1.1.2.The Objective collapse theories

According to objective collapse theories, superpositions are destroyed
spontaneously (irrespective of external observation) when some objective physical
threshold (of time, mass, temperature, irreversibility, etc.) is reached. Thus, the cat
would be expected to have settled into a definite state long before the box is
opened. This could loosely be phrased as "the cat observes itself", or "the
environment observes the cat".

Objective collapse theories require a modification of standard quantum
mechanics to allow superpositions to be destroyed by the process of time
evolution. This process, known as "decoherence", is among the fastest processes
currently known to physics [5],[].

1.1.3.The Ensemble interpretation

The ensemble interpretation states that superpositions are nothing but
subensembles of a larger statistical ensemble. The state vector would not apply to
individual cat experiments, but only to the statistics of many similarly prepared cat
experiments. Proponents of this interpretation state that this makes the
Schrédinger’s cat paradox a trivial matter, or a non-issue. This interpretation serves
to discard the idea that a single physical system in quantum mechanics has a
mathematical description that corresponds to it in any way.

Remark 1.1.1. Ensemble interpretation in a good agreement with a canonical
interpretetion of the wave function (y-function) in canonical QM-measurement
theory. However under rigorous consideration of the dinamics of the Schrodinger’'s
cat this interpretation gives obviously unphysical result, see section Ill, Proposition
3.1.2.(ii).

1.2.The canonical collapse models.Quantum

Mechanics with Spontaneous Localizations (QMSL)

We remind that Quantum Mechanics with Spontaneous Localizations [2],[3] is
based on the following assumptions:

(1) Each particle of a system of n distinguishable particles experiences, with a
mean rate 4;, a sudden spontaneous localization process.



(2) In the time interval between two successive spontaneous processes the
system evolves according to the usual Schrddinger equation.
(3) The sudden spontaneous process is a localization given by:

|l//> locaiz‘;xtion |l//l§(> xe [R3,
79
where
i) = Lily).

Here L: is a norm-reducing, positive, self-adjoint, linear operator in the n-particle
projective Hilbert space H, representing the localization of particle i around the
point x.

(4) The probability density for the occurrence of a localization at point x is
assumed to be

Pi(x) = [llwiyll®.
Eq.(1.2.3) requires that [d*x[L{]* = 1.
(5) The localization operators Li have been chosen to have the form:

= () e[k @ -0

q; being the position operator for particle i.

1.2.1.The classical GRW model

In order to appreciate how canonical collapse models work, and what they are
able to achieve, we briefly review classical GRW model [2]. Let us consider a

system of n particles which, only for the sake of simplicity, we take to be scalar and
spinless; the GRW model is defined by the following postulates: (1) The state of the

system is represented by a wave function y,(x;,xa,...,X,) belonging to the Hilbert

space £,(R3*"). (2) At random times, the wave function experiences a sudden jump

of the form:

Vi(X1,X2,...,Xn) = Vi(X1,X2,.., Xn; X)) =
Ru(Xm)v(X1,X2,...,X,)
”mm(im)wt(xl’xza"',xn)”2 ’

where y,(x1,X2,...,X,) is the state vector of the whole system at time ¢,
immediately prior to the jump process and R, (X,,) is a linear operator which is
conventionally chosen equal to:

_ (ﬁm _’irn)z :|

RnXn) = (r2) ™" exp[ 53

where r. is a new parameter of the model which sets the width of the localization
process, and X,, is the position operator associated to the m-th particle of the

(1.2.1)

(1.2.2)

(1.2.3)

(1.2.4)

(1.2.5)

(1.2.6)



system and the random variable X,, corresponds to the place where the jump
occurs. (3) It is assumed that the jumps are distributed in time like a Poissonian
process with frequency 1 = Agrw this is the second new parameter of the model.
(4) Between two consecutive jumps, the state vector evolves according to the
standard Schrddinger equation.

Let us consider a single particle. Suppose it suffers a hitting process: its wave
function |y) changes it into the new wavefunction |y, ). We do not know where the
hitting occurs, but only the probability for it to occur around position x. Accordingly,
the pure state is transformed into the following statistical mixture:

v = jcﬁxP(x)W = [ L)y ILs = T )] (1.2.7)

Of course, if the initial state of the particle is not pure but a statistical mixture
given by the operator p, the effect of a hitting process is the same as the one
described above: p changes into 7Tp]. We derive now the evolution equation for
p(t). In a time interval dt, the statistical operator evolves in the following way: since
the localization mechanism is Poissonian, there is a probability Adt for a hitting to
occur during that time interval, in which case p changes to 7[p], and a probability
1 — Adt for no hittings to occur so that the statistical operator evolves according to
the usual Schrddinger equation:

p(t+dt) = (1 - /’Ldt)|:p(t) _ %[ﬁ,p(t) }dt} + AT p(0)] (1.2.8)

Thus 1-particle master equation of the GRW model takes the form [2]-[5]

N 1.2.9
L) = L[ H,p(0) | - 4p(0) - Tp())). (129

Here H is the standard quantum Hamiltonian of the particle, and 77-] represents the
effect of the spontaneous collapses on the particle’s wave function. In the position
representation, this operator becomes:

_a')? 1.2.10
@I = exp[—M}qu(z)rq”» (1219

4r2
Since, owing to Eq.(1.2.10) (q|7TTp(?)]|lq) = {(q|p(?)|q),equation (1.2.9) is obviously
trace preserving. Moreover, using equation (1.2.9), it can be proved that

%Tr[pz(t)] <0. (1.2.11)

This implies that the dynamical evolution transforms pure states into statistical
mixtures.

1.2.2. Tails of Schrodinger’'s cat.Schrodinger’'s cat
demands to reconcile canonical collapse models



postulates

GRW collapse of the Schrodinger’s cat state considered in [7].The orthodox
account attempts to solve the measurement problem by claiming that in
measurement interactions the quantum state of the measured system plus
measuring system does not evolve in accord with the Schrodinger equation but
instead collapses into one of the states that is an eigenstate of the measurement
observable (i.e. the observable that records the result of the measurement) with a
probability proportional to the square of the coefficient of that state. For example, if
Schrodinger’s cat measures the x-spin, then the post-measurement state |CAT)
collapses either into |1)|Alive) or || )|Dead) each with a probability proportional to the
square of the coefficient associated with each state. So on the orthodox account,
there are two fundamental laws that govern the evolution of quantum states. In
non-measurement situations, Schrodinger,s deterministic law holds away. But in
measurement situations, the collapse dynamics takes over.

or

m CAT
GRWCAT(Dead)

Z N 4 . N

— |
@ 1N A N~
GRWCAT(Alive)
1) 1)

_// N Y A W [Alive) ' |Dead)

Pic.1.2.1.(i) The GRW collapse of the  Pic.1.2.1.(ii)The GRW collapse of the

Schrodinger’s cat state |[CAT) : Schrodinger’s cat state |[CAT) :
ICAT) 78 1y glive) ICAT) " 8" ||y Dead) Adopted from [7].

There are difficulties, however. Look more dosely, for example, at a post
GRW:-collapse state like GRWCAT(Alive), illustrated in Pic.1.2.1(i)-(ii). Note that
while most of GRWCAT(Alive)'s amplitude is indeed (as we mentioned above)
concentrated in the "Alive" region of the state space, it also has non-zero tails
which extend into the "Dead" region.

And so it follows from the eigenstate-eigenvalue rule that the cat is, as a matter
of fact, not determinately alive (or dead), when GRWCAT (Alive) obtains, after all.

And so the GRW theory, as we have stated it above, patently fails to solve
Schrodinger’s paradox.

Remark 1.2.1. In order to avoid the problem of the tails of Schrodinger’s cat we
replace now postulate (5) by the next postulate:

(5") The localization operators Li have been chosen to have the form:



3/4
L s 2] -
(5n5 ) exp|: 25 (g, —x) } iff |gi— x| <& <1,

0iff lg: — x| > &.

Li=Li(5,¢) = (1.2.12)

Here 6 € (0,1] and lims_o 75 = 7.
1.2.3. The stochastic nonlinear Schrodinger

equation

Another modern approach to stochastic reduction is to describe it using a
stochastic nonlinear Schrodinger equation [2]-[10],[46] an elegant simplied example
of which is the following one particle case known as Quantum Mechanics with
Universal Position Localization [QMUPL]:

(1.2.13)

DAY

dy () = | ~-LH - L@~ (gt [l )de + JE@ = )iy ).

Here g is the position operator, {(q;) = (w.|q|y:) it is its expectation value, and k is a
constant, characteristic of the model, which sets the strength of the collapse
mechanics, and it is chosen proportional to the mass m of the particle according to
the formula: k = (m/mo)Lo, where my is the nucleon’s mass and 1, measures the
collapse strength. It is easy to see that Egn.(1.2.5) contains both non-linear and
stochastic terms, which are necessary to induce the collapse of the wave function.

For an examle let us consider a free particle (ﬁ = p?/2m), and a Gaussian state:

vix) = exp{_at(x_)—ct)z n il_c,x}. (1.2.14)

It is easy to see that v,(x) given by Eq.(1.2.14) is solution of Eq.(1.2.13), where

(1.2.15)

da; _ 4 _ 2ih o A% _ Wy . JE dl_c,__ Im(at)
dt k m 4 dr mk’ 2Re(a;) Wi, \/_R( )

The many-particle equation [2]:

N
dly(x)) = |:—% Z%( g;—{qis)) dt:||l//,(x))dt+

i=1

(1.2.16)

+Z \/k_l(al — <q["[>)dW[,t|I//l(x)>9
i=1

where H is the quantum Hamiltonian of the composite system, the operators g,
(i = 1,...N) are the position operators of the particles of the system, and W, (i =
1,...N) are N independent standard Wiener processes.



The CSL model is defined by the following stochastic differential equation in the
Fock space [2]:

() = | 8- £ (00 - 0) ) e |0y + (1.2.17)
R (M) = (M) ) (Ol (0).

The parameter £ is a positive coupling constant which sets the strength of the
collapse process, while /M(x) is @ smeared mass density operator:

M(x) = ijNj(X), (1.2.18)

Ni(x) = [ dyg(y - x)y) (xw;(x),

W;(x),y/j(x) being, respectively, the creation and annihilation operators of a
particle of type j in the space point y. The smearing function g(x) is taken equal to
3/4 2
g = (5= ) ex[-3< | (1.2.19)
where ¢ is the second phenomenological constant of the model. 7,(x) is an
ensemble of independent Wiener processes, one for each point in space.

1.2.4.The nonclassical collapse models with
spontaneous localizations based on generalized
measurement postulates

The nonclassical collapse models attempt to overcome the difficulties that
standard quantum mechanics meets in accounting for the measurement (or
macro-objectification) problem, an attempt based on the consideration of nonlinear
and nonlocal stochastic modifications of the Schroedinger equation.The proposed
new nonlocal dynamics is characterized by the feature of not contradicting any
known fact about microsystems and of accounting, on the basis of a unique,
universal dynamical principle, for wavepacket reduction and for the classical
behavior of macroscopic systems.

Quantum Mechanics with Nonclassical Spontaneous Localizations is
based on the following assumptions:

(1) Each particle of a system of n distinguishable particles experiences, with a
mean rate Ai, a sudden spontaneous localization process.

(2) In the time interval between two successive spontaneous processes the
system evolves according to the usual Schrddinger equation.

(3) Let |y),, be the classical pure state correspond to an vector |y) , € S* & H



in a non projective Hilbert space H, see Subsection I.7.1, Def 1.7.1-1.7.2. Then the
sudden spontaneous process is a localization given by:

i
J,6—localization | Vs ,E,X >
— 222 x e R?

V). - : , ,
l W5 exd, | (1.2.20)
0€(0,1]e <1,
where
Whex), = Ly(8. )W), (1.2.21)

Here Z;(é,s) is a norm-reducing, positive, self-adjoint, linear operator with a symbol
Li(8,¢) in the n-particle non projective Hilbert space H, representing the localization
of particle i around the point x.

Definition 1.2.1. Such localization is called 6, e-localization or 6, e-collapse of
the state

V)

(4) The probability density p;(x,d, ¢) for the occurrence of a localization at point
X is assumed to be

11500011 |
”J‘ 2y *dPx
R3

(5) Let |y), , be the nonclassical pure state correspond to an vector

) = Cly) € H\S”,
where |y) € S7,|{| + 1, see Appendix C, Def.C.3. Then the sudden
spontaneous process is a localization given by:

pi(x,0,¢) = (1.2.22)

6,£—loci)lizati0n C | "4 S,g,x >n.cl

[. ,x € R?, (1.2.23)
|| |l//5,s,x>n_cl “

‘l//>n.cl

where

Wex)ner = Lx(8,8)W), o (1.2.24)

Definition 1.2.2. Such localization is called 6, e-localization or 6, e-collapse of
the state

W) et

(6) The probability density p:(x,,J,¢,) for the occurrence of a localization at
pointx € R3 in

acordance to postulate Q.IV.3 (see Subsection 1.7.1, Eq.(1.7.8)) is assumed to
be

2

| W)
.[” (Zreom *dPx
R3

(7) The localization operators 21(6,3) have been chosen to have the form:

pi(XaCaéoga) =

(1.2.25)



3/4
1 1A 2] B
(5%,; ) exp|: 55 (@i = %) J iff [q, — x| <& <1,

1.(,¢) = (1.2.26)
0iff ||q, —x|| > &.
Here 5 € (0,1] [d*x[Li(3,¢)]* = 1 and lims.o7s = 7.
Remark 1.2.2. In one dimension case it follows that
1/4
, 1 L s N2 il —
1i5,¢) = (57:5 ) exp| 25 (@i =) Jifflg—xl <& <1, (1.2.27)
0 iff |g; — x| > e.
Remark 1.2.3. Note that from Eq.(1.2.22) and Eq.(1.2.26) follows that a
probability density p;(x,{,9, ¢, ) for the occurrence of a localization inside sphere
S(x.) = {q; € R¥|llq,— x| < &} is given by
1Y hen)g I
' _ 0,6,X/ ] _ i 2 3
Pilx,8,6) = =528, 006.8) = [[[ v, I d .
[R3
|| ; ”2_ ( 1 )3/2 J. d3 o |:_l B 2:| (1228)
|l//5,8,x>cl - 57[5 qy (ql-)CXp S (qz X) P
la—xll<
v'(qi) =qilly"),
and therefore
pi(x,e) = lim p,(x,0,¢) =
6-0
32 ‘ , 1.2.29)
: -1 1 3l _L _ 2 — 0 (
lim ©71(6.0) (51~ ) | [ P (@) exp[~La, -0 ] = wix).
q,—x|[<¢
Remark 1.2.4. In one dimension case it follows that a probability density
pi(x,0,¢,) for the occurrence of a localization inside interval [x — ¢,x + €] is given by
12
i 2 1 3 i 1 2
pde) = et = (55=) | @av'@exs] L@ -0?],
o7s q,[sg 3 ] (1.2.30)
v'(qi) = {qilly"),
and therefore
pi(x,e) =lim p;(x,0,¢) =
0-0
12 ‘ ‘ (1.2.31)
_1s -1 1 ) . _L L 2 — i
im0 @,e) (55-) [ daw'@ex[-ai-0*] = vico.

-0 \gi—xi<e

1.2.5.The generalization of nonclassical collapse
models



(8) Let |y,) .t € [0,T] be the classical pure states correspond to an
vector-function  |y,)_, : [0,7] xS* - S* such that |y,) € S* & H
,t € [0, T],where is a non projective Hilbert space H, see Subsection I.7.1, Def
1.7.1-1.7.2. Then the sudden spontaneous process is a localization along classical
trajectory x; : [0,7] x R* - R? given by:

4,¢,x—localization |W£6,g,x, >cl
— L oetlel

I isex )l (1.2.32)
5e(0,1,e < 1,x,€ R ¢te(0,T].

|l//t>c1

where

Wisex )y = Lx(8,8)We),. (1.2.33)

Here Z;t(é,s) is a norm-reducing, positive, self-adjoint, linear operator with a
symbol L% (6,¢) in the n-particle non projective Hilbert space H, representing the
localization of particle i at each instant ¢ € [0, 7] around the point x,.

Definition 1.2.3. Such localization as mentioned above is called
0, &,X,~localization or

0,¢,x,-collapse of the state |y ;) ,.

(9) The probability density p;(z,x;,0,¢) for the occurrence of a localization at
point x, at

instant ¢ is assumed to be

i 2
|||l//t,5,g,x,>d ||
Q(t,0,e)

Q(1,8,8) = [[[Ilhen) I .
R3

p[(toxla(sog) =
(1.2.34)

(10) Let |y,), , be the nonclassical pure state correspond to an vector-function

lwe) = ¢lw.) € B\S™, where |y,) € $7, (| # 1, € [0,T] see Subsection 1.7.1,
Def.1.7.3.

Then the sudden spontaneous process is a localization along classical

trajectory
X, : [0,T] x R3 - R3 given by:

4,¢,x—localization C|W;‘,6’g,xt >n cl
_) —_—

|Il/t>nc . 5
< W isexd, ] (1.2.35)
x.e Rt e [0,7]
where
W isoxdner = Lx GOV, (1.2.36)

Definition 1.2.4. Such localization is called 6, ¢, x,-localization or ¢, ¢, x,-collapse
of the
state |y)

n.cl



(11) The probability density p;(z,x;,(, 9, ¢, ) for the occurrence of a localization at
point

x, € R?® atinstant ¢ € [0,T] in acordance to postulate Q.IV.3 (see Subsection
1.7.1,

Eq.(1.7.8)) is assumed to be

2

€1 H |‘/’§,5,s,|¢|*2m>n.cz
Q(1,6,¢) ’

pi(taxt,g&g:) =

‘ 1.2.37
(1.6,) = [[[ I P (1.2:37)
IR3
(12) The localization operators Z;l(&e) have been chosen to have the form:
. 1 3/4 RPN B
I.(5.€) = (5715 ) eXp[ 25 (i = %) J g —xdl <& <1, (1.2.38)
0iff |q, —x/|| > &.
Here 6 € (0,1] and lims.o 75 = 7.
Remark 1.2.5. In one dimension case it follows that
- 1 1/4 _L ~ 5. o
I..(5,¢) = (57:5 ) eXp[ 25 (@i =x0) } g x| < & <1, (1.2.39)
0iff |g; — x| > e.
Remark 1.2.6. Note that from Eq.(1.2.34) and Eq.(1.2.38) follows that a
probability density
pi(t,x:,C,0,¢,) for the occurrence of a localization at instant ¢ inside sphere
S(x.) = {q; € R¥|llq,— x| < &} is given by
1Y Esm e
pi(t,X;,0,¢) = W
32
i 2 _ 1 3, 0 _ln )2 (1.2.40)
Wisndol’ = (55 ) [ @awitayess[-La@,-x)?],
llq;—x:ll<e
vi(qi) = {qillvi),
and therefore
pi(t,x,e) =lim p;(t,x,0,¢) =
6-0
(1.2.41)

=limQ~1(¢, 6, ¢) (ﬁ)m I dqil//i(qi)exp[—%(qi—x,)z} = yi(x,).

. 0
o0 lgi=x|se



1.3.The nonlocal Schrodinger equations and
nonlocal nature of the wave function collapse

In this subsection we introduce new additional QM-postulates namely nonlocal
Schrédinger equations. This nonlocal equations in a good consent with nonlocal
nature of the wave function collapse. We obtain main GRW postulates given by
Eq.(1.2.20) and Eq.(1.2.32) using nonlocal Schrodinger equations (1.3.3) and
(1.3.6).

Assumption 1.3.1.We assume now that a wawe function ¥Y(x,?) = (x|y,)
collapses at instant: = 0.

Definition 1.3.1.Let us consider the time-dependent canonical Schrodinger
equation:

ih% ~ HOw.o),
te[0,7T],x = (x1,X2,...,Xn) €R".

Let W(x,¢) be a classical solution of the equation (1.3.1). The time-dependent
Schrédinger equation (1.3.1) is a weakly well preserved by corresponding to W(x, ¢)
collapsed along classical trajectory

.....

o () X, (1) ifft <t <T
X, (1, =
l 0iffo<r<¢

wave function ¥#(x,1,¢) :

Y#(x1,X2,..., X, 1,1) =

YHA(X1,X2, .., X, 5,13 X, (1), X, (0,1)) =

,,,,,

,,,,,

mmi(imi(t’ t,)) =

s = )2
oy oo 2T iy, 5,0 <

0 iff || xn — Xn(2, )] > &.

(1.3.1)

(1.3.2)



in region I' < R3 if the estimate

ot

O ey

# / A~
J{ihM —H(t)‘P#(x,t,t’)}cP”x _ 014 <a <172, (1.3.3)
r

t € [0,T],x eR3",

is satisfied.

Definition 1.3.2.(i) The time-dependent integral equation (1.3.3) is colled the
time- dependent nonlocal Schrodinger equation of the order 4.

(i) Such collapsed wave function ¥#(x,¢,¢') as mentioned in Definition 1.3.1 is
colled the

h®- solution of the nonlocal Schrédinger equation (1.3.3) of the order a.

Definition 1.3.3.Let us consider the time-independent canonical Schrédinger

equation:

HY(x) = 0, (1.3.4)
t € [0,7T],x = (x1,X2,...,Xp) €R3",

Let W(x) be a classical solution of the equation (1.3.4). The time-independent
Schrédinger equation (1.3.4) is a weakly well preserved by corresponding to W(x)
collapsed wave function ¥#(x) :

YH(X1,X2,...,X,) =
W(X1,X2, s X3 Xy oo s Xomy ) =

— 9%ml ..... mk(’imla'"aimk)T(XlaX25'"5Xn)
||5le ,,,,, mk(iml,...,imk)‘{l(XI,XZQ--.,X}’l)||2 ’ (1.3-5)

~ ~ \2
28) P exp| ~Cn=Xm)" iy g i<,
Ron(Xn) = ) p[ 2 | |
0 iff % = X || > &.

in region I' < R if the estimate

Iﬁ\y#(x)aﬂd = O(h"),1/4 < a < 1/2, (1.3.6)
r

x eR3",



is satisfied.
Definition 1.3.4.(i) The stationary integral equation (1.3.6) is called nonlocal
stationary Schrédinger equation of the order i“.
(i) Such collapsed wave function ¥#(x) as mentioned in Definition 1.3.3 is
colled the
h®- solution of the time-independent nonlocal Schrédinger equation (1.3.6) of
the
order a.
Definition 1.3.5.The time-dependent integral equation

h{”’w —ﬁ(t)‘l’#(x,t)}d3"x =0, (1.3.7)
or

t €[0,T],x eR3",

is colled the time-dependent nonlocal Schrédinger equation.
Definition 1.3.6.The stationary integral equation

[HY ()ax = 0.x R, (1.3.8)
r
is called nonlocal stationary Schrédinger equation
Remark 1.3.1.We have introduced in consideration Eq.(1.3.3) and Eq.(1.3.6) in
order to obtain good approximation of the solutions of the Eq.(1.3.7) and Eq.(1.3.8)
correspondingly.
Lemma 1.3.1.[24].Let ®(1) be a function
D(A) = j BT exp(—Ax®)f(x)dx, (1.3.9)
0
where A > 1, 0 < a < 0,0 < 8,0 < a. Assume that f{x) is continuous on
[0,a]. Then
Dd(A) = a‘T(é)[f(O) +o(1)]APe (1.3.10)
Theorem 1.3.1. We assume now for a shortthat m = n = 1. Let ¥(x),x € R be a
classical
solution of the equation (1.3.4), where
A B 62
Assume that
Y =0 h_1/4 ,
Y )| = 0™") (1.3.12)

0¥ (x)/0x| = O(i~>*).

Then any collapsed wave function ¥*(x) given by Eq.(1.3.5) with



JA/6 = h%, 1/4 < a < 1/2 that is h*-solution of the time-independent nonlocal

Schrédinger equation (1.3.6) of the order a.
Proof. Note that

WH(x) = $(0)P(x),
$5(x) = (msd) ™ exp[— G2y J ff - < &,

ds(x) = 0iff x —X| > &.

From Eq.(1.3.13) one obtains

8¢5(x) C(s8) 5 (x x)exp|: (x ;57)2 :|+

+([¢5]3C._8)5(x -X+¢&)+ ([¢s];3,,)0(x—% —¢) iff x —%| < ¢,
8¢5(x)

= 0iff k- X| > &

O’ps(x) _ -3’
o ( 5) 1/4516p[ 5 :|+

Ox?

+(158) 62 (x - X)? exp|:— (x ;57)2 J +

([%L_S)(S(x—f+e) + ([%Lﬂ)ci(x—f—e) +

+([¢5]5.,)0' (x =T + &) + ([¢5]5,,)0 (x —F —¢) iff x - F| < ¢,

*ps(x)
Ox?2

= 0iff x— | > e.

and

PV PV | 0 [y 050 g V)
T Sty 2w 2 g0 S |

) o¥(x) Ods(x)
ox ox

Substitution Eq.(1.3.11) and Eq.(1.3.15) into LHS of the Eq.(1.3.8) gives

+\P( )62¢5(X) ¢ ( )az\P(x) )

(1.3.13)

(1.3.14)

(1.3.15)



L)+ YY) :|dx -

f Pola >[ﬁ2 O 4 v )\P(x):|dx+2h2 j[ OV (x) 0gs(x)
r

I HY#(x)dx = ”:hz
r

+
ox  Ox } (1.3.16)

+h? lH:‘I’(x) azg;zz(x) :|dx =

272 ﬂ 0¥ (x) Ops(x) :| .ﬂ:\y( )8 ¢5(x) :| »

Ox Ox

From Eq.(1.3.16) and Eq.(1.3.12) one obtains

jﬁ\y#(x)dx
r

szH 5‘{(;)(:6) H 5"55)5") ‘:|dx+h21.{|:|‘l'(x)|‘%‘:|dxs

2820(h~54) | ‘% ‘dx+h20(h‘“4) [ ‘% dx <
T I

=2 1.3.17
O3 (r58) 45! j |x—Y|exp|:——(x 2(;‘) de+ ( )
r

~\2
+O(h?)(n58) 57 | eXp|:— (x % ) :|dx +
r

+O(h*)(m56) 462 j(x ~-%)? exp|:— (x ;g)z :|dx.
r

Having applied Lemma 1.3.1 to RHS of the (1.3.17) we have finalized the proof.

Theorem 1.3.2.We assume now for a shortthat m = n = 1. Let ¥(x,7),x € R be
a classical
solution of the equation (1 .3.1) where

hzg + V(1) (1.3.18)
Assume that
[P(x, 1) = O(h™'™),
|0 (x,1)/0x| = O(h ™), (1.3.19)
|0 (x,1)/0t| = O(li~>4).
Then any collapsed wave function W#(x,¢) = W#(x,1,¢' = 0) given by Eq.(1.3.3) with

t =0and Ji/§ = h* 1/4 < a < 1/2 that is h*-solution of the time-dependent
nonlocal Schrédinger equation (1.3.7) of the order a.



Proof. Note that
PH(x, 1) = ds(x, 1) P (x,1),

P GO O exp[—%} iff e — 0] < e,

0 iff [x — X > ¢,
n(t) = (IRE)PE,)7"
From Eq.(1.3.20) one obtains

a¢5(x t) ( 5)—1/45 (X xt)n(t)exp[ (x _2§t)2 J +

+([¢5]%_S)5(x %+ &)+ ([po]5,,, )0(x - X, — &) iff k- X/| < &,
8¢5(x,t)
Ox

—0iff x—%| > &

E0D gy o e -S|

+(7r55)_1/45‘2(x - f;)zn(t) exp[_% :| +

+([% L_S)(S(x—xt re)+ ([% L+g)5(x—xt )

+([95]5,. )0 (x =%+ &) + ([9s5]5,,, )0 (x =% — &) iff [x = % < &,

82(]55()6,0 : ~

T = OIff]x—xt| > E.
0Ps(x,t) 14 (x-%,)° _
- (rs0)” (t)exp|: 5

—(758) ()% (x — X1 exp[_% J

Note that

o¥*(x,1)
ot ot ox?

Substitution Eq.(1.3.20) into LHS of the Eq.(1.3.22) gives

ih

At = in 2@ [hz O W (x, 1) + Vix, )W (x, t):|.

(1.3.20)

(1.3.21)

(1.3.22)



ih—ﬁ\y#a(;c’ D Ry (x 1) = ih—a‘i"’g’ D e, 1) -
OF(x,1) Ops(x.1) 025(x)
hz[z o o T HeD=55 J_ (1.3.23)

b5 (. t)|:ih a‘*’é’;’ D _p2 ahgg, Dy )W, t):| _

2
ih—a%a(f’ D e, 1) - hz[z awa(i, ) a“é;“’ Dy g, L9 g;z(x) }

Substitution Eq.(1.3.23) into LHS of the Eq.(1.3.7) gives

j {ihw “HOY(x, t)}dx -
L ! (1.3.24)

- 2
[P0 ) [P0 Dy P80 T

From Eq.(1.3.24) we obtain

# A
l{ih‘ﬂjﬁ—(tx’” - H(t)‘I’#(x,t)}dx < (13,25
- 2
[ {h‘—a%g’” ‘|‘I’(x,t)|+h2[2‘ a‘*’éﬁ’” H a‘/"’a(;"’) +|‘I’(x,t)|‘ 0 g&;(x) :|}dx.
I
Substitution Eq.(1.3.19),Eq.(1.3.19) into RHS of the (1.3.25) gives
j {ih% —“HO) P, t)}dx <
T
< hO(h‘”“)Hw ‘dw%%(hé/ﬁ”% ‘dx+ (1.3.26)
I I

+2120(+4) [| 0. |ax -
r
00 [| 20 e+ o) [ 258D | g+ o) [| 250
r r r

Substitution Eq.(1.3.20),Eq.(1.3.21) into RHS of the (1.3.26) gives



<

j{ih% ~“HO)PH(x, t)}dx

r
Oh3*) Hw ‘dx+ Oh**) ﬂw ‘dx+ O(h3/4)£‘% dx <
Oh¥*)(x58) ' (1) jdxexp[—%} + (1.3.27)
r
+O) (50) ™ (o) 1| [ e - mexp[—%J +
r

26

Oh¥*) (x50) 672 n(1)| j dx(x —%;)* eXp|:——(x _2?)2 }
r

O(h"?)(s6) ™67 (1) j dxlx — %] exp|:——(x — 1)’ } +
r

Having applied Lemma 1.3.1 to RHS of the (1.3.27) we have finalized the proof.
Assumption 1.3.2.We assume now that a wawe function ¥Y(x,?) = (x|y,)
collapses at instant: /' > 0.
Definition 1.3.7.Let W(x,¢) be a classical solution of the equation (1.3.1). The
time- dependent Schrodinger equation (1.3.1) is a weakly well preserved by
corresponding to classical solution W(x,¢) collapsed along classical trajectory

Y#(x,t,t") given by Eq.(1.3.2) with # > 0 in region [0,7] x I < [0, 7] x R3", if the
estimate

T 4 / R
jd%xjdt{ihw —H(t)‘P#(x,t,t’)} — 0(h"),0 < a < 1, (1.3.28)

r 0
te[0,T],x eR3",

is satisfied.
Definition 1.3.8.(i) The time-dependent integral equation (1.3.28) is colled the
time- dependent nonlocal Schrodinger equation of the order A°.
(i) Such collapsed wave function ¥#(x,,¢') as mentioned in Definition 1.3.7 is
colled the
h®- solution of the nonlocal Schrédinger equation (1.3.28) of the order a.
Definition 1.3.9.The time-dependent integral equation



T " / R
Id3”xjdt{ihw “HEO) P (x 1, z’)} _0, (1.3.29)
0

r
t e [0,T],x eR3",

is colled the time-dependent nonlocal Schrodinger equation.

Remark 1.3.2.We have introduced in consideration Eq.(1.3.28) in order to
obtain good approximation of the solutions of the time-dependent nonlocal
Schrddinger equation (1.3.29).

Theorem 1.3.4.Then any collapsed wave function ¥#(x, ,¢') given by Eq.(1.3.)
that is /#%- solution of the time-independent nonlocal Schroédinger equation (1.3.29)
of the order h“.

Proof. The proof similarly as the proof of the Theorem 1.3.2.

1.4. The nonlocal evolution equation for the

statistical operator
Let us consider the evolution equation for the statistical operator [25]:

4oy =L Hp() |. (1.4.1)

Here H is the standard quantum Hamiltonian.In the coordinate representation one
has, according to Eq.(1.4.1)

%p(laql’q”) = _% (Hq’ - (Hq”> )p(taq,aq”)a

P(O,q/,q//) — p(ql’ql/), (142)
q/ q// c R3d_
Here
p(t.q'.q") = ¥(t,q")¥*(t.q") (1.4.3)

and ¥(z,q') is the classical solution of the Schrodinger equation (1.3.1), H, is the

Hamiltonian of the system acting on a functions of variable q' and f-\lqn is the same
Hamiltonian of the system acting on a functions of variable q".

Definition 1.4.1.(i) Let p(z,q’,q") be an classical solution of the equation
(1.4.2).Collapsed statistical operator p*(z,q',q") corresponding to statistical
operator p(z,q',q") given by

p*(t.q'.q") = ¥*(t,q)¥"(t.q") (1.4.4)

and where ¥#(z,q) given by Eq.(1.3.2) with ¢’ = 0.

(i) Let p(t,q',q") be classical solution of the equation (1.4.2). The

time-dependent equation (1.4.5) is a weakly well preserved by corresponding to
p(t,q',q") collapsed statistical operator p*(z,q',q") in region I' < R if the estimate



i@ [pi(a.a")adq'aq" -
r
—L J(H —(H u)*)p#(t q’,q")d*q'd*q" + O(h*)
h q q 3 M 3
r

1/4 <a <172,

p*(0.q'.q") = p*(q'.q"),
q/’q// = [R3d
is satisfied. Here
p*(q’.q") = ¥*(0,q")¥*(0,q")

and a function W#(0,q’) is the solution of the nonlocal stationary Schrédinger
equation (1.3.34).

Definition 1.4.2.(i) The integral equation (1.4.5) is called nonlocal equation of
the order 1

for the statistical operator p*(z,q',q").

(i) Such collapsed statistical operator p*(z,q’,q") as mentioned in Definition

1.4.1is called
the /“- solution of the time-dependent nonlocal equation (1.4.5) of the order a.

Definition 1.4.3.The time-dependent integral equation
d # I o/ A3d ! J3d ! —
dtlp (t.q',q")d"q'd*q
(1= (1) Yo eata g
r

p*(0.q9',9") = p*(q'.q"),
q/ q// c R3d

is called nonlocal equation for the statistical operator p*(z,q',q").

Remark 1.4.1.We have introduced in consideration Eq.(1.4.5) in order to obtain
good approximation of the solutions of the Eq.(1.4.7)

Definition 1.4.4.Let p(¢,q4}.95,-..,4,.97,45,...,q.,) be an statistical operator.We
define statistical operator p*(z,7',q},45,....4,,4,45,-..,q) corresponding to
statistical operator p(#,q}.q5,---,9,,4},45,--.,q,) and collapsed along classical
trajectories

(1.4.5)

(1.4.6)

(1.4.7)



~!

Xoom (G1) = [Xo, 1), X0 (1), K (1), 1 <0 <K,

x, ()ifft <t<T
X, (1) = { ©

oiffo<t</?
A~
Koo (01) = [X (L), K (L), X ()1 S0 < K, (1.4.8)
1 H !/
x, )ifft' <t<T
i:,,/,i(t,t/) _ mz()
oiffo<r<t¢
by formulae
p#(tat/aq/laq;r"9q:19q/1l9ql2/7---7q;/) =
PF (X1, X2, .o Xy 1,83 X (1,8, X (1,8)) =
Ry, X, G, X, (1,1, K, (1)) %
~I! / ~I / ~I / / / / 1 1 1
Ry Ko, (1), X (1), X, (6,6)) (4,971,955 - -, 9,, 9152554y, )s
k
Rt Ko, (61, K (1), K (1)) = [ [ R (R, (1)),
=1
k
Rty Ko, (1) T (68, K (1)) = [ | R (R, (11,
=1
(1.4.9)

R, (X, (1,1)) =

! ~ ! 2
—X (.1 _
(né)“exp[—(q”“ o ) }ff I, ~ o ()] < &

O Iﬁ ||qinl - i:n,(ta t,) || > €.

R, (X, (1,2)) =

oj ~I N\ 2
. Xm,- tat .
(77:5)—3/4 exp|: qm, ( )> :| Iff ||q:’/11 _ i;:z,(ta t/) “ < €,

20

0 ff |}, — X, (1. > &.

Let us consider now the 1-particle master equation of the classical GRW model



N 1.4.10
L) = L[ H,p(0) | - 2p0) - Tp(0))). (1.4-19)

Here H is the standard quantum Hamiltonian of the particle, and 7T-] represents the
effect of the spontaneous collapses on the particle’s wave function. In the position
representation, this equation becomes:

i ! 1 —
7 p(t,q',q")

—l(ﬁ,_(ﬁ )) tq.q") - 2141 —ex _@-q")” tq.q")
h q q p aqaq p 47/% p aqaq ° (1411)

p(0,q'.q") = p(q’.q"),
q.q" € R¥,
Here H, is the Hamiltonian of the system acting on a functions of variable q' and

ﬁqu is the same Hamiltonian of the system acting on a functions of variable q".

Definition 1.4.5.Let p(z,q,q") be classical solution of the equation (1.4.11). The
time-dependent equation (1.4.11) is a weakly well preserved by corresponding to
p(t,q',q") collapsed statistical operator p*(z,q',q") given by (1.4.9) with ¢ = 0in
region I' < R if the estimate

i # / 1 3d ! J3d ~!! —
dtip (t,q',q")d*q dq

I 1\2
_M{l_exp[_(q q") J}p#(t’q/’q/,)dgdq,dgdq”+O(ha)) (1.4.12)

r
1/4 <a <172,

p*(0,q'.9") = p*(q’.q"),
q/ q// c R3d

is satisfied.
Definition 1.4.6.The time-dependent integral equation



d # 1IN g3 oy J3d eyl —
dtfp (t.q',q")d*qd*q
r
_% J (qu N (ﬁq) *)P#(t,q/,q”)d”q’d”q” -
T

Y
_)’I{l - exp[—M :|}p#(t,q’,q”)d3dq’d3dq”, (1.4.13)
r

472
1/4 < a < 1/2,
p*(0.4'.q9") = p*(q'.q"),
q.q" € R¥
is called nonlocal master equation for the statistical operator p*(z,q',q").
Remark 1.4.2.We have introduced in consideration Eq.(1.4.12) in order to
obtain good approximation of the solutions of the Eq.(1.4.13)

Theorem 1.4.1. We assume now for a short that m = n = 1. Let ¥(x,7),x € R be
a classical solution of the equation (1.3.1), where

=12 4. (1.4.14)
ox
Assume that
[ (x, 1) = O(h™'),

0¥ (x, t)/ox| = O(F—54), (1.4.15)

0¥ (x,1)/0t] = O(h—5"*).
Then for any collapsed wave function W*(x,¢) = ¥#(x,z,¢ = 0) given by Eq.(1.3.2)
with /' = 0 and J7#/§ = h*,1/4 < a < 1/2 corresponding collapsed statistical operator
p*(t,q',q") given by Eq.(1.4.4) that is #*-solution of the time-dependent nonlocal

equation (1.4.5) of the order a.
Proof. The proof similarly as the proof of the Theorem 1.3.2.

Let us consider now the equation (1.4.11) in the case in which His the
Hamiltonian for a free particle; for simplicity we work in one dimension. In the
coordinate representation we get

%p(t,q’,q”) =
. ) ) A (1.4.106)
ih ( o — a,,z)p(t,q’,q”)—/l{l—CXP[——(q q) J}p(nq’,q”).

2m \ 0q"*  Oq 472

One can express the solution of the above equation satisfying given initial
conditions in terms of the solution pse(2,¢4',9") of the usual Schrodinger equation
(4 = 0) satisfying the same initial conditions, according to [3]:



+00 +00

ooy 1 r_ ! 1" ﬂ
p(t.q.q") = 5 & IdkfdyF(k,q 4 0psen(t,q +y.q +y)eXp( 7 )
R (1.4.17)

t
o rsfunl 47
0 C

By Theorem 1.4.1 corresponding to p(z,q',q") given by
p*(t.q'.q") = R@G O)RG"®)p(t.q'.q"),

o~ 2
(x5) ™ exp|:— @@ _2%0» ] itf |q' - 7'(0)] <,

0iff | =F'(1)| > e (1.4.18)

I~ 2
— t
(7r5)_1/4exp|:— (q 2q5 ( )> :| iff |¢"-3" ()| <,

0iff |¢" 3" ()] > e

R (1) =

R(G"(1) =

Assumption 1.4.1.We assume now that a wawe function collapses at

instant /' > 0.
Definition 1.4.7.Let p(7,q',q") be an classical solution of the equation (1.4.2).

The time-dependent equation (1.4.2) is a weakly well preserved by corresponding
to p(z,q',q") collapsed statistical operator p*(¢,¢,q’,q") in region [0,7] x I',T" < R34
iff the estimate

T

Jat| Lo ,a',q" ) g dq" -
0 r
r *
_% _[dtj(Hq’ _ (Hq”) )p#(t, t.q,q")d*q'd¥q" + Or(h*), (1.4.19)
0 r

1/4 < a <172,
p*(0.q9',9") = p*(q'.q"),
q/ q// c R3d

is satisfied.
Definition 1.4.8.The time-dependent integral equation



At ol o\ J3dey! J3d ! —
!dtj P t.a.q)d g dq
I

T
4 Jan[(ry - (Ag) ) o't aa g (1.4.20)
r

(=)

p*(0,q9',9") = p*(q'.q"),
q/ q// c [R3d

is called nonlocal master equation for the statistical operator p*(z,q',q").

Definition 1.4.9.Let p(z,q',q") be an classical solution of the equation (1.4.13).
The time-dependent equation (1.4.13) is a weakly well preserved by corresponding
to p(z,q',q") collapsed statistical operator p*(z,¢,q’,q") given by (1.4.9) in region
[0,7] x T, T < R if the estimate

T
i# I o' J3d ! J3d ! —
!drjdtp(r,q,q )dq'd
r

T
5 Jar] ( - (A ) )P#(t,q’,q”)d”q/d”q” -
0 r
r , (1.4.21)
_}, _ ( q # / 1" d3d /d3a’ " ha
dt 1 exXp 2 P (taq »q ) q q +0T( )99
0 T Fe
1/4 < a < 1/2,
r*(0,q9',9") = p*(q',q"),
q/’q// c R}d
is satisfied.
Definition 1.4.10.The time-dependent integral equation
[ar|Lpa',q" ) a'dq" -
0 r
r *
L [ar (g - (Fy) )pt 0" )d g d¥q" -
0 r
(1.4.22)

r PNAY
—)Ljdlj{l —CXP[—%:|}p#(t,q’,q”)d3dq/d3d //’
0 T ¢

1/4 < a < 172,

p*(0.q9'.,q4") = p*(q'.q"),
q/ q// c [R3d



is called nonlocal master equation for the statistical operator p*(z,q',q").

1.5. The nonlocal stochastic nonlinear Schrodinger

equation
Let us consider the stochastic nonlinear Schrodinger equation [9],[10],[46]:

PN N N (1.5.1)
dy () = | ~—EH - 4@ —(q0)dt |lvi)de + VE@ - @)W @)lw(x)).
Here x € R’,q is the position operator, {(g:) = (w.|q|y.) it is its expectation value,
and £ is a constant.
Definition 1.5.1.Let (we(»)),,€ € (0,1] be smoothed with respect to R” white
noise, (see [20],[21]) and let (W (w)), be Colombeau-Wiener process
Wes(@)), = Wei(®))..
We rewrite now Eq.(1.5.1) in Colombeau-Ito form
(dyei(x))), = (1.5.2)
([~LHe - £@ - e dt Jwes0dde + TR @ = GeDdWe(@)lyea))) -
Here x € R", g is the position operator, ((ge.)), = (Wei|qlves)), itis its expectation
value, and k is a constant.
Definition 1.5.2. Let (y.(x)), = (ve(x,1))_, X =(X1,X2,...,X,) be an Colombeau
solution of the equation (1.5.2) and let
im],wm;,u,mk(l‘a Z,,a),é) =
( ). 1.5.3

(X, (.1, 0,€)) ..., X, (1,1, 0,€)) ..., Ry (1,1, 0,€)) J,1 <i <k

be Colombeau ctochastic trajectory. Then we define collapsed Colombeau solution
(v, (X)>g corresponding to Colombeau solution (y,(x)), by formula



(vl 0®) . = e, iffr < 7,
iffr >1¢ :
(l//ﬁi,,,r(x)>6 = (vix,0,t")), =
(WE(x1,X2,...,Xn, 1,1)), =

(Wix1,X2, . X, 6,85 %0, (4,1, 0,€), .., X (1,1, 0,€))) =

( Sle ..... mk(iml(tat/awae)a"'9imk(tat/aa)7€))v/€,t(x) )
€

k
(mml,---,m/c(iml(tat/aa)oe)a'"9imk(tat/9w’€)))€ = (H SRmi(i}'ni(tat/awoe))> )
€

i=1

(mm,-(im,-(t, tla wﬂ 6)))5 =

o = ! 2
(77:5)_3/4(6)(1)[— (Xm,- Xml-z(gt ;CO’G)) J) |ff (”Xm,- _ i,ni(t,t/,a),€) ”)E < €,

€

0 iff (X, = X, (1,7, 0,€) | > &.

Definition 1.5.3.Let (y.(x)), be an Colombeau solution of the equation (1.5.2).

The time- dependent Colombeau-Schrodinger equation (1.5.2) is a weakly well
preserved by corresponding to Colombeau solution (v .(x)), collapsed along
Colombeau trajectory (iml,.,mi,..,mk(ta t/,a),e)) ,1 < i<k awave function (Wf,z,z'(X)L

given by Eq.(1.5.4) with ¢ > 0 in region [0,7T] x " < [0, 7] x R*", if the estimate

( | d3”xjtd|l//it,t, (x,a))>> -
r 0

€

T
( [ || 48 - £@G (g0 | wa,t,t«(x,w»dt) .

r 0 .

T
(J% [&x[@ - Genaweo)|vi,, (x,w>>> +(0c(h")),.
r 0 c

1/4 <a <172

A~

is satisfied a.s. Here x € R’, g is the position operator, ((ge.)), = (Ve/[G|Wes)), itis
its expectation value, and % is a constant.

Definition 1.5.4.(i)The time-dependent integral equation (1.5.5) is colled the
time-dependent nonlocal Schrodinger equation of the order 7.

(i) A wave function (‘/’f,t,t' (X)>€ is called the h*- solution of the time-dependent

(1.5.4)

(1.5.5)



nonlocal equation (1.5.5) of the order a.
Theorem 1.5.1.Let (v, (x))_.x € R3" be a Colombeau solution of the equation

(1.5.2), where

3n

(ﬁe) =123 (rx0)..

€ -1 6x,2
Assume that

(W e (X)), = (O (B"))
(0 ¢y X)/Ox1]), = (O 1)) i = 1,...,3n,

(10w ¢ )/0L]) = (Oc(h7"41)) .

Then any collapsed Colombeau wave function (jy . (x)|)_ given by Eq.(1.5.4) with
JA/6 = h%, 1/4 < a < 1/2 that is ~*-solution of the time-dependent nonlocal

Schrédinger equation (1.5.5) of the order a.
Proof. The proof similarly as the proof of the Theorem 1.3.2.

1.6. The reconciled Bohr rule. Schrodinger’s cat
through Stern-Gerlach experiment.Schrodinger’s

cat demands to reconcile Bohr rule.

Another known in literature special sort of the Schrédinger cat paradox can be
simply illustrated with the famous Stern-Gerlach experiment (Fig.1.6.1). Silver
atoms boiled off from a furnace are sent through a non-uniform magnetic field, and
impinge on a photographic plate. Instead of a continuous distribution of spots, one
sees two spots, corresponding to spin up and spin down relative to the magnetic
field axis. Each atom goes up OR down, but one cannot predict which in any given
run — the results of the experiment are probabilistic. There is a 50% chance of an
atom going up, and a 50% chance that it will go down.

UP ”’)/ /
I:: | "
OVEN - .
MAGNET DOWN ™~

PLATE

Fig.1.6.1.Stern-Gerlach experiment.
Adapted from [27].

Remark 1.6.1. We remind that from the point of view of the Schrédinger
equation of quantum theory, this result has no any rigorous explanation.

(1.5.6)

(1.5.7)



In quantum theory, the state of the particle is described by its wave function,
and the Schr odinger equation says that at a post-measurement final time ¢, the
wave function is related to that at a pre-measurement initial time ¢, by known
deterministic relation

W(tr) = Ults, t:)'P(4),

~ (1.6.1)
Ulte,t;) = eXp|:iH(tf — 1) }

with the transition unitary operator U completely specified by the Hamiltonian H.To

explain what is observed, the Schr odinger equation must be supplemented by the
reduction postulate and the Born rule. These state that the wave function only gives

a description of probabilities when a measurement is made, with the probabilities

for an “up” outcome and a “down” outcome given by the squares of the coefficients

of the corresponding components in the initial wave function Y¥(#),

3
. q
/,/ it KILLS CAT
_— (o9

RO

~ ./»\[\ s

i I'\t—f) i

Fig.1.6.2.The Stern-Gerlach apparatus with

a Schrédinger cat as the outcome registration.

Adapted from [27].

Born’s Rule for Probabilities
Y(t) = Cup¥Wup t CdownV down,
prob(l//up) = |Cup|2,pr0b(Wd0wn) = |Cd0wn|27

Cup|” + |Cdown|* = 1.

(1.6.2)

with the sum of the up and down probabilities equal to one. The reduction postulate
and Born rule are an add-on to the Schrodinger equation. According to the
Copenhagen interpretation of quantum mechanics, the Schrodinger equation
applies when a microscopic system, the silver atom, is time-evolving in isolation.
But when the atom interacts with a macroscopic measuring apparatus, as in the
Stern—Gerlach setup, you have to use the reduction postulate and Born rule.
Remark 1.6.2. This situation leads to puzzles that have been debated for over
eighty years. If guantum mechanics describes the whole universe, then why can’t



one use the Schrodinger equation to describe the system consisting of the silver
atom plus the measuring apparatus? But we never see a superposition state of the
atom plus apparatus. This is Schrodinger's famous cat paradox. Arrange the
experiment so that an “up” outcome triggers a mechanism that kills the cat, while a
“‘down” outcome keeps the cat alive. Of course we don’t do this, but if we were to
do it, we would always see a live cat OR a dead one, never a superposition of the
two (Fig. 1.6.2). So we have the problem of definite outcomes: where does the
“either”-“or” dichotomy arise?

We remind now some fundamental notions from probability theory.

Definition 1.6.1. In probability theory, the sample space (observation space) of
an experiment or random trial is the set of all possible outcomes or results of that
experiment. A sample space is usually denoted using set notation, and the possible
outcomes are listed as elements in the set. It is common to refer to a sample space
by the label Q.

Remark 1.6.3. A well-defined sample space (observation space) is one of three
basic elements in a probabilistic model (a probability space ® = {Q),Z,P}); the
other two are a well-defined set of possible events (a sigma-algebra X) and a
probability assigned to each event (a probability measure function P).

Remark 1.6.4. An simply example of a sample phase space and corresponding
probability space closer to our Stern-Gerlach experiment, is a coin toss. Consider
1000 coin tosses. If the coin is tossed without bias, you will find close to 500 heads
and 500 tails, corresponding to probje.qs = 0.5 and prob,,;; = 0.5. Here the sample
space consists of the 1000 detailed trajectories of the toss, which your eye cannot
follow,

V. |
2 | ) DETAILED TRAJECTORY

COIN
p. ’ HEADS p=05

ORTAILS p=05

Fig.1.6.3. An sample space.Trajectories
in a coin toss.Adapted from [27].

but which if analyzed by a very fast computer could predict which toss would
give a head and which a tail (Fig.1.6. 3). Again, the probabilities are just reflections
of our ignorance of the details, but the details are there. So we have the questions
— are there hidden details underlying the probabilities in quantum mechanics? Is
there a hidden sample space and corresponding probability space?

At a phenomenological level, there are very interesting models for the
emergence of probabilities within the usual wave function formulation of
nonrelativistic quantum theory, pioneered by Ghirardi, Rimini, and Weber [2]-[4].
These models postulate that space is filled with a very low level noise with a



coupling to matter proportional to the imaginary unit i, rather than with a
real-valued coupling (more technically, they couple through an anti-Hermitian
Hamiltonian term). For example, there could be a small, rapidly fluctuating
contribution to the gravitational potential or goo metric component proportional to
the imaginary unit i. If such a theory obeys two general properties, (1) the total
probability of a particle being present remains one for all times (that is, the wave
function normalization is preserved), and (2) there is no faster than light signaling,
then the extra terms in the Schr odinger equation equation must have a special
structure. This special structure allows one to prove definite outcomes obeying the
Born rule!

NOISE

DOWN

Fig.1.6.4.Different noise histories,in objective

reduction models,can explain “up” and “down”

registrations in the Stern-Gerlach experiment.
Adapted from [27].

In these models, for each repetition of the Stern—Gerlach experiment, the noise
variable takes different values. For a large apparatus, these have a measurable
effect, whereas for an atom not interacting with an apparatus, the effect is not
measurable. The noise leads to different outcomes for different runs, with
probabilities given by the Born rule. The different noises for different runs of the
experiment are analogous, in the coin toss example | gave earlier, to different
details of the tumbling coin trajectories for the different coin tosses (Fig. 1.6.4).

In the de Broglie-Bohm interpretation: a particle has an initial position and
follows a path whose velocity at each instant is given by an classical equation. On
the basis of this assumption we conduct a simulation experiment by drawing
random initial positions of the electrons in the initial wave acket ("quantum
equilibrium hypothesis").



Fig.1.6.5. An sample space in Bohmian QM.
100 electron trajectories for the
Jonsson experiment. Adapted from [55].

Figure 1.6.5 shows, after its initial starting position,100 possible quantum
trajectories of an electron passing through one of the two slits: We have not
represented the paths of the electron when it is stopped by the first screen. Figure
1.6.6 shows a close-up of these trajectories just after they leave their slits.

0.8

0.6

02ty

—02hx

08

=08

Fig.1.6.6.Close-up on the 100 trajectories of
the electrons just after the slits.
Adapted from [55].

Remark 1.6.5. The different trajectories explain both the impact of electrons on
the detection screen and the interference fringes. This is the simplest and most
natural interpretation to explain the impact positions: "The position of an impact is
simply the position of the particle at the time of impact." This was the view
defended by Einstein at the Solvay Congress of 1927. The position is the only
measured variable of the experiment.



y {om)

Fig.1.6.6.Ten silver atom trajectories within initial
spin orientation 6y = 7/3 and initial position z;
arrows represent the spin orientation 6(z, 1)
along the trajectories.Adapted from [55].

Figure 1.6.6. presents, for a silver atom with the initial spinor orientation (6,
= 73,¢0 = 0), a plot in the (Oyz) plane of a set of 10 trajectories whose initial
position zy has been randomly chosen from a Gaussian distribution with standard
deviation 00. The spin orientations 6(z,¢) are represented by arrows

n - :';I ..' : '.'. .‘. '.:'
| l1——

y (cm)

Fig.1.6.7.Ten silver atom trajectories where the
initial orientation (6o, ¢,) has been randomly
chosen;arrows represent the spin orientation

0(z,t) along the trajectories.Adapted from [55].

Now let us consider a mixture of pure states where the initial orientation (6o, ¢o)
from the spinor has been randomly chosen. These are the conditions of the initial
Stern and Gerlach experiment. Figure 1.6.7 represents a simulation of 10 quantum
trajectories of silver atoms from which the initial positions z, are also randomly
chosen.

Definition 1.6.2. A probability space consists of three parts:



1. A sample space (observation space) Q, which is the set of all possible single
outcomes

o € Q.

2. A set of events X, where each event is a set containing & or more outcomes.

3.The assignment of probabilities to the events; that is, a function P from events
to

probabilities.

An outcome is the result of a single execution of the model. Since individual
outcomes might be of little practical use, more complex events are used to
characterize groups of outcomes. The collection of all such events is a s-algebra X.
Finally, there is a need to specify each event’s likelihood of happening. This is done
using the probability measure function, P : £ —-[0,1].

Remark 1.6.6. Note that:

(i) In conventional quantum mechanics we dealing with a probabilities without
any

probability space ® = {QQ,Z,P}.

(i) However a wave function y in quantum mechanics is a description of the
quantum state

lw) of a quantum system Z. The wave function is a complex-valued probability
amplitude,

and the probabilities for the possible results of measurements of an
observable

QO = Q= (represented by oerator /Q\) made on the system = in state |y) can be
derived from

a wave function y.

(iii) From (ii) follows that there exist an probability space ®= = {Qz,%=,P=} and
random

variable Q Q= - E=, i.e. X~ _is a measurable function from the set of

o) - o)
possible

outcomes Qz to some set E=.

Examle 1.6.1.We now, consider as an examle,the simple case of a
non-relativistic single particle, without spin, in one spatial dimension.

Note that:

(i) The state of such a particle is completely described by its position-space
wave function, y(x) where x is position of a particle. This is a complex-valued
function of real variable x. For one spinless particle in 1D, if the wave function is
interpreted as a probability amplitude, the square modulus of the wave function, the
positive real number

w@)|* =y )y ) = plx)
is interpreted as the probability density that the particle is at x.
(ii) If the particle’s position is measured, its location cannot be determined from
the wave function, but is described by a probability distribution. The probability that
its position x will be in the interval a < x < b is the integral of the density over this



interval:
b
Pla <x <b) = |yx)|dx
This leads to the normalization condition
J lw@oPdx =1

because if the particle is measured, there is 100% probability that it will be
somewhere.

(iii) Assume that particle in state |y). From a statement (ii) follows that the
coordinate x of

the particle wave function, y(x) under measurement by an measuring device is
a random

variable x, (0) £ Xz (0), X5,y = E)y which well defined on an probability

space

O = {Qy), 2y, P}

(iv) However in conventional quantum mechanics as mentioned above [see
Remark

1.6.6(i)] such probability space 0, = {Q,),Z,), P} is missing.

Remark 1.6.7. For a given system, the set of all possible normalizable wave
functions (at any given time) forms an abstract mathematical vector space,
meaning that it is possible to add together different wave functions, and multiply
wave functions by complex numbers.

Note that:

(i) Technically, because of the normalization condition, wave functions form a
projective space H, rather than an ordinary infinite-dimensional vector space H.
Also H is a Hilbert space, because the inner product of two wave functions v, and
w2 can be defined as the complex number

(yi,y2) = I Vi) w2 (x)dx.

(i H, =S” & H.

(iii) The all values of the wave function y(x) are components of an vector |y ).
There are uncountably infinitely many of them and integration is used in place of
summation. In Bra-ket notation, this vector is written

) = [ dey(x)x),

where (x'|x) = §(x' —x).

Let us consider QM system which consists of one particle with a wave function
v(x), x € [a,b],such that supp(y(x)) < [a,b] and IR|1//(x)|2dx =1.Wegoto
construct now corresponding probability space 0,y = {€,),Z),P}. In one
dimension, the position x of a such particle can range over the values a < x < b.



Consider now measurement of coordinate of such QM particle. Obviously a sample
space for such coordinate measurement is Q,, = Q.; = [a,b]. Note that in practice
observable x is measured to an accuracy Jx determined by the measuring device.
Thus VxVéxVox[(x — 6x1,x + 0x2) < [a,b] - (x —Ox1,x + 6x2) € X,] and therefore
o-algebra X,, = B([a,b]) is the Borel algebra on the set [a,b]. The probability
measure function, P :X,,—[0,1] we choose of the form

P(4) = jo(x)du(x), (1.6.3)
A
where 4 € X, and du(x) is the Lebesgue measure.
Definition 1.6.3.The probability measure P,,:2,,—~[0,1] corresponding to a
wave function y(x), [y (x) ||§ = 1, we choose in the following form:

Py)(4) = [ly ()P dux), (1.6.4)
A

where 4 € ¥, and du(x) is the Lebesgue measure.

Definition 1.6.4. A random variable X}, : Q,, - E,, is a measurable function
from the set of possible outcomes Q to some set £,,,. The technical axiomatic
definition requires Q,, to be a probability space and E,, to be a measurable space.
Note that although X, is usually a real-valued function X, : Q,, - [a,b], it does
not return a probability. The probabilities of different outcomes or sets of outcomes
(events) in our case are already given by the probability measure P, with which
Q, is equipped above.

Definition 1.6.5.(Real-valued random variables) In a case mentioned above the
observation space is a set [a,b]. Recall, {Q.5,Z.5,P} is the probability space. For
real observation space, the function X,y : Q. — [a,b] is a real-valued random
variable, i.e. Vr{{o : X,)(0) < r} € Zap].

Assumption 1.6.1.We assume now that P, < P, i.e. P is absolutely
continuous with respect to P. Then by Radon-Nicodym theorem we obtain for any
A e Za,b .

P, () = J‘X‘;r)(a))dP + J.X‘;}(a))dP =P (4)+P (4),
A+ A

P! (4) = [ X (0)dP.P, (4) = [ X, (w)dP,
At A~

" (1.6.5.a)
A" = AN[0,+x0],4" = AN [~x,0),
X -2y - Lo
v 4P v) 4P
Using (1.6.5.a) we define random variable X, : Q,, - [a,b] by formula
Xyy = X, (0) - X, (0). (1.6.5.5)

Definition 1.6.6.The cumulative distribution function of a real-valued random
variable



X, (w) is the function given by
Fx,, (x) = P(0 € Qus|X,, (0) < x), (1.6.6)

where the right-hand side represents the probability that the random variable
X, () takes on a value less than or equal to x. The probability that X, (o) lies in
the semi-closed interval (a;,b1] < [a,b], Wwhere a; < by, is therefore
P“/’>(a1 < X\w> < bl) - FX\W(bl) _FX\W(al)'

We remind that:

(i) The CDF of any continuous random variable X, = X,,(®) can be expressed

as the
integral of its probability density function P, (x) as follows:

Fx,, (x) = f P, (Odt = f|w(z)|2dt. (1.6.7.4)

(i) In the case of any random variable X,, which has distribution having a
discrete
component at a value b,

P({Xjy) = b}) = Fx,, (b) ~lim F,, (v) (1.6.7.b)

(iii) Every cumulative distribution function Fy,, (x) is non-decreasing and

right-continuous,
which makes it a cadlag function.

(iv)
lim Fy,, (x) = 0, lim Fy, (x) = 1. (1.6.7.¢)
X—>+00

The next result from probability theory it well known.

Theorem 1.6.1. (i) Every function Fy,  (x) with these properties (i)-(iv) is a CDF,
i.e., for every such function, a random variable can be defined such that the
function is the cumulative distribution function of that random variable.

(i) If X,y is a purely discrete random variable, then it attains values
X1,X2,-..,Xi,... With probability p; = P({X},y = x;}), and the CDF of X® will be
discontinuous at the points x; and constant in between

Fx, () =P, <x) =3 P, =x)=23__p, (x) (1.6.7.d)
(iii) If the CDF Fy,, (x) of a real valued random variable X is continuous, then
X, is a continuous random variable.

(iv) If furthermore Fx, (x) is absolutely continuous, then there exists a
Lebesgue-integrable function f{x) such that

Fy,, () = j o). (1.6.7.¢)

In that casebl when —(P,, < P) we define random variable Xj,, = X),,(w) by using
Theorem 1.6.1. Thus from Eq.(1.6.7.a) we obtain



+00

Eo,,Xy@)] = [ Xj@4dP = [xp, (). (1.6.8)

Qa,b

Using canonical QM-abbreviations (see subsection 1.7.2)
v) = [ bl ), (1.6.9)
where (xly) = v(x),|ly) € S & H, from Eq.(1.6.8)-Eq.(1.6.9) we obtain

WiEY) = [ Xip@)3dP = [ xpx, ()dx. (1.6.10)
Qup —©0
Assumption 1.6.2.\We assume now that:
(i) forany y(x) e H: (a) [ |Xj)|(@)dP < ,(b) | X2, (0)dP < ,
Qup Qup

V)

(ii) forany y(x) € H : X}, € £,,(dP) = £,(dP) N £(dP).
Definition 1.6.7. We will write the Eq.(1.6.10) in the following form
(w[Rly) = j Xeyy(@)dP = j Py, (x)dx, (1.6.11)
Qap —0
where X|y) = x|y). This form remind that continuous random variable X, = Xj,,(®)
corresponds to measurement of the coordinate of an particle with a state vector

v)-
Remark 1.6.8. If X,y € £,,(dP) then forany n € R, : nX},, € £,,(dP). From

RHS of the Eq.(1.6.10) by change of random variable: Y(») = nX,,(w) we obtain

+00

[ mxy(@)aP = [ Y@)@)dP = [ ynpx, (r7'y)dy. (1.6.12)
QN —Q0

Qa,b

From LHS of the Eq.(1.6.10) and Eq.(1.6.12) for any £ € C\{0}, we obtain

+00

CylxIEy) = I &1 Xjy) (@)dP = f Xy (@)dP = I yn~'px,, (' y)dy, (1.6.13)

Qa,b Qa,b —00

b

where n = &),

Remark 1.6.9. Formula (1.6.13) allow us to change conventional projective
Hilbert space H, = S” & H (see Remark 1.6.7) by full nonprojective Hilbert space
H.

Definition 1.6.8.The probability measure P,:Z.,~[0, 1] corresponding to a
wave function &y (x), where |£|* # 1, |ly(x) |3 = 1, we choose in the following form:

Pay)(4) = fn‘l\w(n‘ly)lzdu(y), (1.6.14)
A

where = |£]>,4 € X, and du(x) is the Lebesgue measure.

Definition 1.6.9.(Real-valued random variables) In this case the observation
space is a set [a,b]. Recall, {Q.,2.5,P} is the probability space. For real
observation space, the function Xz, : Q. - [a',0'] is a real-valued random



variable if Vr{{® : Xzgyy(@0) <7} € Zap].
By Radon-Nicodym theorem we obtain for 4* € X, :
P%\W(A) - _“Xﬁ\l//)(w)dp’
4 (1.6.15)

dPi
+ _ Do
K@) = dpw :

The CDF of a continuous random variable Xz,, = Xg,,(w) can be expressed as
the integral of its probability density function pyx,,, (v) as follows:

Fr,, ) = | px, ()t (1.6.16)

From Eq.(1.6.14)-Eq.(1.6.16) we obtain

+00

(EVIRIEY) = Ea,[Xan(@)] = | Xap(@)dP = [ ypx, ()dy =

Qa,b 00
. . (1.6.17)
[ oo Pydue) = [y px, rdy = | 07 Xigy@)dP = [ 1£12Xy)(@)dP.
—0 —00 Qa,b Qa,b
Definition 1.6.10. We will write the Eq.(1.6.17) in the following symbolical form
EiREw) = | Xuep@)dP = [ xpx,,, ()dx =
e - (1.6.18)

+00

_[ X2|1,/5>(50)dP = J.prwé>(x)dx.
Qa,b —0

This symbolical form remind that continuous random variable
Xz = Xgy(0) = X,:(0) corresponds to measurement of the coordinate af an

particle with a wave function y(x).

The reconciled Bohr rule.

We choose now an constants &;,&,,|&:] # 1,|&2| # 1, and an wave functions
v1(x) and y,(x) such that:

(W) Iy @113 = Llv20ol3 = 1,

(i) supp(y1(x)) < [a1,b1],supp(y2(x)) < [a2,b2],

(III) [a1,b1] N [az,br] =D

(iv) we assum that: if v 2(x1,x2) is a two particles wave function,then

Yia(x1,x2) = yi(x1)ya(x2).

Therefore we obtain

(Cry1+ Sy XISyt + Sayz) = (E1y1[XIS 1w 1) + (S22 [X[S2y2). (1.6.17)



Substituting Eq.(1.6.16) into Eq.(1.6.17) gives
Sy + Sy XS 1w + Eawn) = Gy [X[E1y 1) + (E2w2 RS2y 2) =
I X5,|l,,,>(co)dP + J. Xéz\Wz)(w)dP =

Qul,bl Qaz,bz
j [Xewy (@) + Xy (@) ]dP =
Qi @z (1.6.18)
+o0 +00

J'x[pxmwﬁ(x) +pxy‘§2wl>(x):|dx - J'x[pXﬂ:wp(x) *pX?\cfzww(x)]dx -

+00

[ymitnz [ Grto) P o« w20 Jay,

—00

where 17, = |£1|%,n2 = |£2]>. From Eq.(1.6.18) follows that if particle in a state
IE1w1 + &aw2) then the probability density p(x) that the particle is at x is given by
formula

p() = n7'm! (w1 (i) w2 0m3'0)[) (1.6.19)
but not by conventional formula
px) = &P + & wa) (1.6.20)

even if |&1]2 + &) = 1.

Remark 1.6.10. Obviously formula (1.6.19) forced us to changed not only
conventional

Born’s rule (1.6.2) but even conventional interpretation of the wave function of
the QM

particle must be changed if particle consist of superposition such that
mentioned above.

Remark 1.6.11. An canonical quantum mechanical formalism based on the
probability representation of states was also proposed S.Mancini and V.l.Man’ko in

[28]-[37]. Note that the distribution w(X, u,v) of the observable X-= Ug +vp one can

expressed by the relation [32]:
WX, p,v) = (21) [ dkdqdpW(q.p) exp[-ik(X - ug - vp)], (1.6.21)

where W(q,p) that is a Wigner function, operators g and p that is operator of
coordinate and momentum operator correspondingly.Note that [32]:

W(g.p) = )~ J.d,udvde(X, w,v)exp[—ik(ug + vp — X)]1. (1.6.22)

Because the Wigner function completely determains the quantum system and the
distribution w(X, u,v) completely determains the Wigner function W(q,p) the
classical disribution of componets completely determains the quantum system. In
fact we can say that the quantum system states is known if the distribution



w(X, i, v) is known.

Remark 1.6.12. An general quantum mechanical formalism based on the
probability representation of states was also proposed by A.Yu.Khrennikov [37].In
[37] the main structures of quantum theory (interference of probabilities, Born’s
rule, complex probabilistic amplitudes, Hilbert state space, representation of
observables by operators) are present in a latent form in the Kolmogorov model. In
particular, “interference of probabilities” is obtained without appealing to the Hilbert
space formalism.

However in this paper we dealing by using axiomatical approach, see section
|.7 bellow.We have to combined canonical QM approach based on a Hilbert state
space, representation of observables by operators, etc. and Kolmogorov
probabilistic model which completed canonical QM postulates.

1.7. A new quantum mechanical formalism based on
the probability representation of quantum states.
1.7.1.Generalized Postulates for Continuous Valued

Observables.
Suppose we have an n-dimensional physical quantum system.

.Then we claim the following:
Q.1.1. Any given n-dimensional quantum system is identified by a set Q :
Q2 (H,3,R,L,3*(H),G, |y:))
where:
(i) H that is some infinite-dimensional complex Hilbert space,
(i) 3 = (Q,F,P) that is complete probability space,
(i) ® = (R",X) that is measurable space,
(iv) £2.1(Q) that is complete space of random variables X : Q —» R” such that
[ 1X@) 1P < oo, [ |lx(@)]%dP < oo (1.7.1)
Q Q

(V) G : C*(H)xH - £,,(2) that is one to one correspondence such that
[wiow)| = [ (c[0.w)]@)aP = Ea(6[ Ow) @),
G[1,ly)]@) =1

for any |y) € H and for any Hermitian adjoint operator

/Q\ H - H/Q\ € C*(H),where C*(H) is C*- algebra of the Hermitian adjoint
operators in H and 3*(H) an commutative subalgebra of C*(H).

(vi) v,y is an continuous vector function |y,) : R, - H which representedthe
evolution of the quantum system Q.

(1.7.2)

Q.1.2. For any |v1),|v2) € H and for any Hermitian operator @ : H - H such
that



(v [2lv=) = (rofoln) o
valid the equality

G| Oy 1) +v2)) |@) = 6| O1) |@) + G| D) J(@).

Definition 1.7.1. A random variable X : Q - E is a measurable function from
the set of

possible outcomes Q to some set E.

Definition 1.7.2. Given a probability space 3 = (Q,F,P) and a measurable
space R = (R”,X), any R"-valued stochastic process that is a collection of
R”-valued random variables on Q, indexed by a totally ordered set T ("time"). That
is, a stochastic process X,;(w) is a collection {X;(w)|t € T},where each X,(w) is an
R"-valued random variable on Q. The space R” is then called the state space of the
process.

Q.1.3. Suppose that the evolution of the quantum system is represented by
continuous vector function |y ;) : R, - H.Then any process of continuous

0 /\ .
measurements on measuring observable Q for the system in state |y,) one can to
describe by an continuous R”-valued stochastic process

/Q\V/z>> = X|@Wt>(60)

given on probability space (Q,F,P) and a measurable space (R",X).

Remark 1.7.1.We assume now for short but without loss of generality that
n=1.

Remark 1.7.2. Let X(w) be random variable X(w) € £,,(Q) such that
X(w) = G[|y)](w), then we denote such random variable by X|,,(w). The probability
density of random variable X, ,(w) we denote by p;,,(¢),q € R.

Definition 1.7.3. The classical pure states correspond to vectors v € H of norm
llv]|=1. Thus the set of all classical pure states corresponds to the unit sphere
S*” < H in a Hilbert space H.

Definition 1.7.4. The projective Hilbert space P(H) of a complex Hilbert space
H is the set of equivalence classes [v] of vectors v in H, with v = 0, for the
equivalence relation given by v ~pw < v =Aw for some non-zero complex
number A € C. The equivalence classes for the relation ~p are also called rays or
projective rays.

Remark 1.7.3.The physical significance of the projective Hilbert space P(H) is
that in canonical quantum theory, the states |y) and A|y) represent the same
physical state of the quantum system, for any A # 0. It is conventional to choose a
state ) from the ray [|y)] so that it has unit norm /{y|y) = 1.

Remark 1.7.4. In contrast with canonical quantum theory we have used instead
contrary to ~p» equivalence relation ~p, a Hilbert space H, see Definition 1.7.7.

Definition 1.7.5.The non-classical pure states correspond to the vectors v e H
of a norm ||v||#1. Thus the set of all non-classical pure states corresponds to the
set H\S” — H in the Hilbert space H.

X(o) = Xt(a);

(1.7.3)

(1.7.4)



Suppose we have an observable QO of a quantum system that is found through
an exhaustive series of measurements, to have a set 3 of values ¢ € I such that
I =U", (601,05),m =2, (61,05)N (0’1,(9’2> = @,i # j.Note that in practice any
observable Q is measured to an accuracy 6g determined by the measuring device.
We represent now by |¢) the idealized state of the system in the limit 5 — 0, for
which the observable definitely has the value g.

Il.Then we claim the following:

Q.11.1.The states {|¢) : ¢ € I} form a complete set of §-function normalized
basis states

for the state space Hy of the system.That the states {|¢) : ¢ € I} form a
complete set of

basis states means that any state |y[3]) € Hs of the system can be expressed
as:

wISD) = [ cum(@)dg,

where supp(cy(31(¢)) < I and while §-function normalized means that (g|¢")

=d(g—q")
from which follows c3 (q) (q|l//[ 1) so that

3 = [ laXaly[3])dg.
The completeness condition can then be written as

[ laXqldg = T,

Q.11.2.For the system in state |y[J]) the probability P(q,q + dg;|w[3])) of
obtalnlng the result
3 lying in the range (¢,q + dg) < 3 on measuring observable Q is given by

P(q,q +dg;|w[S])) = pyisp(g)dg
for any |w[J]) € Hs.
Remark 1.7.5. Note that in general case p,3)y(q) # |cy31(q)]-

Q.11.3.The observable Qs is represented by a Hermitian operator @3 : Hz— Hs
whose eigenvalues are the possible results {qg : ¢ € 3}, of a measurement of Os,

and the associated eigenstates are the states {|¢) : ¢ € I3},i.e. /Q\3|q> =4qlg),q €3
Remark 1.7.6. Note that the spectral decomposition of the operator @3 is then

05 = |, dlaXalda.

Definition 1.7.6. A connected set in R is a set X < R that cannot be partitioned
into two nonempty subsets which are open in the relative topology induced on the
set. Equivalently, it is a set which cannot be partitioned into two nonempty subsets
such that each subset has no points in common with the set closure of the other.

Definition 1.7.7. The well localized pure states |y [®]) with a support
® = (01,0,) correspond to vectors of the norm 1 and such that: supp(cyei(g)) = ©
is a connected set in R Thus the set of all well localized pure states corresponds to
the unit sphere Sg < S” < H in the Hilbert space He & H.

(1.7.5)

(1.7.6)

(1.7.7)

(1.7.8)

(1.7.9)



Suppose we have an observable Q¢ of a system that is found through an
exhaustive series of measurements, to have a continuous range of values g :
0, <q <0,

lll.Then we claim the following:

Q.111.1.For the system in well localized pure statestate |y[®]) such that:

(i) [w[©]) € S5 and

(i) supp(cyre1(q)) = {qlcyoi(g) # 0} is a connected set in R, then the probability

P(q,q +dqg;|y[0®])) of obtaining the result ¢ lying in the range (¢,g + dg) on
measuring

observable Qg is given by

P(q,q +dg;|y[0]) = [gly[®1)*dg = |cye1(q)| dg. (1.7.10)

Q.I1.2. pyje)(q)dg = Kgly[O1)*dg = |eyie)(q)| dg.

Q.llL.3.Let |y[®;]) and |y[®,]) be well localized pure states with ®, = (01,6})
and

®, = (61,03) correspondingly. Let Xi(®) = X0,y (@) and Xz2(®) = Xy0,)(®)

correspondingly. Assume that ®; N ®, = & (here the closure of ®;,i = 1,2 is
denoted by

0,,i = 1,2) then random variables X (w) and X,(w) are independent.

Q.1I1.4. If the system is in well localized pure state |y[®]) the state |y[O])
described by a

wave function y(¢,0) = (¢|lwv[®]) and the value of observable Q¢ is measured
once each

on many identically prepared system, the average value of all the
measurements will be

[ alv(a.0)1%dq

(Qo) = ° S
[lv(g.0)dq
(©)

(1.7.11)

The completeness condition can then be written as j®|q><q|dq = TH(_).

Completeness means that for any state |y[@]) € S¢ it must be the case that
j®|<q|l//[®]>|2dq + 0, i.e. there must be a non-zero probability to get some result on

measuring observable Qe.

Q.II1.5.(von Neumann measurement postulate) Assume that

(i) [v) € S§ and (i) supp(cy(g)) = © is a connected set in R. Then if on
performing a measurement of Qg with an accuracy dq, the result is obtained in the
range (¢ — +6¢,q + 3 0¢), then the system will end up in the state



Pg,59)lv[0])  _ I |q—q’|saq/z|q/><ql||l//[®]>dq, (1.7.12)

lwbaopwien [T iawienra

IV.We claim the following:

Q.IV.1 For the system in state |y“[®]) = aly[®]) € He, Where: (i)
lw[®]) € S¢.|al # 1, )
(if) supp(cye1(g)) is a connected set in R and (iii) |y [®]) = I(; cyie1(q)1q)dg

G| Qolv“10D) | = 1aPG| DolviOD) | (1.7.13)

Q.IV.2. Assume that the system in state |y?[@®]) = a|ly[®]) € He, Where (i)
lv[®]) € Sq,
la| # 1,(ii) supp(cye1(g)) is a connected set in R and (iii)

IO = [, evien(@)la)da.

Then if the system is in state |y*[®]) described by a wave function
v(q;0) = (q|lv“[®]) and the value of observable Q¢ is measured once each on
many identically prepared system, the average value of all the measurements will
be

(Qo) = [ qlv(q:©)dg. (1.7.14)
[©)

Q.IV.3. The probability P(q,q + dg;|w*[®]))dq of obtaining the result ¢ lying in the
range
(¢,q + dg) on measuring Qe is

B s (1.7.15)
P(q,q + dg; |y “[©1))dg = |a||cyie1(glal )| dg.
Remark 1.7.7.Note that Q.IV.3 immediately folows from Q.IV.1 and Q.lII.2.
Q.IV.4. (Generalized von Neumann measurement postulate) If on
performing a measurement of observable Qe with an accuracy dq, the result is
obtained in the range (g — %5q,q + %Sq), then the system immediately after
measurement will end up in the state



Pq.59lv[0])  _ J s 1o 0 IV [OD)dg

lobaspwion  [[ . wavienras

(1.7.16)
af 4% IvONdy’
la—q'|<5q c Ho.
Jj g Iw[e) g
la—q'|<6q/2
Q.VA. Let [P92[01,0,]) = |y'[01]) +[w3’[0:]) € Hi» = Ho, ® Ho, & H,
where
(i) [wi'[©:]) = ailwi[®:]) € Ho,|wi) = [wi[O:]) € SG,,|a:| # 1,i = 1,2;
(if) supp(cy,i0.1(q)),i = 1,2 is a connected sets in R;
(iii) (Supp(cw[@l](q)» N <Supp(cl//2[®2](Q))> = @ and
. 0> .
(V) yi[©:]) = [, cven(@lg)dq,i = 1,2.
Then if the system is in a state |Y“12[®,,0,]) described by a wave function
Y2 (q:01,0,) = (q||P1*[01,0:]),9g € ®; U O, and the value of observable
Qe, 0, is measured once each on many identically prepared system, the average
value of all the measurements will be
(1.7.17)

(Qor0) = | ql¥"(q:01,0:)dg.
0,00,

Q.V. 2. The probability of getting a result ¢ with an accuracy dq such that
(9 — 504.9 + 53q) € supp(cy,(q)) o (¢ — 38q.9 + 38q) € supp(cy,(q)) given by

j od'|<50 /2[(|<‘1 ' [0 1)) * (Kg'llvs[©21)) Jdq'. (1.7.18)

Remark 1.7.8.Note that Q.IV.3 immediately folows from Q.111.3.

Q.V. 3. Assume that the system is initially in the state |Y“*2[©,0,]). If on
performing a measurement of Og, e, With an accuracy oq, the result is obtained in
the range (¢ - %&],q + %54]), then the state of the system immediately after

measurement given by



P, 8q)| Y[ 1,0,])
\/<W|1A’(qi,5q)|v/>
(Ig"Xq' v [01]1) +1g'Xq' w3’ [©2]))dq’

J.Iq[—q’ |<6q/2

‘/I|q_qr|§5q/2|:|<q/||‘//l[®l]>|2 + |<q,||l//2[®2]>|2:|dq/ (1.7.19)

[ (@lg'Xg'Ivi[01]) + azlg' X [lw2[0:1))dq’
lgi—q'|<8q/2

‘/.[|q,_q/|<5q/2[I(q/l\l//1[®1]>|2 + (gl 2[©:2])] ]dg’

qi € @l‘,i = 1,2.

€ Ho,,

Definition 1.7.8. Let H1,2 be Hl,z £ H@1 o) H@z.
Definition 1.7.9. Let |y?) be a state |y*) = a|y), where |y) € S”,|a| # 1 and
lw) = jgz cy(q)|q)dq.Let |y ,) be an state such that |y,) € S*. States |y“¢) and |y,) is

a Q-equivalent: ly?) ~o |y ) iff

. S en (1.7.20)
P(q,q +dq;ly*)) = la|"|cy(qla|™)| dq = P(qq + dq;|y.))dq

Q.V.For any state |y“) = aly),where |y) € S”,|a| # 1 and |y) = IZZ cy(q)lg)dg
there exist an state |y,) € S” such that: jy*) ~o |y.).

Definition 1.7.10. Let |y“) be a state |y?) = aly), where |y) € S,|a| = 1 and
lw) = jgz cy(q)|q)dq.Let |y, ) be an state such that |y,) € S*. States |y“¢) and |y,) is

a Q-equivalent (jy“) ~5 [wa)) iff: (y*| Oy ) = (Wal Oy a).
Q.VL.For any state |y*) = a|y),where |y) € S*,ja| # 1 and |y) = jzzcv(q)|q>dq
there exist an state |y,) € S* such that: |y“) ~5 [Wa).

1.7.2. The Position Representation.Position

observable of a particle in one dimension.

The position representation is used in quantum mechanical problems where it is
the position of the particle in space that is of primary interest. For this reason, the
position representation, or the wave function, is the preferred choice of
representation.

P.1. In one dimension, the position x of a particle can range over the values
-0 < x < +o0. Thus the Hermitean operator ¥ corresponding to this observable will
have eigenstates |x) and associated eigenvalues x such that:

Xx) = x[x),—0 < x < +o0.



P.2. As the eigenvalues cover a continuous range of values, the completeness
relation will be expressed as an integral: |y ;) = jt:|x><x\l//t>dx,where xlwe)y = w(x,t)
is the wave function associated with the particle at each instant 7. Since there is a
continuously infinite number of basis states |x), these states are J-function
normalized: (x|x') = 6(x — x').

P.3. The operator ¥ itself can be expressed as: X = jf:x|x><x|dx.

Definition 1.7.11. A connected set is a set X — R that cannot be partitioned into
two nonempty subsets which are open in the relative topology induced on the set.
Equivalently, it is a set which cannot be partitioned into two nonempty subsets such
that each subset has no points in common with the set closure of the other.

P.4.The wave function is, of course, just the components of the state vector
lw.) € S* with respect to the position eigenstates as basis vectors. Hence, the
wave function is often referred to as being the state of the system in the position
representation. The probability amplitude (x|y,) is just the wave function, written
(xlw() = w(x,t) and is such that |y (x, t)|2dx is the probability P(x,z;|y,)) of the particle
being observed to have a coordinate in the range x to x + dx

Definition 1.7.12. Let |y¢),7 € [0,+x) be a state |y¢) = a|y,), where
lw:) € S”,]a| # 1 and

lv:) = J‘J_r: v(x,t)x)dx.Let |y.q),t € [0,+0) be an state such that |y,,) € S”,

t € [0,+00).
States |y¢) and |y..) is x-equivalent (jy¢) ~¢ |w.q)) iff

PCx, 55 lyé)dx = |a| 2|y (xlal 2,0 dx = P(x, |y 1a))dx

P.5.From postulate Q.V above (see subsection 1.7.1) follows: for any state
) = aly ). where |y,) € 8%, |a| # 1,¢ € [0,40) and |y,) = | y(x,1)x)dx there exist
an state |y,,) € S”, t € [0,+00) such that: |y¢) ~x [Wia)-

Definition 1.7.13.Let |y¢),t € [0,+x) be a state |y¢) = a|y,), where
) € 8%, Ja] = 1and |y,) = [ y(x,0)k)dr.Let |y ).t € [0,+0) be an state such
that |y..) € S, t € [0,+0). States |y¢) and |y.,) is X-equivalent (jy¢) ~z |Wiq)) iff:
Wil Xlwi) = Weal X[ ia)-

D.6.From postulate C.7 (see Appendix C) follows: for any state
) = aly.).where |y,) € 87, |a| # 1,¢ € [0,40) and |y,) = | y(x,1)x)dx there exist
an state |y,,) € S”, t € [0,+00) such that: |y¢) ~z |Wia)-

Definition1.7.14.The pure state |y} € $*,¢ € [0,+0),|y.) = [ y(x,)lx)dx is a
weakly

Gaussian in the position representation iff

2 1 (x
x, )| dx = ——exp| ————
ly(x,1)] o p[ -

(1.7.21)

(1.7.22)



where %, and o, an given functions which depend only on variable .

P.7.From statement P.5 follows: for any state |y¢) = a|y,),where
lwe) € S”a| # 1, t € [0,+0) and |y;) = ff: v (x,1)|x)dx is a weakly Gaussian state
there exist an weakly Gaussian state |y,) € S, ¢ € [0,+0) such that:

P(x, 85 ly@)dx = |a| |y (xlal ™, 1) dx =

1 (x — |afx.)? J
= ———€X e — dx.
lalo2m p[ jal*o?

1.8. The EPR paradox

In 1935, Einstein, Podolsky and Rosen (EPR) originated the famous “EPR
paradox” [38]. This argument concerns two spatially separated particles which have
both perfectly correlated positions and momenta, as is predicted possible by
quantum mechanics. The EPR paper spurred investigations into the nonlocality of
quantum mechanics, leading to a direct challenge of the philosophies taken for
granted by most physicists.The EPR conclusion was based on the assumption of
local realism, and thus the EPR argument pinpoints a contradiction between local
realism and the completeness of quantum mechanics.

1.8.1. Einstein’s 1927 gedanken experiment

Einstein never accepted orthodox quantum mechanics because he did not
believe that its nonlocal collapse of the wavefunction could be real. When he first
made this argument in 1927 [39],he considered just a single particle. The particle’s
wavefunction was diffracted through a tiny hole so that it ‘dispersed’ over a large
hemispherical area before encountering a screen of that shape covered in
photographic film. Since the film only ever registers the particle at one point on the
screen, orthodox quantum mechanics must postulate a ‘peculiar mechanism of
action at a distance, which prevents the wave... from producing an action in two
places on the screen. That is, according to the theory, the detection at one point
must instantaneously collapse the wavefunction to nothing at all other points.

Remark 1.8.1. It was only in 2010, nearly a century after Einstein’s original
proposal, that a scheme to rigorously test Einstein’s ‘spooky action at a distance
[39],[40] using a single particle (a photon), as in his original conception, was
conceived [41]. In this scheme, Einstein’s 1927 gedankenexperiment is simplified
so that the single photon is split into just two wavepackets, one sent to a laboratory
supervised by Alice and the other to a distant laboratory supervised by Bob.
However, there is a key difference, which enables demonstration of the nonlocal
collapse experimentally: rather than simply detecting the presence or absence of
the photon, homodyne detection is used. This gives Alice the power to make
different measurements, and enables Bob to test (using tomography) whether
Alice’s measurement choice affects the way his conditioned state collapses,

(1.7.23)



without having to trust anything outside his own laboratory.

Blackbox to Bob in an EPR-sleering test

Various measurements
R -
Iy —p.l fu— Alice

50 0N

W) = VRIO), 1)g — VT = RI1), 0}
50:50 sef+, -}
LO
i /2-* —" é

Tomography

Pic.Pic.1.8.1.Simplified version of Einstein’s original
gedankenexperiment Adapted from [42].

Simplified version of Einstein’s original gedankenexperiment [42]. A single
photon is incident on a beam splitter of reflectivity R and then subjected to
homodyne measurements at two spatially separated locations. Alice is trying to
convince Bob that she can steer his portion of the single photon to different types
of local quantum states by performing various measurements on her side. She
does this by using different values of her LO phase 0, and extracting only the sign
s € {+,—} of the quadrature she measures. Meanwhile, Bob scans his LO and
performs full quantum-state tomography to reconstruct his local quantum state. He
reconstructs unconditional and conditional local quantum states to test if his portion
of the single photon has collapsed to different states according to Alice’s LO setting
6, and result s see Pic.1.8.1.

The key role of measurement choice by Alice in demonstrating ‘spooky action at
a distance’ was introduced in the famous Einstein—Podolsky—Rosen (EPR) paper
[38] of 1935. In its most general form, this phenomenon has been called
EPR-steering, to acknowledge the contribution and terminology of Schrédinger
[43], who talked of Alice ‘steering’ the state of Bob’s quantum system. From a
quantum information perspective, EPR-steering is equivalent to the task of
entanglement verification when Bob (and his detectors) can be trusted but Alice (or
her detectors) cannot. This is strictly harder than verifying entanglement with both
parties trusted [44], but strictly easier than violating a Bell inequality [45], where
neither party is trusted [44].

Remark 1.8.2. A recent experimental test of entanglement for a single photon
via an entanglement witness has no efficiency loophole [46] however, it
demonstrates a weaker form on nonlocality than EPR-steering. In [42], it was
demonstrated experimentally that there exist Einstein’s elusive ‘spooky action at a
distance’ for a single particle without opening the efficiency loophole without claim
to have closed the separation loophole. That is the one-sided device-independent
verification of spatial-mode entanglement for a single photon.

1.8.2.The continuous variable EPR



paradox.EPR-Reid’s criteria

We remind that EPR treated the case of a non-factorizable pure state |y) which
describes the results for measurements performed on two spatially separated
systems at 4 and B (Fig.1.8.2). “Non- factorizable” means “entangled”, that is, we
cannot express |y) as a simple product |y) = |y)4 ® |y)s, Where |y), and |y)p are
quantum states for the results of measurements at 4 and B, respectively.

Alice Bob

® —— —— @

A PL. X_: PE

X

Fig.1.8.2.The original EPR gedanken experiment.Two particles move
from the source into spatially separated regions 4 and B, and yet
continue to have maximaly correlated positions: x4 +xo = xz and
anti-correlated momenta: p, = —ps. Adapted from [47].

In the first part of their paper, EPR point out in a general way the problematic
aspects of such entangled states. The key issue is that one can expand |y) in
terms of more than one basis, that correspond to different experimental settings,
which we parametrize by ¢. Let us consider the state

W) = Jdxlyady, ® )y,

where the eigenvalue x could be continuous or discrete. The parameter setting ¢ at
the detector B is used to define a particular orthogonal measurement basis |u.), ;.

On measurement at B, this projects out a wave-function |y.), , at 4, the process

called “reduction of the wave packet”.

Remark 1.8.3. The locality assumption postulates no action-at-a-distance, so
that measurements at a location B cannot immediately “disturb” the system at a
spatially separated location 4 .

Remark 1.8.4. The problematic issue is that different choices of measurements
¢ at B will cause reduction of the wave packet at 4 in more than one possible way.
EPR state that, “as a consequence of two different measurements” at B,
the “second system may be left in states with two different wavefunctions”. Yet, “no
real change can take place in the second system in consequence of anything that
may be done to the first system”.

The problem was established by EPR by a specific example, shown in
Fig.1.8.2. EPR considered two spatially separated subsystems, at 4 and B, each
with two observables x and p where X and p are non-commuting quantum

(1.8.1)



operators, with commutator

[x,p] =xp—px =2C + 0. (1.8.2)
The results of the measurements x and p are denoted x and p respectively, and this
convention we follow throughout the paper. We note that EPR assumed a

continuous variable spectrum and considered wavefunction y defined in a position
representation by

w(x,xB) = Ie(’P/h)(x‘xB‘XO)dp, (1.8.3)

where x, is an constant implying space-like separation. Here the pairs x and p refer
to the results for position and momentum measurements at 4, while x# and p?
denote the position and momentum measurements at B. We leave off the
superscript for system A4, to emphasize the inherent asymmetry that exists in the
EPR argument, where one system 4 is steered by the other, B.

Remark 1.8.5. According to canonical quantum mechanics, one can “predict
with certainty” that a measurement x will give result x? + xo, if a measurement X2,
with result x?, was already performed at B. One may also “predict with certainty”
the result of measurement p, for a different choice of measurement at B. If the
momentum at B is measured to be p, then the result for p is —p. These predictions
are made “without disturbing the second system” at 4, based on the assumption,
implicit in the original EPR paper, of “locality”.

Remark 1.8.6.The locality assumption can be strengthened if the measurement
events at 4 and B are causally separated (such that no signal can travel from one
event to the other, unless faster than the speed of light)

Remark 1.8.7.The remainder of the EPR argument may be summarized as
follows. Assuming local realism, one deduces that both the measurement
outcomes, for x and p at 4, are predetermined. The perfect correlation of x with
x8 + xo implies the existence of an “element of reality” for the measurement x.
Similarly, the correlation of p with —p# implies an “element of reality” for p. Although
not mentioned by EPR, it will prove useful to mathematically represent
the “elements of reality” for X and p by the respective variables p and u; ,
whose “possible values are the predicted results of the measurement”

Remark 1.8.8.To continue the argument, local realism implies the existence of
two elements of reality, u{ and p, that simultaneously predetermine, with absolute
definiteness, the results for measurement x or p at 4. These “elements of reality” for
the localized subsystem 4 are not themselves consistent with quantum mechanics.
Simultaneous determinacy for both the position and momentum is not possible for
any quantum state. Hence, assuming the validity of local realism, one concludes
quantum mechanics to be incomplete or even inconsistent!

Remark 1.8.9.We claim that any assumption of local realism is completely
wrong.

Such claim meant as minimum the weak postulate of nonlocality.

The weak postulate of nonlocality for continuous variables.
The Heisenberg uncertainty relations



AxAApA > 1 (1.8.4)

cannot be violated in any cases:

(i) of course according to quantum mechanics, the Heisenberg uncertainty
relations (1.8.4)

cannot be violated if the coordinate x* and momentum p* of the particle A are
measured

directly by measurements performed on the particle A,

(ii) the Heisenberg uncertainty relations (1.8.4) cannot be violated even if the
coordinate x4

and momentum p# of the particle A are measured indirectly, i.e. by using
measurement on

particle B, as required in EPR gedanken experiment,

(iii) in any cases true coordinate x* and momentum p* of the particle A cannot
be predicted

samultaneously with a sufficiently small uncertainty Ax* and Ap* such that the
Reid’s

inequality [50]:

AxAApA < 1 (1.8.5)
based on local realism would be satisfied, i.e., alwais
AxAApA « 1. (1.8.6)

We claim strictly stronger assumptions of nonlocality than mentioned above.

The strong postulate of nonlocality for continuous variables.

Let |y), and |y}), be a state vector in x-representation at instant ¢ of the
particle A and

particle B correspondingly.

Let |w§’>A and |w€>B be a state vector in p-representation at instant ¢ of the
particle A and

particle B correspondingly.

Let w2 (x) = (xjyi),, wP(x) = (x|y7)g be a wave functions in x-representation of
the

particle A and particle B correspondingly.

Let v (p) = (plv?) . vEP) = (p|lv!), be a wave functions in p-representation of
the

particle A and particle B correspondingly.

Let w;‘/ B(xa,xB) be corresponding two-particle wave function in x-representation
and let

wB(pa,ps) be corresponding two-particle wave function in p-representation.

We claim that:

(i) whenever a measurement of the coordinate x of a particle B is performed at
instant

t with result xB € [xB —¢,xB + ¢],¢ < 1,then:

(a) according to quantum mechanics a state vector |y), collapses at instant ¢ to



the state
vector

~B
|W26,5,xB>B NLXB(5’8)|W?>B (187)

given by law (1.2.20), where Zfs (6,¢) is a norm-reducing, positive, self-adjoint,
linear

operator in the 2-particle non projective Hilbert space H, representing the
localization of

particle B around the point xB, (see subsection 1.2.4),

(b) according postulate of nonlocality a state vector |y7), immediately collapses
at instant ¢

to the state vector

~A
ll//)tc,ﬁ,e,xA>ANLXB+XO(558)|W)IC>A (188)

given by law (1.2.20) and this is true independent of the distance in Minkovski
spacetime
M, = R'3 that separates the particles. Thus

collapse collapse

|l//l‘c>B |l//t(§‘g,x > = ll//t>A ll//)f(,S,S,xB+xO>A (189)

(ii) under conditions given by Eq.(1.8.7)-Eq.(1.8.9) two-particle wave function
wMB(xa,xB) collapses at instant ¢ by law

collapse ~A

(xA,xB) — L B+x0L 3(5 e)wt B(xa,xB) (1.8.10)
(iii) whenever a measurement of the momentum p® of a particle B is performed
at instant
t with result p® € [pB —¢,pB + ¢],¢ < 1,then:
(a) according to quantum mechanics a state vector |y{), collapses at instant ¢
to the state
vector

~B
|‘//f,5,g,ps>B ~ Ly (5,8)lyh) g (1.8.11)

where Z,]fa(&g) is a norm-reducing, positive, self-adjoint, linear operator in the
2-particle

non projective Hilbert space H, representing the localization of momentum of
the particle B

around the value p®. The localization operators Zfs (6,¢) have been chosen to
have the

following form:

Low(S,¢) = (5#%)3/4exp[—%@—p3)2} (1.8.12)

where 6 € (0,1] and limso 75 = 7.
(b) according postulate of nonlocality a state vector |q/f)A immediately collapses
at instant ¢



to the state vector

~A
|WIZ5,£JA>ANL—PB(&S)‘W[;>A (1813)

and this is true independent of the distance in Minkovski spacetime M, = R!?
that
separates the particles. Thus
collapse collapse

|W€>B - |l//]t),5,8,pB>B = |I’U€>A - |I’Ui5>8,—PB>A (1 8. 14)

(iv) under conditions given by Eq.(1.8.11)-Eq.(1.8.13) two-particle wave function

wB(pa,ps) collapses at instant ¢ by law

A/B collapse ~A

~B
vi (Pa,pB) — prBLpB(&S)V/?/B(pA,pB)- (1.8.15)

Remark 1.8.10. Let p2 and p? be the momentum at instant ¢ of the particle A
and particle

B correspondingly. Note that whenever a measurement of the coordinate x of a
particle B is

performed at instant ¢ with an accuracy ¢, < 1 then:

(i) immediately after this measurement the momentum p? at instant r changed

according
to quantum mechanics by the Heisenberg uncertainty relations (1.8.4);
(i) immediately after this measurement the momentum p# at instant  changed

according

to postulate of nonlocality by the Heisenberg uncertainty relations (1.8.4)

Remark 1.8.11.Let x* and xB be the coordinate at instant  of the particle A and
particle

B correspondingly. Note that whenever a measurement of the momentum p of a
particle B

is performed at instant ¢ with an accuracy ¢,» < 1 then:

(i) immediately after this measurement the coordinate x® at instant  changed

according

to quantum mechanics by the Heisenberg uncertainty relations (1.8.4);

Remark 1.8.12.Schrédinger [43] pointed out that the EPR two-particle
wavefunction in Eq.(1.8.3) was verschrankten - which he later translated as
entangled - i.e., not of the separable form v 4y 5. Schrédinger considered as a
possible resolution of the paradox that this “entanglement” degrades as the
particles separate spatially, so that EPR correlations would not be physically
realizable.

Definition 1.8.1.Quantum inseparability (entanglement) for a general mixed
quantum state is defined as the failure of

p = [dAP(L)p; ® P} , (1.8.16)

where fd/lP(}t) = 1 and p is the density operator. Here A is a discrete or continuous



label for component states, and ﬁ‘;‘ and ﬁf correspond to density operators that are
restricted to the Hilbert spaces A and B respectively.
Remark 1.8.13.The definition of inseparability extends beyond that of the EPR
situation, in that one considers a whole spectrum of measurement choices,
parametrized by 0 for those performed on system 4, and by ¢ for those performed
on B. We use canonical notation x4 and p%g to describe all measurements at 4 and
B. Denoting the eigenstates of 34 by |x1), we define Po(x4|0,4) = (x4|p;x4) and
Po(x5|g, 1) = (x5|p5|x5), which are the localized probabilities for observing results x4
and xj respectively. The separability condition (1.8.9) then implies that joint
probabilities P(xj,x}) are given as [50]:
P(x{,x§) = fle()L)PQ(xgm)PQ(ng). (1.8.17)
Remark 1.8.14.We note the canonical restriction
A2 (x| D)A2(pAIA) > 1 (1.8.18)
where A%(x*|1) and A%(p*|A) are the variances of Py(x20, 1) for the choices 0
corresponding to position x and momentum p, respectively. Thus
AZ(XA VA2 (pAIL) < 1 (1.8.19)

is an EPR criterion, meaning that this would imply an EPR "paradox".
Remark 1.8.13.Note that the original EPR state of Eq. (1.8.3) is not separable.
Suppose that, based on a result x® for the measurement at B, an estimate
xest(xp) IS made of the result x at A. We may define the average error Ajy¢x of this
inference as the root mean square (RMS) of the deviation of the estimate from the
actual value, so that [50]:

Abpx = [ dxdx®P,(x,xB) (x — xest(x#))7 . (1.8.20)
An inference variance A;,p is defined similarly,i.e.

A12nfp = J.dpdePt(P,pB)(P—Pest(pB))z . (1821)

Remark 1.8.14.Let y®(x4,xg) be corresponding two-particle wave function in

x-representation and let y®(pa,ps) be corresponding two-particle wave
function in

p-representation.Note that:

(i) P:(x,xB) is the joint probability of obtaining an outcome x at A and x® at B at

instant 7 is

of the form
Pi(,x®) ~ |y (xa,xp) |, (1.8.22)
(i) P,(p,p®) is the joint probability of obtaining an outcome p at A and p® at B at
instant z is
of the form
Pi(p,p®) ~ |W?/B(pA9PB)|2- (1.8.23)

The best estimate, which minimizes Aix, is given by choosing x.. for each x®



to be the mean (x|xB) of the conditional distribution P,(x[x®). This is seen upon
noting that for each result x®, we can define the RMS error in each estimate as

A0 = [drPi(ee®) (x = xest (6®)) (1.8.24)
The average error in each inference is minimized for x.;, = (x|x®), when each
AZ¢(t,x[xB) becomes the variance A(¢,x|x?) of P,(x|x?). We thus define the

minimum inference error Aj¢x for position, averaged over all possible values of xB,
as

Vg = min(AZx) = [dxBP(x®)A(t,xx") (1.8.25)

where P(xB) is the probability density for a result x® upon measurement of 8. This
minimized inference variance is the average of the individual variances for each
outcome at B. Similarly, we can define a minimum inference variance, V' , for
momentum.,i.e.

Vi = min(AZp) = [dpPP.(p?)A%(t,pp?). (1.8.26)

Remark 1.8.14 . Let wj‘/B(xA,xB) be corresponding two-particle wave function in

x-representation and let y:®(pa,ps) be corresponding two-particle wave
function in

p-representation.Note that:

(i) according to local realism the conditional distributions densities Pj,c(x[x?) and

Proc(plp®)
are given by formulae
Puoc(alx®) ~ Lo (6,2)y " (x,xm) (1.8.27)
and
PiocPlp®) ~ L s (3,6)y 2 (parpi). (1.8.28)
(ii) distributions densities Pi,c(2,xB) and Pioc(2,p?) are given by formulae
Puoc(t,x") = [ dxProe(t,20x") (1.8.29)
and
Puoc(t.p") = [ dpPruc(t.plp"). (1.8.30)

Remark 1.8.15.Let w?/B(xA,xB) be corresponding two-particle wave function in

x-representation and let y®(pa,ps) be corresponding two-particle wave
function in

p-representation.Note that:

(i) according to postulates of nonlocality the conditional distributions densities

Pn‘loc(tox|xB)
and Ppoc(t,p|p?) are given by formulae

Pusoc(t,x108) = Lo, Lon (6, €)y B (x,x8) (1.8.31)



and

~A AB
Pn.loc(taplpB) ~ L—pBLpB(&g)l//?/B(P,pB),
see Eq.(1.8.10) and Eq.(1.8.15) respectively.
(ii) distributions Py 1c(2,x8) and Py 10c(2,p?) are given by formulae

Putoe(t,) = [ dxPuoe(t,11x")
and
Pusac(t:p1*) = [ dpPusoc(t,plp?)
Thus we can define corresponding RMS errors as
Adseing (X x®) = [ dxProc(t,x[x®)(x = xest(xP))°
At (PIP®) = [deProc(t,plp®) (P — xest (p®))
and
A2 tocint(XIXB) = [ dxProc(£,x|xB ) (x — xest (x®))?,
At socint(PIP®) = [dxPuac(t,plp®) (0 = xest (p*))’

respectively.We thus define the minimum inference error A, ex for position,
averaged over all possible values of xB and p® as

Min(Ad X)) = [ dx?Proc(t,x%)A} (,x1x5)
min(A} i) = | dpPProc(t,p?) Ay (1, PP”)
and

min(Aﬁhloc.infx) = JdePn.loc(t;xB)Alzl.loc.(t9x|xB) ’

min(Ai.loc.infp) = _[ dePHJOC (tapB )Aﬁ.loc. (f,plpB )

respectively.From Eq.(1.8.37) and Eq.(1.8.38) we obtain the EPR-nonlocality
criteria

| min A120c.inf. X — min A%l‘loc‘inf. x| =

| [ dxB[Proc(t,x5 ) Adye (3135 ) = Prtoe(t,X5)A2 1o (6x1x5)] | > 0,
|minA120c.inf. p — min A%l‘loc‘inf. p | =

|[ dpP[Proc(t.0") Ae. (£, PIP” ) = Prtoc(t.0")A2 1o (t:0P")]| > 0

and

| <minA120c.inf. X> <minAl20c.inf. p> - <1’1’111’1 Afl.loc.inf. )C) ((Arzl.loc.infp)) | > 0.

1.9.The EPR-Bohm paradox. Reid’s criteria for
EPR-Bohm paradox.

(1.8.32)

(1.8.33)

(1.8.34)

(1.8.35)

(1.8.36)

(1.8.37)

(1.8.38)

(1.8.39)

(1.8.40)



Bohm [49] considered two spatially-separated spin-1/2 particles at 4 and B
produced in an entangled singlet state (often referred to as the “EPR-Bohm state”
or the “Bell-state”):

V) = %(‘%>A‘_%>3_‘_%>A‘%>B) (1.9.1) Here |i%>/‘

are eigenstates of the spin operator J-, and we use J- , 7+ , 7;1 to define the
spin-components measured at location 4. The spin-eigenstates and measurements
at B are defined similarly. By considering different quantization axes, one obtains
different but equivalent expansions of |y) in Eq. (1.8.1), just as EPR suggested.

p_Jf___\ﬁ_ A

N &7
B %

Fig.1.9.1.The Bohm gedanken EPR experiment.Two
spin-1/2 partiles prepared in a singlet state from the
source into spatially separated regions 4 and B,and
give anti-correlated outomes for J4 and J2,where 6 is
x,y or z. Adapted from [50].

Bohm'’s paradox is based on the existence, for Eq. (1.9.1), of a maximum

anti-correlation between not only J- and J., but J; and 7, and also J; and J,. An
assumption of local realism would lead to the conclusion that the three spin
components of particle 4 were simultaneously predetermined, with absolute
definiteness. Since no such quantum description exists, this is the situation of an
EPR paradox.

Remark 1.9.1.Bohm’s paradox is based on the existence, for Eq. (1.9.1), of a
maximum

anti-correlation between not only J- and J-, but ?’; and ?ﬁ, and also J% and J..

Remark 1.9.2. Note that an assumption of local realism would lead to the
conclusion that

the three spin components of particle 4 were simultaneously predetermined,
with absolute

definiteness. Since no such quantum description exists, this is the situation of
an EPR

paradox.

Remark 1.9.3.Criteria sufficient to demonstrate Bohm’s EPR paradox can be
derived using



Reid’s canonical inferred uncertainty approach [41]. Using the Heisenberg spin
uncertainty
relation

ATRATY > [(J2))/2, (1.9.2) one obtains the

following canonical spin-EPR criterion that is useful for the Bell state given by
Eq. (1.9.1)

AintJ2 Aint /3 < 3 ng P(J?)

)

Here <J?>JB is the mean of the conditional distribution P(J2|J8).Calculations for

Eq.(1.9.1) including the effect of detection efficiency n reveals this EPR criterion to
be satisfied for n > 0.62. The concept of spin-EPR has been experementally tested
in the continuum limit with purely optical systems for states with (J4) # 0.In this
case the EPR criterion linked closely to definition of spin squeesing

(1.9.3)

AianfAian;l < |<J24>| (1.9.4)

Remark 1.9.4.We claim that any assumption of local realism is completely
wrong.The

three spin components of particle A were simultaneously predetermined, does
not with

absolute definiteness but only with uncertainties which requred by Heisenberg
spin

uncertainty relations (1.9.5). Such claim meant as minimum the weak postulate
of

nonlocality.

The weak postulate of nonlocality.

The Heisenberg spin uncertainty relations

AJRATY > [(J2))/2,
ATAATA > [(JM)]/2,
AJANTSY > [(J))2

does not violated in any cases:

(i) if the three spin components of the particle A are measured directly by
measurements

performed on the particle A

(i) and even if some spin components of the particle A are measured indirectly
as required

in Bohm gedanken EPR experiment.

Think of the following situation: a particle with zero spin decays into two
particles (A and B), each with 1/2-spin. Due to the fact that spin angular momentum
must be conserved during the decay, if initially the total spin angular momentum

(1.9.5)



was zero, then after the decaying process it must still be zero. Therefore, particles
A and B have opposite spin.Take as an example the dissociation of an exited
hydrogen molecule into two hydrogen atoms. If the decaying mechanism does not
change total angular momentum, then the spins on the hydrogen atoms will be
anti-correlated.

Remark 1.9.5.Whenever a measurement of the spin of A is found to be positive
with respect of the z-axis (we shall note this state as |1)_, then,under local
realism,we could infer that the spin of the B particle must be negative ||)_, and this
is true independent of the distance that separates the particles. The spin of these
particles are then entangled.

Remark 1.9.6. We claim again that any assumption of local realism is
completely wrong.

The strong postulate of nonlocality.

Let |y.), and |y,), a state at instant ¢ of the particle A and particle B
correspondingly.

Let |1). ,s b€ eigenstates of the spin operator Sjp :

. 1 0
A/B O _1
We claim that:

(i) whenever a measurement of the spin of a particle A is performed at instant
t1 > tand

particle A is found in the state |t)_, i.e., a state |y, ), collapses at instant ¢, to
the state

)., With respect of the Heisenberg spin uncertainty relations (1.9.5), then a
state |y, ),

immediately collapses at instant ¢, to the state || ), , with respect of the
Heisenberg spin

uncertainty relations (1.9.5), and this is true independent of the distance in
Minkovski

spacetime that separates the particles:

collapse collapse

Vo), — |T>z,A = Wy)y — |‘L>z,B

(i) whenever a measurement of the spin of a particle A is performed at instant
t1 > tand

particle A is found in the state ||) , i.e., a state |y, ), collapses at instant ¢, to
the state

1).., With respect of the Heisenberg spin uncertainty relations (1.9.5), then a
state [y, ),

immediately |y ), collapses at instant 7, to the state |1)_, with respect of the
Heisenberg

spin uncertainty relations (1.9.5), and this is true independent of the distance in
Minkovski

(1.9.6)

(1.9.7)



spacetime that separates the particles:

collapse collapse

vu)y — |l’>z7A:>|I//tl>B - |T>Z,B (1.9.8)

Note that,we can not predict which spin will be positive (or negative) with
respect of the

z-axis, so the state that describes the spins of the particles could be for instance
the spin

singlet state

) = (=11 (1.9.9)

We have a probability of 50% for the spin of particle A to be positive (and the spin
of B negative) and a probability of 50% of it being the other way around.

Remark 1.9.7. So far we have assumed that we are performing a measurement
along the z-axis, but measurements are not restricted to this particular election, we
could measure for instance the spin of particle A along the a-axis and the spin of B
along the b-axis. Let's see what happens if we decide to measure the spin along
the x-axis: a = b = x. As it known for 1/2-spins, the spin operator S} g can be
represented by the 2 x 2 hermitian matrix

0 1
SX/B - (1910)
1 0

By performing a change of basis we can rewrite the state |y) in terms of the
eigenstates of the spin operator S’ :

) = ==+ D)) = =501 = 1), (1.9.11)
and using Eq. (1.9.10), we can rewrite the state |y) as
W) = = (vu) = [u)). (1.9.12)

The strong postulate of nonlocality in this case takes the form similarly
mentioned above.Just like before, by choosing to measure the spin of A along the

x-axis we can determine it's value and infer the value of the spin of particle B
(ﬁ # B) in the state |y) & = |u), g * |w), g Without the need to measure it (and vice

versa).

Furthermore, it turns out that this is the case independent of the election of the
axis we choose to measure! (Provided thata = b = v).

This is exactly the same situation such that a simple choice of the axis along
which to measure the spin A allow us to establish the value of the spin of B along
this same axis without the need to measure it. And this is also the case (as we
already saw) for physical properties described by non-commuting operators (S* and
S? do not commute).



Il.Generalized Gamow theory of the alpha decay via
tunneling using GRW collapse model.Nonlocal
Schrodinger equation corresponding to alpha
decay.

I.1.Generalized Gamow theory of the alpha decay

via tunneling using GRW collapse model.

By 1928, George Gamow had solved the theory of the alpha decay via
tunneling [42]. The alpha particle is trapped in a potential well by the nucleus.
Classically, it is forbidden to escape, but according to the (then) newly discovered
principles of quantum mechanics, it has a tiny (but non-zero) probability of
"tunneling" through the barrier and appearing on the other side to escape the
nucleus. Gamow solved a model potential for the nucleus and derived, from first
principles, a relationship between the half-life of the decay, and the energy of the
emission.

The a-particle has total energy £ and is incident on the barrier from the right to

left.

Pic.2.1.1.The particle has total energy E and
is incident on the barrier V(x) from right to left.
Adapted from [42].

The Schrodinger equation in each of regions I = {x|x < 0},I1 = {x|0 < x < [}
and III = {x|x > [} takes the folloving form

o*Y
2 4 2 g Jw) - o,

where

2.1.1)



Oforx <0
Ulx) = Upfor0 <x <1 (2.1.2)
0forx >1

The solutions reads [8]:
Y (x) = Cyexp(ikx) + C_exp(—ikx),
Yu(x) = Brexp(k'x) + B_exp(—k'x), (2.1.3)
WYi(x) = Acos(kx) = %[exp(ikx) + exp(—ikx)],

where
k= 2% omE,
. h 2.1.4)
k' = 7‘/27’”([]0 —E) .
At the boundary x = 0 we have the following boundary conditions:
B o1 (x) _ 0¥n(x) (2.1.5)
\PI(O)lx:0 - \PH(O)’x:W Ox o - Ox x=0.
At the boundary x = / we have the following boundary conditions
B OFPux) | 0Fm(x) (2.1.6)
Yul)|., = Ym()| o T B T — .
From the boundary conditions (2.1.5)-(2.1.6) one obtains [42]:
B, = %(1 +i%),3_ - %(1 —i%),
(2.1.7)

C, = A[ch(K']) + iDsh(K'1)],C- = i(ASsh(k'l) exp(ikl)),
_1(k _ L/) _ L(L L/)
D 2(k’ v )S =7\t )

From Eqgs.(2.1.7) one obtains the conservation law

A2 = |Cu* - |C- %

Let us introduce now a function Ey(x,l) = 02(x,l)E2(x,]) where



2\-1/4 o x? B [
(mcr?) exp( 52 ) for —o <x < 5
EZ(xal) =

an-1/4 _ (x—1)° A
(mrs) exp( —ng for 5 <x<® (2.1.8)
1f 0,/
0>(x.1) = orx € [0,/]
0 forx ¢ [0,/]

Assumption 2.1.1. We assume now that:
(i) at instant r = 0 the wave function Wi(x) experiences a sudden jump of the
form

Ri(Z)¥1(x) (2.1.9)
[R1GE) Vi) I,

i(x) - Pix) =

where Ry (X) is a linear operator which is chosen equal to:

22 2.1.10
R(®) = (nr%)‘”“el(f,nexp[—; } e

re
where
1 for -1,0],
0,(x,1) = x € [H.0]
0 forx ¢ [-1,0].
Remark 2.1.1. Note that: supp(¥j(x)) < [-1,0]

(i) at instant ¢ = 0 the wave function ¥y (x) experiences a sudden jump of the
form

‘E"(?E)‘Pu(x) (2 1 11)

Yi(x) — lP?l(x) = ||§RH(53)‘I’H(X)||2 ’

where Ry (X) is a linear operator which is chosen equal to:

(2.1.12)
SRH(/)E) = E][(/)E, l);

Remark 2.1.2.Note that: supp(¥5;(x)) < [0,/].

(iiif) at instant # = 0 the wave function ¥ (x) experiences a sudden jump of the
form



g.R][](jC\)\P"]()C) (2 113)

'Y X —)LP# X) = =~ ’
m (x) m(x) ||9%111(x)\{’111(x)”2

where R (x) is a linear operator which is chosen equal to:

3 =02 2.1.14
R(®) = (r2)™ exp|:— @ 21) J ( )
2re
Remark 2.1.3. Note that. We have choose operators (2.1.10),(2.1.12) and

(2.1.14) such that the boundary conditions (2.1.5),(2.1.6) is satisfied.

I.2.The nonlocal Schrodinger equation

corresponding to alpha decay.

Note that a-particle moves through some medium and therefore the states of
the atoms of the medium are changed as a result of the interaction with it. As a
result, information about positions of the particle at different instants of time is
recorded in the state of the medium. This means that the position is monitored.
Simultaneously the motion of the particle is influenced by the medium. The
resulting influence of the medium leads to the decoherence of the a-particle.

Pic.2.2.1.Quantum diffusion:Decoherence by the
structure of atoms.Adopted from [9].

The following master equation was derived for the density matrix of the such
a-particle [9]:

p=—L[H,p] - Lr,r,p]],
h 2 (2.2.1)

where [ is the distance at which the particle excites an atom and r a characteristic
time of interaction between the atom and the a-particle. In this case decoherence is
caused by the internal structure of atoms. This illustrated by the Pic.2.2.1.The
medium to be considered is a system of an infinite number of non-interacting



quantum oscillators located at the nodes of a cubic lattice.The oscillators are
labelled by the index k(k = 1,2,...). The interaction of the k-th oscillator with the
measured particle given by the following simple Hamiltonian [9]:

2
r—¢
Hint Z Hy = yqukexp[ %J’

where ¢ is a canonical coordinate of the oscillator while ¢, is its location, y is the
interaction constant, / characterizes its range, and r is the coordinate of the
a-particle.The complete Hamiltonian of the problem has the form

H——+V(r)+2 +Z

where P, M are the linear momentum and the mass of the a-particle.

Remark 2.2.1. (i) In classical handbooks it assumed that collapse of a-particle
is caused

only by the interection with atoms of the medium, see for example [9].

(i) In contrast with a classical case we assume that a-particle immediately
collapses after

decay in accordance with nonclassical collapse models, see subsection
1.2.4-1.2.5.

Remark 2.2.2. Schrédinger equation (2.1.1) can be solved by canonical
Feynman propagator [9],[26].

Definition 2.2.1. Let ¥(x) be an solution of the Schrédinger equation (2.1.1).
The stationary Schrodinger equation (2.1.1) is a weakly well preserved in region
I’ < R by collapsed wave function ¥#(x) if the estimate

I’l’lCO qk

+ Hmt:

f{ W), 2m U(x)]‘{’#(x)}dx — O(h),
! ox? h
where 1/4 < o < 1/2, is satisfied.
Definition 2.2.2.The stationary integral equation (2.2.4) is called nonlocal
Schrédinger equation of the order 7% (corresponding to alpha decay).
Proposition 2.2.1.The Schrodinger equation (2.1.1) in each of regions L 11, ITI

is a weakly well preserved by collapsed wave function W (x), ¥§(x) and ¥§;(x)
correspondingly.

Proof. See Appendix B.

Definition 2.2.3.Let us consider the time-dependent Schrédinger equation:

oY (x,1)

- Y H = 22 4 2mp_yo),

ox? i
t € [0,T],xeR.

ih————=

The time-dependent Schrodinger equation (2.2.5) is a weakly well preserved by
corresponding to W(x,7) collapsed wave function W*(x, ¢)

(2.2.2)

(2.2.3)

(2.2.4)

(2.2.5)



RFE)P(x, 1)
IRE)YCx, ),

~\ 2N\ —3/4 [ (55_%)2 :|
RE) = (wre) 7 exp| ———75— |

2r2

P, 1) = Y(x,6%) =

in region I < R if the estimate

#
I{ih 5‘1’8(_;@0 _ﬁl}’#(x,t)}dx = O(h"),1/4 < a < 1/2, (2.2.6)
r
t € [0,7],xeR,

is satisfied.
Definition 2.2.4.The time-dependent integral equation (2.2.6) is colled the
time-dependent nonlocal Schrodinger equation of the order 7.
Definition 2.2.5. Let ¥#(x,1)=¥*(x1,x2,...,X4,¢) be a function
Y(x1,X2,...,X4,1,X,,...,X ). Let us consider the Probability Current Law

%P(F,t) + IJ(Xl,Xz,...,xd,t) «nd¥y = 0,
g (2.2.7)

J(X15X2: cee ,Xd,t) = LIJ(X’ t)V\P(Xa t) - lp(xo I)VLP(X’ t)a
te[0,T],x eR3,

corresponding to Schrddinger equation (2.2.16). Probability Current Law (2.2.7) is a

weakly well preserved by corresponding to ¥(x,7) collapsed wave function ¥#(x, )
in region I' < R if there exist an wave function ¥ (x, ¢) such that the estimate

%P(F,t)+ j JH(X1,Xa, ..., Xa, ) - nd%x = O(h*),
or
JH(x1,Xa,...,Xa,t) = PH(x,t)VPF(x,1) — P (x, 1) VP (x,1)
— O(h™),1/4 < a < 172,
t e [0,T],x eR3,

(2.2.8)

is satisfied.
Proposition 2.2.2. Assume that there exist an wave function ¥(x, ) such that

the estimate
(2.2.7) is satisfied. Then Probability Current Law (2.2.4) is a weakly well



preserved by corresponding to ¥(x,7) collapsed wave function W#(x,7) in region
I € R*, i.e. the estimate (2.2.8) is satisfied on the wave function W#(x, ).
Definition 2.2.6.The time-dependent integral equation (2.2.9)

j {ih% “HY(, t)}d3dx — 0,
rer™ (2.2.9)

-~ 0> 2
H = ﬁ + h—’;l[E— U(X)]

t € [0,7],xeR,

is colled the time-dependent nonlocal Schrodinger equation corresponding to alpha
decay.

I1.3.The nonlocal stochastic nonlinear Schrodinger

equation corresponding to alpha decay

Let us consider the nonlocal stochastic nonlinear Colombeau-Schrodinger
equation describing the (one-dimensional) evolution of a free quantum particle
subject to spontaneous localizations in space. The stochastic dynamics is
governed by a standard Colombeau-Wiener process (W), defined on the
probability space (Q, F,P) with the natural filtration {F, : t > 0} defined on i

( [ dxtyer) - v/e,o(x)]> -

fdxx 2.3.1)

T e T
q [ (—% L+ 7 @ - @e) )we,xx)dWe,[ -4[@- <a>e,[>2we,z(x)er ,
0 0

€

where g and p are the position and momentum operators, respectively, and

(@er = Wedqlyes)-
In order to obtain let us consider corresponding stochastic nonlinear
Colombeau- Schrdédinger equation

T 2
(Ver®) — veol)), = ( J (—% Pyl -5 (- <q>€,,>2we,t(x>>dr> +
’ < (23.2)

T
+<I ‘/7 (G = (@er) l//e,z(x)dWe,,> .
0

€

In order to obtain an solution of the Eq.(2.3.2) Let us consider the following
Colombeau linear stochastic differential equation



. 2
@), = ([~ Bodrs T gz~ % 0% gt ) 233)

where &, is a standard Colombeau-Wiener process defined on the probability
space (2, F,Q), where Q is a new probability measure, whose connection with P

will be clear in what follows. Contrary to Eq.(2.3.2), the above equation does not
preserve the norm of statevectors, so let us define the normalized vectors:

(vo ) - { @) T Ugerl), +0 01

a fixed unit vector  if ([|¢cl|), =0

By using Colombeau-Itd calculus, it is not difficult to show that (l//e,, )e defined by
(2.3.4) is a solution of Eq. (2.3.2), whenever (¢.,), solves Eq. (2.3.3). We now
briefly explain the relations between the two probability measures Q and P, and
between the two Colombeau-Wiener processes (&), and (We,)..

The key property of Eq.(2.3.3) is that (p.,), = (||qf>g,,||2)E is a martingale
satisfying the following Colombeau stochastic differential equation

<dp€,l > = 2\/7 (<Q>e,tpe,td§€,t)ea (2.3.5)
with ((@)e), = (Wedlglves)),. As a consequence of the martingale property (and
assuming, as we shall always do, that ||¢.ol/= 1) (pc,), can be used to generate a
new probability measure P on (Q, F) We choose now Q in such a way that the new
measure P coincides with P.Given Girsanov’s theorem provides a simple relation
between the Colombeau-Wiener process (&), defined on (Q, 7, Q), and the
Colombeau-Wiener process (W), defined on (Q, F,P)

Wede = Eede=2(VZ [ (@esds) . (2.3.6)

The above results imply that one can find the solution (y.,), of Eq.(2.3.2), given
the initial condition (v o), by using the following procedure:(i) find the solution
(¢es), of EQ. (2.3.3), with the initial condition (¢c0), = (Vo). (ii) normalize the
solution:(¢c,), = (Wer), = (9er) /(I Pesll).,(iii) make the substitution:

(décy), = (@Wey), + 241 ({g)esr),..We choose now, as a solution, a single-Gaussian
wavefunction:

(es(0), = ([marlx = Fen)® + ikeax + Veu]) s (2.3.7)
where a, and (y.,), are supposed to be complex functions of time, while (%), and

(/_ce,;)g are taken to be real. By inserting (2.3.7) into Eq.(2.3.3), one finds the

following sets of Colombeau stochastic differential equations for the relevant
parameters:



da, = [/1— %h(a,)z}dt,

(dXes), = %(l’ce,tdt)€ + %[ (dﬁfe,Je - 2ﬁ(;‘c€,,dt)€],
T Im(a,) _
(dkes) = - JA Re(a;) |:<d§€,t>e B Zﬂ(xg,; dt), :I’ (2

(dRe(yc,)), = [x(xg,,)g + L Im(at)}dn VI (Reudé,, ~2/Axesdt])

dIm(yc,)), = [—% Re(a,) - %(%i,t)e}dﬁ Jx gzgzg Geddé,, —2JA5csdt])

For a single-Gaussian wavefunction, the two equations for (y,), can be omitted
since the real part of (y.,), is absorbed into the normalization factor, while the
imaginary part gives an irrelevant global fase.The normalization procedure is trivial,
and also the Girsanov transformation (2.3.6) is easy since, for a Gaussian
wavefunction like (2.3.7), one simply has ((¢)c.), = (¥c.).. We then have the
following set of stochastic differential equations for the relevant parameters:

da; = [ 2= 2L (@,)* |dt,ai,y = ao,

- A
d)_ct = %ktdt-i_ Lathale‘—() = )_CO’ (2.39)

Eq. (2.3.9) for a, can be easily solved
a; = ctanh[bt+ k], (2.3.10)
with:
c=(1—i)%‘/@, b= (1+0) 2L k- tanh [ 92, 2.3.11)
After some algebra, one obtains the following analytical expressions for the real
and the imaginary parts of a,:

A sinh(wt + 1) + sin(ot + @2)
cosh(wt + @) + cos(wt + ¢2)’

Re(at) =
(2.3.12)

D)
A sinh(wf + 1) — sin(wf + ¢2)
)

I - - .
m(a:) cosh(wt + @1) + cos(wt + ¢2)

An important property of Re(a,) tis positivity: ap > 0 = a, > 0.

The quantities ({(g)c.), = (Xe.), and (p)es), = h(l_cg,,)e, corresponding to the peak
of the Gaussian wavefunction in the position and momentum spaces, respectively,
satisfy the following stochastic differential equations:



(@A)e), = 7 Whesdt), + VT 5o (@),

() (2.3.13)

Re(at)

(dp)es), =~ X h dWer)..

We now study the time evolution of the superposition of two Gaussian
wavefunctions; such an analysis is interesting since it allows to understand in a
quite simple and clear way how the reduction mechanism works, i.e. how the
superposition of two different position states is reduced into one of them. To this
purpose, let us consider the following wavefunction:

¢ (x) = ¢1.(x) + u(x) =
= [~a1(x = X1)* + ikix + ¥ 1] (2.3.14)

H—ax(x —X2)? + ikox + Yols

we follow the strategy outlined in Sec. Il, by first finding the solution of the linear
equation.

Because of linearity, ¢?(x) is automatically a solution of Eq. (ref: le), provided
that its

I.4.Einstein’s 1927 gedanken experiment revisited.

During the famous 5th Solvay conference in 1927, Einstein [39] considered a
single particle which, after diffraction in a pin-hole encounters a “detection plate”
(e.g. in the case of photons, a photographic plate), see Fig 2.2.1. We simplify this
thought experiment, though keeping the essence, by replacing the “detection plate”
by two detectors. Einstein noted that there is no question that only one of them can
detect the particle, otherwise energy would not be conserved. However, he was
deeply concerned about the situation in which the two detectors are space-like
separated, as this prevents - according to relativity - any possible coordination
among the detectors: “It seems to me,” Einstein continued, “that this difficulty
cannot be overcome unless the description of the process in terms of the
Schr'odinger wave is supplemented by some detailed specification of the
localization of the particle during its propagation. | think M. de Broglie is right in
searching in this direction.”



Pic.2.4.1.Einstein’s 1927 gedanken experiment.
A and B are points on the photographic plate,

for which the events of detection can be space-
like separated from each other.Adapted from [39].

But what happened to Einstein’s original “Gedanken experiment”? This simple -
with today’s technology - experiment had been done originally by T. Guerreiro, B.
Sanguinetti, H. Zbinden N. Gisin, and A. Suarez, see [53].This experiment consists
in verifying that when a single photon is thrown at a beam splitter, it is detected in
only one arm, i.e. the probability P 4,5 of getting a coincidence between the two
detectors 4 and B is much smaller than the product of the probabilities of detection
on each side P4 x P, as would be expected in the case of uncorrelated events.The
experimental setup is shown in Fig. 2.2.2 and consists of a source of heralded
single photons which is coupled into a single mode fiber and injected into a fiber
beamsplitter (BS). Each of the two outputs of the beamsplitter goes to a single
photon detector (IDQ 1D200), detector A being close to the source and detector B
being separated by a distance of approximately 10 meters.
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Pic.2.2.2.Experimental setup: photon pairs a regenerated by Spontaneous Parametric
Down Conversion at the wavelengths of 1550 nm and 810 nm. These pairs are split by
a dichroic mirror (DM), and the 810 nm photon is sent to detector D,used to herald

the presence of the1550 nm photon which follows to the beam splitter (BS). Arbitrary
electronic delays were applied beforeTDC to ensure the coincidence peak swould

remain on scale. Adapted from [53].

If we ensure that the fiber lengths before each detector are equal by inserting a
10 m (50ns) fiber delay loop before detector A, the detections will happen
simultaneously in some reference frame, thus being space-like separated (a signal
would take 33 ns to travel between the two detectors at the speed of light;
simultaneity of detection is guaranteed to within 1ns by the matched length of fiber
both before and inside the detectors). It is also possible to make the detections
time-like separated by removing the 10m delay line from detector A and adding it to

detector B.

A B spa?’ce A B Spdze

Pic.2.2.4.[53]. Spacetime diagrams for
spacelike (i) and timelike (ii) configurations.
A and B represent the locations of the
detectors. Adapted from [53].

First one measure the probabilities of detecting a photon at detector A or at
detector B given that a heralding photon has been detected at H. We denote Ry,
the total number of coincident counts at detector H and detector A during the time



of measurement, and Ry the total number of counts at detector H alone during
the same measurement; Ry and Ry denote similar quantities for the
measurement with H and B. Next we measure the probability of detectors A and B
clicking at the same time, again given a heralding signal. R4z denotes the number
of triple coincident counts at the detectors H, A and B, and Rys) the total number
of counts at detector H alone during the same measurement. All these quantities
are measured directly for both a space-like configuration and a time-like
configuration.

Next one measure the probability of detectors A and B clicking at the same
time, again given a heralding signal. Rz4s denotes the number of triple coincident
counts at the detectors H, A and B, and Rys) the total number of counts at
detector H alone during the same measurement. All these quantities are measured
directly for both a space-like configuration and a time-like configuration.
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Pic.2.2.5.Coincidences between the
heralding detector and each of the
detectors A (red) and B (blue) with
spacelike separation,measured in a
window of 1ns during a time period

of 10 minutes. Ryy = 9.49 x 104/10 min,
Rup =6.39 x 104/10 min.The noise is on
average:Ry = 50/10 min. Adapted from [53].



Counts per 1 ns binin 10 minutes

Pic.2.2.6.Coincidences between the
heralding detector and each of the

detectors A (red) and B (blue) with

timelike separation,measured in a

window of 1ns during a time period

of 10 minutes. R4 = 9.90 x 104/10 min,

Rup = 6.22 x 104/10 min. Adapted from [53].

The raw TDC data is shown in Figures 5-6 and the results are summarized in Table
l.

Spacelike separation

Ria Rica P3Y = Rya/Ruca
(94.8 £0.3) - 10° (5570 = 2) -10° (1.703 + 0.006) - 10~ 2

Rup Ryun l’,’j" = Rup/Run)
(63.8 +0.2)-10° (5860 + 2) -10° (1.090 + 0.004) - 10~2

Ruasp Rycan P5L(1,1) = Ryas/Ruan

1+ 2 (17145 + 4) - 10° (23+1.2)-10°7

Run Ruv) P{" = Run/Ru)

50 + 7 (5500 + 2) - 10° (9.0+1.3)-10°°

Timelike separation

Ria Rya Pit = Rua/Ruca
(99.0 +0.3) - 10° (6130 + 2) - 10° (1.616 = 0.005) - 10~ 2
Rugp Ry(n Pt = Rup/Run
(62.2 +0.2) - 10° (6100 = 2) - 103 (1.019 + 0.004) - 102
Ruan Ruam PTE(1,1) = Ruas/Ruan)
|+ 2 (18345 + 4) - 10° (2.2+1.1)-10"7

Table I.Summary of results.Values obtained for

the different counting rates and corresponding
probabilities defined inthetext,measured with
spacelike and timelike separation. Adapted from [53].

The number of counts given by detector noise and twophoton events can be
estimated by looking at the counts away from the peak. As an example, for the
space-like configuration (Figure 2.2.5.) in a window of 1ns the noise rate is on
average Ryy = 50 (7) for a 10 minutes integration time. This corresponds to a noise
probability Py =9- 1075(1.3-10-%). From the values in Table 1 one derives the
following probability values for spacelike separation:



P« P3F =1.86+0.01-107%,

(2.2.1)
P35z = 0.002 £ 0.001-107%,
For timelike separation one derives the values:
PIL-PIF =1.65+£0.01-107%,
408 (2.2.2)
Pl =0.002+0.001-107%.
For the probability Py* that A and B detect photons coming from different pairs
(noise) one derives the value:
PSL 1.1) = PSL_PSL + PSL_PSL ~
N( ) ) N A N B (223)

0.0025 £ 0.0026-10~*

Definition 2.2.1.[54].A measure algebra & = (B,P) with a probability measure
P, isa

Boolean algebra B with a countably additive probability measure.

Definition 2.2.2.(i) A measure algebra of physical events F7" = (B,P) with a

probability measure P, is an Boolean algebra of physical events B with an
countably

additive probability measure.

(if) A Boolean algebra of physical events can be formally defined as a set B of
elements

a,b, ... with the following properties:

1. B has two binary operations, A (logical AND, or "wedge") and V (logical OR,
or "vee"),

which satisfy:

the idempotent laws:

(1MYaNa=aVa=a,

the commutative laws:

(2) anb=bAa,

(3) avb=>bVa,

and the associative laws:

(4) an(bAc)=(aAb)Ac,

(8) av(bVec)=(aVb)Vec.

2. The operations satisfy the absorption law:

B6)aN(avb)=aV(aAb)=a.

3. The operations are mutually distributive

(7Yan(®BVc)=(@Ab)V(aNc),

B8)av(bAc)=(aVb)A(aV c).

4. B contains universal bounds 0 and 1 which satisfy

9)0Aa=0
(10)0va=a
(1M1 Aa=a

(12)1Va=1.



5. B has a unary operation —a (or a') of complementation (logical negation),
which

obeys the laws:

(13)aAN—a=0

(14)aV —a=1

All properties of negation including the laws below follow from the above two
laws alone.

6. Double negation law: —(—a) = a

7.De Morgan’s laws: (i) —a A =b = —(a V b), (ii) ma V =b = —(a A b).

8.0Operations composed from the basic operations include the following
importent

examples:

The first operation, a - b (logical material implication):

(Ya—->b=—-aVhb.

The second operation, a @ b, is called exclusive. It excludes the possibility of
both ¢ and »

(ia®b=(aVb)AN=(aAb).

The third operation, the complement of exclusive or, is equivalence or Boolean
equality:

(iia=b = =(a®b)

9. B has a unary predicate Occ(a), which meant that event a has occurred, and
which

obeys the laws:

(i) Occ(a A b) <= Occ(a) A Oce(b),

(i) Oce(aV b) < Occ(a) V Oce(b),

(iii) Oce(—a) < —0cc(a).

Remark 2.2.4. A probability measure P on a measure space (€2,%) gives a
probability

measure algebra F = (Q,X,P) on the Boolean algebra of measurable sets
modulo null

sets.

Definition 2.2.3.(i) Let B be a Boolean algebra of physical events. A Boolean
algebra By,

of physical events in Minkowski spacetime M, = R!? that is cartesian product

BM4 = B XM4.

(i) Let By, be a Boolean algebra of physical events in Minkowski spacetime. A
measure

algebra of physical events EF% = (Bu,,P) in Minkowski spacetime that is a
Boolean

algebra B, with a probability measure P.

(iii) Let By, be Boolean algebra of the all physical events in Minkowski
spacetime and let

Fh be an measure algebra F7%;, = (By,,P) with a probability measure P.We
denote such



physical events by A(x), B(x),... etc.,where x = (t,x1,x2,x3) € M4 or A,B,...efc.

(iv) We will be write for a short 49¢(x),B%(x),... etc., instead
Occ(A4(x)),0ce(B(x)),... etc.

Definition 2.2.4. Let Autp(B,,, ) be a set of the all measure-preserving
automorphism of

B,.,. This is a group,being a subgroup of the group Aut(B,,,) of all Boolean
automorphism

of By, .Let P be Poincaré group.

Remark 2.2.5. We assume now that: any element ® = (A,aq) € Pl induced an
element

© e Autp(Byy,) by formula ® = @[4(x)] = A(Ax +a) € By,.

Definition 2.2.5. Given two events 4 and B from the algebra :F‘XZ = (Bu,,P) the
conditional probability of 4 given B is defined as the quotient of the probability of
the joint of events 4 and B, and the probability of B :

P(AANB)  Pus

P(4|B) = P(B)  Ps = Py3, (2.2.4)

where P(B) = 0.
Definition 2.2.6. (i) Events 4 and B from the algebra 3’%’4 = (Bu,,P) are defined
to be statistically independent or uncorrelated iff

Pi =Py -Pg, (2.2.5)

where P # 0, then this is equivalent to the statement that P43 = P 4. Similarly, if P,
is not zero, then P = P3 is also equivalent.

(i) Events 4 and B from the algebra & = (By,,P) are defined to be statistically
almost independent or almost uncorrelated iff

P = Py-Pp,

(2.2.6)
P = Py -Ps—35(4,B),0 < 5(4,B) < Py - Py

Remark 2.2.6. Note that
Py =Py+Pp—Pypp. (2.2.7)

Although mathematically equivalent, this may be preferred philosophically;
under major probability interpretations such as the subjective theory, conditional
probability is considered a primitive entity. Further, this "multiplication axiom"
introduces a symmetry with the summation axiom for mutually exclusive events, i.e.

Pyp =Py+Pp—Pyps. (2.2.8)

Definition 2.2.7. (i) Events 41,4,,...,4, € ¥4, = (By,,P) are said to be exactly
mutually exclusive if the occurrence of any one of them implies the non-occurrence
of the remaining n — 1 events. Therefore, two mutually exclusive events cannot both



occur. Formally said, the conjunction of each two of them is 0 (the null event):
A A B = 0. In consequence, exactly mutually exclusive events 4 and B have the
property:
P(4AB) =0. (2.2.9)
(i) Events 4,,4,,...,4, € ﬂfﬁz = (Bu,,P) are said to be almost mutually

exclusive if
Ai1,A42,...,4, have the property:

P(A1 AAs A .. Ady) ~ 0,

(2.2.10)
PAI ANAx A...NAy) < P(41) + P(42) »++ P(4,).

In consequence, almost mutually exclusive events 4 and B have the property:

P(AAB) ~ 0,

(2.2.11)
P(A A B) < P(4) - P(B).

Remark 2.2.7. Let 47", B"" be events such that detectors A,B detect photon at
an instants ¢, and ¢, correspondingly. Note that (2.2.1) and (2.2.2) show that
whether the separation between the detectors is timelike or spacelike, the number
of coincidences is three orders of magnitude smaller than what would be expected
had the events been statistically almost uncorrelated, i.e., P4z = P4 - P35, see
Def.2.2.5(ii).

Remark 2.2.8. Let 47", B”" be events such that detectors A,B detect photon at
an instants ¢, and ¢, correspondingly. Note that:

(i) from Eq.(2.2.1) follows probability value for spacelike separation:

P3L =0.002+0.001-10~* = 0, (2.2.12)

APhpBPh
(i) from Eq.(2.2.2) follows probability value for timelike separation:
P g = 0.002£0.001-107 # 0. (2.2.13)
Therefore in both cases the property (2.2.9) are violated, i.e. P jn,z» + 0 but
however in both cases the property (2.2.11) is satisfied
0.002 +0.001-10™* = ij,hAB,,h < P, «P3 =1.86+0.01-1074,
0.002 +0.001-107* = PL < P&, P =1.65£0.01-10"*

APhABP

(2.2.12)

and therefore in both cases the events 47" B”" are almost mutually exclusive
events.

Beamsplitter transformation.

A beamsplitter is the most simple way to mix two modes, see Figure 2.2.7.
From classical electrodynamics, one gets the following amplitudes for the outgoing

modes:
A t
ai o ! _ r a (2.2.13)
ar ] A> . vt a )
mn ou m
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tay+r’a
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raj+it a

Pic.2.2.7.Mixing of two modes by a
beam splitter.

The recipe for quantization is now: ‘replace the classical amplitudes by
annihilation operators’. If the outgoing modes are still to be useful for the quantum
theory, they have to satisfy the commutation relations:

[Ai(out),A;(out)] = 6 (2.2.14)
These conditions give constraints on the reflection and transmission amplitudes,

for example |¢'|?> + |'|> = 1. We are now looking for an unitary operator S [the
S-matrix] that implements this beamsplitter transformation in the following sense:

A =S"a;S,i=1,2. (2.2.15)
Let us start from the general transformation (summation over double indices)
ai — A; = Bja, @ — A = BG (2.2.16)

where we have introduced matrix and vector notation. Using this S-matrix one can
also compute the transformation of the states: |out) = S|in). For the unitary
transformation, we make the ansatz

S(0) = exp(iBJuaa;) (2.2.17)

with Ji; a hermitean matrix (ensuring unitarity). The action of this unitary on the
photon mode operators is now required to reduce to

a; — AZ(G) = ST(Q)CZZS(O) ng,-aj. (22 18)
We compute this ‘operator conjugation’ by using a differential equation:
a4,(0) _ ., .
0 iJ1iA:(0). (2.2.19)

This is a system of linear differential equations with constant coefficients, so that
one obtains a solution

4(0) = exp(i6). (2.2.20)

We thus conclude that the so-called generator J of the beam splitter matrix is fixed
by equatuon

B = exp(i0J). (2.2.21)
If the transformation B is part of a continuous group and depends on  as a



parameter, we can expand it around unity. Doing the same for the matrix
exponential, we get

B=1+i0)+.... (2.2.22)

Equation (2.2.22) explains the name generator for the matrix J: it actually
generates a subgroup of matrices B = B(0) parametrized by the angle 6. The
unitary transformation we are looking for is thus determined via the same generator
J. For the two-mode beam splitter, an admissible transformation is given by

t 0 isin0
B(6) = S I O (2.2.23)
vt isinf cosf

The factor i is just put for convenience so that the reflection amplitudes are the
same for both sides, » = 7/, as expected by symmetry. Expanding for small 6, the

generator is
0 1
J= ( Lo > =0} (2.2.24)

so that the unitary operator for this beamspilitter is

S(0) = exp[if(atas + abay)]. (2.2.25) Therefore, the
effective Hamiltonian of the beam splitter is given by
]/_}eff = alas + asa. (2.2.26)

Splitting a two-photon state

Let us consider two single photon states |in) = |1, 1) incident on the beam
splitter such that mentioned above.Then

lw(0)) = |out) = S|in) = Sa|S'Sa}S'S|0,0) =

(a}cosO + ia; sin@)(a?cos@ +ia| sin6)[0,0) = (2.2.27)
2,0)—10,2)) 820 |1 1)cos6.
(12,0) - 10,2)) 7 11, 1)

Let H be a complex Hilbert space such that
Vol (0)),, < H],
VOVS(S € (0,1])Ve(e € (0,1])[ |w5.4(0)), € H], (2.2.28)
W5.ex(0)), = Li(6,8)lw(0)),-
By postulate C.I (see Appendix C) quantum system wih Hamiltonian given by
Eq.(2.2.26) is identified by a set = 2 <H,ﬁeff,s,m,£2,l(g),c,|w,>>, where

(i) H that is a complex Hilbert space defined above,
(i) I = (Q,F,P) that is complete probability space,
(iif) ® = (R",X) that is measurable space ,



(iv) £,.1(Q) that is complete space of random variables X : Q — R” such that
| IX@)l1dP < <0, | [X(@)]°dP < <0, (2.2.29)
(V) G : H - £,,(Q) that is one to one correspondence such that

[wiow)| = [ (6[0w) ]@))dP = Ea[ 6[ Ow) (@) ] (2.2.30)

for any |y) € H and for any Hermitian operator @ : H- H,

(vi) lw) is an continuous vector function |y,) : R, - H which representedthe
canonical evolution of the quantum system =.

Remark 2.2.9. Note that 5%;, = &F x My = (Q,%,P) x My, where & is a probability
measure

algebra & = (Q,X,P) on the Boolean algebra of measurable sets modulo null
sets, see
Remark 2.2.4.

Let By, be Boolean algebra of the all physical events in Minkowski spacetime
M,y and let

?M4 be an measure algebra ?M4 = (BM4,'13'> with a probability measure '1\5, see
Definition 2.2.2 (vii).
We assume now that there exist subalgebra F7,, & 3—'/M4 and isomorphism
A[-] - F4,, — Thi such that for any event A(x) € F4,,x = (t,x1,x2,x3) € My (see
Definition
2.2.2):
AMA(x)] = A[4](x),

~ (2.2.31)
P(A(x)) = P(A[4](x)) = P(4.(x)).

Proposition 2.2.1.Suppose that 4 and B are events in measure algebra
?M = (BM“'IV’). Then following properties is satisfied:

1.P(4|B) > P(4) = P(B|4) > P(B) = P(4 A B) > P(4)P(B)
2.P(4B) < P(4) = P(B|4) < P(B) <= P(4 A\ B) < P(4)P(B) (2.2.32)
3.P(4|B) = P(4) <= P(B|4) = P(B) = P(4 A B) = P(4)P(B)

Proposition 2.2.2.Suppose that 4 and B are events in measure algebra

Iu, = (QF,P).

Then following properties is satisfied:
1.P(4|B) > P(4) = P(B|4) > P(B) = P(4NB) > P(4)P(B)
2.P(4B) < P(4) <= P(B|4) < P(B) = P(ANB) < P(4)P(B) (2.2.33)
3.P(4|B) = P(4) < P(B|A) = P(B) & P(4NB) = P(4)P(B)

Definition 2.2.8.In case (1), 4 and B are said to be positively correlated.

Intuitively, the occurrence of either event means that the other event is more
likely.



In case (2), 4 and B are said to be negatively correlated.

Intuitively, the occurrence of either event means that the other event is less
likely.

In case (3), 4 and B are said to be uncorrelated or independent.

Intuitively, the occurrence of either event does not change the probability of the
other event.

Remark 2.2.10. Suppose that 4 and B are events in measure algebra
Su, = (Q,F,P).

Note from the result above thatif A € B or B < 4 then 4 and B are positively
correlated. If

A and B are disjoint then 4 and B are negatively correlated.

Proposition 2.2.3.Suppose that 4 and B are events in measure algebra

?M = (BM4,§>. Then:

(i) 4 and B have the same correlation (positive, negative, or zero) as -4 and
—B.

(i) 4 and B have the opposite correlation as 4 and —B (that is, positive-negative,

negative-positive, or zero-zero).

Proposition 2.2.4.Suppose that 4 and B are events in measure algebra
Su, = (QF,P).

Then:

(i) 4 and B have the same correlation (positive, negative, or zero) as A€ and B¢.

(i) 4 and B have the opposite correlation as 4 and B¢ (that is, positive-negative,

negative-positive, or zero-zero).

Definition 2.2.9.Let A(x,) = A(¢;,r;) and B(x;) = B(t2,r>) be an events

A(x1) € F4y, which occurs at instant 7, and B(x») € F},, at instant 1
correspondingly.

Let x,, be a vector: x;, =
{C(l‘] — t2),l‘1 —rz} = (Cl‘l,z,h,z),l‘hz =1 —I,r12 = r, —rs.

Vectors x,, = (ct12,r12) are classified according to the sign of ¢?¢f, —ri,. A
vector is

(i) timelike if ¢?r1, > ri,, (i) spacelike if ¢*#1, < r},, and null or lightlike if (iii)
2t} =ri,.

Pairs of events {4(t1,r1),B(t2,r2)} € Fiy, x Fiy, are classified according to the
sign of

iy — 1y

(i) a pair {4(t1,r1),B(t2,r2)} is timelike separated if ¢?¢7, > rf,,

and we denoted such pairs by {A(#1,r1),B(t2,12) ¢,

(i) a pair {A(t1,r1),B(t2,r2)} is spacelike separated if ¢?11, < ri,,

and we denoted such pairs by {A(¢1,r1),B(t2,12)}

(iii) @ pair {4(¢1,r1),B(t2,r2)} is null or lightlike separated if ¢?1{, = ri,.

and we denoted such pairs by {A(t1,r1),B(t2,r2) |,

Definition 2.2.10.(i) Let [F},,, {(¢1,r1), (t2,r2)}],,, be a set of the all timelike
separated



pairs {A(t1,r1),B(t2,1r2)},,, Which are corresponding to a given vector
{(t1,r1),(t2,12)} € My x My,i.e.,

[Fis,, {(t1,r1), (t2,r2)} ], =

(2.2.34.a)
{{A(tlarl)aB(tZ’rz)} € 3:%44 X gjﬁhlczt%l > r%,l}'
(ii) Let [Fiy,, {(t1,r1), (t2,r2)}] ,, be a set of the all spacelike separated
pairs {A(t1,r1),B(t2,12)},, Which is corresponding to a given vector
{(l‘l,l‘l),(l‘z,rz)} € My x M4,i.e.,
Fr  {(t,r1), (2,1 =
[F s {@r1,w1), (F2,k2) }] (2.2.34.)

{{A(tlarl)’B(tzarZ)} € 3:744 X 3:744|02t%,2 < r%,Z}'

Remark 2.2.11. Let [F,,,{(t,r1),(t,12)}] , be a set of the all pairs

s.L.
{A(tarl)aB(tarz)}
which is corresponding to a given vector {(¢,r1),(¢,r2)} € M4 x M4, 1| # 1a,i.€.,

[fﬁl4o{(tar1)a(ta rz)}]s‘l‘s. =
{{A(t,r1),B(t,r2)} € Fiy, x Fiy,10 <1ty (2.2.35)

iy = I’l —I).

Such pairs obviously is spacelike separated. Note that
Vv Vo (ry # 1) {[Fip,. {(r), ()} * D). (2.2.36)

Definition 2.2.11. Let A" = A(x,) = A(t1,x4) and B £ B(x,) = B(t2,x3) be a
symbols such that 4" and B” represent there is detection events A(x;) € F},, at
instant 7; and B(x,) € &7, atinstant 7, correspondingly, where symbols x, and x;z
represent the locations of the detectors 4 and B correspondingly (see Pic.2.2.4).
We assume that

A, B2}y € [Fly,, {(t,xa), (t2,x5) ]

Remark 2.2.12. We assume now without loss of generality that ¢, = #, = ¢,note
that such assuption valid by properties: A(Ax;) € F4;, and B(Ax,) € Fi,,, required
above,see Remark 2.2.5.

(2.2.37)

sls.”

Einstein’s 1927 gedanken experiment resolution

In classical case considered by A. Einstein in his 1927 gedanken experiment,
by postulates of canonical QM, both events 4’ € F,, and B’ € F},, cannot occur
simultaneously, i.e. that is mutually exclusive events with a probability = 1,and
therefore A’ A B = 0.Such exactly mutually exclusive events have the property:

P ABY) =0, (2.2.38)

see Definition 2.2.6.
We remind that the probability density pP"(x,d, ¢) for the occurrence of a photon
localization at point x is assumed to be



pes.e) = || [vi®) |
0 € (0,1],e € (0,17,

(2.2.39)

where
|l//fs’,l2,x>c, = L.(3,&)ly*"(0)) - (2.2.40)

and where the localization operators L(d,¢) have been chosen to have the form:
1 1/4 IR PSS
Lo -4 (F5) ool 5@—o']a-sze <t 2.2.41)
0iff [g — x| > ¢.

see subsection 1.2.4.
Remark 2.2.13. Note that: (i) from (2.2.28) follows that |l//m(0)> € H,

(ii) from (2.2.39) and (2.2.41) where § < 1 follows that

ph@s.e) = || [vBh©) | qu<w5g,x<9> 19Xl w8h.(0)) =
[da(L.@.6.¢) ) =

[ daL3(g.6,2)w™ O)llg)alv™©)) = Ilxly?©O)),,I” + 0@) =

=< el @), 117,
o< l,e e (0,1],

(2.2.42)

From postulate C.1.3 follows that there exist unique random
variable X(a); d)) given on a probability space (Q2,F,P) and a measurable

space (R", %) by formula

X(a);

W) 2 Xymay(@) = GL[[y™0)),) ] (1.2.43)
The probability density of random variable X)) (@) we denote by

P|wph(9)>(9)>q € R.

Remark 2.2.14. From postulate Q.II.2 (see subsection 1.7.1) follows that for the
system in state ||yP"(0)) ) the probability P(g.q + dg; |[w?"(9)) ) ) of obtaining the
result ¢ lying in the range (¢,q + dg) on measuring observable g given by

P(q,q+dq; ’th(9)>c,>> =P|wph(9)>d(‘])dq = |C|wph(9)6,>(Q)|2 = |<Q|th(9)>d|2 (2.2.44)

Now we go to explain Einstein’s 1927 gedanken experiment. Let 47" (¢,x4) and
BP'(t,x4) be events such that detectors A,B detect photon at an instant ¢
correspondingly. By properties (2.2.31) we obtain




P(A(txa)) 2 PQLA™(1x.0)) = BAP(2,x0)), 025
P(BY(tx8)) £ POA[B*)(t,x5)) = BB (t,x5)). -

Note that

At 2 A}ih(t,.XA) = {CO|XA —e < X|th(9)>(a)) < X4 —E},
B £ B (t,x5) = {olxs —€ < X|,mgy(®) < x5—€}, (2.2.46)
€< (0,y],y <1,

where a small parameter € < |x4 — x| dependent on measuring device. Thus by
general definition of random variable one obtains directly

A3 (6,x4) N BY' (6.x5) = @ (2.2.47)
and therefore
P45 (txa) N BY (t,x5)) = 0 (2.2.48)
The property (2.2.48) follows directly from (2.2.45).

'y

Pic.2.2.8.The plot of the random variable Xy mng)) (@)

A = A2 (t,x4),B" = BY(t,x3),A' N B' = @.
Remark 2.2.15. Let [3-‘?44, {t,x4), (6, x8) } ], be a set of the all pairs
{A(I,XA),B(l,.XB)}

which is corresponding to a given vector {(¢,x4,0,0),(¢,x5,0,0)} € M4 x My,
X4 * Xp,1.€.,

Fr  {t,xa), (t,x =

[F hyo {(&xa), (GxB) ] (2.2.49)
{{A4(t,x4),B(t,xp)} € Fig, x Fiiy,|0 < (x4 —x5)2}.
Such pairs obviously is spacelike separated. Note that

ViVx Vxp(xs + xg){[ﬂ"ﬁh,{(t,xA),(t,xB)}] + @}. (2.2.50)

s.Ls.



Now we go to explain non zero result F(Af A B") # 0 given above by (2.2.1) and
(2.2.2):

~TL
P, = 0.002+0.001-104,PF-PIE = 1.65+0.01-1074,

sl (2.2.51)
Pz = 0.002£0.001-107*. P5f, 5, = 0.002 £ 0.001-10~4.
We consider this problem in general case.
Remark 2.2.16. Note that: (i) a probability density p(x, 4, ¢, ) for the occurrence
of a localization inside interval [x — €,x + €] in arm with detector A (see Pic.2.2.2) is
given by formula (see Remark 1.2.4)
75N
p(x,aA,E) - A(éA,E) 9 (2.2.52)
where
172
2 _ 1 2 _ 1 s )2
IWeiexdell”™ = ( 5T, ) f dqly ()| eXp[ 5, @~%) ]
lg—x|<e
(2.2.53)
w(g) = {qllv).
AG1,6) = [Iyssexyl’dx,
and where parametr 6, depend on arm with detector A.
(i) a probability density p(x,d5,¢€,) for the occurrence of a localization inside
interval [x — €,x + €] in arm with detector B (see Pic.2.2.2) is given by formula (see
Remark 1.2.4)
p(x,05,€) = M (2.2.54)
9 b A(éB,E) b M *
where
5 1 12 ) 1 5
sl = (5= ) [ davi@Pexs| -3 -7 ]
lg—x|<e
v(q) = {qllv), (2.2.55)

AG,€) = [ IWonea)all

—00

and where parametr 63 depend on arm with detector B.

Remark 2.2.17.Note that parametr ¢ in formula (1.2.27) (see Remark 1.2.4) of
course depend on measurement device and there no exist two equivalet devices
such that 64 = 05.

We assume now that



5,4 ~ 53 < 1,
0 < |64—63], (2.2.56)
[* Dv@)?] dx < oo,

From Eq.(2.2.53) and (2.2.56) by using laplace method [24], we obtain:

IllvfaA,e,x>dllz=( L )m | dq|w(q>|2exp[—$(q—x)2]z

0T s,
lg—x|<e

= @ +80([lymIP]") = v +sact [’ ], (2.2.57)
AG4E) = [ IWsre)allde = 1+ cdss,cd = O([” [y )] ax).

—00

From Eq.(2.2.55) and (2.2.56) by using laplace method [24], we obtain:

I ssex)ell” = (4)” | dq|w<q)|2exp[—i<q—x>2} ~

537-[53
lg—x|<e
2.2.58
v P +8:0([v@1]") = WP +sset [y @] (2.2.58)
NG5 €) = [IWspexdylPdx =1+ ckon,ck = O([” [P ] ax).
From Eq.(2.2.52) and Eq.(2.2.56) we obtain
lysegl’ W +8act [y ]
0 = = = . 2.2.59
P08 = TR ne) [+ clon, (2:2:39)
From Eq.(2.2.54) and Eq.(2.2.57) we obtain
"
CMwssenall® @) +8set [y )]
p(x,0p,€) = AGe) T : (2.2.60)
Definition 2.2.12.We define now the probability measures P|W5A)€’X>(Af) and
P|WW>(A‘) by formulae
P, () = [ p(x6s.€)dutx),
o (2.2.61)
P,y = [ p(x65,€)dutx),
At

where A" € X,; and du(x) is the Lebesgue measure and X, = B([a,b]) is the Borel
algebra on a set [a,b], (see subsection 1.6 Definition 1.6.3).
Definition 2.2.13.We assume now that P < Pand P <P,ie P is

‘V’EA,e,x> ‘W&'B,e,x>

absolutely continuous with respect to P (see subsection 1.6,Eq.(1.6.5)).By



Radon-Nicodym theorem we obtain for any 4” € £, :

() = j X (@,

|W‘5A€x ‘V5Aex

dp

_ ‘%A»&X>
X >(60) =T 4ap

‘W5A €.X

) = j X, (@,

|l//5A€ ‘ bAex

dpP

‘Wﬁ ,E,x>
X = ower)
o) T T ap

We write below for a short

X(0) =X (0),X,(0) =X >(w)-

‘WSA,E,X> ‘WEB,e,x
Remark 2.2.18.We assume now without loss of generality that
X,(w) - X, (w) >0a.s.

see Pic.2.2.9.

Let us consider now the quantity

M = [I1(0) - Xa(@) P = [[X, (@) - X, (@)]dP.
Q Q
We assume now that

|7 xwo)Pdx < oo, [* x[y@)*] dx < o,

From Eq.(2.2.65) by using Eq.(2.2.59) and Eq.(2.2.60) we obtain

(2.2.62)

(2.2.63)

(2.2.64)

(2.2.65)

(2.2.66)



N2 =
pr(x,ég,e)dx—jxp(x,6,4,e)dx= ﬁj |:]1//(x)| +5Bc1|:|l//(x)\ :| }dx—

R R

“rregsy [ et lver] Jr=
1—c263>j [y + osct[w@)*]" Jax -
~(1-c46,) j [y + act [w)*]" Jax = (2.2.67)

8sc? [y ] dx—czégjxw)\ dx - 5hehet [ x[ly o] dx -

R R R
—5acf [x[lw()2] " dx + c484 [ xiy o) P + Shefed [y dv =
R R R

(6B — S 4c1 — 8%cBc5 +5Aclcz)Ix[\w(x)| :| dx + (564 — 5 BB)Jx\w(x)| dx ~

(X1(CZ5A — 6'253) + a2(53c1 —5,46'1 ),
where
ar = ~[x|1//(x)|2abc,052 = Ix[|l//(x)|2:|”dx. (2.2.68)
R R

Lemma 2.2.1. Let (2, %, P) be a measure space, and let f be an real-valued
measurable function defined on Q. Then for any real number ¢ > 0 :

Pioec o)z =L [ |f(0)|dP). (2.2.69)
o)t
From inequality (2.2.69) and Eq.(2.2.67) we obtain

P{ocQ: X (0)-X,(0)]>1t} < % j [1X, (@) - X, (0)|]dP(w)
| X, (@)-X, (@) |>t
(2.2.70)
As _ B B _ A
LZJ‘X(CO) X(a))] n12 ~ a1(025,4 C26B)';a2(6301 5AC1) .
Q
We define now
A" = A7 (txa) = {ols — € S X,(@) < x4 ¢}, 2.2.71)

B' = B}'(t,x5) = {olxs - € < X,(0) < x5—¢€},

and chose in (2.2.68) number ¢ = xz — x4 > 1.



= fx

Fua

Pic.2.2.9.The plot of the random variables X, (») and X, (w).
A = AP (t,x4),B" = B (t,x5),A' N B' = B".
Note that P(4' N B") < P(B'), see Pic.2.2.9. From (2.2.68) follows that

0(1(0'515,4 - C§5B) + (12(530113 - 5,40’{1) <

P(4' N B') < 1. (2.2.70)

(x5 —x4)°

lll. Schrodinger’'s Cat paradox resolution

In this section we shall consider the problem of the collapse of the cat state
vector on the basis of two different hypotheses:

(A) The canonical postulate of QM is correct in all cases.

(B) The canonical interpretation of the wave function v = ¢y + cay, is correct

only when the supports the wave functions y; and v, essentially overlap. When
the wave functions v and v, have separated supports (as in the case of the

experiment that we are considering in section Il) we claim that canonical
interpretation of the wave function v = ¢,y + c2y, is no longer valid for a such cat

state, for details see Appendix C.

lll.1. Considerationtion of the Schrodinger’s cat

paradox using canonical von Neumann postulate
Let |s1(z)) and |s2(2)) be



s1(t)) = |undecayed nucleus at instant ¢),

ls2(¢)) = |decayed nucleus at instant 7).
In a good approximation we assume now that

510)) = [ wheomds

and

52(0)) = rw Wi (x)x)dx.

Remark 3.1.1. Note that: (i) |s2(0)) = |decayed nucleus at instant 0> =

=|free a-particle at instant 0>. (i) Feynman propagator of a free a-particle are [52]:

Ko(x,t,x0) = (27’;;ht>1/2 exp{é[m(x;—txo)zJ}

Therefore from Eq.(3.1.3),Eq.(2.1.9) and Eq.(3.1.4) we obtain

(3.1.1)

(3.1.2)

(3.1.3)

(3.1.4)



9200) = [ Wi oy,
0
Wi (x,1) = j P (x0)Ka (x, 1, x0 )dxo =
2

2\~ 1/4 m o X0 21
(mr2) " x (2m'ht) X I 01(xo0,1)exp ~>5,2 exp(—17./2mExo) X

—00

xexp{%[m(x;—txo)z :|}dxo =

(3.1.5)
on1/4 " 1 x%
(mr) " x (2m'hgt) xJ; 01(x0,1) exp(— o ) X
X eXp L M—n A4mE xo | pdxo =
h 2t
172 0 2
2-1/4 m _ %0 i
(mr2) " x (2m‘ht> xj; 01(x0,/) exp( 20 ) X exp{ h [S(t,x,xo)]}dxo,
where
—xn)? (3.1.6)
S(t,x,x0) = w — 1w 8mE xy.
We assume now that
h<2rl< PP <1. (3.1.7)
Oscillatory integral in RHS of Eq.(3.1.5) is calculated now directly using stationary
phase approximation. The phase term S(x,x,) given by Eq.(3.1.6) is stationary
when
M:_M_ﬂ/gmb“ -0 (3.1.8)

8x 0 t
Therefore

_M — nJ8mE =0, (3.1.9)

—(x—x0) = nt,/8E/m ,

and thus stationary point x((z,x) are



(3.1.10)
xo(t,x) = ntJ8E/m + x.

Thus from Eq.(3.1.5) and Eq.(3.1.10) using stationary phase approximation we
obtain

5200 = [ Wi nods,

Wret) = (3.1.11)
2 .
()" 01 Dexp| 0 | cexp{ Lstevxa(e)1} + 0
2r= h
where
_ 2 (3.12)
SCe,x0(t,x)) = m(x xzot(t,x)) — 1 8mE xo(t,x).
From Eq.(3.10) we obtain
2
- + 7t | 8E/
Wi (x, )Wy (x, 1) = (7rr§)_1/2 X 91<x+7rt,/8E/m ,l) exp|:— (x i > m) ] (3.1.13)
re

Remark 3.1.2. From the inequality (3.1.7) and Eq.(3.1.13) follows that a-particle
at each instant > 0 moves quasiclassically from right to left by the law

x(t) = —nt J8E/m , (3.1.14)
i.e. i.e.,estimating the position x(z,x0,20; 1) at each instant ¢+ > 0 with final error r.
gives [(x)() —x(t)| < re,i = 1,...,d with a probability
P{|(x)(2,0,0;7) —x()| < rep = 1.
Remark 3.1.3. We assume now that a distance between radioactive source and
internal monitor which detects a single atom decaying (see Pic.1.1.1) is equal to L.

Proposition 3.1.1. After a-decay at instant ¢ = 0 the collaps:
|live cat) - |death cat) arises at instant

r=—2L (3.1.15)

m8E/m
with a probability Pr(|death cat) ) to observe a state |death cat) at instant T'is
Pr(|death cat)) = 1.

Proof. Note that. In this case Schrodinger’s cat in fact permorm the single
measurement of a-particle position with accuracy of 6x = / at instant = T (given by



Eq.(3.1.15)) by internal monitor (see Pic.1.1.1.). The probability of getting a result L

with accuracy of 6x = [ given by
[ Jxllsa (e = 1. (3.1.16)
\L—x|<1/2

Therefore at instant 7 the a-particle kills Schrodinger’s cat with a probability
Pr(|death cat)) = 1.

Remark 3.1.4.Note that. When Schrodinger’s cat has permormed this
measurement the immediate post measurement state of a-particle (by von
Neumann postulate Q.111.5, see subsection 1.7.1) will end up in the state

J.L— < pe)x|ls2(T) )x
"L — =], (D)dx € S0,0 = AL =x| <[22y (3.1.17)
\/'fL—xlﬂ/sz”Sz(T)N dx

From Eq.(3.1.17) one obtains
WIery = [ 2D =
|L—x|<l/2 L

. (" = x)(x||s2(T))dx = ¥Pi(x',1). (3.1.18)

Therefore the state |V ) again kills Schrodinger’s cat with a probability
Pr(|death cat)) = 1.

Suppose now that a nucleus n, whose Hilbert space is spanned by orthonormal
states |s;(¢)), i = 1,2,where |s,(¢)) = |undecayed nucleus at instant t> and

Is2(2)) = |decayed nucleus at instant t> is in the superposition state

, , (3.1.19)
W) = cilsi(0)) + cals2(2)), [er]” +e2|” = 1.
Remark 3.1.5. Note that: (i) |s:(0)) = |undecayed nucleus at instant ¢ = 0) =
= | a-particle iside region (0,/] at instant ¢ = O>. (i) Feynman propagator of
a-particle inside region (0,/] are [52]:
12 . (3.1.20)
_ m z
Ka(wtxo) = (52 ) exp{ L[S xx0)]}
where
2 (3.1.21)
S(t,x,x0) = % + mt(Uo - E).

Therefore from Eq.(2.1.11)-Eq.(2.1.12) and Eq.(3.1.20)-Eq.(3.1.21) we obtain



1) = [ Phen s,
/

Y1) = !‘Pﬁ(xo)Kz(x,faxo)dxo = (3.1.22)

)
( il ) N J E("O’I)‘I’Il(xowl(xo)exp{%[s(f’x%)]}dx(),
0

where

1f 0,/
0,(x) orx € [0,/]
0 forx ¢ [0,/]

Remark 3.1.6.We assume for simplification now that
kK <1. (3.1.23)

Therefore oscillatory integral in RHS of Eq.(3.1.22) is calculated now directly using
stationary phase approximation. The phase term S(x,xo) given by Eq.(3.21) is
stationary when
oS(t,x,xo)  m(x—x9)
8xo T t B
and thus stationary point x((z,x) are

0. (3.1.24)

—x+x0 =0
xR (3.1.25)
xo(t,x) = x.

Thus from Eq.(3.1.22) and Eq.(3.1.25) using stationary phase approximation we
obtain

\P#I(x’ Z) =
E(xo(t,x),l)‘Pu(xo(t,x))Hl(xo(t,x))exp{%[S(t,x,xo(t,x))]} +O(h) =

. 3.1.26
= E(e, ¥ n(x)0:(x) exp{%[mt(Uo - E)]} +0(h) = ( )
Ex, I)HI(x)O(l)exp{%[mt(Uo - E)]} +O(h).
Therefore from Eq.(3.22) and Eq.(3.26) we obtain
(3.1.27)

Wi = E2(x,1)0,(x)O0(1) + O(h).

Remark 3.1.7. Note that for each instant 7 > 0 :



supp(¥(x,7)) Nsupp(¥{(x,1) = @.
Remark 3.1.8. Note that. From Eq.(3.1.11),Eq.(3.1.13), Eq.(3.1.19),
Eq.(3.1.22)-Eq.(3.1.27) and Eq.(A.13) by Remark 3.1.7 we obtain

(R, = le1|*(s1(0)[R]s1(2)) + |e2[*(s2(2) [X]s2()) +
cie3(s2(t)|X]s1(2)) + cicas2(D)[X[s1(2))" =

1 P IRIs1(0)) + le2 P52 () RIs2(0)) = [e1 1+ |ea] T JSETm

Proposition 3.1.2. (i) Suppose that a nucleus n is in the superposition state
W), (¥:),-particle) given by Eq.(3.19). Then the collaps: |live cat) - |death cat)
arises at instant

Toul ~ L+l _
lc2|? 82 E/m
with a probability Pr,, (|death cat)) to observe a state |death cat) at instant T, is
Pr,, (|death cat)) = |c2]*.

(ii) Assume now a Schrodinger’s cat has performed the single measurement of

|'¥':),-particle position with accuracy of ox = / at instant 7 = 7., (given by

Eq.(3.1.29)) by internal monitor (see Pic.1.1.1) and the result x = L +/ is not

observed by Schrédinger’s cat. Then the collaps: |live cat) - |death cat) never
arises at any instant 7 > T, and a probability Pr.r,, (|death cat)) to observe a
state |death cat) at instant 7' > Teq is Prr,, (|death cat)) = 0.

Proof. (i) Note that for r > 0 the marginal density matrix p(z) is diagonal

1P ¥ 0
p(t) = In this
0 eaf {19, 0) el

case a Schrodinger’s cat in fact perform the single measurement of |¥;) -particle
position with accuracy of 6x = / at instant r = T, (given by Eq.(3.1.29)) by internal
monitor (see Pic.1.1.1). The probability of getting a result L at instant 7' ~ T,,; with

accuracy of 6x = [ given by

[ el¥nalax = [ fxdeilsi(D)) +ealsa(T)) P =
\L—x|<l/2

\L—x|<l/2 |

e(xs1 (1)) + calxllsa (D)) Pdx =

I \L—x|<l/2

’ Kmyc%‘lfﬁz(x, T) + 3V (x, T) + 2c1c2Wi (x, T) Wi (x, T) |dx.

(3.1.28)

(3.1.29)

(3.1.30)



From Eq.(3.1.30) by Remark 3.1.7 and Eq.(3.1.13) one obtains
[ e, = | YR@Dldx = leof [ WD) dy = e’ (3.1.31)
|L—x|<l/2 IL—x|<1/2

Note that. When Schrddinger’s cat has permormed this measurement and the
result x ~ L =/ is observed, then the immediate post measurement state of
a-particle (by von Neumann measurement postulate Q.III.5, see subsection 1.7.1.)
will end up in the state

3
|L—x|<l/2

[ e [ (el (Tea)) + ealsa(Te)))dx
|L—x|<i/2 IL—x|<I2

|lPTcol>n = > = 2 =
[, e [, e
IL—x[<I/2 IL—x|<1/2
(3.1.32)
e Wl Te))+ex ] pelsa(Ten)d
\L-x[<I/2 \L-x[<I/2 € 86,0 = Lf|L — x| < 12}
M, e
IL—x|<l/2
From Eq.(3.1.32) by Eq.(3.1.31) and by Remark 3.1.7 one obtains
|‘{ITcol>n =
[ poeirade [ l(erlsi (Tan) + ealsa(Tea)))d
|L—x[<l/2 _ L2 o
3.1.32
I, e, e I Jeer, P G:1:32)
IL—x|<1/2 IL—x|<1/2
= W 1 g POl 2 (Teon) )l

Obviously by Remark 3.1.4 the staite |7, ), Kills Schrodinger’s cat with a
probability P, (|death cat)) = 1.

col

Proof. (ii) The probability of getting a result L at any instant 7 > T, with
accuracy of 6x = [ by Eq.(3.1.31) and Eq.(3.1.13) given by

[ e, lde=] 3vPeDd = ol [ e dy =
|L—x|<l/2 |L—x|<I/2 |L—x|<l/2

RE7 )2 (3.1.33)
91<x+7rT,/8E/m,l> exp[ <x+7rTr28E/m> :| = 0.

Thus standard formalism of continuous quantum measurements [2],[3],[4],[5] leads
to a definite but unpredictable measurement outcomes, and therefore |\¥;),
suddenly “collapses” at unpredictable instant ' into one of the states |s;(¢')),i = 1,2.

lll.2.Resolution of the Schrodinger’s cat paradox

using generalized von Neumann postulate.

Proposition 3.2.1. Suppose that a nucleus n is in the superposition state given
by Eq.(3.1.19). Then the collaps: |live cat) — |death cat) arises at instant

= ()" |

\L—x|<l/2



_ L
T |02\2,/m. (3.2.1)
with a probability Pr(|death cat) ) to observe a state |death cat) at instant T'is
Pr(|death cat)) = 1.

Proof. Let us consider now a state |¥,), given by Eq.(3.1.19). This state
consists of a summ of two wave packets ¢, ¥{;(x,?) and ¢, ¥§(x,¢). Wave packet
c1¥ii(x,t) present an ay-particle which lives in region II with a probability |c;|* (see
Pic.2.1.1). Wave packet c, ¥} (x,¢) present an a;-particle which lives in region I with
a probability |c»|* (see Pic.2.1.1) and moves from the right to the left. Note that
INI = &. From Eq.(3.1.28) follows that a-particle at each instant 1 > 0 moves
quasiclassically from right to left by the law

x(t) = —|c2|*nt J8E/m., (3.2.2)
From Eq.(3.2.2) one obtains

T= Ty~ (3.2.3)

L
lc2| /872 E/m

Note that. In this case Schrodinger’s cat in fact permorm a single measurement of
|'¥:),-particle position with accuracy of ox = / atinstant ¢ = T = T, given by
Eq.(3.2.3), by internal monitor (see Pic.1.1.1). The probability P(L,/, T..) of getting

the result L at instant 1 = T,y with accuracy of 6x = / [by Remark 3.1.7 and by
Generalized von Neumann measurement postulate Q.IV.4 and by postulate Q.IV.3
(see subsection 1.7.1) and by reconcile Bohr rule, see section 1.6, Eq.(1.6.19)] is
given by formula

P(Lala Tcol) = I|L ‘<l/2|:|<x|01|S1(Tc01)>|2 * |<x|02ls2(Tcol)>|2:|dx =
_ _ _ 2 _
J.L_x|<l/2|02| ?len 2|:|<x|6'1| 2s1(Teo1))|” * |(x|c2] 2||S2(Tc01)>|2:|a’x = (3.2.4)
[ JealPle [ I¥E Glea % Teo) [+ ¥ Gler |2 T Jd = 1.
|L—x|<i/2

Note that. When Schrddinger’s cat has permormed this measurement and the
result x ~ L + [/ is observed, then the immediate post measurement state of
a-particle (by generalized von Neumann postulate Q.IV.4, see subsection 1.7.1) will
end up in the state

¥readn =
[ ¥ 2] peellsa(Tean) e
|L-x|<i/2 _ |L—x[<l/2 H
; ; ; € He, (3.2.5)
\/ j IL_xlg/z[Kstl(Tcolm + [xlls2(Teol))|* ]dbx J j ‘L_XISI/Z|:|<xHS2(Tcol)>| Jex

® = {x|[L - x| < I12}.

The staite |\V'r,

col

), again kills Schrodinger’s cat with a probability



Prc (|death cat)) = 1.

Thus is the collapsed state of the cat always shows definite and
predictable

outcomes even if cat also consists of a superposition:

|cat) = c1|live cat) + c2|death cat).

Contrary to van Kampen’s [10] and some others’ opinions, “looking” at the
outcome changes nothing, beyond informing the observer of what has already
happened.

We remain: there are widespread claims that Schrodinger’s cat is not in a
definite alive or dead state but is, instead, in a superposition of the two. van
Kampen, for example, writes “The whole system is in a superposition of two states:
one in which no decay has occurred and one in which it has occurred. Hence, the
state of the cat also consists of a superposition:
|cat) = c1]live cat) + c2|death cat). The state remains a superposition until an

observer looks at the cat” [10].

lIl.3.Schrodinger’s cat does not a live cat and dead
cat samultaniously.

In this subsection we prove that Schrodinger’s cat does not a live cat and dead

cat samultaniously.Being interested only in distinction in changes of macroscopical
and microscopic variables, it is easy to show that the macroscopical variable under
suitable conditions can be described own wave function and the own Shrodinger
equationi.e. if XY = (1,...,y,) designates an macroscopic coordinates, and
x =(x1,...,x») IS @ set of microscopic variables then own functions of system
corresponding to an value of energy, contain functions of the form [6]

X, Y,x,1) = Y(X,Y,)w(x,1), (3.3.1)
Here Y(X,Y,¢) is a "macroscopic" wave function such that

S OYEY.)

ot 2M
Where the variable X unequivocally corresponds to live or dead cat, V'(X,Y) is a
conservative potential. Further, for the purpose of simplifications, we will assume
that macroscopic wave function WY(X,Y,¢) depends only on one variable X. By
variable X it is possible to choose body temperature of a cat, i.e. X = 0 ifitis a
question of the real cat. Then we obtain Shrédinger equation

L OVOY.D __p2 o
=2 = — I VR(O,Y, 1) + V(0,Y) PO, Y.0), (3.3.3)

¥(0,Y,0) = ¥o(0,Y).

V(X Y, ) + VX, Y)P (XY, 1), (3.3.2)

Definition 3.3.1. Let 6-supp[W¥(60,Y,?)] be a set such that
v0{0 € 6-supp[\¥(0,Y,1)] iff W(0,Y,1) # 0}. (3.3.4)

Assumption 3.3.1.We assume now that:



(i) for a live cat any observer which measured body temperature of a cat always
obtains result 8 such that 9 € [0'"¢,0%v¢], where 0 < §live < glive,

(i) for a dead cat any observer which measured body temperature of a cat
always obtains result 8 such that 8 e [092d gde2d] where 99 < 0 and

(iii) for a sick but a live cat any observer which measured body temperature of a
cat always obtains result & such that §  (9d¢2d, glive),

Let ¥'v¢(0,Y,0) = ¥i'¢(0,Y) be a wave function of a live cat at instant
t = 0. Then obviously

live
0 1

[ [ OI¥E0.Y) P d0a"y = B, < [0}, 0]
[RVI

and 6-supp[¥(0,Y,1)] = [01"¢,05"].
Let Wde2d (9 Y, 0) = Wdad(9,Y) be a wave function of a dead cat at instant
t = 0. Then obviously

oo ea n ya) ea ea
T | OIVE0,Y) a0 = 0 < [0, 0402
[RI'I

We assume now that

[Iree@. ) IPa"y = y1(0),
[RVI

[Ireged o, v)1%amy = yo(0),

[Rn

where
/

1 1/4 L a2 .
(2677,'5) eXp|: 45 (0 01) :| iff |0 01| <egx 1,
N

yi(0) = <

and
-

1 1/4 L T
0|ff|0—92|>g
\

v2(0) = <

We assume now that at instant # = 0 cat consist of superposition

LP()(Q,Y) = Cl\nge(Q,Y) + 021P8ead(9,Y),

lc1)? +|c2)* = 1.
Let w(0) be a function
v(©) = [ ¥o(0.Y)a"Y.
[Rn

Thus
y(0) = cry1(0) + c2y2(0).

(3.3.5)

(3.3.6)

(3.3.7)

(3.3.8)

(3.3.9)

(3.3.10)

(3.3.11)

(3.3.12)



Let p(0,a1,a2), a1 = |c1]>, a2 = |c2|* be a probability density to observe at instant
t = 0 a body temperature of a cat with result 6. By reconcile Bohr rule, [see section
1.6, Eq.(1.6.19)]

p0.a1,a2) = [p1(0,a1)] * [p2(6,a2)],
p@.a1) = o [y (L) pa0.00) = a3 [y (&) |

Thus from Eq.(3.3.8)-Eq.(3.3.9) we obtain

D1 (9,&1) =
. 1 1/2
i (535) e -

0iff|0%—@1|>g

2:|iff|o%—91|§g<<1,

and

pZ(QaQZ) =

. 1 12
o, (257’[5 ) CXP[—

0|ﬁ|——02| > €.

2:|iff|0%—92| <egx 1,

From Eq.(3.3.13)-Eq.(3.3.15) by using formulae

_ o) _ MJ
fi) = —I—e p[ - Jf( )= —— exp[ 2 |
N _ 1 L= Omi+ma)]?
S f2) = 2n(c? +63) exp{ 2(0% +03) }

we obtain

pB,a1,az) =

1 [9—(06191 +(1292):|2
CXpy— 202 2
) 26°(at +a3)

} iff |9— (0“91 +O£2@2)| <egx 1,
8. 2rs(a} + a3

p(@,al,az) = ( iff |9— (0!191 +a292)\ > &

We assume now that potential 7(0,Y) is a polynomial function of variables
z=(z1,...,zm1) = (0,Y) = (0,y1,...,y,).Using replacement

Vi .
s — Y i1+,
T T ek "

e (0,1],k>1,

we obtain from potential V(z) = V(0,Y) regularized potential V.(z),e € (0,1], such
that V;.—o(z) = V(z) and

(3.3.13)

(3.3.14)

(3.3.15)

(3.3.17)

(3.3.18)



sup.cgr+ ([Ve(2)]) < +o0,& € (0,1]. (3.3.19)
Finally we obtain from Schrodinger equation (3.3.3) regularized Schrodinger
equation of the Colombeau form

Zh(ﬁ‘Pg—(z,t)) - _%(Vz‘{—’g(z, 1), +Ve(@2)¥Y:(z,0)),,

ot (3.3.20)
(Ye(2,0)), = Yol2).
Theorem 3.3.1.Let us consider Cauchy problem (3.3.20) with ¥,(z) given by
formula
1/4
1 N PO A I _
Wo(z) = (257:5 ) eXp[ 36 G 70) } iz = zoll < &1 < 1, (3.3.21)
o iff HZ—Z()H > &1,
1.We assume that:
(i) Ve(2))e € G(Rn+1)a
(if) function V(x) is a polynomial on variable z = (z1, ..., zx1), i.€.
V(@) = Xjaln€az”, 0 = (i1, ..., in1),2% = 21 x..xz0, lall= X,
2letu(r,t,4,z,y) = (ui(zr,t,4,2,y), ... ,un1 (7, 1,4,2,y)) be the solution of the
boundary
problem:
2, T
PUCLIED _ Hoss( V0 (1t hoey) + [V G0, 300
u(0,t,M,z,y) = y,u(t,t,hz,y) = z.
Here

A= (1, ....200) € R uT (0,0, 2,y) = (u1(t,t,M2,9), ..., uni1 (T, 1,0, 2,1)) 7,
V'(h1) = ([0V(z,0)/0z1] s, ..., [OV(2,6)/0z131] 20, (3.3.23)
Hess[V(h,1)] = [(0*V(z,1))/0x:0x,]

3.Let S(¢,A,z,y) be the function given by formula

t
S(t,%,2,y) = j LGz, 1,0 2,9), u(t, b, h,2,7), 7)dx, (3.3.24)
0

where master Lagrangian £(it,u,7) is

£(iu,7) = m/2i(5,0,0,2,y) = Vu(z,0,0,2,9),7). i
((Our)/or, ..., (Oupr)/0T),0* = (i, 1), (3.3.25)
V(e t,0,2,0),7) = u(t,t,2,2,9)Hess[V 2 D (1,1, 4,2,y) + V' (4, Du (5,4,,2,7).
4.lety., =y.()hz) € R™! be solution of the linear system of the algebraic

equations
[0S(2, A, 2,)/(OY)]y=y = 0,i=1,...,n+ 1. (3.3.26)



5. Let Z = Z(¢,h,z0) € R™! be solution of the linear system of the algebraic
equations

Ve, L Z) + k=29 = 0. (3.3.27)
6.Assume that: for a given values of the parameters ¢,A,z, the point
Z = Z(t,M,z0) is not a focal point on a corresponding trajectory is given by
corresponding solution of the boundary problem (3.3.22). Then:
(i) for the limiting quantum average given by formula

(limy0(i, t,zo, €5 1)) . =

. (3.3.28)
(limyo Izi|‘I’g(z,t;h)|2dz)g,g € (0,1,zeR™ i=1,....n+]1.
the following inequalities are satisfies
limh_>0’<l',l‘,2(),8;h> —ﬂi(l‘,Zo)l <
&0
2[|det(SJ’ch7cr(t7)Va/Z\(ta)"aZO)ayC”(ta)"a/Z\(ta;\'azO))))|]_1|/Z\i(tﬂ)"720)|’ (3329)

(Syi,c‘ryf,cr) = [aS(t’ ;\"Z’y)/ayiayj):lyi:yi,(rl'7yj:yf,cr
ihj=1,...,n+1.

(i) therefore one can to calculate the limiting quantum trajectories z; (¢,zo, o)
z¥(t,z0,t0) = Ai(t,z0),i = 1,...,n+1 (3.3.30)

corresponding to potential ¥(z,¢) by using following sistem of the transcendental
master equations

Zi(t,hzo) =0,i=1,...,n+ 1. (3.3.31)
(iii) In the limit 7 - 0,6 - 0 Schrodinger equation Eq.(3.3.20) completely evolve

quasiclassically i.e. for expectation value of the position {(z;)(t,xo,t,&; )} at
each instant ¢ the inequality
limh_)O KZ,'>(t,Z(),l‘o,8;ll’l) —Z?((t,Zo,l‘())| <ok l,i=1,....n+1, (3.3.32)
e~>0
is satisfied with a probability 1, e.g.,
lim, , P{[z:)(t,z0,t0,&;h) — z} (t,z0,t0)| < 0} = 1. (3.3.33)

e—~0

Proof. The proof completely similarly as the proof of the theorem 3.1 from
paper [19].

Theorem 3.3.2. Let us consider Cauchy problem (3.3.20) with ¥,(z) given by
formula

\Po(z) = C1\P1,0(Z) + Cz“Pz,()(Z),

(3.3.34)
c1]? +ea]? = 1,

where



1/4
(251ﬂ5) exp[—%(z—zl,o)ﬂ iff 12— zo|| < &1 < 1,

0 iff ||z — zo|| > €1,

\PL()(Z) = (3.3.35)

and

1/4
1 R IPRRNTS P
(25n5) exp| —45 = 220)" | ff 2~ 220l S 1 = 1,

0 iffHZ—Z()H > €1,

Wao(2) = (3.3.36)

Then
(i) in the limit 2z - 0,& - 0 Schroédinger equation Eq.(3.3.33)-Eq.(3.3.35)
completely evolve quasiclassically i.e. for expectation value of the observable

{(zi>(t,x0,to,g;h)}:?jf at each instant 7, the inequality

lim, , |(zi)(t,z0,t0,€;0) — 2z (t,z0,t0)| S0 < L,i=1,...,n+1,
&0
(3.3.37)
Zo = A1Z21,0 + A2220,

a; = |c1)?,02 = |c2)?

is satisfied with a probability 1, e.g.,
lim,,_, P{(zi)(t, 20, 20, & 71) — 2} (£, 20, 10)| < 6} = 1. (3.3.38)

e—>0

(ii) here z;(t,z0,10),i = 1,...,n+ 1 given by Eq.(3.3.30)-Eq.(3.3.31) with
Zo = d1z1,0 + 02220,

o) = |C]|2,az = |Cz|2.

Proof. Let ¥, (z,¢) be a solution of the Cauchy problem (3.3.20) with
Yo(z) = Y10(z) given by Eq.(3.3.35) and let ¥,(z,¢) be a solution of the Cauchy
problem (3.3.20) with Wy (z) = ¥2,0(z) given by Eq.(3.3.36). From Theorem 3.3.2
follows that

vi(t = 0)[ (supp(¥1(z.1))) N (supp(¥2(z,1))) = D] (3.3.39)

Let p(z,4,21.0,220,01,02), o1 = |c1]>, a2 = |c2|* be a probability density to observe
at instant ¢ vector z with result z. By reconcile Bohr rule, [see section 1.6,
Eq.(1.6.19)] we obtain

p(z,t,z10,220,01,02) = [p1(z,t,z10,a1)] * [p2(2,t,220,a2)],
ptz10,01) = a; " VW (a7'z,1,210) [, (3.3.40)
P2z, t,220,02) = a5 |\ Walar'z, 8,220, )|
In order to obtain the inequality (3.3.37) we need to estimate the quantities
(zi)(t, 210,220, 0,001,002, h) = IR"” zi — Ailp(2, 8,210,220, 01,2 )dz""L. (3.3.41)

In order to estimate the quantities we dealing completely similarly as in the proof of
the theorem 3.1 from paper [19].



Quasiclassical quantum "cat" with a cubic potential
supplemented by additive sinusoidal driving.

As an example we calculate now exact quasi-classical asymptotic for quantum
cat with a cubic potential supplemented by additive sinusoidal driving. Using
Theorem3.3.2 we obtain limiting quantum trajectories given given by
EQ(3330)-EQ(3331) with Zo = 1210 + A2220, A1 = |C]|2,O£2 = |Cz|2. Let us
consider quantum cat with a cubic potential

V(0) = (mw?)/20? — af® + b0,0 € [01,02],a,b > 0 (3.3.42)
supplemented by additive sinusoidal driving
7(6) = mTwzez — af® + b6 — [Asin(Q1)]6. (3.3.43)

The corresponding master Lagrangian given by Eq.(3.3.25),is
L(u,it,7) = (m/2)i?> — m((w0?/2) + Bar/m))u?® — (mew?) + 3al> — b — Asin(Qt))u. (3.3.44)
We assume now that: ?/2 + 3ai/m > 0 and rewrite (3.3.44) in the following form
L(t,u,t) = (m/2)i* — (mw*22)u® + g(A, t)u, (3.3.45)
where @(1) = 20?2 + 3ai/m| and g(1,1) = —~[mw*)\ + 3al* — b — Asin(Qr)]. The
corresponding master action S(¢,4,x,y) given by Eq.(3.3.24) is

St A,x,y) = [(cos wt)(? + x?) — 2xy + == j g(4,7) sin (wr)dr +

Zsinol (3.3.46)
[ g sin (@~ D)dr - — [ [, 08 s)sina(t ~ ) sin (ws)dsdr]:|
Therefore a linear system of the algebraic equations(3 3.)is
aS(t,4,x,y)/0y = 2ycosmt — 2x + —=— j g4, O)sin((w(t — 7))dr = (3.3.47)
Therefore
Verltidx) = —5— mwclosw - | ; g(4, 1) sin((@ (¢ - 7))dx. (3.3.48)
The linear system of the algebralc equations (3.3.26) is
o - mwcosm j g4, ) sin((@(t - 7))de + 4 — 0y = 0. (3.3.49)
Therefore solution of the linear system of the algebraic equations (3.3.49) is
x(t,4,00) = ml—w j; g(4, ) sin((w(t — 7))dr + (A — ) cos wt. (3.3.50)
Transcendental master equation (3.3.31) is
[ (’) g, 1) sin((@(t — 7))dz + mo (i — 0) cosmt = 0 (3.3.51)
Finally from Eq.(3.3.51) we obtain
d(A(8)) (cos(wt)/m — 1/m) + A(wsin(Qt) — Qsin(wt))/(w? — Q?) - (3.3.52)

(A(t) —x_0)mwcos(wt) = 0,



where d(1) = mw?L + 3aA*> — b.
Numerical Example. 8y = 0,m = 1,Q = 0,0 = 9,a = 3,b = 10,4 = 0.
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Pic. 1.Limiting quantum trajectory 0(z) = A(¢).

lll.4. Stern-Gerlach experiment revisited and
Schrodinger’s cat paradox resolution.

ll1.4.1. Stern-Gerlach experiment revisited

In 1922, by studying the deflection of a beam of silver atoms in a strongly
inhomogeneous magnetic field (cf. Fig. 3.4.1) Otto Stern and Walter Gerlach
obtained an experimental result that contradicts the common sense prediction: the
beam, instead of expanding, splits into two separate beams giving two spots of
equal intensity N* and N~ on a detector, at equal distances from the axis of the
original beam. Historically, this is the experiment which helped establish spin
quantization. Theoretically, it is the seminal experiment posing the problem of
measurement in quantum mechanics.

[
P,
. A LN
el L2
7= 1000°K T T N{
v = 500 m/s) - — >
al D

Fig.3.4.1.Schematic configuration of the Stern-Gerlach experiment.
Adapted from [55].

Y(zy.0| = Yy = PI@YI0).

(3.4.1)



We assume now that both density ¥°(z) and ¥°(y) is very narrow, in fact
constrained such that

Pz) = Pz 6) =0 iff |x]> &,

. (3.4.2)
P = P3(,6) =0 iff |y> 5,

and

R cos %e’
¥0(z) = ¥9(2.6) = (215,03) we i P iff [z< 9,
sinTOe’T

19z N3 = 1; (3.4.3)

v 2

YIO) = Y2(,8) = (216,03) Fe b iff y< 5,
18G,0) 115 =1

G()<<l.

Silver atoms contained in the oven E (Fig.3.4.1. ) are heated to a high temperature
and escape through a narrow opening. A second aperture, T, selects those atoms
whose velocity, vy, is parallel to the y-axis. The atomic beam crosses the gap of the
electromagnet 4, before condensing on the detector, P,.Before crossing the
electromagnet, the magnetic moment of each silver atom is oriented randomly
(isotropically). In the beam, we represent each atom by its wave function; one can
assume that at the entrance to the electromagnet, 4, and at the initial time 7 = 0,
each atom can be approximatively described by a quasi-Gaussian spinor in plain
(z,y) given by Eqgs.(3.4.1-3.4.3) corresponding to a pure state. As will be it is
proved later the variable y will be treated strictly quasiclassically, i.e. almost
classically, with

P{|y—v;—’(vo,90)t| < 5} =1,

3.4.4
P{|»=vi(vo,00)| = 8} = 0 (3.4.4)

and oo < oy = 10™m, where o, corresponds to the size of the slot T along the
z-axis and where the expression of the functions v (vo,0¢) and v; (vo, 80 )will be
given later.

The approximation by a quasi-Gaussian initial spinor will allow explicit
calculations. Because the slot is much wider along the x-axis, the variable z will be
also treated strictly quasiclassically with

P{| z—zi—vf(u,@o)ﬂ < 5} =1,
P{| Z—Vzi(u,Ho)t| > 5} =0,

!
where the expression of the functions v(u,00),u = %(At) will be given later. In

order to obtain an explicit solution of the Stern-Gerlach experiment, we take for the
silver atom, we have m = 1.8 x 107%°kg, vy = 500 m/s (corresponding to the

(3.4.5)



temperature of 7= 1000°K). In equation (3.4.3.) and in figure 3.4.2., 8y and ¢, are
the polar angles characterizing the initial orientation of the magnetic moment, 9,
corresponds to the angle with the z-axis. The experiment is a statistical mixture of
pure states where the 6, and the ¢, are randomly chosen: 6, is drawn in a uniform
way from [0, 7] and that ¢, is drawn in a uniform way from [0,27x].

T ———
- # . i
. -

Fig.3.4.2.0Orientation of the magnetic moment 9,
and ¢, are the polar angles characterizing the
spin vector in the de Broglie-Bohm interpretation.
Adapted from [55].

Assumption 3.4.1.We assume that a particle collapses in a magnetic field B

at some instant ¢ by two particle,i.e.the spinor ¥(z,y, ) collapses in a magnetic
field B

at some instant ¢ by two spinors ¥, (z,y,t,¢,5) and ¥_(z,y,t,¢',5) given by

Eq.(3.4.9.a)-Eq.(3.4.9.b). Note that such collapse obviously occurs except
spinors such

that:,/F(y/Y) v 1//@> =y etc.

Remark 3.4.1.Note that standard assumption consist that spinor collapses on
detector P1

with respect of the Born rule.
Thus the evolution of the spinor

Y.z, t,t
W(z,,t,t) = H@Enbt)
Y _(z,y,t,t)

in a magnetic field B is then given by the nonlocal Pauli equation:



o¥.(z,y,t,1)

dzdy | dt
ih Jizt| ot =
o¥_(z,y,1,1)

Jdedy [ === (3.4.6)
WY, (z,y,t,1 Y. (z,y,t,1
= _ﬁ J.dl‘J.dzdyA +(Z Y ) + uBJdZIdZdyBU +(Z 4 )
2m ‘"Pf(Z,y,t,t,) \P*(Zayatﬂt,)

eh
2me

the three Pauli matrices.

Remark 3.4.2.The particle first enters an electromagnetic field B directed along
the z-axis, B, = Byx,B, = 0,B. = By — Bz, with By = 5 Tesla,
By = | £ | = 10° Tesla/m over a length Al = 1 cm.

Remark 3.4.3. On exiting the magnetic field, the both particles is free until it
reaches the detector P, placed at a D = 20 ¢m distance.

The particles stays within the magnetic field for a time Ar with

_ Al
Ar= 8L (3.4.7)

where up = is the Bohr magneton and where o = (0,0,,0:) corresponds to

Assumption 3.4.2.\We assume now for simplification that
t' = At. (3.4.8)
Thus during this time ¢ € [0,¢') = [0,A?), the spinor ¥(z,y,1,¢,0) is:
Y.z tt,5 Y.(zt,t,0)¥Y0,tt,0
Yz, t,t,6) = &y ) ) - (@ P ) ., (3.4.9.q)
Y_(z,y,t,t,0) ¥Y_(z,0,t,8)Y(,t,t,0)

where



( paBy t2)2
) 2
Y, (z,t,t,8) = cos %e”%o@fw%)’% exp| — e

X
40}
yBBth— Ml‘3 +,LtBBol+0.5h(p0 . ,LLBB/
exp| i bm iff ‘z— 2020 <,
h 2m
— 0 _ MBB6 2
Y.(z,t0) =0iff |z S | >4,
! 2
(z+ “g—nfoﬂ) (3.4.9.b)
. P
Y _(z,t,t,5) = isin bo pi% (2r63) 7 exp| — X
2 403
—upBytz — L ugBot —0.5hpo | . ;1
exp| i Grm iff |z+ 0021 <,
h 2m
/
W o(zt.0) = 0iff |z+ H2Bopl S 5.
2m

2
WOnt.t.0) = 2rol)t exp|:—(y;—vgt) J i [y — vorl< &,
(o}

0
Y(,t1,1,6) = 0iff [y —vot|] > 6.

After the magnetic field, at time ¢ + Az (r > 0) in the free space, the both spinors
becomes:

Y.z y,t+1,0) = Vi(z,p,t + AL, 8) = V(2,1 + AL S)Y(y,t + AL, 5) (3.4.10)
and

Y (zy,t+1,0) = V_(z,p,t + At,8) = V_(z,t + AL, 6) P (3,1 + AL, 5). (3.4.11)
Here

Y., (z,t +At,0) =

— J— 2 . muz+ho+
cos %(27,03)—% exp[_(z?—z‘”) Jel—ﬁ"" iff |z — za — ut| < 5, (3.4.12)
00

0 iff|z—zar—ut] >0

and



WY_(z,t + At,0) =

2 . —muz+hQ—
_(Z-’_Zéf—;_l/lt)}el )‘lw |ﬁ |Z+ZA+ut| 55’ (3413)
00

0 iff |z+2za +ut] > 6,

sin % (2red) ¥ exp|:

and
1 ()/—Vo(t+At))2 .
¥Y(,t,0) = 2ro}) exp|:— 402 iff [y — vo(t+ Ag,t)|I< 0, (3.4.14)
Y(,t,0) = 0iff [y —vo(t+ AD)|> 6.
where
By ([At)? By (At
- poBollAe] o eBelBD), (3.4.15)
From Eq.(3.4.10),Eq.(3.4.12) and Eq.(3.4.14) we obtain
Y.i(z,y,t+ At,0) =
/
— f— 2 . muz+ho+ Iff
cos 9%(27:0%)‘% exp[—w :|e’ X
4o lz—za—ut| <0 (3.4.16)
< exp[_ (v = vo(t + Ar))> J and o
40} = vo(t+ A< 8
0 otherwise
.
From Eq.(3.4.16) by postulate Q.IV.3 for the probability density with respect to
observable z we obtain the expression
cry(z,t) =
4 2
( T[Z+ —ZA — ut)
(2n63)* exp| ———% iff | 2— —zp—ut| <6
J 0 202 M6, (3.4.17)
0 otherwise
.
ne, = cos2 20

2

and with respect to observable y we obtain the expression



cy(,t) =

4 2
(n% vt At))
262)" T exp| ———1 iff ‘ Y
( O) p 40% ngo
0
§
)
ng, = 005270

—vo(t+At)| <0

otherwise

and therefore corresponding particle movin by strictly quasiclassical law

P{| zt(t) —za —v:(w,00)t| <6} =1,
P{| z(t) =z — v:(u,00)t| > 6} =0,
Py (1) = Vi (vo,00) (1 + At)| < 8} = 1,
P (¢) = vi(vo,00)(t + At)| > 6} = 0,
ZA = NgyZa,
vZ(00) = ng,u, vy (8o) = 15, Vo.
From Eq.(3.4.11),Eq.(3.4.13) and Eq.(3.4.14) we obtain
Y_(z,y,t+ At,0) =

-
2 . —muz+he—
sin ﬂ(QﬂG%)_% exp|:——(z *Za ;L ut) :|e’Tw X
2 400
B 2
. G EY)
40
0
.

iff
lz+za+ut| <0
and
v —vo(t+ Ag,t)|< 0

otherwise

From Eq.(3.4.20) by postulate Q.IV.3 for the probability density with respect to

observable z we obtain the expression

cwy(z,t) =
4 2
1 ( nZ_ +zZA + ut)
(2ro3) 7 exp| ——1 502 iff
00
0
N
_ . -0
Mo, = sm270

and with respect to observable y we obtain the expression

A +za4ut| <6

0o

otherwise

(3.4.18)

(3.4.19)

(3.4.20)

(3.4.21)



oy, 1) =

4 2
1 (nya _VO(HN)) y
2no3) 2 e - 0 iff‘ — —vo(t+Ap t)| <6
< (2mao)™ exp 403 T (3.4.22)
L 0 othervice
No, = sinz%

and therefore corresponding particle movin by strictly quasiclassical law
P{| z7(t) + 25 + v:(,00)t| <6} =1,
P{| 7 (t) + 23+ vz(w,00)t| > 6} =0,
P{y(£) — v; (vo,00)(t + A1) < 8} = 1,
Py (t) = v (vo,00)(t + A)| > 6} = 0,
Zpa = NoyZ A,

V;(Z/l,e()) = n@OH’V;(VOﬁO) = 7750V0-

(3.4.23)

All interpretations are based on the equations (3.4.18)-(3.4.21).One deduce from
Eq.(3.4.18)-Eq.(3.4.21) the probability density of a pure state in the free space after

the electromagnet:
2
( )i —vo(t+ At)>
_ \ 14,

2
40_0

Poo(z, .t + Af) = (2103) > pay (2.t + Agy) D exp
+

0o
203

(=% +zp + ut)?
. 72@ 2y—L _ 7700
sin™ = (2rog) 2 exp[ 402 :

The decoherence time fq4.c, Where the two spots N* and N-are separated, is then
given by the equation:

1 0 1 (=5 —za—ut)’ (3.4.24)
po,(z,t + At) = 2nod) cos‘270(27w(2))’7 exp| — +

300 —za 300 —za
tdee = & = : (3.4.25)
“ 0 ulng, +na,) u
This decoherence time is usually the time required to diagonalize the marginal

density matrix pj, (z,8) of spin variables associated with a pure state




P, (1,8) =
j . (z,y,t + At,8)|*dzdy f VYi(z,y,t + At,8) ¥+ (2,y,t + At,8)dzdy (3.4.26)

j W_(z,p,1 + AL S)WE (2,0, + AL, 8)dzdy j ¥, (z,0,¢ + At 8) Pdzdy

For ¢ > tgec, the product W_(z,y,t + At,0)¥Yi(z,y,t + At,6) is null and the density matrix
ps, (2,6) is diagonal. We then obtain atoms with a spin oriented only along the z-axis
(positively or negatively). Let us consider the spinor ‘Y (z,y,t + At,8) given by
equations (3.4.10)-(3.4.15).

Remark 3.4.4. Experimentally, we do not measure the spin directly, but the z
position of the particle impact on the detector P1 (Fig.3.4.3.).

B LGN I Btk Rpet B 3r
MWM&M

z (mm)

1
v}
1

¥ (mm)

Fig.3.4.3.Silver atom impacts on the detector P1.
Adapted from [55].

Remark 3.4.5. Note that if we measure the z-position of the particle at instant ¢,
we also measure the y-position of the particle at the same instant +.

Remark 3.4.6. Let P,(D - 6,D,y;) be the probability of obtaining the result y; at
instant ¢, lying in the range (D — §,D) on measuring observable y in respect to
spinor W.(z,y,t + At,6). From Eq.(3.4.19) we obtain

P.(D-8,D+6,yf) = 1iff

(3.4.27)
y*(¢) = D and [y (1) — vi(vo,00)(t + Ar)| < 5.

From Eq.(3.4.27) follows that:
P(D-86,D+38,y7) =1
if

a D D
t=t.(D) = =
+(D) vy (vo,00) Vo COSZ@

(3.4.28)

Remark 3.4.7. Let P,(Z, - 6,Z+ + 0,z}) be the probability of obtaining the result
z; atinstant ¢, lying in the range (Z; - 6,Z+ + §),Z+ € N* on measuring observable z
in respect to spinor Y. (z,y,t + At,8). From Eq.(3.4.19) we obtain

Pt(7+_5,7++6,2[+) = 1 |ff

(3.4.29)
() = Z, and |27 () — 2k — v (,00)1] < 6.



From Eq.(3.4.29) follows that:
Pt(EJr - 5,E+ + 6,2;) = 1

if
~ ~ (3.4.30)
A L~ Z 4 Z 4
t=t +) ~ = .
&) vz (u,00) ucoszﬂ
2
Remark 3.4.8.Note that from Remark 3.4.5 it follows that #Z,) ~ #(D) and
therefore
from Eq.(3.4.28) and Eq.(3.4.30) one obtains
Zs ~ D = Z D (3.4.31)
u \4 T
ucos? % Vo cos? % 0
as it should be, because the equality % ~ V% is required by the condition of the
Stern-Gerlach experiment.
Remark 3.4.9. Let P,(D-0,D,y;) be the probability of obtaining the result y; at
instant ¢, lying in the range (D — §,D) on measuring observable y in respect to
spinor W_(z,y,t + At,6). From Eq.(3.4.23) we obtain
P,(D-0,D+6,y;) = 1iff
3 Vi) (3.4.32)
vy~ () = Dand [y~ (1) — v;(vo,00)(t + At)| < 6.
From Eq.(3.4.32) follows that:
P(D-06,D+0d,y;) =1
if
. - D D (3.4.33)
t=1(D) = —
Vy(vo,00) g gin2 0
Remark 3.4.10. Let P,(Z_-6,Z_ + 0,z;) be the probability of obtaining the
result z; at instant ¢, lying in the range (Z- - 6,Z_-+0),Z- € N~ on measuring
observable z in respect to spinor W_(z,y,t + At,6). From Eq.(3.4.32) we obtain
P(Z_--6,Z_+6,z;) = 1Iiff (3.4.34)
z7(t) =Z-and |z (¢) —z3 — V. (u,00)t| < 0.
From Eq.(3.4.29) follows that:
P[(E_ - 5,7_ + 5,2;) =1
T (3.4.35)
2 0> z-|  _ _ [Z] o
t=Hz-) = =
&) va(u,00)  ygin2 Zo



Remark 3.4.11.Note that from Remark 3.4.5 it follows that #Z.) ~ #(D) and
therefore
from Eq.(3.4.33) and Eq.(3.4.35) one obtains

1Z-|
usinz% Vo sin?

~—LD ST (3.4.36)

SIE

N

as it should be, because the equality

-l _ D ; . "
Tl required by the condition of the

Stern-Gerlach experiment.

[11.4.2.Schrodinger’s cat which measure
spin.Schrodinger’s cat paradox resolution.

Let us consider again the Schrodinger’'s cat which measure spin by using the
Stern-Gerlach apparatus, see subsection 1.6, (Fig.1.6.2). When a measurement is
made, with the “up” outcome Schrodinger’s cat is dead. When a measurement is
made, with a “down” outcome Schrodinger’s cat is alive. It known many years that
conventional QM with canonical explanation of the Stern-Gerlach experiment
cannot give predicable and [27] As pointed out in subsection 1.6

Theorem 3.4.1. Any spinor

Y.zt t
@rtt) (3.4.37)

Y_(z,p,t,t")
given by Eq.(3.4.9.a)-Eq.(3.4.9.b) with 6, such that cos% + 0 always kills the
Schrédinger’s cat at instant ¢ :

tx — D (3.4.38)
2 90
Vo COS 7

IV.EPR Paradox Resolution
I\VV.1.The relaxed locality principle.

The Special Theory of Relativity limits the speed at which any physical
influences and any

real information can travel to the speed of light, c.

The Einstein’s principle of locality (EPL): any effects do not propogate faster
than the

speed of light, i.e. speed of light is a limiting factor.

The principle of locality claimed that:



(i) Any physical event A(¢;,r;) which has occured at point A(¢,,r;) € M, (see
Definition

2.2.8) cannot cause (by physical interection) a physical event B(z,,r») (result)
which has

occured at point B(¢,,r,) € M4 in a time less than T' = D/c, where D, is the
distance

between the points.

(if) An physical event A(z,r1) which has occured at point A(t,r;) € M4 cannot
cause a

simultaneous physical event B(¢,r») (result) which has occured at another point

B(t,ry) € My.

(iii) Any real physical information about physical event A(¢;,r;) at point A4(z;,r;)
cannot be

obtained by observer at point B(z,,r») in a time less than T = D/c, where D, is
the distance

between the points.

Definition 4.1.1. Let [F},,, {(tl,rl),(tz,rz)}]f_l_s_ be a set of the all timelike
separated

pairs of events {A(t1,r1),B(t2,r2)}, € [$ﬁ44,{(t1,r1),(zz,rz)}]t.l.s',(see
Definition 2.2.10.a)

such that #, > ¢#; and AOC(l‘l,l’l) = BOc(tz,l’z).

Note that [3:%44, {(l‘l,l’l ), (tz,l’z)}]as. c [3:?,14, {(11,1‘1 ), (l‘z,l’z)}]t.l.s..

Remark 4.1.1.Note that the claim (i) obviously meant that

V(1 > 2)VA(1,r) VB2, 1) { [A%(11,11) = B¥(12,12)] =
{A(t1,r1),B(t2,12)} € [37%44,{(tl,h),(Zz,rz)}]t.l.s'}-

Remark 4.1.2.In spacetime diagram, see FIG.4.1.1, the interval s7; is "time-like"
i.e., there is a frame of reference in which events A and B occur at the same
location in space, separated only by occurring at different times. If A precedes B in
that frame, then A precedes B in all frames. It is hypothetically possible for matter
(or information) to travel from 4 to B, so there can be a causal relationship (with A
the cause and B the effect).

4.1.1)



F1G.4.1.1.Spacetime diagram.

Remark 4.1.3. Note that:

(i) the interval s in the diagram, see FIG.4.1.1, is "space-like"; i.e., there is a
frame &, of reference in which events A(¢,r;) and C(¢,r,) occur simultaneously at
instant ¢, separated only in space. There are also frames in which A precedes C
and frames in which C precedes A.

(ii) If it were possible for a cause-and-effect relationship to exist between events
A and C, then paradoxes of causality would result. For example, if A was the
cause, and C the effect, then there would be frames of reference in which the effect
preceded the cause. Although this in itself won’t give rise to a paradox, one can
show that faster than light signals can be sent back into one’s own past. A causal
paradox can then be constructed by sending the signal if and only if no signal was
received previously.

(iii) Obviously there exist space-like separated pairs of physical events
{A(t,r1),B(t,r2)},, such that the events A(z,r;) and C(z,r;) alwais occur only
simultaneously at any instant ¢ i.e.,

A%t r)) = C%(,ry). (4.1.2)

Example 4.1.1. Let us consider two synchronized clock A and B which at rest
on given inertial frame & ;. Assume that clock A at rest in point r, and clock B at rest
in point r, correspondingly.



(fﬂrfi' — I > |
| |

clock — *—>—
B

F1G.4.1.2.Clock A and clock B which at rest on
given inertial frame & ,.

Let A(z,r;) be event which consist that time on clock A is ¢ at time ¢ according to
clock A and let B(z,r;) be event which consist that time on clock B is ¢ at time ¢
according to clock B.lt is clear that A%(t,r;) < B%(t,r»).
Definition 4.1.2. Let [F},,, {(tl,rl),(tz,rz)}]zs_ be a set of the all spacelike
separated
pairs of events {A(¢1,r1),B(t2,r2)},, € [3’3%44,{(11,1-1),(tz,rz)}]sls_,(see
Definition
2.2.10.b) such that
A%(t1,r)) = B%(t1,17). (4.1.3)

Remark 4.1.3.Note that the conditions (4.1.3) does not violeted the Einstein’s
principle of locality and gives only an additional properties of the algebra F7,,.

Remark 4.1.4. Note that from (4.1.3) folows that

[F i {01, (12,02) 315, & [Flhr, {@,r), (t2,r2) 3] -

On the basis of this Gedankenexperiment, which is also realized by photons,
the EPR-paradox can be derived if the following two principles are taken as
postulates.

1. The principle of reality R :

If the value A4; of an observable 4 can be determined without altering the

quantum system S, then any property P(4;) which corresponds to this value of 4
pertains

to the sustem §.

2. The principle of locality L :



2.1.If two quantum systems S; and S, cannot interact with each other, then a
measurement with respect to one system cannot alter the other system and

therefore we
can assume the existance of state vectors |S;) and |S>).

2.2 Let X, and X, be two observables measured with respect to systems S, and

Ay
mentioned above. Then by result of measurement of the quantity ¥, = (S, |%2|S2)
at instant ¢,impossible to get any information on result of measurement of the
quantity

X1 = (S1|x1|S1) at the same instant 7.

We assume now the relaxed principle of locality. Intuitively this principle
says that for even spacelike separated entangled quantum systems §; and S, any
measurement at instant ¢ with respect to system S, alwais immediately alter the

other system S, at the same instant «. But no additional information about the
system S, can be found out upon measurement on the system S, except the

canonical information which can be predicted by using correlation relations which

follows from concrete type of entanglement.
3. The relaxed principle of locality L, :

3.1. Any spacelike separated quantum systems S; and S, cannot interact with

each other

and therefore we can assume the existance of state vectors |S;) and |S2)
correspondingly.

3.2. Let Sio)(t,r1) and Sy (¢,r2) be two spacelike separated entangled
quantum systems

located in points (¢,r) and (¢,r») correspondingly.

(i) Assume that a state vector |S;2)(#,r1)) suddenly collapses at instant ¢ to state

vector
-col
S (t,r1)> :

s-collapse

ISio)(tr1))  —

ST (r),
then a state vector S, (¢, r2)) immediately collapses to state vector

S50 (2, 12))

collapse

Say(t,r2)) "= |85 (6,12))
(if) Assume that a state vector |S;;)(¢,r1)) after measurement immediately
collapses at
instant ¢ to state vector ‘STE;)"](t,r] )> :

m-col lapse

Sie)(tr))  —

STE-Zc)Ol(tarl )>9

then a state vector |S,()(z,r2)) immediately collapses to state vector
Scol .
| i (tr2)) -

collapse

S20y(5,r2)) = S5 (5,12))

(4.1.4)

(4.1.5)

(4.1.6)

(4.1.7)



(iii) Let ngg‘)"(t,rl) and S50, (z,r2) be a physical events defined by formulae
(4.1.4) and
(4.1.5) correspondingly, then

Occ[STé‘)’l(t, ri) :| < Oce[S5P(1,r2)],

see Definition 2.2.8 (ii.9).

(iv) Let S'l'z;)“'(t,rl) and S50, (z,r2) be a physical events defined by formulae
(4.1.6) and

(4.1.7) correspondingly,then

Occ[s?‘(;g"'(r,rl)] = Oce[S(4.12)],

3.3.No any additional information about the system S; upon measurement at
instant ¢ can

be found out upon measurement on the system S, upon measurement at instant
t except

the canonical information which can be predicted by using correlation relations
which

follows from concrete type of entanglement.

Remark 4.1.5. Note that conditions (4.1.8)-(4.1.9) very similarly to the condition
(4.1.3)

and gives only an additional properties of the algebra F7,.

Remark 4.1.6. Note that from (4.1.8) follows that

(ST, ST @r)) € [ ), ()b,
from (4.1.9) follows that
STy (e, r1), S50 (1, r2) € [Fhy,, {(t1,r1), (L2, w2) } 1

Remark 4.1.7. Note that:

(i) collapse of a state vector |Sx(1)(#,r2)) given by (4.1.5) occurs without any
interaction

between quantum systems S,2y and S»q) but only by property given by formulae
(4.1.8);

(i) collapse of a state vector |S,(1)(#,r2)) given by (4.1.7) occurs without any
interaction

between quantum systems S,2y and S»q) but only by property given by formulae
(4.1.9);

Remark.4.1.8.We find that the EPR-paradox can be resolved by nonprincipal
and convenient relaxing of the Einstein’s locality principle . Hoever it follows also,
that the nonlocalities which are introduced above cannot be explained within the
conventional quantum theory.

IV.2.Generalized EPR argument and Postulate of

Nonlocality
Entanglement is one of the most interesting properties of quantum mechanics,

(4.1.8)

(4.1.9)

(4.1.10)

4.1.11)



and is an important ingredient of quantum information protocols such as quantum
densecoding and quantum computation. In the Schrddinger picture, a necessary
and sufficient criterion for the emergence of entanglement is that the state
describing the entire system is inseparable, i.e. the wavefunction of the total
system cannot be factored into a product of separate contributions from each
sub-system. Using the Heisenberg approach, a sufficient criterion for the presence
of entanglement is that correlations between conjugate observables of two
subsystems allow the statistical inference of either observable in one sub-system,
upon a measurement in the other, to be smaller than the standard quantum limit,
i.e. the presence of non-classical correlations. The latter approach was originally
proposed in the paper of Einstein, Podolsky and Rosen [21]. These two different
pictures result in two distinct methods of characterizing entanglement. One is to
identify an observable signature of the mathematical criterion for wave-function
entanglement, i.e. inseparability of the state. The second looks directly for the
onset of non-classical correlations. For pure states these two approaches return
the same result suggesting consistency of the two methods. However, when
decoherence is present, causing the state to be mixed, difference scan occur.

IV.2.1. The EPR-Reid criterion

We remind now EPR-Reid criterion [22]. EPR originally argued as follows.
Consider two spatially separated subsystems at 4 and B. EPR considered two
observables x (the “position”) and p (“momentum?”) for subsystem 4, where X and p
do not commute, so that (C is nonzero)

[%,5] = 2C. (4.2.1)

Suppose now that one may predict with certainty the result of measurement x,
based on the result of a measurement performed at B. Also, for a different choice
of measurement at B, suppose one may predict the result of measurement p at 4.
Such correlated systems are predicted by quantum theory. Assuming “local
realism” EPR deduce the existence of an “element of reality”, X, for the physical
quantity x and also an element of reality, p, for p. Local realism implies the
existence of two hidden variables ¥ and p that simultaneously predetermine, with
no uncertainty, the values for the result of an X or p measurement on subsystem 4,
should it be performed. This hidden variable state for the subsystem 4 alone is not
describable within quantum mechanics, since simultaneous eigenstates of X and p
do not exist. Hence, EPR argued, if quantum mechanics is to be compatible with
local realism, we must regard quantum mechanics to be incomplete.

We remind that in original publication [21],Einstein, Podolsky and Rosen
describe two particles 4 and B with correlated position

XB = X4+ Xo 4.2.2)
and anti-correlated momentum
PB = —P4, (4.2.3)
(see Fig.4.2.1).



X\ X, Xs = Xt X,

Fig.4.2.1.
In the idealized entangled state proposed by EPR,

|EPR) = Iiow|x,x>dx = j:|p,p>dp

the positions and momenta of the two particles are perfectly correlated. Note that:
this state is non-normalizable and cannot be realized in the laboratory. When
coordinates x4 and p# are measured in independent realizations of the same state,
the correlations allow for an exact prediction of x2 and p?. EPR assumed that such
exact predictions necessitate an "element of reality” which predetermines the
outcome of the measurement. Quantum mechanics however prohibits the exact
knowledge of two noncommuting variables like x? and p2, since their measurement
uncertainties are subject to the Heisenberg relation

AxBApB > 1/2.
Classsical notion of EPR correlations was generalized to a more realistic scenario,
yielding a Reid criterion [22] for the uncertainties Ax2; and Ap2; of the inferred
predictions for x? and p?. The EPR criterion is met if these uncertainties violate the
Heisenberg inequality for the inferred uncertainties Ax2 Ap2. > 7/2.

Reid extended classical EPR argument to situations where the result of
measurement X at 4 cannot be predicted with absolute certainty [22]. The
assumption of local realism allows us to deduce the existence of an “element of
reality” of some type for X at 4, since we can make a prediction of the result at 4,
without disturbing the subsystem at 4, under the locality assumption. Let
¥ (3*,2”) be a wave function of composite system 4 U B. Let x? be the result of a
measurement, % say, performed at B, where i is used to label the possible resuilts,
discrete or otherwise, of the measurement x°. As a result of the measurement of
the coordinate, we have a new wave function of composite system 4 U B which is
given by Eq.(4.2.3) (see Remark.4.2.1)

Y.s <x xB> Y.s <5C‘A,AB> R(zE —xB)‘I’<55A,AB> R(z® —xB)‘P<x 5EB>
and therefore adjoint probability density p.» (x,%") = p(x,2"|x#) at instant at once
after measurement is given by

2 <x xB> p(x xB|xB> = ||R(x —xB)‘P<x 553> ||

(4.2.4)

(4.2.5)

(4.2.6)



Then the conditional probability density p,s(x) = p(x[x) conditional on a result x}
for QM measurement at B is given by

() = pGaled) = [ poo (627)az” = [ d2” | ¥y (2% ||” =

—00

3 (4.2.7)
[ az” || RG® - xbye (x.2") ||,

The predicted results for the measurement at 4, based on the measurement at B,
are however no longer a set of definite numbers with zero uncertainty, but become
fuzzy, being described by a set of distributions P(x|x?) giving the probability of a
result for the measurement at 4, conditional on a result x? for measurement at B.
We define AZx to be the variance of the conditional distribution P(x|x?). Similarly we
may infer the result of measurement p at 4, based on a (different) measurement,
p” say, at B. Denoting the results of the measurement p” at B by p?, we then
define the probability distribution, P(p|p?) which is the predicted result of the
measurement for p at 4 conditional on the result p? for the measurement »” at B.
The variance of the conditional distribution P(p|p?) is denoted by A?p.

Remark.4.2.1. We remind now that the QM-measurement is represented by the
canonical scheme [5]

W) S e = Ralw). [da' R0y = Lpy = Iy P = (IR Ryly), (4.2.8)

where p, is a corresponding probability density. To obtain the probability that the
parameter a' turns out to belong to the set A one has to integrate over this set:

Pla' € A] = j da'p,. (4.2.9)
A

If the state |y) is represented by the wave function y(a) the operator R,
describing the measurement giving the result &' will be taken in the following form

R,yv(a) = R(a—ad)y(a), (4.2.10)

where R(a) is a function with a support concentrated in some vicinity of zero and
representing the 'fuzziness’ of the measurement. It is a characteristic function of
the measurement and may, for example, be (and typically is) a Gaussian function.
The width of this function corresponds to the resolution of the measurement.

Normalization J.da’SRZ,ERaf = 1 of the operators R is provided by the corresponding
normalization of the function R(a) as follows:

jda|R2(a)| - 1. (4.2.11)

If the measurement is described by the Gaussian function

e
R(Cl) = exXp —T (42 12)



it is a minimally disturbing measurement of the coordinate &’ with resolution A [5].
Remark.4.2.2. Consider the momentum representation y(p) of the initial wave
function w(q)

~ 1 i
) = dqu(q) ex [—— } 4.2.13)
v T2k f qy(q)exp| —5-Pq
As a result of the measurement of the coordinate,
Rov(q) = R(q-qW(g) = v, (), (4.2.14)
we have a new wave function and its momentum representation has the form [5]
V@) = [ R, 0 - W), (4.2.15)

where ’iéq/(p) is a momentum representation of the function R (¢). Note that

~

Ry w) = Rpyexo| ~Lpg' |,

_ | . (4.2.16)
-1 L
Rp) = 5 = quR(q) eXp[ hpq}-
Remark.4.2.3. Consider now a coordinate measurement having a Gaussian
characteristic function of width of the order of A
- g’
R(q) = exp|:— A :| (4.2.17)

Then the momentum representation of this function (characterizing the structure of
the momentum uncertainty 7#/A acquired in the measurement) is also Gaussian with
width of the order of 7#/A :

2

Rp) = exp| —F
(%)

For a given experiment one could in principle measure the individual variances AZx
of the conditional distributions P(x|x?) (and also A?p for the P(p|p})). Obviously if
each of the variances A7x and Ajp satisfy A7x = 0 and A7p = 0 this would imply the
demonstration of the original EPR paradox. This situation however is not practical
for continuous variable measurements [5]. Instead of considering the problem of
simultaneous eigenstates as originally proposed by EPR, one can suggest an
different and experimentally realizable criterion based on the Heisenberg
Uncertainty Principle: AxAp > C. For the sake of notational convenience we now
consider in the remainder of this subsection that appropriate scaling enables x and
p to be dimensionless and C = 1.

EPR correlations however would be demonstrated in a convincing manner if the
experimentalist could measure each of the conditional distributions P(x|x?) and
establish that each of the distributions is very narrow, in fact constrained such that
[3]:

(4.2.18)



P(x|x®) =0 iff |x— u> 0,
PIpP) =0 iff [p-v> 6.

Here u; is the mean value of the conditional distribution P(x|x?) and v; is the mean
value of the conditional distribution P(p|p7). In this case the assumption of local
realism would imply, since the measurement x2 at B will always imply the result of x
at 4 to be within the range u; + o,, that the result of the measurement at 4 is
predetermined to be within a bounded range of width 26. In a straightforward
extension of EPR’s argument, we replace the words “predict with certainty” with
“predict with certainty that the result is constrained to be within the range p; + 67,
and then define an “element of reality” with this intrinsic bounded by fuzziness 6.
We now consider the situation where an experimenter has demonstrated that for
every outcome x} (and p7) for the measurement % (and p?) performed at B, the
variance A;x (and A;p) of the appropriate conditional distribution satisfies

(4.2.19)

Aix < 1,Aijp < 1 (4.2.20)

for any i,j € N. The measurement at B always allows an inference of the result at 4
to a precision better than given by the uncertainty bound 1.

Remark.4.2.4. In this case we do not predict a result at 4 “with certainty”, as in
EPR’s

original paradox. The measurement x2 at B however does predict by Eq.(4.2.3)
[or by

Eq.(4.2.9) in general case] with a certain probability constraints on the result for
xatA.

Remark 4.2.5. Following the EPR argument, which assumes

no action-at-a-distance,

so that the measurement at B does not cause any instantaneous influence to
the system at

A, one can attribute a probabilistic predetermined “element of reality” to the
system at 4.

Remark.4.2.6. There is a similar predicted result for the measurement p at 4
based on a

result of measurement at B, and a corresponding predetermined description
based again

on the

no-action-at-a-distance

assumption.

Remark.4.2.7. The important point in establishing the EPR paradox for this
more general

yet practical situation is that under the EPR premises the predetermined
statistics (or

generalised “elements of reality”) for the physical quantities



x and p are attributed simultaneously to the subsystem at 4.

Assuming no action-at-a-distance, the choice of the experimenter (Bob) at B to
infer

information about either x or p cannot actually induce the result of the
measurement at 4.

As there is no disturbance created by Bob’s measurement, the (appropriately
extended)

EPR definition of realism is that the prediction for x is something (a probabilistic
“element of

reality”) that can be attributed to the subsystem at 4, whether or not Bob makes
his

measurement.

Remark 4.2.8. This is also true of the prediction for p, and therefore the two
‘elements of

reality” representing the physical quantities x and p exist to describe the
predictions for x

and p simultaneously.

The paradox can then be established by proving the impossibility of such a
simultaneous level of prediction for both x and p for any quantum description of the
subsystem 4 alone. By this we mean explicitly that there can be no procedure
allowed, within the predictions of quantum mechanics, to make simultaneous
inferences by measurements performed at B or any other location, of both the
result x and p at 4, to the precision indicated by Aix < 1, Ajp < 1.

Remark 4.2.9. Recall that the inference of the result at 4 by measurement at B
is actually a measurement of x performed with the accuracy determined by the A;x.
However simultaneous measurements of x and p to the accuracy (4.2.9) are not
possible (predicted by quantum mechanics). The reduced density matrix describing
the state at 4 after such measurements would violate the H.U.P.

A simpler quantitative, experimentally testable criterion for EPR was proposed
by Reid in 1989 see for example [22]. The 1989 inferred H.U.P. criterion is based
on the average variance of the conditional distributions for inferring the result of
measurement x (and also for p). The EPR paradox is demonstrated when the
product of the average errors in the inferred results for x and p violate the
corresponding Heisenberg Uncertainty Principle. The spirit of the original EPR
paradox is present, in that one can perform a measurement on B to enable an
estimate of the result x at 4 (and similarly for p).

Abbreviation 4.2.1. For the sake of notational convenience we now abbreviate
in the remainder of the paper: Ajc.ix and A.e;p instead A;x and A;p for the variance
Aix and A;jp which were calculated under assumption no action-at-a-distance, see
Remark 4.2.5-4.2.6.

We define now [22]:



Alzoc.inf. X = Zip(x?)Alzocjx’
Alzoc.inf. p= Zj P(ij)Alzowp

Here A% ... is the average variance for the prediction (inference) under
assumption no action-at-a-distance of the result x for x at 4, conditional on a
measurement 8 at B. Here i € N labels all outcomes of the measurement x at 4,
and p; and A;x are the mean and standard deviation, respectively, of the conditional
distribution P(x|x?), where x? is the result of the measurement x? at B. We define a
Ad.iar D Similarly to represent the weighted variance for the prediction (inference)
under assumption no action-at-a-distance of the result p at 4, based on the result of
the measurement at B. Here P(x?) is the probability for a result x2 upon
measurement of x5, and P(p;) is defined similarly.

The Reid’s criterion to demonstrate the EPR "paradox", the Reid’s local
signature of the EPR paradox, is

<A120c.inf. x) <A120c‘inf. p) <L (4 2. 22)

This criterion is a clear criterion for the demonstration of the EPR "paradox", by
way of the argument presented above. Such a prediction (4.2.21) for x and p with
the average inference variances given, cannot be achieved by any quantum
description of the subsystem alone. This EPR criterion has been achieved
experimentally.

IV.2.2.The Postulate of Nonlocality and signature of
the EPR "paradox”

Remark.4.2.10. A most critical component of the EPR argument was the
principle of locality. Indeed, one may regard the EPR paradox as a statement of the
mutual incompatibility of locality, entanglement, and completeness. Experimental
tests of Bell’s inequalities have indicated that quantum mechanics is complete by
ruling out the possibility of hidden variables. Therefore it is generally agreed that
the assumption of locality is invalid for entangled states: measurement of either
particle of an entangled system projects both particles onto a state consistent with
the result of measurement, regardless of how far apart the particles are. In the
situation proposed by EPR, the position or momentum of the unmeasured particle
becomes a reality when, and only when, the corresponding quantity of the other
particle is measured.

Remark.4.2.11. The assumption of nonlocality allows us to deduce the
existence of an fuzzy “element of reality” of some type for x at 4, since we can
make a prediction of the result at 4, but with some disturbing of the subsystem at 4,
under the measurement, % say, performed at B. This prediction is subject to the
result x? of a measurement, ° say, performed at B, where i is used to label the
possible results, discrete or otherwise, of the measurement %8,

We accept now the following postulate:

Postulate of Nonlocality

(4.2.21)



(i) Let 4 and B two entangled particles. Let ¥(%*,2") be a wave function of
composite system 4 U B. Let x? be the result of a measurement, 3 say, performed
at B, where i is used to label the possible results, discrete or otherwise, of the
measurement 2. As a result of the measurement of the coordinate, we have a new
wave function of composite system 4 U B which [in contrast with Eq.(4.2.5)] is given
by

Yo (3137) = R - xR - ¥ (3,E),

(4.2.23)
x3(xB) +x0 = xB.
(if) Let 4 and B two entangled particles. Let "i’/(ﬁA,ﬁB> be a wave function of
composite system 4 U B.Let p? be the result of a measurement, »” say, performed
at B, where j is used to label the possible results, discrete or otherwise, of the
measurement 5”. As a result of the measurement of the coordinate, we have a new
wave function of composite system 4 U B which is given by
’\FBAA’AB :ﬁ AA_A B ﬁAB_B’\ij’ AA’AB’
(0" = R —pl WP NRIP” - )Y (PP (4.2.24)
pi@}) = -pj.
Remark 4.2.12.The spirit of the original EPR paradox now is present, in that the
canonical EPR correlations (4.2.2) and (4.2.3) well preserved.
Remark 4.2.13.Note that EPR correlations x{'(x?) +xo ~ x? and p/!(p?) =~ —p?
however would be demonstrated in a convincing manner if the experimentalist
could measure each of the conditional distributions P(x|x?) and establish that each
of the distributions is very narrow, in fact constrained so that [5]
pxx®) ~0 iff |x— >4,
By ~0 iff —vil> 6,
r@lp;) ! Ip =il (4.2.25)
P(xx?) ~ 0 iff |x— >0,
PQplp?) =0 iff |p—v;> 4.
Here u; is the mean of the conditional distribution P(x|x?) and v; is the mean of the
conditional distribution P(p|p}).
Remark 4.2.14.We assume now that a coordinate and momentum
measurements have a Gaussian characteristic function of width of the order of 26
2
Ri(x) = Ra(x) = R(x) = exp[—:?J
. . . 5 (4.2.26)
Rip) = Rap) = Rep) = exp| - L5 |

In this case the Postulate of Nonlocality would imply, since the measurement x? at
B will always imply the result of x at 4 to be within the range u; £ 6., that the result
of the measurement at 4 is predetermined to be within a bounded range of width
26. In a straightforward extension of EPR’s argument, we replace the words



“predict with certainty” with “predict with certainty that the result is constrained to be
within the range u; £ 6. We now consider the situation where an experimenter has
demonstrated that for every outcome x? (and p?) for the measurement 32 (and p?)
performed at B, the variance A:x (and A;p) of the appropriate conditional distribution
satisfies

Aix < I,Ajp <1 (4227)

for all i,;. The measurement at B always allows an inference of the result at 4 to a
precision better than given by the uncertainty bound 1.

In this case we do not predict a result at 4 “with certainty”, as in EPR’s original
paradox. The measurement Xz at B however does predict with a certain probability
constraints on the result for x at 4.

Remark 4.2.15.Note that adjoint probability density p(%*,%” |x) at instant at

once after measurement [in contrast with Eq.(4.1.6)] is given by
p(F20) = ey G || =
|RGE = xf ENRE? - xB)¥ (37,27) |

xA(x8) +x0 = xB £ ;.

2 (4.2.27)

Then the conditional probability density p.s(x) = p(x|x?) conditional on a result x?
for QM measurement at B is given by

() = paled) = [ pop (3®)ar® = [ az® ||y (x.3%) | =

. (4.2.28)
[ az” | RG* - x{eB)RG® - xB)¥ (2" ||
There is a similar predicted result for the measurement p at 4 based on a result of
measurement at B, and a corresponding predetermined description based on the
QM constraints
¥, 54 55 zﬁ,\A_ A( B ﬁAB_ N 7 52,
2 (P0") = R@" -p!@!HRG" -pHY (PP (4.2.29)

pif) = p".

The spirit of the original EPR "paradox" is present, in that one can perform a
measurement on B to enable an estimate of the result x at 4 (and similarly for p).
Abbreviation 4.2.2. For the sake of notational convenience we now abbreviate
in the remainder of the paper: Anontoc.ix @Nd Anonioc.;p iNStead A;x and A;p for the
variance A;x and A;p which were calculated under nonlocality assumption
(postulate) by conditional probability density given by Eq.(4.1.28).
We define now



2 — ByA2
Anonloc.inf. X = Zip(xi )Anonloc.ix’

2 — ByA2
Anonloc.inf. p= Zj P(pj )Anonloc.jp'

Here A2, ...i.r X is the average variance for the prediction (inference) of the result x
for & at 4, conditional on a measurement 2% at B. Here i labels all outcomes of the
measurement X at 4, and u; and A;x are the mean and standard deviation,
respectively, of the conditional distribution P(x|x?), where x? is the result of the
measurement 3” at B. We define a A2,,,...c 2 Similarly to represent the weighted
variance for the prediction (inference) of the result p at A, based on the result of the
measurement at B. Here P(x?) is the probability for a result x? upon measurement
of %, and P(p}) is defined similarly. The criterion to demonstrate the EPR paradox,
the signature of the EPR paradox, is The criterion to demonstrate the EPR
"paradox”, the nonlocal signature of the EPR paradox, is given by

<Anonloc.inf. X> <Anonlocinf. p) <L (4.2.31)

This criterion is a clear criterion for the demonstration of the EPR "paradox”, by
way of the argument presented above. Such a prediction for x and p with the
average inference variances given, cannot be achieved by any quantum
description of the subsystem alone.

IV.2.3.The EPR-nonlocality criteria

Remark 4.2.16.A critical component of the EPR argument was the principle of
locality. Indeed, one may regard the EPR paradox as a statement of the mutual
incompatibility of locality, entanglement, and completeness. Experimental tests of
Bell’s inequalities have indicated that quantum mechanics is complete by ruling out
the possibility of hidden variables. Therefore it is generally agreed that the
assumption of locality is invalid for entangled states: measurement of either particle
of an entangled system projects both particles onto a state consistent with the
result of measurement, regardless of how far apart the particles are. In the situation
proposed by EPR, the position or momentum of the unmeasured particle becomes
a reality when, and only when, the corresponding quantity of the other particle is
measured. Since only one quantity or the other is measured, the position and the
momentum of the unmeasured particle need not be simultaneous realities. In this
way the EPR "paradox" also is resolved. From Eq.(4.2.21) and Eq.(4.2.30) we
obtain the EPR-nonlocality criteria

| Alzoc.inf. X = Alzlonloc.inf‘ x| = |Z,’P(xf)[A120c.ix - Afnonloc.ix] | > Oa
|A120c.inf. pP— A1210n10c.inf. p| = |ZJ P(ij)l:Alzowp - A1210n10cjp:| | > 09

(4.2.30)

(4.2.32)

and
| <An0nloc.inf. x) <An0nloc.inf. p) - <Aloc.inf. x) <A10c.inf. p> | > 0. (42 33)

These EPR-nonlocality criteria has been achieved experimentally [66],[67], (see
subsection V.5, Remark 4.5.3-Remark 4.5.4).



IV.3.Nonlocal Schrodinger equation implies the

Postulate of Nonlocality

In this subsection we obtain nonlocal Schrédinger equation (NSE) which
corresponding to position-momentum entangled pairs 4 and B (see Fig.4.2.1) with
well correlated position

(XB) = (x4) + X0 (4.3.1)
and anti-correlated momentum

(pz) = —~(pa) (4.3.2)

Remark 4.3.1.As pointed out in subsection V.2 it is generally agreed that the
assumption of locality is invalid for entangled states: measurement of either particle
of an entangled system projects both particles onto a state consistent with the
result of measurement, regardless of how far apart the particles are. It allow us to
use special nonlocal generalization of the canonical Schrédinger equation.

Remark 4.3.2. As pointed out in subsection II.2 from nonlocal Schrédinger
equation (2.1.17) one obtains collapsed wave function corresponding to GRW
collapse model.

It allow us to use similar nonlocal Schrodinger equation also for entangled
states.

Remark 4.3.3. The spirit of the original EPR paradox is present, in that the
canonical EPR correlations (4.3.1) and (4.3.2) gives an boundary conditions for the
solutions of the nonlocal Schrédinger equation.

Remark 4.3.4.In this subsection we denote (i) x4 = x1,x5 = x,, (i) x? = %4,

xB = Xy = X1 + Xo.

Definition 4.3.1.Let us consider the time-dependent canonical Schrodinger
equation

a\P(X1,X2,t)
ot
t € [0,7],(x1,x2) eR2.

ih = HY(x1,x2,1), (4.3.3)

Let W(x;,x2,¢) be a classical solution of the time-dependent Schrodinger equation
(4.3.3). The time-dependent Schrodinger equation (4.3.3) is a weakly well
preserved (in sense of Colombeau generalized functions) by corresponding to
Y(x1,x2,¢) collapsed Colombeau generalized wave function

(‘Pﬁ(xl,xz,t))g,s € (0,1], where



(Pi(rn,x2,0), = (Welr,x2, 651(1),%2(2))), =

(931,2(361,71(f),xz,fz(f);5,8)‘1’()61,362,f) )
[R12(X1(2),X2();0,) ¥ (x1,x2,0) [, ),

2
(Ri12(x1,%1,x2,%2;0,€)), = H(fﬁi(xi,fi;&g))g,

i=1

2
(rs82)™ exp[—%} iff [|x; —%: | <e,

0iff [[x; =Xl > e.

Ri(x,X:i(1);6,¢) =

i=1,2.

in region I' < R? if there exist an solution ¥ (x,x»,¢) of Schrodinger equation (4.2.1)
such that the estimate

(j{ihw —ﬁ‘l’ﬁ(xl,xz,t)}dxldm) — (0(h)),,

r
t € [0,T],x1,x2€?,

with 1/2 < a, is satisfied.
Definition 4.3.2. Equation (4.3.5) with a following boundary conditions

<X§9> = <xf4>+)C0,

(x}) = (JxA|‘Pﬁ(xA,xB,t)|2dxAde)8,
<x§;> = (Ix3|‘P§(XA,xB,t)|2dxAde)g,

that is time-dependent nonlocal Schrédinger equation corresponding to EPR
entangled state.

Definition 4.3.3.(i) The time-dependent integral equation (4.3.5) with a
boundary conditions (4.3.6) is colled the time-dependent nonlocal Schrédinger
equation of the order * corresponding to EPR entangled state.

(i) Such collapsed wave function ¥#(x1,x,,¢,) as mentioned in Definition 4.3.2 is
colled the

h®- solution of the nonlocal Schrodinger equation (4.3.5)-(4.3.6) of the order
a.

Definition 4.3.4.Let us consider the time-independent canonical Schrodinger

equation

as
HY¥(x1,x2) = 0,(x1,x2) €R2.

(4.3.4)

(4.3.5)

(4.3.6)

(4.3.7)



Let W(x;,x2) be a classical solution of the time-independent Schrédinger equation
(4.3.7).The time-independent Schrodinger equation (4.3.7) is a weakly well
preserved (in sense of Colombeau generalized functions) by corresponding to
Y(x;,x2) Colombeau generalized collapsed wave function (‘{’ﬁ(xl,xz))g,g e (0,1],
where

(Pi(x1,%2,0)), = (Welx1,Xx2;%1,%2,0)), =

_ (9{1,2(x1,’)?1,x2,72;5,8)‘1’(x1,x2) )
[R12(X1,%2:6,e)¥(x1,x2) [, /),

2
(R120x1,%1,32,%2:0,8)), = | [(Rix1,71:8,2)),,
=1
(r562)  exp| XD g 1w <6
) P 252 i il = &,

0 iff ||x[ —7,'” > E.

Ri(x,Xi;0,€) =

in region I' < R? if there exist an solution ¥ (x;,x,) of Schrédinger equation (4.3.7)
such that the estimate

(I ﬁ‘l’ﬁ(xth )dxldx2> = (0(h*)),,
r €

(x1,x2)el?,

with 1/2 < a, is satisfied.
Definition 4.3.5. Equation (4.3.9) with a boundary conditions

<xB> ~ <xA>+xo,

(x4) = (IxA|‘P§(xA,xB)|2dxAdx3)g,

<XB> = (IXB|\P§(XA,XB)|2dXAdXB) ,

&€

that is time-independent nonlocal Schrédinger equation corresponding to EPR
entangled state.

Definition 4.3.6.(i) The time-independent integral equation (4.3.9) with a
boundary conditions (4.3.10) is colled the time-independent nonlocal Schrodinger
equation of the order 7% corresponding to EPR entangled state.

(i) Such collapsed wave function ¥#(x1,x,) as mentioned in Definition 4.3.5 is
colled the

h®- solution of the nonlocal Schrédinger equation (4.3.9)-(4.3.10) of the order

(4.3.8)

(4.3.9)

(4.3.10)



Lemma 4.3.1.Let ®(1) be a function

D(A) = j X1 exp(—Ax®)f(x)dx,
0

where A > 1, 0 < a < ©,0 < B,0 < a. Assume that f{x) is continuous on
[0,a]. Then

Dd(L) = a—lr(g)[f(()) +o(1)]A-Pe

Lemma 4.3.2.Let f{x) be a function such that f € C?(x < x¢) and
fe C*(x > x0).Then

'@ = '@}, + 1,60 -x0),
'@ =@ 1] 80— x0) + 11,8 (@ - xo),
[11,, = flxo +0) = flxo = 0),
[/'], =/ Go+0)—f"(xo = 0).

Theorem 4.3.1. Assume that there exist an classical solution ¥ (x;,x,) of the
Schrédinger equation (4.3.7) such that

sup  [W(x1,x2)| = O(f'?),

(x1,x2)ell

sup  |0F(x1,x2)/0x1| = O(Hi3?), sup |0¥(x1,x2)/0x2| = O(h7?).

(x1,x2)el’ (x1,x2)el

Then any collapsed wave function ¥*(x) given by Eq.(4.3.8) with
JA/6 = h",1/4 < a < 1/2 that is h%-solution of the time-independent nonlocal
Schrédinger equation (4.3.9)-(4.3.10) of the order a.

Proof. The Schrodinger equation (4.3.7) has the following form

az\P(X1,X2) +h2 az\P(X1,X2)

HY = h?
(1, x2) ox? 0x3

+ V(x1,x2)¥(x1,x2) = 0.

Let W£(x1,x2) be a function
Wi(x1,x2) = Rs(x1,X1)Rs(x2,%2) ¥ (x1,x2),
where

o ~)2
(ms62) ™ exp[—(’“zT’;')} iff flx; - %]l < &,

0iff flx; —=X:|| > e.

From Eq.(4.3.17) by using Eq.(4.3.13) we obtain

Rs(x;,X;) =

(4.3.11)

(4.3.12)

(4.3.13)

(4.3.14)

(4.3.15)

(4.3.16)

(4.3.17)



ORs(x1,%1) _ o\lds i~ _()Cl—fl)2
o1 = —(ms0) 0 (x1 —X1)exp s |t

+([Rs(x1,%1)]5 _, )01 = %1 + &) + ([Re(x1,%1)]5,,)0(x1 — %1 — &),

O*Rs(x1,%1) _ 1451 (1 —%1)?
T% = —(7‘[55) o) cxXp —T +

_(X1—71)2 :|+ (4.3.18)
26

ORs(x1,%1 :| = |:R5(x1,%1 :| o~
(|: axl Y_g)5(x1 X1+ 8) + ( 6x1 o 5(X1 X1 8) +

([Ra(xl,fl]y_g)&(xl —fl +8) + ([Ra(xl,f1]~ )5/()(31 —Yl —8)

xX+&

(m56) 467201 —%1)? exp|:

and

ORs(x2,X%2) _ el o~ (2 =F)°
B (ms6) 767 1 (x2 —X2) exp 35 +

+([Rs(x2,%2) 15 _, )0(x2 = X2 + &) + ([Rs(x2,%2) 5, )0(x2 — X2 — &),

O*Rs(x2,%2) _ —(rs8) 5 exp|:— (2 = X2)* :|+

0x3 26
—%,)2 4.3.19
(71'55)_1/45_2(362 _ %2)26Xp[— (XZ 25)('2) J + ( )
([%TZ):L )5()62 - X5 +8) + ([%’:Q):L )5()(2 - Xy —8) +
+([R5(X2,72)]3_8)5/(X2 - X7+ 8) + ([Rs(Xz,fz)],ﬂg)g(xZ - Xy — 8).
From Eq.(4.3.16) by differentiation we obtain
07§ (x1,x2) _ O [Ra(x1, X 1)Rs(x2,%2) ¥ (x1,X2)] _
ox3 ox?
%[T(Xl,xz)Rs(xz,fz)W +R5(x1,f1)R5(x2,72)W:| =
I 1 ! (4.3.20)
oV (x1,x2) ~ y OR5(x1,%1)
2—8x1 Ra(xz,xz)—ﬁxl +
2 ~ 2
PP, ) Ra (02, T2) S RBL XD 4 o, B )Ry (2, Fa) S loX2)
le axl

and



0*Wi(x1,x2) _ O%[Rs(x1)Rs(x2,%2) W (x1,x2)]

ox3 ox3
%[\P(xl,xz)RS(xl,yl)W +R8(x1,71)R6(X2,72)W:| =
2 2 2 (4.3.21)
O¥(x1,x2) ~ ~ ORs(x2,%>)
2—6)C2 Rs(xl,xl)—axz +
R X - - 0*¥(x1,
+‘P(x1,x2)R5(x1,%1)Lx§’x2) +R5(X1,X1)RS(X2,X2)M-
6X2 aX2
By substitution Eq.(4.3.15) and Eq.(4.3.20)-Eq.(4.3.21) into LHS of the Eq.(4.3.9)
we obtain
[ A5G0 )dxidrs =
r
IdX1dXst(x1,71)Ra(x2,72) X
r
2 2
[hz OFx) | CHELY) V(xl,xz)‘I’(x1,x2):| +
Ox7 0x3
+ h? Id)ﬂd)(z X
T (4.3.22)
oY (x1,x2) ~ \ ORs(x1,%1) ~ 52R5(X1,f1)
[2—8_)(:1 Rs(Xz,Xz)— ax1 + T(x19x2)R5(x29x2) ax% +
+ h? J.d)C1dX2 X
r
8‘1’(361,)@) ~ aRs()Q,Yz) ~ ast(xz,Tz)
|:2—6x2 13&3(?61,361)—8x2 +‘I’(x1,x2)R5(x1,x1)—ax% =
=21(h,6) + Z2(h,0).
Now we go to estimate the quantities
S (h,6) = hzjdxldxz v
r ) (4.3.23)
a“P(Xl,Xz) ~ aRs(xl,fl) ~ 8 Rs(xl,fl)
|:2T1R3(x2,xz)Tl + T(xl,xz)Ra(xz,xz)T

and



T2 (h,6) = h2jdx1dx2 v

(4.3.24)
O (x1,x2) OR5(x2,%2) ~ y O°Rs(x2,%2)
|:2 aX2 Rs ( )—axz + “P()C1,X2)R5(X1,X1) 8x%
From Eq.(4.3.23) using Eq.(4.3.14) we obtain
21(h,6)] < 1 [ dvids
r
b X 2 X
[ CHO02) | Ry, )| Lo | I‘I’(xl,xz)le(xl,%)‘—a Rl ¥2) H
ox1 oxy
< 20(h1/2) J.Rs(xZ,’fz) %ﬂ’%]) dxidxy +
r
~ \ O?Rs(x1,X1)
+ O(h3/2) IRS(Xz,xZ)Td)ﬁd)Q = (4325)
- 2O(h1/2)jR5(x2,%2)dxz ‘M‘d n
R
O(h3/2) J.Rs(xz,fz)dxz I M ‘dxl =
R R axl
IRa(Xz,xz)dxz[2O(h”2)”—aRS(xl’xl) v +o(h3/2>ﬂ—a Rex,71) ‘ ]
From Eq.(4.3.24) using Eq.(4.3.14) we obtain
22(h,8)| < h? Idxldxz x
2 ~
[2‘%‘&3( ‘M‘JF\T(M,XZHRS(M,M) MH <
X2 0x5
20(h1/2) J‘Ra(thl)‘w dxldxz +
6 Ra(xQ,xz) ‘
O(h3?) | Rs(x1, — e d.
( )I s ¥ )‘ e (4.3.26)

ZO(h”Z)J.Rs(be])dx]J. M ‘d +
R R

O(h3/2)jR5(x1,f1)dx1J
R

2 ~
0”R3(x2,%2) ‘dxz _
R

2
axZ

IRS(Xl,xl)dx1|:2O(hl/2)HM dx2+0(h3/2)”M‘ ]



Having substituted Eq.(4.3.18) into Eq.(4.3.25) and Eq.(4.3.19) into Eq.(4.3.26) and
having applied Lemma 4.3.1 we have finalized the proof of the Eq.(4.3.9).
We assume now that

Nj j R3Ge1, F1)REGoa, )| P (x1,x2) Pl = 1 (4.3.27)
RYR
From Eq.(4.3.27) and Eq.(4.3.17) by Lemma 4.3.1 we obtain

NJ.[R{ I[R R%(xbf])R%(xZ,fz)|“P()C1,X2)|2dX1dX2 = (4_3_28)

From Eq.(4.3.16)-Eq.(4.3.17) we obtain

_ # _ 2 ~ \p2 ~ 2
(x4) = jjxlTa(xl,xz)dxldxz = J-J-les(xl,x1)R5(xz,xz)|‘1’(x1,x2)| dxidx;, @3

IV.4 Position-momentum entangled photon pairs in

non-linear wave-guide
The physical system where we expect the entangled photon states to appear
include: (A) a Kerr-type nonlinear single-mode wave-guide characterized by strong
photon-photon coupling [56], [57], or (B) a chain of coupled non-linear resonators
[58—-61]. For two photons with momenta 7k, = h(ko — ok)andhk* = h(ko + 5x) and
dispersion
wko + 5k = wko + vok + Bok>/2, (4.4.1)
where v is the photon group velocity, the variation of the energy of a photon pair
APw = wky — 0k + wko + 0k — 2wko ~ BOk>. (4.4.2)
As the photon-photon interaction conserves both energy and longitudinal
momentum, the two-photon states propagating along the non-linear transmission
line can be described by the Fock function

W), = | dlrdkadler + ko — 2ko)flkr — ko)l ko) (4.4.3)
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Fig. 4.4.1: Entangled two-photon
states in non-linear wave guides.

(a)Spectrum of a two-photon state, £ = (E — 2wko)|f|/x2, with total momentum
2k° in awave-guide with quadratic dispersion (4.3.1) for # < 0,x > 0 (left) and
S > 0,k < 0 (right).Solid line corresponds to the continuous spectrum,while the
single eigenvalue corresponding to the entangled state is shown by dashed
line.(b)Wigner function of the two-photon entangled state. It takes negative
values,which is a hallmark of non-Gaussian entangled states.

(A) To demonstrate the principle of position-momentum entanglement of
photons in Kerr-nonlinear systems, we, first, consider the entangled photon pairs in
non-linear optical wave-guides. Classically, Kerr nonlinearity in an isotopic medium
manifests itself in the third-order polarisation
PO® = yO[EDEOED + o(ED-E®)EO], where "+ and ”-” correspond to
positive and negative frequency parts, E is electric field, y® is the susceptibility of
the medium y®= y$) , a = x$,/(2x®). Quantizing electromagnetic field,
integrating over transverse degrees of freedom, and neglecting magneto-optical
effects (a« = 0) leading to entanglement over polarization degrees of freedom, one
obtains the following Hamiltonian (4 =c¢ = 1):

H = Ho + Hiu,Ho = Y, kokay, ax,

+ (4.4.4)
Hi = % Zkl,kz,ks,k4 5(](1 + k25k3 + k4)ak4 a};} Ay Ay >

where a,(a} ) is the annihilation (creation) operator of a photon with longitudinal
momentum k and energy wy, L is the length of the system. The non-linear term H;,,
in Eq. (4.3.4) describes photon-photon interaction with coupling x = 7w?y®/2n}Ae,,
where n, is refraction index, 4 is the area occupied by the wave-guide mode and
€ is the vacuum permittivity. Hamiltonian (4.3.4) can be diagonalized exactly in the
case of A@w o Jk>. We consider a sector of the Hilbert space,which consists of
allt he two-photon states with the total pair momentum 24, and assume the
effective mass approximation for th ewave-guide dispersion given by Eq. (4.3.1). In
the coordinate domain, a, = 1/J/L Zk arexpli(k — ko)x],the Hamilton Eq. (4.3.4)
takes the form



H = J.dx(a)koa}ax —ivaloia, — %ﬁa}@%@ + % J'dxldxzailafm U(x1 — x2)ax,ax,, (4.4.5)

where U(x; —x2) = 2xd(x; — x2). For a two-photon state, described by the
wave-function

| v) = Idxldxzf(xl,xz)ailajdo),
one obtains the following Schrédinger equation:
2wk, — iv(Ox, + Ox,) — %ﬂ(@%l +02) + 260(x1 —x2)flx1,x2) = Efix1,x2),  (4.4.6)

where E is the energy of a two-photon state. Equation (4.4.6) has scattering state
solutions, which correspond to the continuous spectrum of non-interacting photons
with energies given by Eq. (4.4.2) (See Fig.4.4.1(a)). When the curvature of the
wave-guide dispersion 3 and the photonphoton coupling constant k are of opposite
signs, S« < 0, there exists a bound state solution with

feera) = |5 ewpl-n =2l & = 8 (4.4.7)

The energy of this state is split from the continuum of weakly correlated
scattering states, as we show in Fig. 4.4.1(a), and it is given by
Ey = 20)ko - Kz/ﬁ, (4.4.8)

as expected from binding of a one-dimensional massive particle to an attractive
o-functional potential well [30]. In the momentum domain, the two-photon bound
state wave-function is given by Eq. (4.4.3) with
ﬂk i ) 853/2

L VAL - k)t + 48]

The state (4.4.9) can be characterised by the Wigner function defined as the
expectation value

(4.4.9)

Wi, kix2,k2) = a2, k1) ® (2, k2)|y)
of the parity operator
T(x, k) = [die™ay, J0X0lai.

After straightforward calculations, one obtains
£27280%
212 (0k? + &2)

where dx = x; —x,. This function is negative for

cos(20k|ox|) + (&/ok) sin(20k|ox|) < 0, as shown in Fig. 4.4.1(b), which implies that
the state (4.4.9) is entangled in position-momentum degrees of freedom. Moreover,
for & - oo, the two-photon wave-function approaches the ideal
Einstein-Podolsky-Rosen state in which position and momenta are perfectly (anti-)
correlated:

W, ki3 x2, k) = cos(20Kx]) + 5—isin(25k|5x|)5(k1 +k2;2ko), (4.4.10)

| y) = j (k) ko + Sk, ko — Ok) = j dxe?*or|x, x),

Alternatively, to demonstrate that the state (4.4.9) is entangled in



position-momentum degrees of freedom, one can find the uncertainties A(x; — x»)
and A(k, + k,) calculated over the joint probability distributions P(x;,x,) and
P(k1, k) respectively, for which, the separability criterion:

[AGe2 —xD)]*[AGk + B)]* > 1,

can be applied. Although, the states for which the inequality (4.4.11) is violated are
inseparable, they do not necessarily lead to EPR paradox. In order for an EPR
"paradox" to arise, correlations must violate a more strict inequality []:

[AGx2 — x1)]?[Alks + k)]? > 1/4,
which can be accessible experimentally [].

IV.5.Position-momentum entangled photon pairs
and the experimental verification of the postulate of

nonlocality.

In paper [23] is reported on a demonstration of the EPR paradox using position-
and momentum-entangled photon pairs produced by spontaneous parametric down
conversion. Transverse correlations from parametric down conversion have been
studied both theoretically and experimentally. It was find experimentally that the
position and momentum correlations are strong enough to allow the position or
momentum of a photon to be inferred from that of its partner with a product of
variances < 0.01%42, which violates the separability bound by 2 orders of magnitude.
In the idealized entangled state proposed by EPR, the positions and momenta of
the two particles are perfectly correlated.However such idealized entangled state is
non-normalizable and cannot be realized inthe laboratory. However,the state of the
light produced in parametric down conversion can be made to approximate the
EPR state under suitable conditions. In parametric down conversion, a pump
photon is absorbed by a nonlinear medium and reemitted as two photons
(conventionally called signal and idler photons), each with approximately half the
energy of the pump photon. Considering only the transverse components, the
momentum conservation of the down conversion process requires p, +p, =p,,
where 1,2, and p refer to the signal, idler, and pump photons, respectively.
Provided the uncertainty in the pump transverse momentum is small, the
transverse momenta of the signal and idler photons are highly anticorrelated. The
exact degree of correlation depends on the structure of the signal idler state. In the
regime of weak generation, this state has the form

W), = [vac) + [ dp,dp,A(p,.p,)Ip,.p,).

where |vac> denotes the vacuum state and the two-photon amplitude A(p,,p,) is

exp(iAk.L) — 1
A(y,p2) = XEx(py.p2) il Ak ) )

Here is the coefficient of the nonlinear interaction, £, is the amplitude of the

(4.4.11)

(4.4.12)

(4.5.1)

(4.5.2)



plane-wave component of the pump with transverse momentum pp», L is the
length of the nonlinear medium, and Ak. =k, — ki — k2. (Where k = p/ %) is the
longitudinal wave vector mismatch,which generally increases with transverse
momentum and limits the angular spread of signal and idler photons. The vacuum
component of the state makes no contribution to photon counting measurements
and may be ignored. Also, there is no inherent difference between different
transverse components; so without loss of generality, we consider scalar position
and momentum. The narrower the angular spectrum of the pump field and the
wider the angular spectrum of the generated light, the more closely the integral

(4.4.1) approximates Idpldp25(p1 +p2)|p1,p2) = |[EPR) and the stronger the

correlations in position and momentum become. The experimental setup used to
determine position and momentum correlations is portrayed in Fig. 4.5.1(a)-(b).The
idea is to measure the positions and momenta by measuring the down converted
photons in the near and far fields, respectively [34]. The source of entangled
photons is spontaneous parametric down conversion generated by pumping a 2
mm thick type-Il -barium-borate (BBO) crystal with a 30 mW, cw, 390 nm laser
beam. A prism separates the pump light from the down converted light. The signal
and idler photons have orthogonal polarizations and are separated by a polarizing
beam splitter. In each arm, the light passes through a narrow 40 m vertical slit, a 10
nm spectral filter, and a microscope objective.The objective focuses the transmitted
light onto a multimode fiber which is coupled to an avalanche photodiode
single-photon counting module. The spectral filter ensures that only
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Fig.4.4.1(a) [23]. Experimental setup for Fig.4.4.1(b) [23].Experimental setup for

measuring position photon correlations. measuring correlations in transverse
Position correlations are obtained by momentum.Correlations in transverse
imaging the birth place of each photon momentum are obtained by imaging the
of a pair onto a separate detector. the propagation direction of each photon

of a pair onto a separate detector.

photons with nearlyequalenergies are detected. To measure correlations in the
positions of the photons, a lens of focal length 100 mm (placed prior to the beam
splitter) is used to image the exit face of the crystal onto the planes of the two slits
[Fig. 4.4.1(a)]. One slit is fixed at the location of peak signal intensity.The other slit



is mounted on a translation stage.The photon coincidence rate is then recorded as
a function of the displacement of the second slit. To measure correlations in the
transverse momenta of the photons, the imaging lens is replaced by two lenses of
focal length 100 mm, one in each arm, a distance f'from the planes of the two slits
[Fig.4.5.1(b)].These lenses map transverse momenta to transverse positions, such
that a photon with transverse momentum %k, comes to a focus at the point x = fk,/k
in the plane of the slit. Again, one slit is fixed at the location of the peak count rate
while the other is translated to obtain the coincidence distribution. By normalizing
the coincidence distributions, the conditional probability density functions p(xz|x;)
and p(p2|p1) was obtained (see Fig. 4.5.2-Fig. 4.5.3). These probability densities
are then used to calculate the uncertainty in the inferred position or momentum of
photon 2 given the position or momentum of photon 1:

Ax3(x1) = J‘xzﬂa(xﬂxl)dxz - (J‘xzp(xz|x1)dx2)2,

Ap3(p1) = J.ng(l?zlpl)dxz - (Jpzp(p2|p1)dX2)2.

Because of the finite width of the slits, the raw data in Fig. 4.5.2-Fig.4.5.3 describe
a slightly broader distribution than is associated with the down conversion process
itself. By adjusting the computed values of Ax, and Ap» to account for this
broadening (an adjustment smaller than 10%), we obtainthe correlation

(4.5.3)

uncertainties Ax, = 0.027 mm and Ap, == 3.7amm™!,
40 T T r 40 T
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Fig.4.5.2.[23]. The conditional probability Fig.4.5.3.[23].The conditional probability

distribution of the relative birthplace distribution of the relative transverse
of the entangled photons.The solid momentum of the entangled photons.
line are the theoretical prediction and The solid line are the theoretical

the dot are the experimental data. prediction and the dot are the

experimental data.

The widths of the distributions determine the uncertainties in inferring the position
or the momentum of one photon from that of the other. The experimentally
measured variance product is then [23]



[A*Px3(x1)][A*Pp3(p1)] = 0.017%,

Also shown in Fig.4.5.2-Fig.4.5.3 are the predicted probability densities. These
curves contain no free parameters and are obtained directly from the two-photon
amplitude A(p1,p2) [23], which is determined by the optical properties of BBO and
the measured profile of the pump beam. Figure 4.5.2 indicates that the correlation
widths was obtained are intrinsic to the down conversion process and are limited
only by the degree to which it deviates from the idealized EPR state (4.5.1).The
value of A(p, + p1) is limited by the finite width of the pump beam. The pump
photons in a Gaussian beam of width w have an uncertainty 7/2w in transverse
momentum which, due to conservation of momentum, is imparted to the total
momentum p, + p, of the signal and idler photons. The value of A(x, — x) is limited
by the range of angles over which the crystal generates signal and idler photons. If
the angular width of emission is A¢,then the principle of diffraction indicates that the
photons cannot have a smaller transverse dimension than ~(k,;A¢)". Careful
analysis based on the angular distribution of emission yields

A(xz —x1) = 1.88(k,A¢) ™" [23].With the measured beam width of w = 0. 17mm and
predicted angular width 0.012 rad, the theory predicts [23]:

[A"x3(x1)][A"p3(p1)] = 0.003677.

Remark 4.5.1.This is somewhat smaller than the experimentally calculated
value of 0.01#?2,
even though the data appear to closely match the theoretical curves.

APx3(x1)A®Pp3(p1) — AMx3(x1)AMp3(p1) = 0.017% — 0.00367% = 0.00647%4>.

Remark 4.5.2.The reason for this discrepancy is that the experimental
distributions have

small (1% of the peak) but very broad wings.

Remark 4.5.3.The origin of this uncoincidence counts is unknown [23].

Remark 4.5.4.1n paper [23] it was assumed that this counts are perhaps due to
scattering

from optical components. If these counts are treated as a noise background and

subtracted, the experimentally obtained uncertainties come into somewhat
better

agreement with the theoretically predicted values, yielding an uncertainty
product of

0.004%42:

SEPRC (x2 —x1,p2 + p1) = APx3(x1)APp3(p1) — AMx3(x1)AMp3(p1) = 0.0064>.
Thus final value of uncoincidence counts is
5%‘{;‘1{00()62 —X1,p2+p1) = 0.00672.

Remark 4.5.5.Note that the separability criterion derived by Mancini et al. [35] is
more

useful here. We remind that it states that separable systems satisfy the joint
uncertainty product

(4.5.4)

(4.5.5)

(4.5.6)

(4.5.7)

(4.5.8)



A(xs —x1)Apa + p1) > #2,

where the uncertainties are calculated over the joint probability distributions
P(X1,X2)

and P(pi1,p2), respectively.

In this experiments the widths of the conditional probability distributions P

Therefore our results constitute a 2-order-of-magnitude violation of Mancini’s
separability

criterion as well as a strong violation of EPR’s criterion.

IV.6.EPR-B experiment

The EPR-B, the spin version of the Einstein-Podolsky-Rosen experiment
proposed by Bohm, see [63],[64]

[64]:"We consider a molecule of total spin zero consisting of two atoms, each of
spin one-half. The wave function of the system is therefore

S _
V=5 [v+(Dy-2) —y-(Dy+(2)]

where y (1) refers to the wave function of the atomic state in which one particle (A)
has spin +#4/2, etc. The two atoms are then separated by a method that does not
influence the total spin. After they have separated enough so that they cease to
interact, any desired component of the spin of the first particle (A) is measured.
Then, because the total spin is still zero, it can immediately be concluded that the
same component of the spin of the other particle (B) is opposite to that of A.

If this were a classical system, there would be no difficulty in interpreting the
above results, because all components of the spin of each particle are well defined
at each instant of time. Thus, in the molecule, each component of the spin of
particle A has, from the very beginning, a value opposite to that of the same
component of B; and this relationship does not change when the atom
disintegrates. In other words, the two spin vectors are correlated. Hence, the
measurement of any component of the spin of A permits us to conclude also that
the same component of B is opposite in value. The possibility of obtaining
knowledge of the spin of particle B in this way evidently does not imply any
interaction of the apparatus with particle B or any interaction between A and
B.

In quantum theory, a difficulty arises, in the interpretation of the above
experiment, because only one component of the spin of each particle can have a
definite value at a given time. Thus, if the x component is definite, then the y and =z
components are indeterminate and we may regard them more or less as in a kind
of random fluctuation.

(4.5.9)

(

)



In spite of the effective fluctuation described above, however, the quantum
theory still implies that no matter which component of the spin of A may be
measured the same component of the spin of B will have a definite and opposite
value when the measurement is over. Of course, the wave function then reduces to
vi(w_(2) or w_(1)w.(2), in accordance with the result of the measurement.
Hence, there will then be no correlations between the remaining components of the
spins of the two atoms. Nevertheless, before the measurement has taken place
(even while the atoms are still in flight) we are free to choose any direction as the
one in which the spin of particle A (and therefore of particle B) will become definite.

In order to bring out the difficulty of interpreting the result, let us recall that
originally, the indeterminacy principle was regarded as representing the effects of
the disturbance of the observed system by the indivisible quanta connecting it with
the measuring apparatus. This interpretation leads to no serious difhculties for the
case of a single particle. For example, we could say that on measuring the z
component of the spin of particle A, we disturb the x and y components and make
them fluctuate. This point of view more generally implies that the definiteness of
any desired component of the spin is (along with the indefiniteness of the other two
components) a potentiality’ which can be realized with the aid of a suitably oriented
spinmeasuring apparatus.

In the case of complementary pairs of continuous variables, such as position
and momentum, one obtains from this point of view the well known wave-particle
duality. In other words, the electron, for example, has potentialities for mutually
incompatible wave-like and particle-like behavior, which are realized under suitable
external conditions. In the laboratory those conditions are generally determined by
the measuring apparatus although, more generally, they may be determined by any
arrangement of matter with which the electron interacts. But in any case, it is
essential that there must be an external interaction, which disturbs the observed
system in such a way as to bring about the realization of one of its various mutually
incompatible potentialities. As a result of this disturbance, when any one variable is
made definite, other (hnoncommuting) variables must necessarily become indefinite
and undergo fluctuation".

Evidently, the foregoing interpretation is not satisfactory when applied to the
experiment of ERP. It is of course acceptable for particle A alone (the particle
whose spin is measured directly). But it does not explain why particle B (which
does not interact with A or with the measuring apparatus) realizes its potentiality for
a definite spin in precisely the same direction as that of A. Moreover, it cannot
explain the fluctuations of the other two components of the spin of particle B as the
result of disturbances due to the measuring apparatus.

In this subsection we explain EPR-B experiment using reduction to an sort of
generic EPR correlations for two particles A and B with maximally correlated
position z4 and zz. This explanation avoid the EPR-Bohm paradox.



Fig.4.5.1.Einstein-Podolsky-Rosen-Bohm experiment.

Figure 4.5.1 presents the Einstein-Podolsky-Rosen-Bohm experiment. A source
S created in O pairs of identical atoms A and B, but with opposite spins. The atoms
A and B split following the y-axis in opposite directions, and head towards two
identical Stern-Gerlach apparatus Ex and Eg. The electromagnet E, "measures”
the spin of A along the z-axis and the electromagnet Eg "measures" the spin of B
along the z'-axis, which is obtained after a rotation of an angle & around the y-axis.

Remark 4.5.1.So far we have consistently made use of the idea that if we know
something definite about the state of a such physical system, say that we know the
z component of the spin of a spin half particle is S. = i%h, then we assign to the
system the state |S.) = |£1-4), or, more simply, |+).

Remark 4.5.2. We can also note that these two states |+) and |-) are mutually
exclusive, i.e. if atom in the state |+), then the result S. = —1-7i is never observed,

and furthermore, we note that the two states |+) and |-) cover all possible values for
S-.

Remark 4.5.3. When we say that we ‘know’ the value of some physical
observable of a quantum system, we are presumably implying that some kind of
measurement has been made that provided us with this knowledge. It is
furthermore assumed that in the process of acquiring this knowledge, the system,
after the measurement has been performed, survives the measurement, and
moreover if we were to immediately remeasure the same quantity, we would get
the same result. This is certainly the situation with the measurement of spin in a
Stern-Gerlach experiment. If an atom emerges from one such set of apparatus in a
beam that indicates that S, = %h for that atom, and we were to pass the atom
through a second apparatus, also with its magnetic field oriented in the z direction,
we would find the atom emerging in the §. = %fz beam once again. Under such
circumstances, we would be justified in saying that the atom has been prepared in
the state |S. = 17),etc.

Definition 4.5.1. Assume that atom A has been prepared in the state
|S. = $1h),

|S- = —L7),etc. Then we will say that these events |S. = L7),

occurs. We will be denoted these events by symbols |SZ = %fz)A,

S, = —%fz);etc.
S. =—3h)"etc,




or |%h>A, —%h>A,etc.
Definition 4.5.2. Assume that we know exactly that atom A in the state
| +-7), |-3-1), etc.
Then we will say that these events | L71),

——h),etc. occurs and we will be
—Lny* etc.
Definition 4.5.3. Assume that these events |%h)A, —%h)A,etc. occurs in point

x = (t,x1,x2,x3) = (t,r) € M4 of Minkowski spacetime M4. Then we will be
denoted these

events by symbols | 17)%,

denoted these events again by symbols |%h>A,

1 z\A 1 z0\A
—5h)_,etc. or |7h)(1A,ZA),

Assumption 4.5.1. We claim for any x € M, that:

A A
|%h>x € Fuy, |~5h)_ € Fuy,etc.

A

(taza)’

etc.

_%m

Here &, is a measure algebra &, = (By,,P) with a probability measure P,
see

subsection I1.2, Definition 2.2.2.

Remark 4.5.4. Note that for any x € M, and for any atom A these events

RO 0N
are mutually exclusive, see Remark 4.5.2, and therefore for any x € M4

A A
Pl Al=my) = o

Remark 4.5.5. We remind that if an atom is prepared in an arbitrary initial state
1S, then

the probability amplitude of finding it in some other state |S') is given by

(S'18) = (S'HXHS) + (S'I-X=1S)
which leads, by the cancellation trick to
|S) = F)XHIS) + [=){=1S)

and therefore the states |+) form a complete set of orthonormal basis states for the
state space of the system.

Suppose we have an n-dimensional quantum system which contains only a
quantum observable with discrete values such as S., etc.

I.Then we claim the following:

Qq.1.1. Any given n-dimensional quantum system which contains only a
guantum observable with discrete values such that mentioned above is identified
by a set Q,:

Q, = (Hq, T4, Ra, £91,Ga, [y:))

where:

(i) Hq that is some finite-dimensional complex Hilbert space,

(i) 34 = (Qa,F a,Pa) that is complete probability space,

(iii) Rq = (R",Z4) that is measurable space ,

(iv) £9,(Qq) that is complete space of discrete random variables X4 : Qq - R”

4.5.1)

(4.5.2)

(4.5.3)

(4.5.4)

(4.5.5)



such that

[ Ixa@)lldPa < o0, [ IXa(@)]|%dPq < o0
Qd Qd

(V) Ga : Hq — £21(Qq) that is one to one correspondence such that

Wialv) = [ (Ga[ Qulw) (@) )P4 = Ea,(Ga[ Oalv) |(@))

Qq
for any |y) € Hq and for any Hermitian operator with discrete spectrum
N\
Qd . Hd g Hd,
(vi) |y, is an continuous vector function |y;) : R, — Hq4 which represented the
evolution of the quantum system Q,.

Qq.1.2. Forany |y:1),|y2) € Hq and for any Hermitian operator @d : Hq - Hq

such that
(1 [0ufve) = (oo foufo) o
valid the equality
N\ N\ N\
Ga| Ogw1) +1w2)) (@) = G| Duly1) |(@) + Ga| Dylw2) |(@).
Remark 4.5.6. Let S-"(w) and S- (w) be discrete random variables

S Qg - {1,-1),
S: : Qg —» {-1,1} correspondingly such that:

(i) S5 (@) = G[[+)], (i) Pa(AT") = 1,where AT 2 {w|5;(co) = 1},
(iii) Pa(AT") = 0,where AT 2 {a)|Sz+(a)) - -1}
and
(i) Sz () = G[|-)], (ii) Pa(A=") = 1,where A=! £ {a)|S;(a)) = _1},

(iii) Pa(A="") = 0,where A=+ £ {a)|Sz_(a)) - 1}.

Let Q, be any n-dimensional quantum system which contains only a quantum
observable with continuous values. We remind that such quantum system is
identified by a set Q

Q = (H,3,R,£21,G,|y1)),
see subsection [.7.1.

Definition 4.5.4. We define now a composite quantum system Q_, which
contains both sort of quantum observables by a set Q_4

Qc’d é <Hc,d7 SC,da S]:{C,d:o I;fll’ Gc,da |l//t>>

where:
(i) Hea = He x Hq that is composite complex Hilbert space,
(i) Sca = (Qca,F ca,Pa) that is complete probability space,

(4.5.6)

(4.5.7)

(4.5.8)

(4.5.9)

(4.5.10)

(4.5.11)

(4.5.12)



with

Qc,d = Qc X Qdagjc,d = ((Fc X ((Fda SRc,d = SRc X ERda<£§:(1l = 5,1 X cfg,la(;c,d = Gc X Gda
(i) Rea = (R", 2. q) that is measurable space with .4 = X, x 24,
(iv) ;ng‘f(Qd) that is complete space of random variables X.q4 : Qcqa — R” such

that
"‘Qc,d

(V) Gea : Hea ~ ;651‘1‘(9‘,) that is one to one correspondence such that

Wi0ealv) = |

[ Xea(@)||dPe xdPg < oo, J.Q [ Xea(®@) || *dPe xdPq < 0,0 € Qcq
c,d

C,

IV.6.EPR-B paradox resolution

The usual conclusion of EPR-B experiment is to reject the non-local realism for
two reasons: the impossibility of decomposing a pair of entangled atoms into two
states, one for each atom, and the impossibility of interaction faster than the speed
of light.

Remark.4.6.1.We find that the EPRB-paradox can be resolved by nonprincipal
and convenient relaxing of the Einstein’s locality principle. That is the "relaxed
locality principle" introduced in subsection 1V.1.

Remark 4.6.2.The solution to the entangled state is obtained by resolving the
Pauli

equation from an initial singlet wave function with a spatial extension as [55]:

Wolrars) = Z=frfies)(+a) @ l=5) =4 ) ® [+2 ),
Remark 4.6.2.The initial wave function of the entangled state is the singlet state
(4.6.1)
with
) x2+y?+22
M) =< Qued)te 400 iff|r| <e
0iff [[r| > €
r =(x,,2z),00 < l,e < 1

and where |+, ) and |t ) are the eigenvectors of the operators 5., and o, :
Ozlta ) = HEa ) 020Es ) = t+5 ).

Remark 4.6.3.We treat the dependence with y strictly quasiclassically as in
subsection Ill.4,i.e. with speed —vi.(vo,07) for A and v2(vo,6§) for B such that

(4.5.13)

d (Gc,d[@c,dlwﬂ(w))dm xdPg = Eq, (Gc,d[@c,d\w}(w)) (4.5.14)

(4.6.1)

(4.6.2)

(4.6.3)



P{|y+v‘y‘1i(vo,061)t| < e} =1,
P{| y+vik(vo,00)t| > €} =0,

P{|y—vE(vo.00)| <€} =1, (4.6.4)
P{| y=vE(vo,05)t| > €y =0,
ex 1,

where

A A _ ot B By _
Vyi(VOaGO) - nggVO,Vyi(VO,Go) - ngg’VOa

0F ., 08

Mgy = €Os* ==, 1g, = sin’ =~ (4.6.5)
08 ., 08

Moy = 0052—20 Mgs = sm2—2O .

The wave function W(r4,rz,?) of the two identical particles A and B, electrically
neutral and with magnetic moments u, subject to magnetic fields E, and Eg,
admits on the basis of |+, ) and |+ ) four components W*’(r4,r3,t) and satisfies the
two-body Pauli equation

a,b
O (2 I Yty 4 uBE (02950 1) + pBE @) [974(1) (4.6.6)
with the initial conditions:

ih

Wab(0,r4,15) = Vel (ra,rs), (4.6.7)

where W&’ (r4,r5) corresponds to the singlet state (4.6.1).To obtain an explicit
solution of the EPR-B experiment, we take the numerical values of the
Stern-Gerlach experiment, see subsection I11.4

Below we explain the EPR-B experiment by using nonlocal two-body Pauli
equation

ot 2m
+uB;* (0)) 8V b (1,1, x 4,1 5) + B (0)§¥ (1,1, x 4,x5) | = O(h®),

#a,b !
jdrAdrBjdt[—ih OVt rars) | (— 2’; Ay — 12 AB)\P#asb(z, £.r4,rs)
(4.6.8)

drA = dxAdyAzA,drB = dedyBZB
with a boundary condition
j‘dl'Adl‘BZA(l‘l)|lI’#(fl,l‘/,l‘A,l‘B)|2 = —j‘dl'Adl‘BZB(l‘z)H’#(fz,l‘/,l‘A,I‘B)|2. (4.6.9)

One of the difficulties of the canonical interpretation of the EPR-B experiment is the
existence of two simultaneous measurements.By doing these measurements one
after the other, the interpretation of the experiment will be facilitated. That is the
purpose of the two-step version of the experiment EPR-B studied below.

A. First step EPR-B: Spin measurement of A

Consider that at time 7, the particle A arrives at the entrance of electromagnet
Ea.



Remark 4.6.5. We assume that a particle A collapses in a magnetic field E, at
some instant ¢’ into two particles A, and A_ ,i.e. the spinor ¥(z,y,¢) collapses in a
magnetic field E, at some instant ' into two spinors ¥, (z,y,t,¢,8) and ¥Y_(z,y,1,t',5)
given by Eq.(3.4.9.a)-Eq.(3.4.9.b), see Assumption 3.4.1.

Remark 4.6.6. The particles A, and A_ stays within the magnetic field for a

time A < At = é,—ol
Thus after exit of the magnetic field E,, at time ¢, = ¢, + Af + ¢, the wave
functions Y. (z,y,to + At + t,0) and Y_(z,y,ty + At + t,0) becomes

W (ra,re to+At+1) = firg ) x (f*(ra,Dl+a)® |-8)) (4.6.10.a)

and

W (ra,re..to+At+1) = fire) x (f~(ra,dl-a) ® [+8)) (4.6.10.b)

respectively, with

f*(r,t) = cos %ﬂx,z—zA — ut) exp[i( m;;tz + (p*(t)) :|

0 (4.6.11)
f7(r,f) = sin =2 f(x,z + z, + ut) exp|:i(—M + go*(t)) :|
2 h
where z, and u are given by
~usBy(AD? _ usBy(Ar)
T 10°m, u=-"——7— = lmls. (4.6.12)

Remark 4.6.7. We deduce that: the beam of particle A is divided into two
A, and A_ , and the beam of particle B is divided into two B, and B_ .

Remark 4.6.8. Our first conclusion is: the position of B, and B_ does not

depend on the spin measurement of A, and A_, only the spins are involved. We
conclude from equation (4.6.10) that the spins of A, and B_ (A_ and B, )remain

opposite throughout the experiment. These are the two properties used in the
relaxed causal interpretation.

Remark 4.6.9. By "relaxed locality principle" and decoherence it follows that the
interection between A.,A_ B,,and B_ is absens, we assume the existance of wave
functions

Wor(ra,, 007,007, ¥o (ra,, 00,00 ), Po (re, 007, 00), Yo (15,00 .06 ). (4.6.13)
B. Second step EPR-B: Spin measurement of B

The second step is a continuation of the first and corresponds to the EPR-B
experiment broken down into two steps. On a pairs of particles A,,B_and A_,B.

in a singlet state, first we made a Stern and Gerlach measurement on the A.and
A_atom at instant ¢, between ¢y and ¢y + At + tp :

to <t <tog+ At+1ip. (4.6.14)
Secondly, we make a Stern and Gerlach measurement on the B, and B_ atom with



an electromagnet Eg forming an angle § with E, at instant ¢, between ¢y + Af + tp
and 1o+ 2(At+ tp) :

to+ At+1tp <ty <typ+2(At+1p) (4.6.15)

At the exit of magnetic field E4, at time ¢y + At + ¢p, the pair of particles wave
functions is given by Eq.(4.6.10.a) and Eq.(4.6.10.b) respectively.Immediately after
the measurements of A, and A_, still at time ¢y + At + ¢p, the wave functions of B,
and B_ depends on the measurements + of A respectively such that:

We_sa(re_,to + At+ 1) = f{re )-8 ), (4.6.16.a)
and
W, -a(re,,to + At +t1) = f{re.)+B ). (4.6.16.b)

Then, the measurement of B, and B_ at time 1, > o + 2(At + tp) yields, in this
two-step version of the EPR-B experiment, the same results for spatial quantization
and correlations of spins as in the EPR-B experiment.

Resolution of the EPR-B experiment in de Broglie-Bohm
interpretation by the "relaxed locality principle"

We assume, at the creation of the two entangled particles A and B, that each of

the two particles A and B has an initial wave function with opposite spins:

A

A
Wi(ra, 08, 0) zf(rA)(cos 970|+A ) + sin eToei¢3|—A )) (4.6.17)

and
08 08 &
¥ (rs, 08, 08) =f(r3)(cos = +5 ) + sin =] >) =
04 04 (oA
ﬂrg)[cos(% _ 7°)\+B " sin(% _ 70>ez<%-n>,_3 >} _ (4.6.18)
B B B : 661 061 jpA
Wi (rs,00,90) = flrs) (Sln = |t5 )+ cos —-e¥0|—p >)

with 08 = = — 04 and ¢8 = ¢{ — n, see Remark 4.6.4. The two particles A and B are
statistically prepared as in the Stern and Gerlach experiment. Then the Pauli
principle tells us that the two-body wave function must be antisymmetric; after
calculation we find the same singlet state (4.6.1):
o(ra, 04,02, rp,08%,08) = e fra)flrg) x (44 )@ -8 )~ [-a) ® |+8)).  (4.6.19)

Thus, we can consider that the singlet wave function is the wave function of a
family of two fermions A and B with opposite spins: the direction of initial spin A
and B exists, but is not known. It is a local hidden variable which is therefore
necessary to add in the initial conditions of the model.

Here, we assume that at the initial time we know the spin of each particle (given
by each initial wave function) and the initial position of each particle.

Step 1: spin measurement of A in de Broglie-Bohm interpretation

In the equation (4.6.19) particle A can be considered independent of B. We can
therefore give it the wave function



y y
WA(ry,to + At+1) = cos 97°f+(rA,t)|+A ) + sin eToei‘ng‘(rA,t)l—A ) (4.6.20)

which is the wave function of a free particle in a Stern Gerlach apparatus and
whose initial spin is given by (04, ¢#). For an initial polarization (64, ¢¢) and an
initial position z{, we obtain, in the de Broglie-Bohm interpretation [63] of the Stern
and Gerlach experiment, an evolution of the position z4. (¢) and of the spin
orientation of A.,04:(z4.(¢),1), see [65].
The case of particles B. is different. B follows a rectilinear trajectories with
va.(£) = vi(vo,00)t, zs.(t) = z§ and x,(¢) = x§. By contrast, the orientation of its
spin moves with the orientation of the spin of A.:
08+ (1) = m — 02+ (2a.(2),1) (4.6.21)
and
OB (1) = 2 (za.(0),0) — . (4.6.22)
Remark 4.6.10. Let AL (z,ra,(2),0%(za,(2),1), p**(z4,(2),2)) denote events such
that: "at instant ¢ particle A. obtain the position coordinates
ra. () = {xa.(0),va.(1),za, ()} and spin orientation 04:(r) = 02(z4,(¢),7) and
eA:(f) = @A (za,(2),1). Let B(z,rp-(¢),08%% (zB-(2), 1)) denote events such that: "at
instant ¢ particle Bz obtain the position coordinates rg. (¢) = {xg.(¢),ys.(t),z8.(?)}
and spin orientation 08+ = 08+ (zg.(¢),7) and @B+ (zp.(¢),£). Then in accordance with
the relaxed principle of locality (see subsection 1V.1) we assume that

{AL(t1,ra.(1),0%,0%(0),B=(t,rp.(1),0% (1)), 0% ()} |, €
e [Fl {tr,r1), (2, r2) 315 (4.6.23)

see subsection V.1, Definition 4.1.2. We can then associate the wave functions:

B 0% (1)
Vo (rp,,to + At+1t) = f{rp,)cos 3 [+5 ) (4.6.24)
and
B_ . 037(1‘) ; Bf(t)
Yo (rp_,to + At +t) = flrp )sin Te"/’ l—-5_) (4.6.25)

This wave functions is specific, because it depends upon initial conditions of A
(position and spin). The orientation of spin of the particles B. is driven by the
particles Az respectively through the singlet wave functions.

Step 2: Spin measurement of B= in de Broglie-Bohm
interpretation

(I) The prediction of the result of the spin measurement of Bz
under assumption of canonical postulate of locality

At the time 1o + At + tp, immediately after the measurement of A,



08+ (to + At + tp) = m or 0 in accordance with the value of 04:(z4,(¢), 1) and the wave
functions of B+ is given by Eq.(4.6.16.a) and Eq.(4.6.16.b) respectively. The frame
(Ox'yz") corresponds to the frame (Oxyz) after a rotation of an angle 6 around the
y-axis (see Fig.4.5.1). 05+ corresponds to the B=z-spin angle with the z-axis, and '3+
to the B-spin angle with the z'-axis, then 03 (zo + At + tp) = = + 5 or 8. In this
second step, we are exactly in the case of a particle in a simple Stern and Gerlach
experiment (with magnet Eg) with a specific initial polarization equal to = + 6 or 6
and not random like in step 1. Then, the measurement of B, at time ¢y + 2(Af + tp)),
gives, in this interpretation of the two-step version of the EPR-B experiment, the
same results as in the EPR-B experiment above, I11.4.1. Thus we obtain EPR-B
paradox again in de Broglie-Bohm interpretation.

Remark 4.6.11.Note that derivation EPR-B paradox in de Broglie-Bohm
interpretation completely based on canonical postulate of locality

Step 2: Spin measurement of Bx in de Broglie-Bohm
interpretation

(II) The prediction of the result of the spin measurement of Bz
under assumption of postulate of nonlocality

We assume now a weak or strong postulate of nonlocality,see subsection 1.9. At
the time ¢, = ¢ty + At + tp, immediately after the spin measurement of A,
05+(ty + At +tp) = m or 0 in accordance with the value of 04:(z 4, (¢),¢) and the wave
functions of B+ is given by Eq.(4.6.16.a) and Eq.(4.6.16.b) respectively.

Remark 4.6.12.In accordance with postulate of nonlocality it follows:

(i) Whenever a measurement of the spin of a particle A, is performed at instant
t1 and

particle A, is found in the state |)_, i.e., a state |y, ), collapses atinstant ¢, to
the state

1)..4, With respect of the Heisenberg spin uncertainty relations (1.9.5), then a
state |y, )g

immediately collapses at instant 7, to the state ||)_; with respect of the
Heisenberg spin

uncertainty relations (1.9.5), and this is true independent of the distance in
Minkovski

spacetime that separates the particles,e.g.,

collapse collapse

|Wt1>A+ - |T>Z,A+:>|V/11>B, - |l>z,B_ (4.6.26)

In accordance with Heisenberg spin uncertainty relations (1.9.5) spin of a
particle B_ obtain

an uncertainty along direction Oz’ (see Fig.4.5.1) and therefore EPR-B paradox
disappears.

(if) Whenever a measurement of the spin of a particle A is performed at instant



t1 and

particle A_is found in the state ||) , i.e., a state |y,,), collapses at instant ¢, to
the state

1) With respect of the Heisenberg spin uncertainty relations (1.9.5), then a

state |y, )y,
immediately collapses at instant 7, to the state |)_, with respect of the

Heisenberg

spin uncertainty relations (1.9.5), and this is true independent of the distance in
Minkovski

spacetime that separates the particles,e.g.,

collapse collapse
Veida = WD = Wads, = g (4.6.27)
In accordance with Heisenberg spin uncertainty relations (1.9.5) spin of a
particle B_ obtain
an uncertainty along direction Oz’ (see Fig.4.5.1) and therefore EPR-B paradox
disappears.

Physical explanation of non-local influences using the relaxed

principle of locality

From the wave function of two entangled particles, we find spins, trajectories
and also a wave function for each of the two particles. In this interpretation, the
guantum particle has a local position like a classical particle, but it has also a
non-local behavior through the wave function. So, it is the wave function that
creates the non classical properties. We can keep a view of a local realist world for
the particle, but we should add a non-local vision through the wave function. As we
saw in step 1, the non-local influences in the EPR-B experiment only concern the
spin orientation, not the motion of the particles themselves. Indeed only spins are
entangled in the wave function but not positions and motions like in the initial EPR
experiment. This is a key point in the search for a physical explanation of non-local
influences.

The simplest explanation of this non-local influence given above by using the
relaxed principle of locality (see subsection 1V.1)

Conclusion: A new quantum mechanical formalism based on the probability
representation of quantum states is proposed. This paper in particular deals with
the special case of the measurement problem, known as Schrodinger’s cat
paradox. We pointed out that Schrodinger’s cat demands to reconcile Born’s rule.
Using new quantum mechanical formalism we find the collapsed state of the
Schrédinger’s cat always shows definite and predictable outcomes even if cat also
consists of a superposition

|cat) = ci|live cat) + c2|death cat)

le1|* + ez = 1.



Using new quantum mechanical formalism the EPRB-paradox is considered
successfully. We find that the EPRB-paradox can be resolved by nonprincipal and
convenient relaxing of the Einstein’s locality principle.

Appendix. A.
The time-dependent Schrodinger equation governs the time evolution of a
quantum mechanical system is:
oY (x,t)
ot
The average, or expectation, value (x;) of an observable x; corresponding to a
quantum mechanical operator X, is given by:

ih - HY(x,1). 4. 1)

I xi|[W(x,,X0,t0; 1) |*d?x

Gt X, to; ) = 22 . (4.2)
[ 1. t.x0,00: ) Pax
Rd
i=1,...,d.

Remark A.1. We assume now that: the solution W(x,#,xo,%0;%) of the
time-dependent Schrédinger equation (A.1) has a good approximation by a delta
function such that

d
(X, 4, %0, t0; )| = | | Cxi = xi(t, %0, 20)),
1:[ (4.3)

xi(t,X0,t0) = Xi0,
i=1,...,d.

Remark A.2. Note that under conditions given by Eq.(A.3) QM-system which
governed by Schroédinger equation Eq.(A.1) completely evolve quasiclassically i.e.
estimating the position {xi(t,xo,to;h)}f:l at each instant ¢ with final error § gives
(e (2, X0, 203 1) — xi(8,X0,10)| < 8,i = 1,...,d with a probability



P{|(xi)(2,X0,205 1) — xi(t,X0,20)| < 6} = 1.
Thus from Eq.(A.2) and Eq.(A.3) we obtain

(xi)(t,Xo,t05 ) =~

d=1
[ xi T80 = xitt,x0,10))a% (4.4)
- Rd =1

= x;(t,X0,10).

a1
I H S(x; — xi(t, X0, t0))d%

R4 i=1
i=1,...,d

Thus under condition given by Eq.(A.3) one obtain

(xie)(t,X0,t0571) = xi(t,Xo0,10), (4.5)
i=1,....d

Remark A.3.Let V;(x,7,x0,%0),i = 1,2 be the solutions of the time-dependent
Schrodinger equation (A.1). We assume now that ®(x, #,x0,y,, %) is a linear
superposition such that

D(X,1,X0,¥,,t0) = c1V1(X,4,X0,20) + c2'P2(X,2,y,0). (4.6)
lc1)? +|c2)* = 1.

Then we obtain

|(D(x,t,xo,y0,to)|2 = (D(x,4,X0,¥¢,10)D*(X,1,X0,¥,%0)) =
= ([e1Y1(x,2,X0,%0) + c2P2(X, 1y, t0)]) %
X([eTWT(x,1,%0,%0) + 33 (X, 1,X0,¥¢,70)]) =
= le1 P (¥ 1(x, 1, x0,10)[*) + ciea(Wi(x,,X0) W2 (X, 1, 00)) +

le2 P (2%, 1,¥,.10)17) + c105(P1(X, £,X0) P53 (X, 1,¥ . 10)).

(4.7)



Definition A.1. Let (x)(z,x0,y,,%) be a vector-function

<X>(t5X0ayOat0) . [OaT] X [Rd X [Rd X [OaT] - [Rd

<X>(I’X0’y0’t0) = {<X1>(t, XO:YO5t0)5 cee ,<)Cd>(t,X0, yO’tO)}a

where

<xi>(taX0’y0’t0) = IXj|d)(X,t,X0,y0,t0)|2dd =
R4

= lerf? [ xi %1 (%1, %0, 10) P +

R4

Heal? [ xila(x,6y0,0) P +
R4

+cicr JXi‘PT(XJ,Xo,to)‘Pz(X,t,yo,fo)ddx+

R4

rere3 [ XWX X0,00) W (%, Y t0 ).
R4

Definition A.2. Let A(z,x0,Y,,%0) be a vector-function
A(t,X0,¥9,%0) : [0,T] x RY x R4 » R4
(A(tax()aymto)) = {61(t9X09y09t0)9---95d(taxoay07t0)}7

where

(4.8)

(4.9)

(4.10)



5[(t9X09y09t0) = 5[xi(t9X03y09t0)] =

= ctes j X PH(X, £, X0, £0) P (X, 1, Y g, £0 ) +
°, 4.11)

i j X1 (X, 1, X0, 00 ) B3 (X, £, Y g, 0 )dVx.
[Rd

Substituting Egs.(A.11) into Egs.(A.9) gives

<xi>(taxoay03t0) = IX[|®(X,$,X0,yO,f0)|2dd =
R4

= Jer? [ xi 1 (x, 1. %0, 10) P +

® (4.12)
+|C2|2 J. xil\PZ(X’ t5y05t0)|2ddx + 5i(t5X05y05t0) =
R4
= |12 (e )t X0, 20) + |e2 |2 ) (5, Yo t0) + 6i(2, X0, ¥ g5 20)-
Substitution equations (A.5) into equations (A.12) gives
(xi)(t,X0,¥9,%0) = in]Q(x,t,xo,yo,to)\zdd =
[Rd
(4.13)

= |Cl |2<Xi>(t,X0,to) + |02|2<xi>(t9y09t0) + 5i(taXanoatO)

= |cl |2xi(t7 X(),t()) + |cz|2xi(tay07t0) + 6i(t5X05yO,tO)'



Appendix. B.
The Schrodinger equation (2.1) in region I = {x|x < 0} has the folloving form

02 (x)

2
Ox?

+2mEY¥1(x) = 0. (B.1)

From Schrédinger equation (B.1) follows

0 0
h? j %dx+2mE j ¥y (x)dx = 0. (B.2)
Let ¥§(x) be a function
Yi(x) = p(x)¥i(x), (B.3)
where
p(x) = (mr2)™" exp(— X ) (B.4)
2r¢

see Eq.(2.9). Note that

COINE) 0 [y B0 g0 P10
o 2y 2D 4 g0 20D
(B.5)

8 \PI()C)

5 0¥i(x) O¢(x)

Z00)
25 B i)+ g5

Therefore substitution (B.2) into LHS of the Schrodinger equation (B.1) gives



0 0
2yt
h? j %dx+ 2mE j Wi (x)dx =

—00 —00

0 0
h? j wam 2Em j H(X)W1(x)dx =

—00 —00

0 0
o2 [ P ) g [y 2D g

—0

0
J. P(x ){hz o ‘;’12(36) +2Em J. ‘Pl(x)}dx.

—00

Note that

0
j e ){fﬂ CHD s 2m | ‘Pl(x)}dx “0

—00

Therefore from Eq.(B.6) and Eq.(2.3)-Eq.(2.4) one obtains

0>}
h? I T(x)dx+ 2mE I Wi (x)dx =

—00 —00

0 0
h? j %dﬁ 2Em j H(X)W1(x)dx =

—00 —00

oV (x) 8¢(x)
ox

2h2j dx +h2j‘1’(x)82¢( ) dx.

I

From Eq.(B.6) one obtains

(B.6)

(B.7)

(B.8)



0p(x) _ , H\-14 & x| 14 x2
o (mrs) i exp 2 = —(mr?)” "r2xexp 2r§ ,

02 2

+(rr2) xzexp|:— szz :|
rc

From Eq.(B.9) and Eq.(2.3)-Eq.(2.4) one obtains

o¥i(x) 0g(x)
h2j ox ox d

—00

0
B2 J‘ O exp(ikx) exp[—i}dxz
2

()2 ) o

0
_ 2n2mEh Ixe’q’(i 2n2mE x) exp[_ X2 }dx
h b

(mr2) "2

27
k= P 2mE
and
0
52¢(X) h? , 2
2 X
h J"I’( ) ——= (nrﬁ)mr% Jexp(zkx)exp[ 57 :|dx+

0
h2 j X2 explik) eXp|:— ;22 :|dx.
rC

—o0

(B.9)

(B.10)

(B.11)



Appendix E. Calculating the spinor evolution in the

Stern-Gerlach experiment

In the magnetic field B = (B.,0,B.), the Pauli equation gives coupled
Schrédinger equations for each spinor component

ih aa I

Under transformation

2m

vaxz0) = exp(+ 2550 Ny .z

equation (E.1) becomes

ow 2
ih gf (,y,2,1) = —f—mvzwi(x,y,z, 1) F usBozv . (x.y,2,1)

Z‘UBB()t)
h

(E.3)
FippBoxy_(x,y,z,t) exp (ii

The coupling term oscillates rapidly with the Larmor frequency

o) = 2“‘,’% = 1,4 x 10571, Since |Bo|> |Byz| and |Bo|> |Byx|, the period of oscillation
is short compared to the motion of the wave function. Averaging over a period that
is long compared to the oscillation period, the coupling term vanishes, which entails

e > vy F v
ih azi (xX,p,2,1) = _Zh_mvzl//i(x,y,z, 1) F upBoz . (x,9,2,0).

The initial wave function ¥ (x,y,z) = y2(x,y,z) = y2(x)y )y l(z) with

_x
(2rod)"7e b if x| <8

yix) =
0if |x] >0
2y—L _:;_22 f <
o) = (2rog) ve *o if x| <o
0if x| >
4 2
vi(2) = < (2rc3) Te *b cos 9—2()€i(2_0 if x| <6
0(z) =
L 0if |x|] >0
- >
vz = < (2710%)‘%@ 45 { sin 9708_[(/]_20 if x| <6
L 0if |x] >0

allows a separation of variables x,y and z. Then we can compute explicitly the
preceding equations for ¢ € [0,Af]. We obtain: ¥ _(x,y,z,1) = ¥ (x, t)Wy(y, ny . (z,0)
with

2
l//ti (x’yaza t) = __Vzl//i(xay’za t) * ﬂB(BO - Bé)z)l//i(xayaza t) + iﬂBBé)xwi(xayaza t)-

(E.1)

(E.2)

(E.4)

(E.5)



_a? . 24242
7. (x,f) = 2no?) Te “F ex L[—ﬁtan‘l( ht >+ XNt :| ,
V. (x50 = (Qroi) p{ h| 2 2mo} 8mojo?
. P
V., (z,t) = y(z,t)cos 97°e170 and K = —uzBy, (E.6)

¥ (50 = yi(z0isin e’ and K = +uzBj,

2
2 _ <2 ht
(o —O_0+<2m0_0>

and
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