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Abstract

In this formalism the covariant derivative contains the four potentials associated with four

charges and thus leads the di�erent gauge strength for the particles containing electric, magnetic,

gravitational and Heavisidian charges. Quaternions representation in spontaneously symmetry

of breaking and Higg's mechanics and the equation of motion are derived for free particles (i.e.

electric, magnetic, gravitational and Heavisidian charges). The local gauge invariance in order

to explain the Yang-Mill's �eld equation and spontaneous symmetry breaking mechanism. The

quaternionic gauge theory of quantum electrodynamics has also been developed in presence of

electric, magnetic, gravitational and Heavisidian charges.
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1 Introduction

The asymmetry between electricity and magnetism became very clear at the end of 19th century

with the formulation of Maxwell's equations. Magnetic monopoles were advocated [1, 2] to sym-

metrize these equations in a manifest way that the mere existence of an isolated magnetic charge

implies the quantization of electric charge and accordingly the considerable literature [3]-[14] has

come in force. The fresh interests in this subject have been enhanced by 't Hooft [15] and Polyakov

[16] with the idea that the classical solutions having the properties of magnetic monopoles may be

found in Yang-Mill's gauge theories. Now it has become clear that monopoles are better understood

in grand uni�ed theories and supersymmetric gauge theories. Julia and Zee [17] extended the ' t

Hooft - Polyakov theory [15, 16] of monopoles and constructed the theory of non -Abelian dyons (par-

ticles carrying simultaneously electric and magnetic charges). The quantum mechanical excitation

of fundamental monopoles include dyons which are automatically arisen [18] from the semi-classical

quantization of global charge rotation degree of freedom of monopoles. In view of the explanation of

CP-violation in terms of non-zero vacuum angle of world [19], the monopoles are necessary dyons and

Dirac quantization condition permits dyons to have analogous electric charge. Renewed interests in
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the subject of monopole has gathered enormous potential importance in connection of quark con�ne-

ment problem [20] in quantum chromo dynamics, possible magnetic condensation [21, 22] of vacuum

leading to absolute color con�nement in QCD, its role as catalyst in proton decay [23, 24], CP-

violation [19], current grand uni�ed theories [25] and supersymmetric gauge theories [26, 27, 28, 29].

There has been a revival in the formulation of natural laws within the frame work of general quater-

nion algebra and basic physical equations. Quaternions [30] were very �rst example of hyper complex

numbers having the signi�cant impacts on Mathematics and Physics. Moreover, quaternions are al-

ready used in the context of special relativity [31], electrodynamics [32, 33], Maxwell's equation [34],

quantum mechanics [35, 36], gauge theories [37, 38], supersymmetry [39, 40] and other branches of

Physics [41] and Mathematics [42]. Symmetry plays the central role in determining its dynamical

structure. The Lagrangian exhibits invariance under SU(2) × U(1) gauge transformations for the

electroweak interactions. Since the imposition of local symmetry implies the existence of massless

vector particles [43], Higg's mechanism is used for the spontaneous breaking of gauge symmetry

to generate masses for the weak gauge bosons charged as well as neutral particle [44]. If these

features of the gauge theory are avoided, we obtain massive vector bosons and hence the gauge

symmetry must be broken. In the Higg's mechanism a larger symmetry is spontaneously broken

into a smaller symmetry through the vacuum expectation value of the Higg's �eld and accordingly

gauge bosons become massive. The simplest way of introducing spontaneous symmetry breakdown

is to include scalar Higg's �elds by hand into the Lagrangian [45]. Recently, we [46] have made

an attempt to develop the quaternionic formulation of Yang-Mill's �eld equations and octonion re-

formulation of quantum chromo dynamics (QCD) by taking magnetic monopole into account [47].

The quaternion gauge theory of spontaneously symmetry breaking mechanism already developed by

others [48, 49, 50, 51, 52] in terms of gauge groups and methodology adopted by them in di�erent

manners.In the previous paper we have already develop [53] a meaningful gauge theory which may

purport a model for massive gauge particles. Starting with the de�nition of quaternion gauge theory,

we have undertaken the study of SU(2)e × SU(2)m × U(1)e × U(1)m in terms of the simultaneous

existence of electric and magnetic charges along with their Yang-Mill's counterparts[54, 55, 56, 57].

As such, we have developed the gauge theory in terms of four coupling constants associated with

four-gauge symmetry SU(2)e × SU(2)m × U(1)e × U(1)m. Accordingly, we have made an attempt

to obtain the Abelian and non-Abelian gauge structures for the particles carrying simultaneously

the electric and magnetic charges (namely dyons). In this paper the covariant derivative contains

the four-potentials associated with these four charges and thus leads the di�erent gauge strength

for the particles containing electric, magnetic, gravitational and Heavisidian charges. Quaternions

representation in spontaneously symmetry of breaking and Higg's mechanics and the equation of

motion are derived for free particles (i.e. electric, magnetic, gravitational and Heavisidian charges).

We have extended the local gauge invariance in order to explain spontaneous symmetry breaking

mechanism. The quaternionic gauge theory of quantum electrodynamics has also been developed in

presence of electric, magnetic, gravitational and Heavisidian charges.

2 Quaternion Preliminaries

The algebra H of quaternion is a four - dimensional algebra over the �eld of real numbers



2 QUATERNION PRELIMINARIES 3

R and a quaternion φ is expressed in terms of its four base elements as [55]

φ = φµeµ = φ0 + e1φ1 + e2φ2 + e3φ3 (µ = 0, 1, 2, 3), (1)

where φ0,φ1,φ2,φ3 are the real quartets of a quaternion and e0, e1, e2, e3 are called quaternion units

and satis�es the following relations,

e20 = e0 = 1 , e2j = −e0,

e0 ei = ei e0 = ei(i = 1, 2, 3) ,

ei ej = −δij + εijk ek(∀ i, j, k = 1, 2, 3) , (2)

where δij is the Kronecker delta symbol and εijk is the Levi Civita three index symbol having value

(εijk = +1) for cyclic permutation , (εijk = −1) for anti cyclic permutation and (εijk = 0) for

any two repeated indices. Addition and multiplication are de�ned by the usual distribution law

(ej ek) el = ej(ekel) along with the multiplication rules given by equation (2). H is an associative

but non commutative algebra. If φ0, φ1, φ2, φ3 are taken as complex quantities, the quaternion

is said to be a bi-quaternion. Alternatively, a quaternion is de�ned as a two dimensional algebra

over the �eld of complex numbers C. We thus have φ = υ + e2ω(υ, ω ∈ C) and υ = φ0 + e1φ1 ,

ω = φ2 − e1φ3 with the basic multiplication law changes to υe2 = −e2ῡ. The quaternion conjugate

φ is de�ned as

φ = φµēµ = φ0 − e1φ1 − e2φ2 − e3φ3 . (3)

In practice φ is often represented as a 2×2 matrix φ = φ0−i ~σ ·~φ where e0 = I, ej = −i σj(j = 1, 2, 3)

and σj are the usual Pauli spin matrices. Then φ = σ2φ
Tσ2 with φT the trans pose of φ. The real

part of the quaternion φ0 is also de�ned as

Reφ =
1

2
(φ+ φ) , (4)

where Re denotes the real part and if Reφ = 0 then we have φ = −φ and imaginary φ is known as

pure quaternion written as

φ = e1φ1 + e2φ2 + e3φ3 . (5)

The norm of a quaternion is expressed as N(φ) = φφ = φφ =
∑3

j=0 φ
2
j which is non negative i.e.

N(φ) = |φ| = φ20 + φ21 + φ22 + φ23 = Det.(φ) ≥ 0. (6)

Since there exists the norm of a quaternion, we have a division i.e. every φ has an inverse of a

quaternion and is described as

φ−1 =
φ

|φ|
. (7)
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While the quaternion conjugation satis�es the following property

φ1φ2 = φ2 φ1 . (8)

The norm of the quaternion (6) is positive de�nite and enjoys the composition law

N(φ1φ2) = N(φ1)N(φ2) . (9)

Quaternion (1) is also written as φ = (φ0, ~φ) where ~φ = e1φ1 + e2φ2 + e3φ3 is its vector part and φ0

is its scalar part. So, the sum and product of two quaternions are described as

(α0 ~, α) + (β0 ~, β) = (α0 + β0, ~α+ ~β) ,

(α0 ~, α) · (β0 ~, β) = (α0β0 −−→α ·
−→
β , α0

−→
β + β0

−→α +−→α ×
−→
β ) . (10)

Quaternion elements are non -Abelian in nature and thus represent a non commutative division ring.

3 Spontaneous symmetry breaking in the form of Quaternions

The Lagrangian of a complex scalar �eld, φ which carries a scalar electric charge (e), and magnetic

charge(g), gravitational(m) and Heavisidian (h) must be gauged with respect to both the vector and

pseudovector potentials (Aµ, Bµ, Cµ, Dµ) is [47],

L =
(
Dµφ

)
(Dµφ)− V (φ)2 − 1

4
FµνF

µν − 1

4
MµνM

µν − 1

4
fµνf

µν − 1

4
NµνN

µν ; (11)

then the Lagrangian for uni�ed charges (electric,magnetic,gravitational, Heavisidian) of the scalar

�eld is [47],

Ls = (∂µ + ieAµ + igBµ + imCµ + ihDµ) φ̄ (∂µ − ieAµ − igBµ − imCµ − ihDµ)φ

−V (φ)2 − 1

4
FµνF

µν − 1

4
MµνM

µν − 1

4
fµνf

µν − 1

4
NµνN

µν ; (12)

where φ̄ is the complex conjugate of φ. The electric, magnetic, gravitational and Heavisidian four

currents J
(e)
µ , J

(m)
µ ,J

(G)
µ , J

(H)
µ of scalar �eld can be written in terms as,

J (e)
µ = ie

[
φ̄ (Dµφ)− φ

(
Dµφ

)]
;

J (m)
µ = ig

[
φ̄ (Dµφ)− φ

(
Dµφ

)]
;

J (G)
µ = im

[
φ̄ (Dµφ)− φ

(
Dµφ

)]
;

J (H)
µ = ih

[
φ̄ (Dµφ)− φ

(
Dµφ

)]
. (13)

Since e, g, m, h are scalar quantities, then the potential terms described as [47],
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V (φ)2 = m2
(
φ̄φ
)

+ λ
(
φ̄φ
)2
. (14)

where m2 and λ are real constant parameters and λ should be positive to ensure the stable vacuum.

If the potential energy in the vacuum state of minimum energy can be found by minimizing potential

V (φ). Then for the vacuum state,

dV

dφ
= 0 =⇒ dV

dφ̄
= 0

=⇒ m2φ̄+ 2λ
(
φ̄φ
)
φ̄ = 0; (15)

where

φ = ± υ√
2

=

√
−m2

2λ
; (16)

substituting the value of V (φ)2 in the equation (12), then equation (12) can be written as,

Ls = (∂µ + ieAµ + igBµ + imCµ + ihDµ) φ̄ (∂µ − ieAµ − igBµ − imCµ − ihDµ)φ

−m2
(
φ̄φ
)
− λ

(
φ̄φ
)2 − 1

4
FµνF

µν − 1

4
MµνM

µν − 1

4
fµνf

µν − 1

4
NµνN

µν ; (17)

The self interaction coupling constant (λ) is taken to be positive de�nite and form2 ≥ 0 the potential

acquires a vacuum expectation value of

φ(x) =
1√
2

(υ + η(x) + iξ(x))

=
1√
2

(υ + η(x))e
iξ(x)
ν ; (18)

one can transform the ξ(x) �eld away by making the gauge transformation under the following

conditions,

φ
′
(x) = φ(x) =

1√
2

(υ + η(x)); (19)

and the potentials has the following form

A
′
µ(x) =Aµ(x)− 1

2eυ
∂µκ(x);

B
′
µ(x) =Bµ(x)− 1

2gυ
∂µκ(x);

C
′
µ(x) =Cµ(x)− 1

2mυ
∂µκ(x);

D
′
µ(x) =Dµ(x)− 1

2hυ
∂µκ(x). (20)
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The Lagrangian Ls is invariant under the above transformations, substituting these unitary gauge

transformations in the equation (17), the Lagrangian becomes [47]

Ls =
1

2
(∂µη) (∂µη) +

1

2

(
2m2

)
η2 − 1

4
FµνF

µν − 1

4
MµνM

µν − 1

4
fµνf

µν − 1

4
NµνN

µν

+
1

2
ν2(e2AµA

µ + g2BµB
µ +m2CµC

µ + h2DµDµ + 2egAµB
µ + 2emAµC

µ + 2ehAµDµ

+2gmBµC
µ + 2ghBµDµ + 2mhCµDµ)− λνη3 − λ

4
η4

+νη(e2AµA
µ + g2BµB

µ +m2CµC
µ + h2DµDµ

+2emAµC
µ + 2ehAµDµ + 2gmBµC

µ + 2ghBµDµ + 2mhCµDµ); (21)

where

Ls = L0 + LI . (22)

If the Lagrangian is free from kinetic and mass terms, then [47]

L0 =
1

2
(∂µη) (∂µη) +

1

2

(
2m2

)
η2 − 1

4
FµνF

µν − 1

4
MµνM

µν − 1

4
fµνf

µν − 1

4
NµνN

µν

+
1

2
ν2(e2AµA

µ + g2BµB
µ +m2CµC

µ + h2DµDµ + 2egAµB
µ + 2emAµC

µ

+2ehAµDµ + 2gmBµC
µ + 2ghBµDµ + 2mhCµDµ); (23)

and the interaction terms of Lagrangian LI becomes [47]

LI =− λνη3 − λ

4
η4 + νη(e2AµA

µ + g2BµB
µ +m2CµC

µ + h2DµDµ

+2egAµB
µ + 2emAµC

µ + 2ehAµDµ + 2gmBµC
µ + 2ghBµDµ + 2mhCµDµ)

+
η2

2
(e2AµA

µ + g2BµB
µ +m2CµC

µ + h2DµDµ + 2egAµB
µ + 2emAµC

µ

+2ehAµDµ + 2gmBµC
µ + 2ghBµDµ + 2mhCµDµ). (24)

One can write the gauge boson mass and their scalar interaction terms in the form of of 4×4 matrices

as,

β = K (AµBµCµDµ)


e2 eg em eh

ge g2 gm gh

me mg m2 mh

he hg hm h2




Aµ

Bµ

Cµ

Dµ

 ; (25)

K = υ2

2 , υ,
1
2 for the gauge boson mass, tri-linear interaction and quaternionic action terms respec-

tively. Now applying the duality transformation E ⇒ E cos η + H sin η, H ⇒ E cos η − H sin η and

G ⇒ G cos η +M sin η, G ⇒ G cos η −M sin η. if the mass matrix and integration matrices are
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diagonalized, then

β = K (AµBµCµDµ)


0 0 0 0

0 0 0 0

0 0 0 0

0 0 0
(
e2 + g2 +m2 + h2

)




Aµ

Bµ

Cµ

Dµ

 . (26)

The equation (17) can also be written as,

Ls =DµφD
µφ−m2φφ− λ

(
φφ
)2

−1

4
FµνF

µν − 1

4
MµνM

µν − 1

4
fµνf

µν − 1

4
NµνN

µν ; (27)

applying the following gauge transformations ,

φ→ ωφω; (28)

the uni�ed gauge �elds for electric, magnetic,gravitational,Heavisidian Aµ, Bµ, Cµ and Dµ are trans-

formed [53] as

Aµ =ωAµω + ω∂µω;

Bµ =ωBµω + ω∂µω;

Cµ =ωCµω + ω∂µω;

Dµ =ωDµω + ω∂µω. (29)

applying the condition (28), the covariant derivatives for uni�ed charges reduces to

Dµφ = ∂µφ− ieAµφ− igBµφ− imCµφ− ihDµφ; (30)

taking the variation in the covariant derivative, the equation (30) becomes,

δ (Dµφ) =∂µδφ− ieAµδφ− igBµδφ− imCδφ− ihDδφ

−ieδAµφ− igδBµφ− imδCµφ− ihδDµφ

= (∂µ − ieAµ − igBµ − imCµ − ihDµ) δφ

−ieδAµφ− igδBµφ− imδCµφ− ihδDµφ

=Dµδφ−−ieδAµφ− igδBµφ− imδCµφ− ihδDµφ. (31)

Similarly,

δ (Dνφ) = Dνδφ−−ieδAνφ− igδBνφ− imδCνφ− ihδDνφ; (32)
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where the energy momentum �eld strength for di�erent charges such as electric, magnetic, gravita-

tional and Heavisidian [53]

Fµν =∂µAν − ∂νAµ − ie [Aµ, Aν ] ;

Mµν =∂µBν − ∂νBµ − ig [Bµ, Bν ] ;

fµν =∂µCν − ∂νCµ − im [Cµ, Cν ] ;

Nµν =∂µDν − ∂νDµ − ih [Dµ,Dν ] . (33)

and correspondingly the variation in equation (33)

δFµν =DµδAν −DνδAµ;

δMµν =DµδBν −DνδBµ;

δfµν =DµδCν −DνδCµ;

δNµν =DµδDν −∆νδDµ. (34)

Applying the variational principle, then the Lagrangian L in equation (27) becomes [53],

δL =
(
Dµδφ−−ieδAµφ− igδBµφ− imδCµφ− ihδDµφ

)
Dµφ

+Dµφ(Dµδφ− ieδAµφ− igδBµφ− imδCµφ− ihδDµφ)

−
(
m2 + 2λφ̄φ

) [
φδφ̄+ φ̄δφ

]
+

1

4
Fνµ (DµδAν −DνδAµ) +

1

4
Mνµ (DµδBν −DνδBµ)

+
1

4
fνµ (DµδCν −DνδCµ) +

1

4
Nνµ (DµδDν −DνδDµ) ; (35)

where the transformation are,

Fµν =− Fνµ;

Mµν =−Mνµ;

fµν =− fνµ;

Nµν =−Nνµ. (36)

rearranging the terms of equation (35), we get
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δL =
[{
δφ̄
(
DµD

µφ− (m2 + 2λφ̄φ)φ
)}]

+ [{δφ
(
DµD

µφ̄− (m2 + 2λφ̄φ)φ̄
)
}]

+

[
δAµ(Dµφ)φ̄− φ(Dµφ) +

1

ie
DµFνµ

]
+

[
δBµ(Dµφ)φ̄− φ(Dµφ) +

1

ig
DµMνµ

]
+

[
δCµ(Dµφ)φ̄− φ(Dµφ) +

1

im
Dµfνµ

]
+

[
δDµ(Dµφ)φ̄− φ(Dµφ) +

1

ih
DµNνµ

]
; (37)

we get the equation of motion for uni�ed charge as,

DµD
µφ−

(
m2 + 2λφ̄φ

)
φ = 0

⇒DµD
µφ̄−

(
m2 + 2λφ̄φ

)
φ̄. (38)

Then the current equation for the uni�ed charges are described as,

DνFνµ = J (e)
µ = ie

[
φ(Dµφ)− (Dµφ)φ̄

]
;

DνMνµ = J (m)
µ = ig

[
φ(Dµφ)− (Dµφ)φ̄

]
;

Dνfνµ = J (G)
µ = im

[
φ(Dµφ)− (Dµφ)φ̄

]
;

DνNνµ = J (H)
µ = ih

[
φ(Dµφ)− (Dµφ)φ̄

]
. (39)

4 The Electroweak interactions of Quaternions

The Lagrangian for a free Dirac fermion [58]

L0 =iψ̄γµ∂µψ −mψ̄ψ; (40)

L0 is invariant under global U(1) transformations,

ψ → ψ
′

= exp {iQθ}ψ; (41)

where Qθ is arbitrary real constant. Then

∂µψ(x) −→ exp {iQθ} (∂µ + iQ∂µθ) ; (42)

If one introduces a new spin-1, since ∂µθ has a Lorentz index �eld Aµ ,Bµ, Cµ and Dµ transforming

as ,
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Aµ → A
′
µ = Aµ −

1

e
∂µθ;

Bµ → B
′
µ = Bµ −

1

g
∂µθ;

Cµ → C
′
µ = Cµ −

1

m
∂µθ;

Dµ → D
′
µ = Dµ −

1

h
∂µθ. (43)

and de�nes the covariant derivative of uni�ed charges (electric,magnetic,gravitational and Heavisid-

ian),

Dµψ = (∂µ + ieAµ + igBµ + imCµ + ihDµ)ψ; (44)

which is required property of the transforming ,

Dµψ → Dµψ
′

= exp {iQθ}Dµψ; (45)

Then the Lagrangian of uni�ed charges (electric,magnetic,gravitational and Heavisidian) becomes

[58],

L =iψ̄γµDµψ −mψ̄ψ; (46)

substitute the value of Dµ in the equation (46),

L =iψ̄γµ(∂µ + ieAµ + igBµ + imCµ + ihDµ)ψ −mψ̄ψ

=(iψ̄γµ∂µψ −mψ̄ψ)− eQAµψ̄γµψ − gQBµψ̄γµψ

−mQCµψ̄γµψ − hQDµψ̄γµ −mψ̄ψ

=L0 − eQAµψ̄γµψ − gQBµψ̄γµψ −mQCµψ̄γµψ − hQDµψ̄γ
µψ; (47)

where L0 is the free Lagrangian and it is invariant under local U(1)transformations, described as

L0 = iψ̄γµ∂µψ −mψ̄ψ. (48)

The electromagnetic charge Q is completely arbitrary. If Aµ, Bµ, Cµ,Dµ to be true propagating �eld,
then the gauge invariant kinetic term of uni�ed charges i.e.
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Lkin =− 1

4
FµνF

µν − 1

4
MµνM

µν − 1

4
fµνf

µν − 1

4
NµνN

µν ; (49)

where the electromagnetic �eld strength of uni�ed charges i.e. electric, magnetic, gravitational and

Heavisidian is given by

Fµν =∂µAν − ∂νAµ;

Mµν =∂µBν − ∂νBµ;

fµν =∂µCν − ∂νCµ;

Nµν =∂µDν − ∂νDµ. (50)

is usual electromagnetic �eld strength in the form of quaternion. A possible mass term for the uni�ed

gauge �eld [58]

Lm =
1

2
m2AµA

µ +
1

2
m2BµB

µ +
1

2
m2CµC

µ +
1

2
m2DµDµ; (51)

Then the total Lagrangian for uni�ed charges (electric,magnetic,gravitational,Heavisidian) becomes,

LT =L+ Lkin

=L0 − eQAµψ̄γµψ − gQBµψ̄γµψ

−mQCµψ̄γµψ − hQDµψ̄γ
µψ

−1

4
FµνF

µν − 1

4
MµνM

µν − 1

4
fµνf

µν − 1

4
NµνN

µν ; (52)

then the equation of motion for uni�ed charges (electric, magnetic, gravitational, Heavisidian) [56],

∂LT
∂Aµ

− ∂ν
∂LT

∂(∂νAµ)
=0;

∂LT
∂Bµ

− ∂ν
∂LT

∂(∂νBµ)
=0;

∂LT
∂Cµ

− ∂ν
∂LT

∂(∂νCµ)
=0;

∂LT
∂Dµ

− ∂ν
∂LT

∂(∂νDµ)
=0. (53)

Solving the equation52, then the equation of motion for uni�ed charges (electric, magnetic, gravita-

tional, Heavisidian) [58],



REFERENCES 12

eQψ̄γµψ =∂νF
µν = Jµ(e);

gQψ̄γµψ =∂νM
µν = Jµ(g);

mQψ̄γµψ =∂νM
µν = Jµ(G);

hQψ̄γµψ =∂νN
µν = Jµ(H); (54)
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