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The millennium problem on the existence and smoothness of the Navier—Stokes equations
is considered.

1. Problem description

The Navier—Stokes equations are thought to govern the motion of a fluid in R?, see [1].
Letu = u(x,?) € R}, p = p(x,1) € R be the velocity and pressure, each dependent on
position x € R? and time ¢ > 0. We take the externally applied force to be identically zero.
The fluid is assumed to be incompressible with constant viscosity v > 0 and to fill all of
R3. The Navier—Stokes equations can then be written as

0
a—‘; +(u-Vyu=vlu-Vp, (1)
V-u=0 ()
with initial condition
ux,0) =up 3)

where uy = uy(x) € R3. In these equations V = ( %, 6672, a%) is the gradient operator and

V2 = 23 P is the Laplacian operator. When v = 0, equations (1), (2), (3) are called

i=1 6x,~2

the Euler equations. Solutions of (1), (2), (3) are to be found with
up(x +e;) =up(x) for 1 <j<3 4)

where e; =i =(1,0,0),e; =j =(0,1,0), e3 = k = (0,0, 1). The initial condition uy is
a given C* divergence-free vector field on R3. A solution of (1), (2), (3) would then be
accepted to be physically reasonable if

u(x+ej,1) =ux, 1), px+ej;t)=px,t) on R3 x [0,00) for 1 <j<3 ®))

and
u, p € C(R? x [0, 0)). (6)

I provide a proposed proof of the following statement (B), see [2].
(B) Existence and smoothness of Navier-Stokes solutions in R?/Z>.

Take v > 0. Let ug be any smooth, divergence-free vector field satisfying (4). Then there
exist smooth functions u, p on R? x [0, o) that satisfy (1), (2), (3), (5), (6).

To prove statement (B), it is sufficient to provide a proof that rules out the possibility that
there is a smooth, divergence-free ug for which (1), (2), (3) have a solution with a finite
blowup time, see [2].



2. Proof of statement (B)

Let the exponential series of u, p be

(o)
- Z aLekL-x’

L=0

(o]

p= Z bLekLX

L=0

(7

8)

respectively. Here ay, = ap (), by, = bL(?), k is a constant, and };° , denotes the sum
over all L € N3, The exponential series is similar to a Taylor series. Theoretically the
exponential series can recover both Taylor series and Fourier series when they converge.
The initial condition is wy = =9 of which is convergent for all x € R3. Substituting

u=1,p=pinto (1) gives

(o]

a (o] (o)
aL M4 SN (an - iMDape MY = 3 R ILPag Z kLby e

L=0 L=0 M=0 L=0

Equating like powers of the exponentials in (9) yields

6aL

=Ly Z(aL_M - kM)ay = vk2|LPay, — kLby..
o e

Substituting u = # into (2) gives

Z KL - apeV* = 0.
L=0

Equating like powers of the exponentials in (11) yields
L- ar, = 0.
Applying L x Lx to (10) and noting the vector identity

ax(bxc)=(c-a)b—-(b-a)

along with (12) leads to
0
LP=" L Z L x (L X (ar-m - kMDan) + vK2|L|*ay,
which yields
0 S
qaL _ Z L x (L x (ap—m - kM)an) + vk2[L|ay,
ot &

(10)

(1D

(12)

(13)

(14)

(15)



where ag = ay(0) and L. = L/|L| is the unit vector in the direction of L. Applying L- to

(10) and noting (12) leads to

0

ILPbL = - ) (aL-m - L)aw - L)
M=0

which yields

by, = - Z (ar_m - L)(am - L)
M=0

where by is arbitrary. The equations for ay, can then be solved for L. = 0,1,j,k, ...

From (10) and in light of (12) it is possible to write
—& A =- > (aLm - kMay - ar, + v [Liay, - Ay,
ot &

where 4y, = ag,/|ag| is the unit vector in the direction of ay,. Equation (18) implies

a oo
laLl _ Z(aL—M - kM)ay; - ag, + vi*|L|*|ay)|.
ot N0

From (19) it is possible to write

Olar,| -
a_L < > lan-mlkMllay] + vK*ILP a |
4 M=0

on noting the vector identity
a-b = |a||b|cos(6)
where 6 is the angle between a and b. It then follows from (20) that

(o]

(o]
Jar-mlkIMlantle ™™ + " vi2ILPjag [

a a oo oo
RN
L=0 t L=0 M=0 L=0
implying that
D5 MM < Y D kMM 4 k2L Py AN
L=0 f L=0 M=0 L=0
which yields
Z a_L LN Z Z | k| M japg < (LMD Z VIZ|L[? ay |eHLix
L=0 g L=0M=0 L=0

on using the triangle inequality

la +b| < |a] + [b].

(16)

A7)

(18)

(19)

(20)
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(22)

(23)

(24)

(25)



Let

p= 3 e
L=0
where X = |x| and note that
al <.
Then (24) can be written as
Wy
SVox FVaxe
Since ¢ > 0, the worst case scenario is
W _ Py
o ~Vax Vaxr
Let o6
W—C—#¢
where c is an arbitrary constant. Substituting (30) into (29) gives
0 0¢ 2 1ad 0¢ 0%¢ 0¢ »
&XQ%/¢) 26X«6X/¢))+ 6X«6X2¢ ( )W¢)-
Then with ¢ = 2v, equation (31) gives
9 99 ¢
8_X(E/¢) (5X2/¢)
which leads to 5
op _ ¢
o Vaxz T hé

where i = h(t) is arbitrary.
Let

=) Ae™
=0

where A; = A;(¢) and vy is a constant. Substituting (34) into (33) gives

0

— 0A -
v T vIX Z vyzlele"[X + Z Ahe"™X.
! 1=0 1=0

Equating like powers of the exponentials in (35) yields

oA,

212
= vy I"A; + Ajh.
ot vy LA+ A
Equation (36) is easily solved to find

2712
Al:Clevylehdt

(26)

27)

(28)

(29)

(30)

€29

(32)

(33)

(34)

(35)

(36)

(37)



where ¢; are arbitrary constants. It then follows that
CZOO cil vy Pt yIX
P i A

22
Zzo cre”Y PtoylX

[a

Y/

(38)

Consequently, @t can only have a finite-time singularity if @ has a singularity at r+ = 0.
Therefore blowup is ruled out via Taylor’s theorem and statement (B) is true. O
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