Absorption of angular momentum of a plane electromagnetic wave
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It is demonstrated that dielectric or magnetic, which absorbs a circularly polarized plane
electromagnetic wave, absorbs the angular momentum, which is contained in the wave
according to the canonical spin tensor of electrodynamics. Lorentz transformations are
used for energy, momentum, and angular momentum flux density because a moving
absorber is considered. The given calculations show that spin occurs to be the same
natural property of a plane electromagnetic wave, as energy and momentum.
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1. Introduction
It was suggested as early as 1899 by Sadowsky [1] and as 1909 by Poynting [2] that any circularly
polarized light contains angular momentum density. That is the angular momentum is present in any
point of the light.

According to the Lagrange formalism, this angular momentum density is spin density. The spin
of electromagnetic waves is described by a spin tensor [3 -5].

YA = pavigm 9L :
* 9(0,A,)
where £ is a Lagrangian and A* is the magnetic vector potential of the electromagnetic field. So, any
infinitesimal 3-volume dV, contains spin

(1.1)

as* =Y*av,. (1.2)
Against this, an oppinion is spread that an electromagnetic plane wave of infinit extension has
no angular momentum.
Heitler W: "A plane wave travelling in z-direction and with infinite extension in the xy-
directions can have no angular momentum about the z-axis, because II is in the z-direction
and (rxII), =0" [6]

Here IT is the Poynting vector.
Simmonds J. W., Guttmann M. J.: "The electric and magnetic fields can have a nonzero
Z -component only within the skin region of this wave. Having Z -components within this
region implies the possibility of a nonzero Z-component of angular momentum within this
region. So, the skin region (of a beam) is the only in which the z-component of angular
momentum does not vanish” [7, p. 227]
Allen L., Padgett M. J.: "For a plane wave there is no (radial intensity) gradient and the
spin density is zero" [8]

On the other hand, according to [9], this oppinion is a mistake. The Poynting's and Sadowsky's
concept seems to be true: (spin) angular momentum is present in any point of a circularly polarized
electromagnetic beam and, accordingly, torque acts on any point of an absorber of such a beam.

In this paper, we confirm the Poynting's and Sadowsky's concept by a new calculation.

Since 1905, when Einstein explained the photoelectric effect, it has become clear that an
electromagnetic wave consists of photons. Photons have energy, momentum and spin (internal angular
momentum), and if the wave is circularly polarized, spins of all the photons are directed in the same
direction that is parallel to that of the momentum. Therefore, use is made of such notions as volume
density and flux density of momentum, energy, and spin as well as number of photons in an
electromagnetic wave. Densities of the energy and momentum are quantitatively described by the
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Maxwell energy-momentum tensor. The density of the spin should be described by the spin tensor
(1.1). The number density of photons is obtained by dividing the energy density of a wave by the
energy of a single photon %@ , or by dividing the spin density by the spin of a single photon 7 (if
polarization is circular).

In a famous paper [10], the reflection of light from a moving boundary of two mediums is
essentially exhaustively investigated. In addition, in our previous papers, we have examined the
implementation of the law of conservation of energy, momentum and spin angular momentum for
incidence of a plane electromagnetic wave on a mirror [11,12,13], and on the surface of a fixed
dielectric [14]. In this paper, we consider the incidence of such a wave on the surface of a moving
"symmetric absorber".

2. A symmetric absorber
We call "symmetric absorber" a medium, which is dielectric and magnetic with € = . Such a medium
does not require a reflected wave; it simplifies formulas.

So, let a plane monochromatic circularly polarized electromagnetic wave

E = E(x+iy)exp(ikz —iwr) [V/m], H=—ige cE [A/m], ck=w 2.1)

impinges normally on a flat x,y-surface of the absorber, which is characterized by complex
permittivity and permeability € =1 (we mark complex numbers and vectors by breve) and moves
along z axis with speed v.

As is known, wave (2.1) contains volume density of mass-energy u , flux density of mass-
energy (the Poynting vector) IT, volume density of momentum G , and flux density of momentum

(pressure) &, according to formulas
E? E?
u=£02 [k—%} M=G=22"" [kf}, g’:eoEz{kgzziz}, 22)
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but because of Doppler Effect [15 § 48], our wave has lesser frequency and, according to [10], has
lesser amplitude relative to the moving absorber

co’zw/ﬂ, E'=E ﬂ (2.3)
1+ 1+

(B=v/c). So, relative to the absorber, the impinging wave is expressed by the formulas

E = E'(x+iy)exp(ikz —io't), H =-ig,cE’, ck'=a’ (2.4)
Accordingly, the Poynting vector and the momentum flux density prove to be lesser relative to the
moving surface

=%
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3. The Lorentz transformations
However, from the viewpoint of an observer at rest, these latter quantities, i.e. mass-energy flux
densities and momentum fluxes density through the surface, have other values. These values must be
found by the Lorentz transformations for coordinates of a 4-point and for components of 4-momentum

t' +vz'lc? 7+t m’ +vp’/c? "+vm’
t=——w, z= m= P _p v (3.1
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We denote these flux densities by I1,,4, . Taking into account that densities satisfy the equations,

Il,=m/at, $=plat, W=m'lat’, ?"=p’'lat’, (3.2)
where a is a not being transformed area, and substituting values (3.1), when z" =0, into expression
(3.2), we get Lorentz transformations for the flux densities

I1, =II"+v?’/c?, R =" +I'v. 3.3)

So, from the viewpoint of an observer at rest, the flux density of mass-energy, which enters into the
absorber, equals



, v E*1- -
I, =11 +VJ2 _&ET] B+l2 o 1-P
c c 1+B ¢ 1+B

E2
=£°T(1—B) (3.4)

4. Filling of the space with mass
Flux density IT; (3.4) is lesser than flux density IT (2.2), which is brought by the incident wave. The

difference between the mass fluxes (2.2) and (3.4) is spent on filling of the space, which become free
of the moving absorber. This filling requires mass flux density, which we denote IT,
~ g,E>  g,E’

IM=uv B. 4.1)
c c
As aresult, we have an elementary equality
~ E*
M=M+11, = 2% 4.2)
c

But it is desirable to demonstrate the mechanism of the absorption of mass flux density I1” (2.5) in the
symmetric absorber

5. Absorption of energy and angular momentum
According to (2.4), the wave propagated in the absorber is expressed by the formulas

E = E'(x+iy)exp(ik'kz—io't’), H =—ige, B, ck'=« k= El=E=fi=k +ik, (5.1)
A mechanism of the absorption in dielectric was explained by Feynman [16] very good. According to
the explanation, the rotating electric field E" = E’(x +iy) exp(—i®'r) exerts a torque 7=dxE" on
rotating dipole moments of molecules d of the polarized dielectric and makes a work. The power
volume density of this work is

P, xE|@ [J/m’s], P, =(E-DeE’, (5.2)

w, =

f’e is the polarization vector, and 13e xE’ [J/m3 ] is a torque volume density. The calculation gives

’ /’

(D/ N T N 7=’ (ORY - 7~ =7 —~7 =7 wEe ’ - . . ’
w, = 79{{})@( /—PE]}= 5 CR{(E-INEE, -EE)}= 5 O exp(—2kk, 2)R{(E—1)(—i —i)}E"*
=0'e, exp(—2k’k,2)IE-1E"* = w'e, exp(-2k’k,2)k, E™. (5.3)

It is naturally that the rotating magnetic field of electromagnetic wave (5.1) makes the same
work over rotating magnetic dipoles in our absorber.

w, =[P, xHu, o [I/m’s], P, =@-DH, (5.4)
w, =0R(P, H —P, H W, /2=o'n,R{(@-1)H H —H H)}/2. (5.5)

Substituting value (5.1) for the magnetic field into (5.5), we see that the work of the magnetic field is
equal to the work of the electric field

w, =g R{E-INEE/—E.E)}/2=w,. (5.6)
The energy flux density, which comes on the surface of the absorber from the waves, can be obtained
by an integration of the total power volume density, w=w, +w, =2w,, over

J

we, , ,
0E2=80cE2=Hc2{ 2] (5.7)
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’

Lm 2w,dz =20'€, J-: exp(—2k’k,2)k,E"*dz =

So, the total energy flux density coincides with (2.5) IT’c”.
But we must recognize that the torque volume density” T_ = f’e xE + f’m X fl'uo , which supply

with energy inside the absorber, in the same time, is a volume density of angular momentum flux,
which comes into the absorber. The torque volume density 7_ produces specific mechanical stresses in

*We mark pseudo densities by index zilda. The torque volume density T_ is a pseudo density, as
opposed to the torque 7.



the dielectric [9]. And, as the volume density of angular momentum flux, the torque volume density
requires angular momentum flux density, which comes on the absorber surface from the wave. We get
this angular momentum flux density by integrating the torque volume density 7_ over z.

’ |5 =7 1 =y et c? € ’
Y'=["|P,xE +meHuo\dz=i,j (w, 4w, )dz = LC 2 &oC 2 {Lz} (5.8)
0 @ (O)

Q)]

Using formulas (2.3), we can express this angular momentum flux density in terms of the incident
wave (2.1)

y =&l g J &l 128 (5.9)
() ) 1+
And in order to transform it to the laboratory at rest, we must take into account that an angular
momentum flux density satisfies equalities
Y,=J/at, Y =J/at",, (5.10)

where a is a not being transformed area, and J = J’ is a not being transformed angular momentum
relative the axis z . Taking into account (3.1), equations (5.10) yield the angular momentum flux
density entered into the absorber from the viewpoint of an observer at rest:

oy B0 g 1B e &€ g
Yy =Y7/t="F 1+B\/1 B* ==2"E*(1-p). (5.11)

Results of this Section concerning the absorbtion of energy and angular momentum in
dielectric were first published in paper [17].

6. Calculation of the angular momentum flux density, which is contained in the electromagnetic
wave

By the account that angular momentum (5.11) is absorbed under every square meter of the absorber
surface per second, one can concludes that the angular momentum is brought to the surface by the
wave (2.1). To calculate this bringing angular momentum flux, it is natural to use the electrodynamics
canonical spin tensor [3,4]

YH =24, (6.1)
here F™ is the electromagnetic field tensor, and A* is the magnetic vector potential.
Angular momentum flux density, which is directed along z -axis to xy surface, is given by the
component
Y =2A"F" =AH +AH, [Jm’. (6.2)
Note that the lowering of the spatial index of the vector potential is related to the change of the sign in
the view of the metric signature (+—--). Since A, =— I E, dt =—iE, /® for a monochromatic field,
densities (6.1), (6.2) can be expressed through the electromagnetic field:
Y =(-EH, —iE H)lo®. (6.3)
In our case, in addition to (2.2), we have spin flux density
2
Y =< Y™ >=R(~iE H, —iE,H, )1 20=" g =1
w 0]
for the incident wave (2.1). This quantity, (6.4), is larger than the angular momentum flux density Y,

(6.4)

(5.11), which enters into the absorber. The difference between the angular momentum fluxes (6.4) and
(5.11) is spent on filling of the space vacated by the absorber, moving at a speed of v. This filling

requires angular momentum flux density, which we denote Y . Angular momentum volume density is
given by the component

Y ==24"F" =-AD,+AD, =(ED,~iED)/® ©5)
of the spin tensor (6.1). By the time averaging, we get
<Y™ >=R((E,D, ~iE,D,)/20=€,E* | @ [Js/m’]. 6.6)



So, the filling of the space requires

2 2
Y=<Y¥>v= &F V= €ock
w W

As aresult, we have an elementary equality similary to (4.2)

B. (6.7)

g,cE’

Y=Y+Y, =
0}

(6.8)

7. Conclusion
The given calculations show that spin occurs to be the same natural property of a plane
electromagnetic wave, as energy and momentum. Recognizing the existence of photons with
momentum, energy and spin in a plane electromagnetic wave, it is strange to deny the existence of spin
in such a wave, as is done in modern electrodynamics.

I am eternally grateful to Professor Robert Romer, having courageously published my question:
"Does a plane wave really not carry spin?” [18].
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