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Abstract

With respect to a combination of hesitant sets, and single-valued neutrosophic sets which are a
special case of neutrosophic sets, the single valued neutrosophic hesitant sets (SVNHFS) have been
proposed as a new theory set that allows the truth-membership degree, indeterminacy membership
degree and falsity-membership degree including a collection of crisp values between zero and one,
respectively. There is no consensus on the best way to determine the order of a sequence of single-
valued neutrosophic hesitant fuzzy elements. In this paper, we first develop an axiomatic system
of distance and similarity measures between single-valued neutrosophic hesitant fuzzy sets and
also propose a class of distance and similarity measures based on three basic forms such that the
geometric distance model, the set-theoretic approach, and the matching functions. Then we utilize
the distance measure between each alternative and ideal alternative to establish a multiple attribute
decision making method under single-valued neutrosophic hesitant fuzzy environment. Finally, a
numerical example of investment alternatives is provided to show the effectiveness and usefulness
of the proposed approach. The advantages of the proposed distance measure over existing measures
have been discussed.

Keywords

Single-valued neutrosophic set, hesitant fuzzy set, single-valued neutrosophic hesitant fuzzy set,
distance measure, similarity measure, multiple attribute decision making.

1. Introduction
Most of our traditional tools for formal modeling, reasoning and computing are crisp,

deterministic and precise in character. However, there are many complicated problems in
economics, engineering, environment, social science, medical science, etc., that involve data which
are not always all crisp. Classical methods cannot successfully handle uncertainty, because the
uncertainties appearing in these domains may be of various types. Zadeh (1965) introduced fuzzy
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sets (FS) and applied them in many fields including uncertainty. As a generalization of the fuzzy
sets, Atanassov (1986) introduced the concept of intuitionistic fuzzy set (IFS). Then Atanassov and
Gargov (1989) extended the concept of IFS to interval-valued intuitionistic fuzzy set (IVIFS).
Current literature has very large number of distance and similarity measures for FSs and IFSs
(Atanassov 1986; Xuecheng 1992; Chen et al. 1995; Liu et al. 2015; Farhadinia 2014; Wang 1997;
Szmidt and Kacprzyk 2000; Khaleie and Fasanghari 2012; Grzegorzewski 2004; Wang and Xin
2005; Xu 2007; Hung and Yang 2007; Li 2007; Sahin 2015; Tan 2011).

Torra and Narukawa (2009) and Torra (2010) proposed the concept of hesitant fuzzy set (HFS),
discussed the relationship between hesitant fuzzy set and intuitionistic fuzzy set and showed that
the envelope of hesitant fuzzy set is an intuitionistic fuzzy set. The membership degree of an
element in hesitant fuzzy set includes a set of possible values between zero and one. Since its
appearance, the hesitant fuzzy information has been used to solve multiple attribute decision
making problems. Xia and Xu (2011) defined some techniques for aggregating hesitant fuzzy
information and utilized their performances in decision making. Based on the relationship between
HFS and IFS, they proposed the set-theoretic laws of HFSs. Xu and Xia (2011) defined a collection
of distance measures for HFSs and generated the similarity measures associated with the proposed
distance measures.

Furthermore, Zhu et al. (2012) introduced dual hesitant fuzzy set (DHFS) as a generalization of
FSs, IFSs, HFSs, and fuzzy multisets (FMSs) and presented some basic operations of DHFSs. A
DHFS are characterized by two class of possible values, the membership degrees and
nonmembership degrees. Therefore, DHFSs include FSs, IFSs, HFSs, and FMSs under certain
conditions, and so they have the desirable performances and advantages of its own and appear to
be a more favorable method than aforementioned sets because of considering much more
information given by decision makers. Singh (2013) introduced a comprehensive family of distance
measures and related similarity measures for DHFSs.

As a new branch of philosophy that combines the knowledge of logics, philosophy, set theory,
and probability, Smarandache (1999, 2005) proposed the concept of neutrosophic sets (NSs) as a
further generalization of uncertainty modeling tools. Unlike the aforementioned sets, a
neutrosophic set consists of three membership functions such that the truth-membership function,
the indeterminacy-membership function and the falsity membership function. Additionally, the
uncertainty presented here, i.e. the indeterminacy factor, is independent on the truth and falsity
values, whereas the incorporated uncertainty is dependent on the degrees of belongingness and
non-belongingness of existing sets. The structure of NSs is not appropriate to apply to real-life
situations. Therefore, Wang et al. (2005, 2010) developed single-valued neutrosophic sets (SVNSs)
and interval neutrosophic sets (INSs), which are an extension of NSs. Sahin (2014) proposed a
neutrosophic hierarchical clustering algorithm based on relationship between SVNSs. Sahin and
Kiictlik (2014) defined a subsethood measure for SVNSs and applied it in a decision making
problem. The correlation coefficients of SVNSs as well as a decision-making method using SVNSs
were proposed by Ye (2013). In addition, Ye (2014b) investigated the concept of simplified
neutrosophic sets (SNSs), which can be expressed by three real numbers in the real unit interval
[0,1], provided the set-theoretic operators of SNSs, and developed a multi criteria decision making
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(MCDM) method based on the aggregation operators of SNSs. But, Peng et al. (2015) showed that
some operations of Ye (2014b) may also be unrealistic in special cases, and defined the novel
operations and aggregation operators and applied them to MCDM problems. Also, Ye (2014a)
proposed the single valued neutrosophic cross-entropy for solving multicriteria decision making
(MCDM) problems with single valued neutrosophic information. Broumi and Smarandache (2013)
extended the correlation coefficient to INSs. Zhang et al. (2014) developed a MCDM method based
on aggregation operators within an interval neutrosophic environment. Furthermore, Majumdar
and Samanta (2014) proposed the distance and similarity measures between SVNSs. Ye (2014d)
extended these measures to INSs as based on the relationship between similarity measures and
distances. Liu and Wang (2014) discussed a single-valued neutrosophic normalized weighted
Bonferroni mean (SVNNWBM) operator based on Bonferroni mean, the weighted Bonferroni
mean (WBM), and the normalized WBM. Peng et al. (2015) introduced the multi-valued
neutrosophic sets (MVNSs) and developed the operations of multi-valued neutrosophic numbers
(MVNNS5) based on Einstein operations.

Recently, Ye (2015¢) proposed the concept of single valued neutrosophic hesitant fuzzy set
(SVNHFS) as a generalization of FSs, [FSs, HFSs, FMSs, and also SVNSs and discussed the basic
operations and properties of SVNHFSs. SVNHFSs consist of three parts, first is the truth-
membership hesitancy function, second is the indeterminacy-membership hesitancy function, and
third is the falsity-membership hesitancy function. The current sets, including FSs, IFSs, HFSs,
FMSs, and SVNSs can be regarded as special cases of SVNHFSs. In a SVNHFS, the truth-
membership hesitancy degrees, indeterminacy-membership hesitancy degrees and falsity-
membership hesitancy degrees are represented by three sets of possible values between zero and
one, respectively. Therefore, it is not only more general than aforementioned set but only more
suitable for solving MADM problems due to considering much more information provided by
decision makers.

From above analysis, we cannot utilize the current measures for dealing with distance and
similarity measure between SVNHFSs. Therefore, we need to develop new distance and similarity
measures for SVNHFSs, because a SVNHFS consists of three basic membership function such that
the truth-membership hesitancy function and indeterminacy-membership hesitancy function and
falsity-membership hesitancy function. In this paper, we first define a compressive class of distance
measures between SVNHFSs and then proposed the similarity measures based on the geometric
distance model, the set-theoretic approach and the matching functions. Also, we show that the
proposed measures satisfies the axiom definition of distance and similarity measures developed for
SVNHFSs. Finally, we utilize the proposed distance measure to solve a MADM problem with
single valued neutrosophic hesitant fuzzy information. The rest of this paper is organized as follows.
In section 2, we introduce some basic concepts related to HFS, SVNS and SVNHFS, and some
operational and theoretical laws. In Section 3, we propose a variety class of distance measures of
SVNHFSs as a further generalization of the existing distance measure for HFSs, DHFSs, IFSs, and
SVNSs. Based on the geometric distance model, the set-theoretic approach and the matching
functions, we present some similarity measures between SVNHFSs. Section 4 develops a MADM
method with single valued neutrosophic hesitant fuzzy information based on the proposed distance
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measure for SVNHFSs. In Section 6, an illustrative example is provided to demonstrate the
application and effectiveness of the developed method. Section 7 gives related comparative
analysis. Finally, conclusions and future work are given in Section 8.

2. Preliminaries

In this subsection, we give some concepts related to NSs and SVNSs.

2.1 Neutrosophic set
Definition 1. (Smarandache 2005) Let X be a universe of discourse, then a neutrosophic set is
defined as:

A = {(x, Tp(x), [1(x), Fa(x)): x € X}, €Y

which is characterized by a truth-membership function T,: X — ]0~, 17|, an indeterminacy-
membership function I,: X - ]0~, 1*[and a falsity-membership function F;: X - ]0~, 17[.

There is not restriction on the sum of T (x), I4(x) and F4(x), so 0~ < sup T4 (x) + sup I,(x) +
sup Fy(x) < 3%,

In the following, we adopt the representations t4(x), 44(x) and f,(x) instead of T4(x), I4(x) and
F4(x), respectively.

Wang et al. (2010) defined the single valued neutrosophic set which is an instance of
neutrosophic set.

2.2.8ingle valued neutrosophic sets
Definition 2. Wang et al. (2010) Let X be a universe of discourse, then a single valued
neutrosophic set is defined as:

A = {(x, ta(x), 44 (x), fa(x)): x € X3}, (2)

where t4: X - [0,1],44: X = [0,1] and f4: X - [0,1] with 0 < t,(x) + i4(x) + f4(x) < 3 for all
x € X. The values t,(x),4(x) and f,(x) denote the truth-membership degree, the indeterminacy-
membership degree and the falsity membership degree of x to A, respectively.

2.3.Hesitant fuzzy sets

Definition 3. (Torra 2010) A hesitant fuzzy set M on X is defined in terms of a function h;; when
applied to X, which returns a finite subset of [0,1], i.e.,
M = {(x, hyy(x)): x € X}, 3)

where hy,(x) is a set of some different values in [0,1], representing the possible membership
degrees of the element x € X to M.

2.4.8ingle-valued neutrosophic hesitant sets
Definition 4. (Ye 2014c) Let X be a fixed set, then a single-valued neutrosophic hesitant fuzzy
set A on X is defined as,

A = {(x, (£a(x), 24 (), fa())): x € X} (4)

in which £, (x), 44(x), and f,(x) are three sets of some different values in [0,1], denoting the
truth-membership hesitant degrees, indeterminacy-membership hesitant degrees, and falsity-

membership hesitant degrees of the element x € X to A, respectively, with the conditions 0 <
v,6,n<1and0<y*+ 6" +n* <3, wherey € £4(x), 5 € i(x),n € fu(x),y* € if (x) =
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Uyei omax{y}, 6% € 74 (x) = Usei,(xymax{d}, andn* € i) = Unefio max{n} for x €
X.

For convenience, the three tuple A = { (fA (x),24(x), fa(x))} is called a single-valued
neutrosophic hesitant fuzzy element (SVNHFE) or a triple hesitant fuzzy element, which is
denoted by the simplified symbol A = { (4,44, fu)}-

Now, we give the following definitions to propose the distance and similarity measures between
SVNHFSs.

Definition 5 Let A, B and C be three SVNHSs on X = {x4, x5, ..., X, }, then the distance measure
between A and B is defined as d (4, B), which satisfies the following properties:

()0<d(4,B) <1,

(2) d(A,B) = 0 ifand only if A = B;

(3) d(A,B) = d(B, A).

(4)d(A,B) <d(A,C)and d(B,C) <d(A,C),ifASBcC.
Definition 6. Let A, B and C be three SVNHSs on X = {x4, x5, ..., X;,}, then the similarity
measure between A and B is defined as §(4, B), which satisfies the following properties:

(1)0<3§(4,B) <1;

(2) $(A,B) = 1ifand only if A = B,

(3) §(A,B) = 5(B,A).

(4) $(A,B) =2 5(A,C)and §(B,C) = 5(A,C),ifAc BC C.
From Definitions 5 and 6, it is noted that §(4, B) = 1 — d(4, B).
Similar to HFS, in most of the cases, the number of values in different SVNHFEs might be different,
e, g, (x) # L) o L, () # Lp(x) and Iz, (x) # [ (%) . Let l;(x;) =
max{lz, (x;), lg; ()}, L (x;) = max{lz, (x;), Iz, (x;)} and [z (x;) = max{lz, (x;), [, (x;)} for each
x; € X. We can make them have the same number of elements through adding some elements to
the SVNHFE which has less number of elements. The selection of this operation mainly depends
on the decision makers’ risk preferences. Pessimists expect unfavorable outcomes and may add the
minimum of the truth-membership degree and maximum value of indeterminacy-membership
degree and falsity-membership degree. Optimists anticipate desirable outcomes and may add the
maximum of the truth-membership degree and minimum value of indeterminacy-membership
degree and falsity-membership degree That is, according to the pessimistic principle, if [z, (x;) <
lg, (x;), then the least value of £,(x;) or £5(x;) will be added to £4(x;). Moreover, if I, (x;) <
li, (x;), then the largest value of Iz, (x;) or Iz, (x;) will be inserted in 74 (x;) for x; € X. Similarity,
if Iz, (x;) < lz, (x;), then the largest value of l¢, (x;) or l¢_ (x;) will be inserted in fa(x;) for x; €
X.

3. Some distance measures for SVNHFSs
In this section, we give some distance measures between two SVNHFSs.

Based on the geometric distance model for SVNHFSs, we define the following distance
measures.

(1) Generalized single valued neutrosophic hesitant normalized distance (GN), for 4 > 0;
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1 n L (xp) A 1 (xp) )
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where ta(])(x ), tam(x ); 46(1)(x ), 4,0(])(35 ) and fa(]) (x;), fa(]) (x;) are the jth largest values
of truth-membership hesitant degrees, indeterminacy-membership hesitant degrees, and falsity-
membership hesitant degrees of A and B, respectively.

1. IfA=1, Eq. (5) reduces a single valued neutrosophic hesitant normalized Hamming
distance (NH):

1 n 1 lz(xp) Li(xy)
duw = _Z Z fff(f)(x.) (J)(x ) 4+ Z (})(x ) (})(x )
NH 3n - lf(xi) & | A i i l ( ) | i

L (x)

1 ot
e Z I7ED

~f5 @) (6)
ii. If A =2, Eq. (5) reduces a single valued neutrosophic hesitant normalized Euclidean
distance (NE)
1 n lg(xq) Lz (x)
N e Z 060 - 500 + Z [5G - 250l
i=1 Xi

f(xl)

+ lf(lxi) ; |f46(j)(xi)

2

— 0| %)

Equation (5) can be viewed as a most generalized case of distance measures. We can see that if
there is no indeterminacy in SVNHFS, then the indeterminacy-membership value of SVNHFS will
disappear, hence, Egs. (5), (6), and (7) are reduced to a generalized dual hesitant normalized
distance, a dual hesitant normalized Hamming distance and a dual hesitant normalized Euclidean
distance, respectively (i.e., the distance measures proposed by Singh 2013). In addition, if there is
no both indeterminacy and nonmembership in SVNHFS, then both indeterminacy-membership
value and falsity-membership value of SVNHFS will disappear, hence, Egs. (5), (6), and (7) are
reduced to a generalized hesitant normalized distance, a hesitant normalized Hamming distance
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and a hesitant normalized Euclidean distance, respectively (i.e., the distance measure proposed by
Xu and Xia 2011).
If we apply the Hausdorff metric to the distance measure, we obtain that

(2)Generalized single valued neutrosophic hesitant normalized Hausdorff distance (GNH):

n
. 1 j '
_ 20()) £o()
o = (aZ max ([£79 ) - 85 (x)

P

| o) (x,) — o)(x)l |an(})(x) fB”(’)(x)| ))
i=1

1. If 4 = 1, Eq. (6) reduces a single valued neutrosophic hesitant normalized Hamming—
Hausdorff distance (NHH):

dunn = ( Z max ([£79 (x) — 559 ()|, |79 ) — 5P )| 7P ) — 159 (xi)|)> - O
. If A = 2, Eq. (6) reduces a single valued neutrosophic hesitant normalized Euclidean—
Hausdorff distance (NEH):

- 1 g
duen =<—Zm]a><(|t§(”(xi) (;)(x)| | 90 (x,) — ¢Bo)(x)| | 770 (1)

3n
1
2 2
)) . (10

i=1

In many practical situations, the weight of each element x; € X should be taken into account. For
instance, in MADM problems, the considered attribute usually has different importance, thus needs
to be assigned with different weights. Since in SVNHFSs, we have three types of degree, one is
truth-membership degree, other is indeterminacy-membership and final is falsity-membership
degree. Since three degrees may have different importance, according to decision maker, different
weights can be assigned to each element in each degree. Assume that the weights w =
(w1, W, ... w,)" with w;j €[0,1], XL iw; =1; ¢ = Yy, P, )T with i € [0,1], XL 9; =
1 and ¢ = (¢pq, P, ... )T with ¢; € [0,1], X, ¢d; = 1 denote the weights assigned to truth-
membership degree, indeterminacy-membership degree and falsity-membership degree,
respectively, of SVNHEFS.

Now, we present the following weighted distance measures for SVNHFSs.

- ﬁsd(j) (x;)

(3) Generalized single valued neutrosophic hesitant weighted distance (GW):

n Lz (x) Lz (x)

= (;Z( < Z |ta(1)(x) 0(1)(xl) >+¢l (l ) Z | (1)(x) ig(j)(xi)r)
i=1

U (xi)

+ s lf(%l) ]Z: |JFAU(1')(xi)

1
1

_ fB‘T(]') (xi) A

Il
)
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i. If A = 1, then we get a single valued neutrosophic hesitant weighted Hamming distance
(WH):

n / L(xy) Lz (x)
dwn %Zk <f(1xi)jzl 7P e - (])("1)>+¢1 (z( )Z |20 G - zg“>(x,.)|>

i=1

f(xl)

e Z [0

20| |- (12)

. If A = 2, then we get a single valued neutrosophic hesitant weighted Euclidean

distance (WE):
/1 n / 1 g (x) ) Lz (x)
s = '\52 '\‘“f <zf(xi) PN AORLASE > (z o Z [ G0 - 250G )
i=1 j=1

Ly (xq)
1 zo())
i lf(xi); e

2

[y

—fB”(”(xi)r || (13)

(4) Generalized single valued neutrosophic hesitant weighted Hausdorff distance (GWH), for
A>0;

i 1%
dewn = <§Z max (wl
. 2
- 7| )) .
(14)
i. A = 1, then we get a single valued neutrosophic hesitant weighted Hamming—
Hausdorff distance (WHH):
~ 1 < ~a(j ~0 ~o(j
dwnn = <§Z m]fclx (wi |tA W (x) — U)(x )l Y |7 | (})(X) 'LB(]) (x)
(15)

ii. A = 2, then we get a single valued neutrosophic hesitant weighted Euclidean—
Hausdorff distance (WEH):

(]) (xl)

t (J)(x) 0(1)(x)| ;|

¢] | za()) (X

B

[P ) = 79 (xi>|)>.
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~ v . 2
dyey = (§Z m}ax( (|ta(])(x) oU)(xi)

PR

2)>>2. (16)

Next, we shall show that the proposed distance measures satisfy axiom definition of distance
measure.
Theorem 7. Let A4, B and C be any SVNHFSs, then dyy (4, B) is a distance measure.
Proof. We should prove that dyy (A, B) satisfies axioms (D1)-(D4).

(D1) Suppose that A and B are two SVNHFSs with n attributes, then
|t0(1)(x) G(})(x )| >0, | (])(x) (])(xi) > 0 and |f:40(1)(xi) _ f;(])(xi) >0

>,¢i (| PP @) - 29

- fgd(j) (xp)

and so

t
1 -0()) )
E £ )—i Jl =0,
le(x;) = | A (x) B (xl)|

Li(x) L (xD)

A 7200 a(j) a(j)
)Z| D) - 5 ()] 2 0and ; )Z |76 = 7P | = 0.
Thus, we have that
1 n t(xl) Ly (xp)
- a()) 6(1) ~U(1) (J)
3n; l(x)z|t ) = 50|+ s )Z| () = 759 (x|
f(xl)
zo() ey _ 70U (o
+lf(xi);|f,, ) = 7G| |2 0

and dyy(4,B) = 0.

On the other hand, since

20 () — 229 (, )| <1 | o0 () — 179 (x)| < 1and | D) — 2P| < 1,
we get
n L (x) L)
%; lf(lxi); |Ej(j)(xi) 29 0| + e )Z | 7D () (’)(xl)l
1F(x)
s ; 7706 = o] <1

and so dyy(A4,B) < 1.
Then it implies that 0 < dyy(4,B) < 1.
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D2)
1 n 1 lg(xp) Lz (xp)
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Then it follows that
lz(x;) ()

() L (x)

o (x) Z | (1)(x) (1)(xl)

f(xl) f(xl)

1 Fa(j za(j 1 ol .
e JZ; |fA D(x,) — £ (])(xi)| < lf(—XL) ; |fA D (x,) - i

and so
L& Lz (x) Li (xy)
dNH(A.B)=§iZl )2 e R Ao e DN AR
L (x)
oS o
7 (x:) =
1< Lp(x) Li(x)
3_2 o )Z |tj(’)(x) £50) (x) e ), 79 (x,) —
Uz(x) ]
i )Z [P - 77

= dNH(A' C)
Similarly, we can prove dyy (B, C) < dyy(4, C).

Theorem 8. Let A and B be two SVNHSs, then dgy (4, B) and dyg (4, B) are two distance

measurcs.

Proof. By the similar proof manner of Theorem 7, we can also give the proof of Theorem 8

(omitted).

Theorem 9. Let A, B and C be any SVNHFSs, then dgyy (4, B) is the distance measure.

Proof. We should prove that dgyy (4, B) satisfies axioms (D1)-(D4).
(D1) Suppose that A and B are two SVNHFSs with n attributes, then

|tA (J)(x) U(])(x )| >0, | (])(x) ’ig(j)(xi)

and so

(%zn: max (|t6(1)(x ) — tom (x;)

i=1

Thus, we have dgyy (4, B) = 0.

1 . . 1 ] )
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1
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(D3) Let dgyy (4, B) = 0, then
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oV =5"0), V@ =57 ad 70 =P
< A=B.
(D4) Since A € B < C, we have
BP0 < 5P0) < 7P @), 7P () < 7P () < 4P () and 7P () < f7P () < 7P ().

Then it follows that

. ] 2 . . Ay, o 2
m}ax(|t,:’“’(xi>—tg<”(xl-)| NP0 - 5[ P - i Pwl)

A . . Aoy s A
) |,zz(1)(xi) _ ig(])(xi)| ) |fA¢T(J)(xi) _ fCU(J)(xi)| )

< max (|fj(j) (x) — fg(j) (x;)

and so
1
< 1< ) YNGR OG0 IEPURNTANG
denvu(4,B) = EzmjaXGtA () =t (x| |57 () — g7 () ,|fA (x) — f3 (xi)l)
i=1
1
n 2
1 L e A g o AL o 2
= (ﬁzrn]ax(lt;’“(xi)—tg@(xi) NP @ - 20| [P ) - 70| ))
i=1
=dGNH(A’C)'

Similarly, we can prove dgyy (B, C) < dgyu (4, 0).

Theorem 10. Let A and B be two SVNHSs, then d (4, B) and d gy (4, B) are two distance
measures.

Proof. By the similar proof manner of Theorem 9, we can also give the proof of Theorem 10
(omitted).

4. Some similarity measures for SVNHFSs

In this section, we present some similarity measures based on the proposed distance measures
between SVNHFSs.

4.1. The similarity measures based on geometric distance model for SVNHFSs
With respect to Eq. (5), the similarity measure can be defined as follows:

(1) Similarity measure based on generalized single valued neutrosophic hesitant normalized
distance:
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SGN(A B) 1-— N(A,B) =1-
n t(xl) Lz (xp)

1 4 70 ~0(J A
don = gz z(x)2|t P - 500 + )Z| RUEOERALCD
l?(xi) 7

_1 za(j) 40 A
+lf(xi) ; |fA ] ) = fs ’ (x)

a7

Similarly, we give another similarity measures based on distance measure as follows:

(1) Similarity measure based on single valued neutrosophic hesitant normalized
Hamming distance:
Svu(A,B) =1 —dyy(4,B) (18)
(i1) Similarity measure based on single valued neutrosophic hesitant normalized
Euclidian distance:

$ye(A4,B) =1 —dyz(A,B) (19)
(2) Similarity measure based on generalized single valued neutrosophic hesitant normalized
Hausdorff distance:
§GNH(A'B) =1- dGNH(AlB) (20)

(1) Similarity measure based on single valued neutrosophic hesitant normalized
Hamming—Hausdorff distance:
Svun(A,B) =1 —dyyu(4,B) (21)
(i1) Similarity measure based on single valued neutrosophic hesitant normalized
Euclidian—Hausdorff distance:

Snen(4,B) = 1 —dygy(4,B) (22)
(3) Similarity measure based on generalized single valued neutrosophic hesitant weighted
Hausdorff distance:
Sew(4,B) =1 —dgw(4,B) (23)
(1) Similarity measure based on single valued neutrosophic hesitant weighted Hamming
distance:
Swu(A,B) =1 —dyy(A B) (24)
(i) Similarity measure based on single valued neutrosophic hesitant weighted Euclidian
distance:
Swe(4,B) =1 —dyg(4,B) (25)

4.2. Similarity measure based on the set-theoretic approach
Let A and B be two SVNHFSs, then we define a similarity measure from the point of set-
theoretic view as follows:

"B = Z S (min A,y () + S50 (min Apg (x) + £ (min Afap (x))
S

. 3n =1 Zl (xl)(max At,p(x)) + Zli(xl)(max Atyp (%)) +Z 7 l)(max Afap (xl))
where Ay (x) = (£79 (), 5 (), Aas (60 = (5 Ce) = 5P (D), Afan () = (V) = 7P ()

By taking into account the weight of each element x; € X for truth-membership function,
indeterminacy-membership function and falsity membership function, we define a similarity
measure as:

(26)
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Swsr(4,B)
n

1 o E oy (min Afap (1)) + S5y (min Az (1) + 27" ¢ (min s ()

g 51D 6y (max Ay (x0) + TV (max Ay (x)) + 3 fﬁ 0 b, (max Afyp (6)

(27)

4.3. Similarity measure based on matching function
The concept of similarity between FSs based on a matching function was defined by Chen et al.
(1995). Then Xu (2007) extended the matching function to deal with the similarity measures for
IFSs. In the following, we propose the similarity measure for SVNHFSs based on the matching
function.
Suppose that A and B are two SVNHFSs, then we define a similarity measure based on the
matching function as follows:
L I, ) + 20V ) + 2 V()

3L max (z;(;) Aty (x), z;(;) 2145 (x), 215 Afan ()
where Vs (x) = (£ () xE5P (x; )) wAB(x)—( 7D @)xa” (x))) and VfAB(xL)—(ff(J)(x)x
7)), and AEAB(xi)=(tX(])(xi)) +(fg(’)(xi)) ,A/ZAB(xi)=(/ZZ(])(xi)) +(i3(1)(xl-)) and Afyp(x;) =
(anU) (xi))z + (fBa(j) (xi))z_

If we consider weight of each x € X, then we get

§MF(A:B) = (28)

n

1 ij(ll) w;(VEap(x;)) + ZMXL) Y;(Vigp(x)) +2 (1 ;Y b, (Vfas (xD)
SWMF(A B) 371.2 max (Z t( L)(JJ (At ( t(xl) Iz (XL)
=1 ~ wi(atp(x), Z i (Atp(x), Z} 1 ¢}(AfAB(xi)))

It is clear that 3, (4, B) satisfies all the properties described in Definition 6.
5. Decision-making method based on the single-valued neutrosophic hesitant fuzzy

mformation
In this section, we apply the developed distance and similarity measures to a MADM problem
with single-valued neutrosophic hesitant fuzzy information.

For the MADM problem, let A = {4, A,, ..., A} be a set of alternatives, C = {C;, C5, ..., C,,} be
a set of attributes. Suppose that w = (w1, W5, ... w,)T, Y = (W1, Py, ... ,)T and ¢ =

(¢1, P2, ... )T are the potential weighting vector assigned to the truth-membership, the
indeterminacy-membership and the falsity-membership, respectively, in each alternative, where
w; =20,1;=20and ¢; =20, =1,2,...,n, Z;Lla)] 1, Z] 1P =1 andZ] 1 ¢; = 1. If the
decision makers provide several values for the alternative A;(i = 1,2, ..., m) under the attribute
G (j = 1,2, ...,n), these values can be characterized as a SVNHFN e;j = {tij,/iij,fij} =
1,2,..,n;i=12,..,m). Assume that £ = [eij]mxn 1s the decision matrix, where e i

(29)

expressed by a single-valued neutrosophic hesitant fuzzy element.

In multiple attribute decision-making environments, we can utilize the concept of ideal point to
determine the best alternative in the decision set. Although the ideal alternative does not exist in
real world, it does provide a useful theoretical construct against which to evaluate alternatives.

Therefore, we propose each ideal SVNHFN in the ideal alternative A™ = {(C], ej*): CiecC } as ej‘ =
&4, ={{13{0},{0}} G =12, ..,n).
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Thus, we can develop a procedure for the decision maker to select the best choice with single
valued neutrosophic hesitant fuzzy information, which can be given as follows:

Stepl. Compute the distance (similarity) measure between an alternative A; (i =
1,2,...,m) and the ideal alternative A* by using proposed distance (similarity)
measure.

Step 2. Rank all of the alternative with respect to the values of distance (similarity) measure.

Step 3. Choose the best alternative with respect to the minimum value of distance (maximum
value of similarity).

Step4. End.

6. Practical example

Here, an example for the multicriteria decision-making problem of alternatives is used as the
demonstration of the application of the proposed decision-making method, as well as the
effectiveness of the proposed method.

We take the example adopted from Ye (2014c) to illustrate the utility of the proposed distance
and similarity measures. Also, we show that the results obtained using the proposed distance
measure are more reasonable than the results obtained using Ye’s (2014c¢) cosine similarity
measure.

Example 11. Suppose that an investment company that wants to invest a sum of money in the best
option. There is a panel with four possible alternatives in which to invest the money: (1) A; is a car
company, (2) A, is a food company, (3) A3 is a computer company, and (4) A, is an arms company.
The investment company must make a decision according to the three attributes: (1) C; is the risk
analysis; (2) C, is the growth analysis, and (3) C3 is the environmental impact analysis. Suppose
that o = (0.35,0.25,0.40), ¢ = (0.35,0.40, 0.25), and ¢ = (0.30,0.40, 0.30) are the attribute
weight vector for truth-membership degree, the indeterminacy-membership degree and the falsity
membership degree, respectively. The four possible alternatives are to be evaluated under these
three attributes and are presented in the form of single valued neutrosophic hesitant fuzzy
information by decision maker according to three attributes C; (j = 1,2,3), as expressed in the

following single valued neutrosophic hesitant fuzzy decision matrix E':

Table 1: Decision matrix E

{{03,0.4,05},{0.1},{0.3,04}} {{0506},{0.203},{03,04}} {{0.203},{0.1,0.2},{0.5,06}}
E_({{0.6,0.7},{0.1,0.2},{0.2,0.3}} {{0.6,0.7},{0.1},{0.3}} {{0.6,0.7},{0.1,0.2},{0.1,0.2}}>

{{05,06},{0.4},{0.2,03}} {{0.6},{0.3},{04}} {{05,06},{0.1},{0.3}}
{{0.7,08},{0.1},{0.1,02}} {{0.6,07},{0.1},{0.2}} {{0.3,05},{0.2},{0.1,0.2,03}}

To get the best alternative(s), the following steps are involved:

Step 1. Using Eq. (12), we can compute the single valued neutrosophic hesitant weighted
Hamming distance between the alternatives and the ideal alternative as:

dyy(Ay, AY) = 0.4370,dyy (4,5, A7) = 0.2383,dyy (43, A%) = 0.3679,dy (A4, A*) = 0.2654.

Step 2. With respect to the values of weighted Hamming distance, we can rank the alternatives as
Ay > Ay > Az > A4

Step 3. The alternative A, is the optimal choice according to the minimum value among weighted
Hamming distances, which is not in agreement with the one obtained in Ye (2014c).
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Above example clearly shows that the developed method is effective and applicable under single-
valued neutrosophic hesitant fuzzy environment.

7. Related comparative analysis

Case 1. Ye (2014c) proposed a method based on single-valued neutrosophic hesitant fuzzy
aggregation operators and cosine measure function to find the best alternative. This method lacks
the decision makers’ risk factor, which causes the distortion of similarity between an alternative
and the ideal alternative and makes the proposed method more realistic. Therefore, the results of
the proposed method don’t coincide with the existing method Ye (2014c). In proposed method, we
not only consider the decision makers’ risk case but also the individual weighting vectors of truth-
membership, indeterminacy-membership, and falsity-membership degrees of each element in
decision space, separately. From Table 2, we can see that the rankings are changed according to
different parameters A, consequently, the proposed distance measure can provide a more flexible
decision and more choice for decision makers because of the decision maker’ risk factor and the
individual weighting vector of membership degrees. Combining the analyses above, our method is
more precise and reliable than the result produced in Ye (2014c).

Table 2: Results obtained by Eq. (5) corresponding different A values

A A4 A, As A, Ranking
A=1 04370 0.2383 0.3679 0.2654 Ay, > Ay > A3 > A4
A=2 0.6611 0.5256 0.5942 0.5619 Ay, > Ay > Az > Ay
A=5 0.8683 0.8102 0.8320 0.8455 A, > Az > Ay > Ay
A=10 0.9395 0.9140 0.9214 0.9320 A, > Az > Ay > Ay

Case 2. In order to validate the feasibility of the proposed decision making method, we give another
comparative study between our method and existing methods and use the concept of weighted
Euclidian distance. Xu and Xia’s method (2011) is used to rank the HFSs which are only
characterized by a set of the membership degrees, whereas Singh’s method (2013) is applied to
DHFSs which are taken into account both the membership hesitant degree and the non-membership
hesitant degree in decision making process.

Table 3: Relationships between existing methods and proposed method

The best The worst

Methods Rankings alternative(s) alternative(s)
Xu and Xia’s method A, > Az > A, A, A4
(2011) > A

Ay > Ay > As A, Ay
Singh’s method (2015) > A

Ay > Ay > As A, Ay
Ye’s method (2005) > A

Ay > Ay > As A, Aq
Our method > A;

On the other hand, we also utilize the weighted Euclidian distance to determine the final ranking
order of all the alternatives associated with SVNHFS, which are expressed by the truth-membership
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hesitant degree, indeterminacy-membership hesitant degree, and falsity-membership hesitant
degree, to calculate the distance measures and to rank all of the alternatives according to these
values. Using the MCDM problem in Example 11, the results with different methods are shown in
Table 3.

According to the results presented in Table 3, if the distance methods in Xu and Xia (2011) and
the Singh (2013) are used, then the best alternatives are A, and the worst one is A4, respectively.
Ye’s method (2014c¢) say that the best ones are A, and the worst one is A;. With respect to proposed
method in this paper, the best one is A, and A; is the worst one. But, there are some small
differences in the ranking of the alternatives due to definition of set theories. Additionally, from
results of Table 3, we can say that the concept of distance measure is more remarkable and more
useable than cosine measure to determine the order of the alternatives.

As mentioned above, the single valued neutrosophic hesitant fuzzy set is a generalization of FSs,
IFSs, HFSs, FMSs, DHFSs and also SVNSs. Therefore a SVNHFS (truth-membership hesitant
degree, indeterminacy-membership hesitant degree, and falsity-membership hesitant degree)
contains more information than the HFS (membership hesitant degree), the IFS (both membership
degree and nonmembership degree), the DHFS (membership hesitant degree and nonmembership
hesitant degree), and also SVNS (truth-membership degree, indeterminacy-membership degree,
and falsity-membership degree). Then, the proposed distance and similarity measures of SVNHFSs
is a further generalization of the distance and similarity measures of FSs, IFSs, HFSs, FMSs,
DHFSs and also SVNSs. In other words, the distance and similarity measures of FSs, IFSs, HFSs,
FMSs, DHFSs and also SVNSs are special cases of the distance and similarity measures of
SVNHFSs proposed in this paper. Therefore, the discrimination measures for SVNHFSs can be
used to solve not only distance and similarity measures with SVNHFSs but also the problems of
fuzzy environment, hesitant fuzzy environment, intuitionistic fuzzy environment, dual hesitant
fuzzy environment and single valued neutrosophic environment, whereas the methods in Xu and
Xia (2011), Xu (2007), Singh (2013) and Majumdar and Samanta (2014) are only sustainable for
problems with HFSs, IFSs, DHFSs, and SVNSs, respectively. Moreover, since SVNHFSs include
the aforementioned fuzzy sets, the decision-making method using the proposed distance and
similarity measures is more general and more feasibility than existing decision-making methods in
fuzzy setting, intuitionistic fuzzy setting, hesitant fuzzy setting, dual hesitant fuzzy setting, and
single-valued neutrosophic setting.

8. Conclusions

Based on the combination of both HFSs and SVNSs as a further generalization of fuzzy concepts,
the SVNHFS contains more information because it takes into account the information of its truth-
membership hesitant degree, indeterminacy-membership hesitant degree, and falsity-membership
hesitant degree, whereas the HFS only contains the information of its membership hesitant degrees
and DHFS contains the information of its membership hesitant degree and nonmembership hesitant
degree. Therefore, it has the desirable characteristics and advantages of its own, appears to be a
more flexible method than the existing methods and include much more information given by
decision makers. Based on the geometric distance model, the set-theoretic approach, and the
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matching functions, this paper proposed some distance and similarity measures between SVHNSs
as a new extension of discrimination measures between fuzzy sets, hesitant fuzzy sets, dual hesitant
fuzzy sets and the single-valued neutrosophic sets. In a multiple attribute decision making process
with single-valued neutrosophic hesitant fuzzy information, the proposed distance measure
between each alternative and the ideal alternative was used to rank the alternatives and determine
the best one(s) according to the measure values. Finally, a numeric example was given to verify
the proposed approach and to show its practicality and favorable. The developed method has
useable and effective calculation, and presents a new model for handling decision-making
problems under the single-valued neutrosophic hesitant fuzzy environment. In the future, we shall
further develop more discrimination measures such as correlation coefficient, entropy and cross-
entropy for SVNHFSs and apply them to solve practical applications in these areas, such as group
decision making, expert system, clustering, information fusion system, fault diagnoses, and
medical diagnoses.

References
1. K. Atanassov, Intuitionistic fuzzy sets. Fuzzy Sets and Systems, (20) (1986) 87-96.
2. K. Atanassov and G. Gargov (1989) Interval-valued intuitionistic fuzzy sets Fuzzy Sets and Systems,
31(3) 343-349.
3. S. Broumi, F. Smarandache (2013) Correlation coefficient of interval neutrosophic set, Applied
Mechanics and Materials, 436 511-517.
4. S.M. Chen, S.M. Yeh and P.H. Hsiao (1995) A comparison of similarity measures of fuzzy values. Fuzzy
Sets and Systems, 72:79-89.
5. P. Grzegorzewski (2004) Distances between intuitionistic fuzzy sets and/or interval-valued fuzzy sets
based on the Hausdorff metric. Fuzzy Sets and Systems, 148, 319-328.
6. W.L. Hung and M.S. Yang (2007) Similarity measures of intuitionistic fuzzy sets based on L p metric.
International Journal of Approximate Reasoning, 46:120-136
7. W.L. Hung and M.S. Yang (2004) Similarity measures between type-2 fuzzy sets. International Journal
of Uncertainty, Fuzziness and Knowledge-Based Systems, 12, 827-841.
8. P. Liu and Y. Wang, Multiple attribute decision-making method based on single-valued neutrosophic
normalized weighted Bonferroni mean, Neural Computing and Applications, 25 (7-8) (2014) 2001-2010.
9. Y.H. Li, D.L. Olson and Z. Qin (2007) Similarity measures between intuitionistic fuzzy (vague) sets: a
comparative analysis. Pattern Recognition Letters, 28:278-285
10. Z.7Z. Liang, P.F. Shi (2003) Similarity measures on intuitionistic fuzzy sets. Pattern Recognition Letters,
24:2687-2693.
11. R. Sahin (2015) Fuzzy multicriteria decision making method based on the improved accuracy function for
interval valued intuitionistic fuzzy sets. Soft Computing, DOI: 10.1007/s00500-015-1657-x
12. R. Sahin (2014), Neutrosophic hierarchical clustering algorithms, Neutrosophic Sets and Systems, 2,18-
24.
13. R Sahin and A. Kiigiik (2014) Subsethood measures for single valued neutrosophic sets, Journal of
Intelligent & Fuzzy Systems DOI: 10.3233/IFS-141304.
14. F. Smarandache (2005) A generalization of the intuitionistic fuzzy set. International journal of Pure and
Applied Mathematics, 24 287-297.
15. F. Smarandache, A unifying field in logics. neutrosophy: Neutrosophic probability, set and logic,
American Research Press, Rehoboth, 1999.
16. H. Wang, F. Smarandache, Y.Q. Zhang and R. Sunderraman, (2005) Interval neutrosophic sets and logic:
Theory and applications in computing, Hexis, Phoenix, AZ.

52



17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.
31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

New Trends in Neutrosophic Theory and Applications

H. Wang, F. Smarandache, Y.Q. Zhang and R. Sunderraman, (2010) Single valued neutrosophic sets,
Multispace and Multistructure 4, 410—413.

J. Ye, (2013) Multicriteria decision-making method using the correlation coefficient under single-valued
neutrosophic environment, International Journal of General Systems 42(4) 386—394.

J. Ye, (2014a) Single valued neutrosophic cross-entropy for multicriteria decision making problems,
Applied Mathematical Modelling 38, 1170-1175.

J. Ye, (2014b) A multicriteria decision-making method using aggregation operators for simplified
neutrosophic sets, Journal of Intelligent & Fuzzy Systems 26, 2459-2466.

J. Ye (2014c) Multiple-attribute Decision-Making Method under a single-valued neutrosophic hesitant
fuzzy environment, Journal of Intelligent Systems, DOI: 10.1515/jisys-2014-0001.

J. Ye, (2014d) Similarity measures between interval neutrosophic sets and their applications in
multicriteria decision-making, Journal of Intelligent & Fuzzy Systems, 26 (1) 165-172.

J.J, Peng, J.Q. Wang, J. Wang, H.Y. Zhang and X.H. Chen, (2015) Simplified neutrosophic sets and their
applications in multi-criteria group decision-making problems. International Journal of Systems Science.
DOI: 10.1080/00207721.2014.994050.

B. Farhadinia (2014) An efficient similarity measure for intuitionistic fuzzy sets. Soft Computing,
18(1):85-94

P. Majumdar and S.K. Samanta, On similarity and entropy of neutrosophic sets, Journal of Intelligent &
Fuzzy Systems, 26 (3) (2014) 1245-1252.

J.J. Peng, J.Q. Wang, X.H. Wu, J. Wang and X.H. Chen, (2015) Multi-valued neutrosophic sets and power
aggregation operators with their applications in multi-criteria group decision-making problems.
International Journal of Computational Intelligence Systems 8(2) 345-363.

P. Singh (2013) Distance and similarity measures for multiple-attribute decision making with dual hesitant
fuzzy sets, Computational Applied Mathematics. DOI: 10.1007/s40314-015-0219-2.

S. Khaleie and M. Fasanghari (2012) An intuitionistic fuzzy group decision making method using entropy
and association coefficient. Soft Computing, 16(7):1197-1211

E. Szmidt and J. Kacprzyk (2000) Distances between intuitionistic fuzzy sets. Fuzzy Sets and Systems,
114:505-518

V. Torra (2010) Hesitant fuzzy sets. International Journal of Intelligent Systems, 25:529-539

V. Torra and Y. Narukawa (2009) On hesitant fuzzy sets and decision. In: The 18th IEEE international
conference on fuzzy systems, Jeju Island, Korea, 2009, pp 1378—1382

W.Q. Wang (1997) New similarity measure on fuzzy sets and on elements. Fuzzy Sets and Systems,
85:305-309

W.Q. Wang and X.L. Xin (2005) Distance measure between intuitionistic fuzzy sets. Pattern Recognition
Letters, 26:2063-2069.

M.M. Xia and Z.S. Xu (2011) Hesitant fuzzy information aggregation in decision making, International
Journal of Approximate Reasoning, 52 (3) 395-407.

Z. Liang and P. Shi (2003) Similarity measures on intuitionistic fuzzy sets. Pattern Recognition Letters,
24 2687-2693.

Z. Xu (2007) Some similarity measures of intuitionistic fuzzy sets and their applications to multiple
attribute decision making. Fuzzy Optimization and Decision Making, 6:109—-121.

Z. Xu and M. Xia (2011) Distance and similarity measures for hesitant fuzzy sets. Information Science,
181:2128-2138

L. Xuecheng, (1992) Entropy, distance measure and similarity measure of fuzzy sets and their relations,
Fuzzy Sets and Systems, 52 (3) 305-318.

C. Tan (2011) Generalized intuitionistic fuzzy geometric aggregation operator and its application to multi-
criteria group decision making. Soft Computing, 15(5):867-876

L.A. Zadeh (1965) Fuzzy sets. Information Control, 8:338-353.

53



Florentin Smarandache, Surapati Pramanik (Editors)

41. H.Y. Zhang, J.Q. Wang, X.H. Chen, (2014) Interval neutrosophic sets and their application in multicriteria
decision making problems, The Scientific World Journal, 645953.

42. HC. Liu, JX. You, MM. Shan, LN. Shao (2015) Failure mode and effects analysis using intuitionistic
fuzzy hybrid TOPSIS approach. Soft Computing, 19(4):1085-1098

43. B. Zhu, Z. Xu and M. Xia (2012) Dual hesitant fuzzy sets. Journal of Applied Mathematics, 2012:1-13

54





