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Preface

This paper is based on my own previous articles [1–3]. I improve research methods and add some new contents in

this paper. A more rigorous, more analytical, more complete and more organized mathematical physical method is

adopted. And I am as far as possible to make the whole article have a sense of beauty.

Firstly, the mathematics foundation of constant tensors analysis methods [4–6] is established rigorously in Chapter

One. Some wonderful mathematical properties are found. Many important constant tensors are proposed. Then in

Chapter Two I use constant tensors as a mathematical tool to apply to physics. Some important physical quantities

are defined by using constant tensors. All kinds of relationships between them are studied in detail. The canonical,

analytical and strict mathematical physical sign system is established in this chapter. In Chapter Three, I use the

mathematical tools in the previous two chapters to study spinorial formalism [4, 5] of various spin particles classical

equations [7–17] . And the equivalence between spinorial formalism and classical one is proved strictly. I focuse to

study electromagnetic field, Yang-Mills field and gravitational field etc. Especially, a new spinorial formalism of the

gravitational field identity [14–17] is proposed. In order to further explore, I study several important equations by

contrast. Some new and interesting results are obtained.

The Chapter Four is the most important part of this thesis. It is also my original intention of writing this

paper. In this chapter, I put forward a new form of particle equations: Spin Equation. The equation is directly

constructed by spin and spin tensor. And I note that spin tensor is also the transformation matrix of corresponding

field representation. So the physical meaning of this equation is very clear. The corresponding particle equation

can be simply and directly written according to the transformation law of the particle field. It correctly describes

neutrino [8], electromagnetic field [10, 11], Yang-Mills field [9] and electron [7]etc. And it is found that it is completely

equivalent to full symmetry Penrose equation [4, 5]. A scalar field can be introduced naturally in this formalism. Thus,

a more interesting equation is obtained: Switch Spin Equation. When the scalar field is zero, free particles can exist.

When the scalar field is not zero, free particles can’t exist. The scalar field acts as a switch. It can control particles

generation and annihilation. This provides a new physical mechanism of particles generation and annihilation. At the

same time, it can also answer the question: why the universe inflation period [18] can be completely described by the

scalar fields. And the equation itself has an inherent limitation to the scalar field. So that the scalar will be quantized

automatically. Each quantized value of the scalar is corresponding to different physical equations. That provides a

new idea and an enlightenment for unity of five superstring theories [19].

Finally, in Chapter Five Bargmann-Wigner equation [20] is analyzed thoroughly. It is proved that it is equivalent to

Rarita-Schwinger equation [21, 22] in half integer spin case [23, 24]. And it is equivalent to Klein-Gordon equation [22, 25]

in integer spin case [24]. The profound physical meanings of Bargmann-Wigner equation are revealed. By contrast,

it is found that Bargmann-Wigner equation is suitable to describe massive particles, but not too suitable to describe

massless particles. Penrose spinorial equation or Spin Equation is more suitable to describe massless particles.

Mathematics and physics of this paper have a stronger originality. Some mathematical and physical concepts,

methods and contents also have a certain novelty. All of them are strictly calculated and established step by step by

my own independent efforts. It takes me a lot of time and energy. I use spare time to finish the paper. Due to the

limited time and my limited level, it is inevitable that there are a few mistakes. Comments and suggestions are welcome!

Author: S.R. Shi

November 2016, Danshui

Remark: This English version paper is translated from my own Chinese version paper [26]. But there are a few

small adjustments and corrections.
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Chapter 1

Constant tensors analysis

1 Mathematical preparation

1.1 Spin matrices σ(s)

[σας (s), σβς (s)] = iεαςβς
γςσγς (s), σ

2(s) = s(s+ 1), ς = ±1 (1.1)

1.2 Spin index definition

Symbol Convention:

∼: Lorenz transform, ≺: Matrix expansion to components, �: Components contraction to a matrix

Spin index definition:Aς ∼ e(iω+ςε)·σ(s) ⇔A+≡A∼ e(iω+ε)·σ(s), A− ≡A′∼ e(iω−ε)·σ(s)

Aς ∼ e−(iω+ςε)·σT (s) ⇔A+
≡A∼ e−(iω+ε)·σT (s),A− ≡A

′∼ e−(iω−ε)·σT (s)
(1.2a)

A′ς
∼ e(iω−ςε)·σ(s) ⇔A′+

≡A′∼ e(iω−ε)·σ(s), A′−
≡A∼ e(iω+ε)·σ(s)

A′ς ∼ e−(iω−ςε)·σT (s) ⇔A′+≡A′∼ e−(iω−ε)·σT (s),A
′
− ≡A∼ e−(iω+ε)·σT (s)

(1.2b)

Index relationships:Aς ≡A′−ς
A−ς ≡A′ς

,

Aς ≡A
′
−ς

A−ς ≡A
′
ς

,

A+ ≡A′−≡
A

A− ≡A′+≡A′
,

A+ ≡A
′
−≡A

A− ≡A
′
+≡A′

(1.2c)

Conjugate index:(Aς )∗ ≡A′ς

(Aς )
∗ ≡A′ς

,

(A
′
ς )∗ ≡Aς

(A′ς )
∗ ≡Aς

,

(A)∗ ≡A′

(A)∗ ≡A′
,

(A
′
)∗ ≡A

(A′)
∗ ≡A

(1.2d)

The corresponding measure of spin index: εε̄ = ε̄ε = IεAςBς � ε ≺ εA
′
ςB
′
ς

ε̄A′ςB′ς � ε̄ ≺ ε̄
AςBς

,

ψAς = εAςBςψ
Bς , ψAς = ε̄AςBςψBς

ψA
′
ς = εA

′
ςB
′
ςψB′ς , ψA′ς = ε̄A′ςB′ςψ

B′ς

(1.2e)

1.3 Electromagnetic spinorial index

Photon spin matrices:

γ = {


0 0 0

0 0 −i
0 i 0

 ,


0 0 i

0 0 0

−i 0 0

 ,


0 −i 0

i 0 0

0 0 0

}, [γας , γβς ] = iεαςβς
γςγγς , γ

2 = 1(1 + 1) (1.3)
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If we take a special representation σ(1) = γ, then there is the following electromagnetic spinorial index:

ας ∼ e(iω+ςε)·γ ⇔

α ∼ e(iω+ε)·γ

α′ ∼ e(iω−ε)·γ
, α′ς ∼ e(iω−ςε)·γ ⇔

α′ ∼ e(iω−ε)·γ

α ∼ e(iω+ε)·γ
(1.4)

Index relationships:

ας ≡ α′−ςα−ς ≡ α′ς
,

α+ ≡ α′− ≡ α

α− ≡ α′+ ≡ α′
,Conjugate relationships:

(ας)
∗ ≡ α′ς

(α′ς)
∗ ≡ ας

,

(α)∗ ≡ α′

(α′)∗ ≡ α

(1.5)

The corresponding metric tensor of the electromagnetic spinor: ggαςβς = δαςβς � I, gαςβς = δαςβς � I

gα′ςβ′ς = δα′ςβ′ς � I, g
α′ςβ

′
ς = δα

′
ςβ
′
ς � I

,

ψας = gαςβςψ
βς , ψας = gαςβςψβς

ψα
′
ς = gα

′
ςβ
′
ςψβ′ς , ψα′ς = gα′ςβ′ςψ

β′ς

(1.6)

The metric tensor is the unit matrix. You don’t need to distinguish covariant and contravariant tensors. The super-

script and subscript can be exchanged at will.

1.4 Lorenz representation index

Lorenz representation index :A∼ e 1
2ϑ

abSab ,A∼ e−
1
2ϑ

abSTab (1.7)

1.5 A special representation of spin matrices

Starting from Lorenz transform properties of full symmetric two-component Weyl [8] spinorial tensors, a special rep-

resentation of spin matrices can be obtained.

σ(s)=(
1

2



0 2s 0 0 0

1 0 2s−1 0 0

0 2 0 · · · 0

0 0 · · · 0 1

0 0 0 2s 0


,
i

2



0−2s 0 0 0

1 0 −(2s−1) 0 0

0 2 0 · · · 0

0 0 · · · 0 −1

0 0 0 2s 0


,



s 0 0 0 0

0 s−1 0 0 0

0 0 · · · 0 0

0 0 0 −(s−1) 0

0 0 0 0 −s


) (1.8a)

[σας (s), σβς (s)] = iεαςβς
γςσγς (s) σ2(s) = s(s+ 1), s =

1

2
, 1,

3

2
, 2,

5

2
, · · · (1.8b)

σας (s) ≺ σαςAςBς (s), ας ∼ e
(iω+ςε)·γ ,Aς ∼ e(iω+ςε)·σ(s),Bς ∼ e−(iω+ςε)·σT (s) (1.8c)

The corresponding metric tensor of the spin matrices:

εAςBς (s) � ε(s) =

 0 0 0 0 (−1)0C0
n

0 0 0 (−1)1C1
n 0

0 0 (−1)2C2
n 0 0

0 ··· 0 0 0
(−1)nCnn 0 0 0 0

 , C−kn ≡ (Ckn)
−1

(1.9a)

ε̄AςBς (s) � ε̄(s) =


0 0 0 0 (−1)nC−0

n

0 0 0 (−1)n−1C−1
n 0

0 0 (−1)n−2C−2
n 0 0

0 ··· 0 0 0
(−1)0C−nn 0 0 0 0

 (1.9b)

ε(s)ε̄(s) = ε̄(s)ε(s) = I (1.9c)

gαςβς = δαςβς � I, gαςβς = δαςβς � I (1.9d)

1.6 Common matrices

1.6.1 Pauli matrices

σ = {

[
0 1

1 0

]
,

[
0 −i
i 0

]
,

[
1 0

0 −1

]
}, tr(σας ) = 0, tr(σαςσβς ) = 2δαςβς (1.10)

[σας , σβς ] = 2iεαςβς
γςσγς , {σας , σβς} = 2δαςβς , σ

2 =
1

2
(
1

2
+ 1) (1.11)

σας ≺ σαςAςBς , ας ∼ e
(iω+ςε)·γ ,Aς ∼ e(iω+ςε)· 12σ,Bς ∼ e−(iω+ςε)· 12σ

T

(1.12)
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1.6.2 Photon matrices

γ = {


0 0 0

0 0 −i
0 i 0

 ,


0 0 i

0 0 0

−i 0 0

 ,


0 −i 0

i 0 0

0 0 0

}, tr(γας ) = 0, tr(γαςγβς ) = 2δαςβς (1.13)

[γας , γβς ] = iεαςβς
γςγγς γ2 = 1(1 + 1) (1.14)

γας ≺ γας βς γς ≡ −iεας
βς
γς

ας , βς , γς ∼ e(iω+ςε)·γ (1.15)

1.6.3 Rotation generating element matrices

Spatial rotation generating element matrices:

R = {


0 0 0 0

0 0 −i 0

0 i 0 0

0 0 0 0

 ,


0 0 i 0

0 0 0 0

−i 0 0 0

0 0 0 0

 ,


0 −i 0 0

i 0 0 0

0 0 0 0

0 0 0 0

}, tr(Rας ) = 0, tr(RαςRβς ) = 2δαςβς (1.16a)

Lorenz boost generating element matrices:

L = {


0 0 0 i

0 0 0 0

0 0 0 0

−i 0 0 0




0 0 0 0

0 0 0 i

0 0 0 0

0 −i 0 0




0 0 0 0

0 0 0 0

0 0 0 i

0 0 −i 0

}, tr(Lας ) = 0, tr(LαςLβς ) = δαςβς (1.16b)

[Rας , Rβς ] = iεαςβς
γςRγς , [Lας , Lβς ] = iεαςβς

γςRγς , [Rας , Lβς ] = [Lας , Rβς ] = iεαςβς
γςLγς (1.16c)

Rας ≺ Rας
ρς
ης
, Lας ≺ Lας

ρς
ης

ας , βς , γς ∼ e(iω+ςε)·γ , ρς , ης ∼ e(iω+ςε)·R (1.16d)

R2 = diag(2, 2, 2, 1), L2 = diag(0, 0, 0, 3) (1.16e)

1.6.4 Group SO(4) generating element matrices

σ+ = R+ L = {


0 0 0 i

0 0 −i 0

0 i 0 0

−i 0 0 0

 ,


0 0 i 0

0 0 0 i

−i 0 0 0

0 −i 0 0

 ,


0 −i 0 0

i 0 0 0

0 0 0 i

0 0 −i 0

} (1.17a)

σ+ = {−σy ⊗ σx,−I ⊗ σy, σy ⊗ σz}, tr(σ+ας
) = 0, tr(σ+ας

σ+βς
) = 4δαςβς (1.17b)

σ− = R− L = {


0 0 0 −i
0 0 −i 0

0 i 0 0

i 0 0 0

 ,


0 0 i 0

0 0 0 −i
−i 0 0 0

0 i 0 0

 ,


0 −i 0 0

i 0 0 0

0 0 0 −i
0 0 i 0

} (1.17c)

σ− = {σx ⊗ σy,−σz ⊗ σy, σy ⊗ I}, tr(σ−ας ) = 0, tr(σ−αςσ−βς ) = 4δαςβς (1.17d)

[σ+ας
, σ+βς

] = iεαςβς
γςσ+γς

, {σ+ας
, σ+βς

} = 2δαςβς , σ
2
+ =

1

2
(
1

2
+ 1) (1.17e)

[σ−ας , σ−βς ] = iεαςβς
γςσ−γς , {σ−ας , σ−βς} = 2δαςβς , σ

2
− =

1

2
(
1

2
+ 1) (1.17f)

[σ+ας
, σ−βς ] = [σ−ας , σ+βς

] = 0 (1.17g)

σ+ας
≺ σ+ας

ρς
ης
, σ−ας ≺ σ−ας

ρς
ης

ας , βς , γς ∼ e(iω+ςε)·γ , ρς , ης ∼ e(iω+ςε)·R (1.17h)
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Unified representation of group SO(4) generating element matrices

σς = {


0 0 0 iς

0 0 −i 0

0 i 0 0

−iς 0 0 0

 ,


0 0 i 0

0 0 0 iς

−i 0 0 0

0 −iς 0 0

 ,


0 −i 0 0

i 0 0 0

0 0 0 iς

0 0 −iς 0

} (1.18a)

[σκας , στ βς ] = iδκτεαςβς
γςσκγς , {σκας , στ βς} = 2δκτδαςβς , σ

2
ς =

1

2
(
1

2
+ 1) (1.18b)

σκας ≺ σκας
ρς
ης
, ας ∼ e(iω+ςε)·γ , ρς , ης ∼ e(iω+ςε)·R κ, τ, ς = +,− (1.18c)

Another understanding way of group SO(4) generating element matrices

σ+ας
≺ σ+ας

aςbς , σ−α′ς ≺ σ−α′ς
aςbς ας ∼ e(iω+ςε)·γ , α′ς ∼ e(iω−ςε)·γ , aς , bς ∼ e(iω·R+ςε·L) (1.19)

1.6.5 Alternate representation transformation matrices

Sc(
1

2
) =

1√
2

[
1 1

i −i

]
, S+
c (

1

2
) =

1√
2

[
1 −i
1 i

]
, Sc(

1

2
)S+
c (

1

2
) = S+

c (
1

2
)Sc(

1

2
) = I (1.20a)

Sem(
1

2
) =

1√
2

[
−1 1

−i −i

]
, S+
em(

1

2
) =

1√
2

[
−1 i

1 i

]
, Sem(

1

2
)S+
em(

1

2
) = S+

em(
1

2
)Sem(

1

2
) = I (1.20b)

Sc(
1

2
)(σx, σy, σz)S

+
c (

1

2
) = (σz, σx, σy), Sem(

1

2
)(σx, σy, σz)S

+
em(

1

2
) = (−σz,−σx, σy) (1.20c)

1.6.6 Electromagnetic pure imaginary representation transformation matrices and exchange matrices

Sem(ς) =
1√
2


1 0 0 −1

i 0 0 i

0 −1 −1 0

0 iς −iς 0

 , S+
em(ς) =

1√
2


1 −i 0 0

0 0 −1 −iς
0 0 −1 iς

−1 −i 0 0

 , Sex =


1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

 (1.21a)

σ−ς = Sem(ς)(σ ⊗ I)S+
em(ς), σς = Sem(ς)(I ⊗ σ)S+

em(ς), Sem(ς)S+
em(ς) = S+

em(ς)Sem(ς) = I (1.21b)

(σ ⊗ I) = Sex(I ⊗ σ)Sex, (I ⊗ σ) = Sex(σ ⊗ I)Sex S2
ex = I (1.21c)

Sm(1) =
1√
2


1 0 −1

i 0 i

0 −2 0

 , S−m(1) =
1√
2


1 −i 0

0 0 −1

−1 −i 0

 (1.21d)

γ = Sm(1)σ(1)S−m(1) Sm(1)S−m(1) = S−m(1)Sm(1) = I, Sem ≡ −Sem(−1) (1.21e)

1.6.7 Gravitational pure imaginary similarity transformation matrices

Sm(2) =
1

2



−1 0 2 0 −1

−i 0 0 0 i

0 2 0 −2 0

1 0 2 0 1

0 2i 0 2i 0


, S−m(2) =

1

2



−1 2i 0 1 0

0 0 1 0 −i
1 0 0 1 0

0 0 −1 0 −i
−1 −2i 0 1 0


(1.22a)

Gm = Sm(2)σ(2)S−m(2) Sm(2)S−m(2) = S−m(2)Sm(2) = I (1.22b)

Gm = {



0 0 0 0 0

0 0 −i 0 0

0 i 0 0 0

0 0 0 0 −2i

i 0 0 2i 0


,



0 0 2i 0 0

0 0 0 0 i

−2i 0 0 −i 0

0 0 0 0 0

0 −i 0 0 0


,



0 −2i 0 0 0

i 0 0 −i 0

0 0 0 0 −i
0 2i 0 0 0

0 0 i 0 0


} (1.22c)
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1.6.8 Full symmetric spinor condition matrix

T (s) =



1 0 0 0 0

0 τ 0 0 0

0 0 · · · 0 0

0 0 0 τ 0

0 0 0 0 1


, the number of τ is 2s− 1, τ =

1

2

[
1 1

1 1

]
, τn = τ, Tn(s) = T (s) (1.23a)

Full symmetric spinor condition : ψ̃ = T (s)ψ̃ (1.23b)

Full symmetric spinor condition is similar to Majorana condition [7] and Weyl condition [8]

1.7 Vector index

aς ∼ e(iω·R+ςε·L) ⇔

a ∼ e(iω·R+ε·L)

a′ ∼ e(iω·R−ε·L)
, a′ς ∼ e(iω·R−ςε·L) ⇔

a′ ∼ e(iω·R−ε·L)

a ∼ e(iω·R+ε·L)
(1.24)

Index relationships:

aς ≡ a′−ςa−ς ≡ a′ς
,

a+ ≡ a′− ≡ a

a− ≡ a′+ ≡ a′
,Conjugate relationships:

(aς)
∗ ≡ a′ς

(a′ς)
∗ ≡ aς

,

(a)∗ ≡ a′

(a′)∗ ≡ a

(1.25)

The corresponding metric tensor of electromagnetic spinorial index: ggaςbς = δaςbς � I, gaςbς = δaςbς � I

ga′ςb′ς = δa′ςb′ς � I, g
a′ςb
′
ς = δa

′
ςb
′
ς � I

,

ψaς = gaςbςψ
bς , ψaς = gaςbςψbς

ψa
′
ς = ga

′
ςb
′
ςψb′ς , ψa′ς = ga′ςb′ςψ

b′ς

(1.26)

The metric tensor is the unit matrix too. You don’t need to distinguish covariant and contravariant tensors. The

superscript and subscript can be exchanged at will.

1.8 Several mathematical formulas and properties

[A,B] = 0⇒ eAeB = eA+B (1.27a)

n∑
k=1

k2 =
1

6
n(n+ 1)(2n+ 1) (1.27b)[

I ∆

0 I

][
I −∆

0 I

]
=

[
I −∆

0 I

][
I ∆

0 I

]
= I4 (1.27c)

2 Discoveries and proofs of constant tensors

2.1 Constant tensors δaςbς , δ
aςbς , δa′ςb′ς , δ

a′ςb
′
ς

If ψaςψ
aς = invariant, then ψaς ∼ e(iω·R+ςε·L) ⇔ ψaς ∼ e−(iω·R+ςε·L)T = e(iω·R+ςε·L) (1.28)

I4 ≺ δaςbς , I−4 = I4 ≺ δaςbς (1.29)

Theorem 2.1.1. I4 = e(iω·R+ςε·L)I4e
−(iω·R+ςε·L), namely δaςbς , δ

aςbς are constant tensors, aς , bς ∼ e(iω·R+ςε·L)

Corollary 2.1.1. I4 = e(iω·R−ςε·L)I4e
−(iω·R−ςε·L), namely δa′ςb′ς , δ

a′ςb
′
ς are constant tensors, a′ς , b

′
ς ∼ e(iω·R−ςε·L)

2.2 Constant tensors δαςβς , δ
αςβς , δα′ςβ′ς , δ

α′ςβ
′
ς

If ψαςψ
ας = invariant, then ψας ∼ e(iω+ςε)·R ⇔ ψας ∼ e−(iω+ςε)·RT = e(iω+ςε)·R (1.30)

I4 ≺ δαςβς , I−4 = I4 ≺ δαςβς (1.31)

Theorem 2.2.1. I4 = e(iω+ςε)·RI4e
−(iω+ςε)·R, namely δαςβς , δ

αςβς are constant tensors, ας , βς ∼ e(iω+ςε)·R

Corollary 2.2.1. I4 = e(iω−ςε)·RI4e
−(iω−ςε)·R, namely δα′ςβ′ς , δ

α′ςβ
′
ς are constant tensors, α′ς , β

′
ς ∼ e(iω−ςε)·R

11
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2.3 Constant tensors [4]εAςBς , ε̄AςBς , ε
AςBς , ε̄AςBς , εA′ςB′ς , ε̄A′ςB′ς , ε

A′ςB
′
ς , ε̄A

′
ςB
′
ς

If ψAςψ
Aς = invariant, then ψAς ∼ e(iω+ςε)· 12σ ⇔ ψAς ∼ e−(iω+ςε)· 12σ

T

(1.32)

σy ≺ iεAςBς = −iε̄AςBς , σy ≺ −iε̄AςBς = iεAςBς (1.33)

Theorem 2.3.1. σy = e(iω+ςε)· 12σσye
(iω+ςε)· 12σ

T

, namely ε̄AςBς , εAςBς are constant tensors, Aς ,Bς ∼ e(iω+ςε)· 12σ

Corollary 2.3.1. σy = e(iω−ςε)· 12σσye
(iω−ςε)· 12σ

T

, namely ε̄A′ςB′ς , εA′ςB′ς are constant tensors, A′ς ,B′ς ∼ e
(iω−ςε)· 12σ

Theorem 2.3.2. σy = e−(iω+ςε)· 12σ
T

σye
−(iω+ςε)· 12σ, namely ε̄AςBς , εAςBς are constant tensors, Aς ,Bς ∼ e

−(iω+ςε)· 12σ
T

Corollary 2.3.2. σy = e−(iω−ςε)· 12σ
T

σye
−(iω−ςε)· 12σ, namely ε̄A

′
ςB
′
ς , εA

′
ςB
′
ς are constant tensors, A

′
ς ,B
′
ς ∼ e−(iω−ςε)· 12σ

T

2.4 Constant tensors εAςBς (s), ε̄AςBς (s)

If ψAςψ
Aς = invariant, then ψAς ∼ e(iω+ςε)·σ(s), ψAς ∼ e−(iω+ςε)·σT (s) (1.34)

Lemma 2.4.1. σT (s) = −ε(s)σ(s)ε̄(s)

Theorem 2.4.1. ε(s) = e(iω+ςε)·σ(s)ε(s)e(iω+ςε)·σT (s), namely εAςBς (s) are constant tensors, Aς ,Bς ∼ e(iω+ςε)· 12σ(s)

Corollary 2.4.1. ε(s) = e(iω−ςε)·σ(s)ε(s)e(iω−ςε)·σT (s), namely εA′ςB′ς (s) are constant tensors, A′ς ,B′ς ∼ e
(iω−ςε)·σ(s)

Corollary 2.4.2. ε̄(s) = e−(iω+ςε)·σT (s)ε̄(s)e−(iω+ςε)·σ(s), namely ε̄AςBς (s) are constant tensors, Aς ,Bς ∼ e
−(iω+ςε)·σT (s)

Corollary 2.4.3. ε̄(s) = e−(iω−ςε)·σT (s)ε̄(s)e−(iω−ςε)·σ(s), namely ε̄A
′
ςB
′
ς (s) are constant tensors, A

′
ς ,B
′
ς ∼ e−(iω−ςε)·σT (s)

2.5 Antisymmetry constant tensors [27]

εaςbςcςdς , ε
aςbςcςdς are constant tensors, ε1234 = ε1234 = 1, aς , bς , cς , dς ∼ e(iω·R+ςε·L) (1.35)

εa′ςb′ςc′ςd′ς , ε
a′ςb
′
ςc
′
ςd
′
ς are constant tensors, ε1′2′3′4′ = ε1′2′3′4′ = 1, a′ς , b

′
ς , c
′
ς , d
′
ς ∼ e(iω·R−ςε·L) (1.36)

εαςβςγς , ε
αςβςγς are constant tensors, ε123 = ε123 = 1, ας , βς , γς ∼ e(iω+ςε)·γ (1.37)

εα′ςβ′ςγ′ς , ε
α′ςβ

′
ςγ
′
ς are constant tensors, ε1′2′3′ = ε1′2′3′ = 1, α′ς , β

′
ς , γ
′
ς ∼ e(iω−ςε)·γ (1.38)

εAςBς , ε
AςBς are constant tensors, ε12 = ε12 = 1,Aς ,Bς ∼ e(iω+ςε)· 12σ,Aς ,Bς ∼ e−(iω+ςε)· 12σ

T

(1.39)

εA′ςB′ς , ε
A′ςB

′
ς are constant tensors, ε1′2′ = ε1′2′ = 1,A

′
ς ,B

′
ς ∼ e(iω−ςε)· 12σ,A′ς ,B′ς ∼ e

−(iω−ςε)· 12σ
T

(1.40)

2.6 Fundamental Theorem One and its relevant constant tensors

2.6.1 Preparation

Lemma 2.6.1. ϑa
b(Γ, iς)b ≡ (−ω × Γ− ςε,−iε · Γ)a ϑa

b � ϑ ≡ (iω ·R+ ε · L) =

[
0 ωz −ωy iεx
−ωz 0 ωx iεy
ωy −ωx 0 iεz
−iεx −iεy −iεz 0

]
Lemma 2.6.2. 1

2 iω · [Γ,Γας ] = (ω × Γ)ας ,∀ω → 0⇔ [Γας ,Γβς ] = 2iεαςβς
γςΓγς

Lemma 2.6.3. 1
2ε · {Γ,Γας} = εας ,∀ε→ 0⇔ {Γας ,Γβς} = 2δαςβς

2.6.2 Fundamental Theorem One

Theorem 2.6.1. (Γ, iς)a = [e(iω·R+ε·L)]a
b
e(iω+ςε)· 12 Γ(Γ, iς)be

−(iω−ςε)· 12 Γ ⇔

[Γας ,Γβς ] = 2iεαςβς
γςΓγς

{Γας ,Γβς} = 2δαςβς

Proof: (Γ, iς)a = [e(iω·R+ε·L)]a
b
e(iω+ςε)· 12 Γ(Γ, iς)be

−(iω−ςε)· 12 Γ,∀ω,∀ε
⇔ (Γ, iς)a = (δa

b + ϑa
b)(1 + (iω + ςε) · 1

2Γ)(Γ, iς)b(1− (iω − ςε) · 1
2Γ),∀ω → 0,∀ε→ 0

⇔ 0 = ϑa
b(Γ, iς)b + 1

2 iω · [Γ, (Γ, iς)a] + 1
2ε · {Γ, (Γ, iς)a},∀ω → 0,∀ε→ 0

⇔ 0 = (−ω × Γ− ςε,−iε · Γ)a + 1
2 iω · [Γ, (Γ, iς)a] + 1

2ε · {Γ, (Γ, iς)a},∀ω → 0,∀ε→ 0

⇔ 0 = (−ω × Γ− ςε)ας + 1
2 iω · [Γ,Γας ] + 1

2ε · {Γ,Γας},∀ω → 0,∀ε→ 0

⇔ 1
2 iω · [Γ,Γας ] = (ω × Γ)ας ,

1
2ε · {Γ,Γας} = εας ,∀ω → 0,∀ε→ 0

⇔ [Γας ,Γβς ] = 2iεαςβς
γςΓγς , {Γας ,Γβς} = 2δαςβς

12
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2.6.3 Constant tensors [4](σ, iς)a
AςA

′
ς , (σ, iς)a′

A′ςAς , (σ,−iς)aA′ςAς , (σ,−iς)
a′

AςA′ς

Corollary 2.6.1. (σ, iς)a = [e(iω·R+ε·L)]a
b
e(iω+ςε)· 12σ(σ, iς)be

−(iω−ςε)· 12σ → Constant tensor: (σ, iς)a
AςA

′
ς

Corollary 2.6.2. (σ, iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω−ςε)· 12σ(σ, iς)b′e
−(iω+ςε)· 12σ → Constant tensor: (σ, iς)a′

A′ςAς

Corollary 2.6.3. (σ,−iς)a = [e(iω·R+ε·L)]abe
(iω−ςε)· 12σ(σ,−iς)be−(iω+ςε)· 12σ → Constant tensor: (σ,−iς)aA′ςAς

Corollary 2.6.4. (σ,−iς)a′ = [e(iω·R−ε·L)]a
′

b′e
(iω+ςε)· 12σ(σ,−iς)b′e−(iω−ςε)· 12σ → Constant tensor: (σ,−iς)a′AςA′ς

2.6.4 Transition

Corollary 2.6.5. (σ ⊗ I, iς)a = [e(iω·R+ε·L)]a
b
e(iω+ςε)· 12σ⊗I(σ ⊗ I, iς)be−(iω−ςε)· 12σ⊗I

Corollary 2.6.6. (σ ⊗ I, iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω−ςε)· 12σ⊗I(σ ⊗ I, iς)b′e−(iω+ςε)· 12σ⊗I

Corollary 2.6.7. (I ⊗ σ, iς)a = [e(iω·R+ε·L)]a
b
e(iω+ςε)· 12 I⊗σ(σ, iς)be

−(iω−ςε)· 12 I⊗σ

Corollary 2.6.8. (I ⊗ σ, iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω−ςε)· 12 I⊗σ(σ, iς)b′e
−(iω+ςε)· 12 I⊗σ

Corollary 2.6.9. (σ+, iς)a = [e(iω·R+ε·L)]a
b
e(iω+ςε)· 12σ+(σ+, iς)be

−(iω−ςε)· 12σ+

Corollary 2.6.10. (σ+, iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω−ςε)· 12σ+(σ+, iς)b′e
−(iω+ςε)· 12σ+

Corollary 2.6.11. (σ−, iς)a = [e(iω·R+ε·L)]a
b
e(iω+ςε)· 12σ−(σ−, iς)be

−(iω−ςε)· 12σ−

Corollary 2.6.12. (σ−, iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω−ςε)· 12σ−(σ−, iς)b′e
−(iω+ςε)· 12σ−

2.6.5 Constant tensors (σ+, iς)a
αςb
′
ς , (σ+, iς)a′

α′ςbς , (σ+, iς)a
bςα
′
ς , (σ+, iς)a′

b′ςας

Corollary 2.6.13. (σ+, iς)a = [e(iω·R+ε·L)]a
b
e(iω+ςε)·R(σ+, iς)be

−(iω·R−ςε·L) → Constant tensor: (σ+, iς)a
αςb
′
ς

Corollary 2.6.14. (σ+, iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω−ςε)·R(σ+, iς)b′e
−(iω·R+ςε·L) → Constant tensor: (σ+, iς)a′

α′ςbς

Corollary 2.6.15. (σ+, iς)a = [e(iω·R+ε·L)]a
b
e(iω·R+ςε·L)(σ+, iς)be

−(iω−ςε)·R → Constant tensor: (σ+, iς)a
bςα
′
ς

Corollary 2.6.16. (σ+, iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω·R−ςε·L)(σ+, iς)b′e
−(iω+ςε)·R → Constant tensor: (σ+, iς)a′

b′ςας

2.6.6 Constant tensors (σ+,−iς)aα
′
ςbς , (σ+,−iς)a′αςb

′
ς , (σ+,−iς)ab

′
ςας , (σ+,−iς)a′bςα

′
ς

Corollary 2.6.17. (σ+,−iς)a = [e(iω·R+ε·L)]a
b
e(iω−ςε)·R(σ+,−iς)be−(iω·R+ςε·L) → Constant tensor: (σ+,−iς)aα

′
ςbς

Corollary 2.6.18. (σ+,−iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω+ςε)·R(σ+,−iς)b′e−(iω·R−ςε·L) → Constant tensor: (σ+,−iς)a′αςb
′
ς

Corollary 2.6.19. (σ+,−iς)a = [e(iω·R+ε·L)]a
b
e(iω·R−ςε·L)(σ+,−iς)be−(iω+ςε)·R → Constant tensor: (σ+,−iς)ab

′
ςας

Corollary 2.6.20. (σ+,−iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω·R+ςε·L)(σ+,−iς)b′e−(iω−ςε)·R → Constant tensor: (σ+,−iς)a′bςα
′
ς

2.6.7 Constant tensors (σ−, iς)a
αςbς , (σ−, iς)a′

α′ςb
′
ς , (σ−, iς)a

b′ςα
′
ς , (σ−, iς)a′

bςας

Corollary 2.6.21. (σ−, iς)a = [e(iω·R+ε·L)]a
b
e(iω+ςε)·R(σ−, iς)be

−(iω·R+ςε·L) → Constant tensor: (σ−, iς)a
αςbς

Corollary 2.6.22. (σ−, iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω−ςε)·R(σ−, iς)b′e
−(iω·R−ςε·L) → Constant tensor: (σ−, iς)a′

α′ςb
′
ς

Corollary 2.6.23. (σ−, iς)a = [e(iω·R+ε·L)]a
b
e(iω·R−ςε·L)(σ−, iς)be

−(iω−ςε)·R → Constant tensor: (σ−, iς)a
b′ςα
′
ς

Corollary 2.6.24. (σ−, iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω·R+ςε·L)(σ−, iς)b′e
−(iω+ςε)·R → Constant tensor: (σ−, iς)a′

bςας

13
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2.6.8 Constant tensors (σ−,−iς)aα
′
ςb
′
ς , (σ−,−iς)a′αςbς , (σ−,−iς)abςας , (σ−,−iς)a′b

′
ςα
′
ς

Corollary 2.6.25. (σ−,−iς)a = [e(iω·R+ε·L)]a
b
e(iω−ςε)·R(σ−,−iς)be−(iω·R−ςε·L) → Constant tensor: (σ−, iς)a

α′ςb
′
ς

Corollary 2.6.26. (σ−,−iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω+ςε)·R(σ−,−iς)b′e−(iω·R+ςε·L) → Constant tensor: (σ−, iς)a′
αςbς

Corollary 2.6.27. (σ−,−iς)a = [e(iω·R+ε·L)]a
b
e(iω·R+ςε·L)(σ−,−iς)be−(iω+ςε)·R → Constant tensor: (σ−, iς)a

bςας

Corollary 2.6.28. (σ−,−iς)a′ = [e(iω·R−ε·L)]a′
b′

e(iω·R−ςε·L)(σ−,−iς)b′e−(iω−ςε)·R → Constant tensor: (σ−, iς)a′
b′ςα
′
ς

2.7 Fundamental Theorem Two and its relevant constant tensors

2.7.1 Fundamental Theorem Two

Theorem 2.7.1. Γας = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)·ΓΓβςe

−(iω+ςε)·Γ ⇔ [Γας ,Γβς ] = iεαςβς
γςΓγς

Proof: Γας = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)·ΓΓβςe

−(iω+ςε)·Γ,∀ω,∀ε
⇔ Γας = [δας

βς + (iω + ςε) · γας βς ][1 + (iω + ςε) · Γ]Γβς [1− (iω + ςε) · Γ],∀ω → 0,∀ε→ 0

⇔ 0 = (iω + ςε) · {γας βςΓβς + [Γ,Γας ]},∀ω → 0,∀ε→ 0

⇔ γας
βςΓβς + [Γ,Γας ] = 0

⇔ γαςβς
γςΓγς + [Γας ,Γβς ] = 0(εαςβς

γς ≡ iγαςβς γς )
⇔ [Γας ,Γβς ] = iεαςβς

γςΓγς

2.7.2 Constant tensors σας
Aς
Bς

(s), σα
′
ςA′ς

B′ς (s)

Corollary 2.7.1. σας (s) = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)·σ(s)σβς (s)e

−(iω+ςε)·σ(s) → Constant tensor: σας
Aς
Bς

(s)

Corollary 2.7.2. σα
′
ς (s) = [e(iω−ςε)·γ ]α

′
ς
β′ς
e(iω−ςε)·σ(s)σβ

′
ς (s)e−(iω−ςε)·σ(s) → Constant tensor: σα

′
ςA′ς

B′ς (s)

2.7.3 Constant tensors (σ, ik)ας
Aς
Bς

(s), (σ, ik)α
′
ς
A′ς

B′ς (s)

Corollary 2.7.3. (σ, ik)ας (s) = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)·σ(s)(σ, ik)βς (s)e

−(iω+ςε)·σ(s) → Constant tensor: (σ, ik)ας
Aς
Bς

(s)

Corollary 2.7.4. (σ, ik)α
′
ς (s) = [e(iω−ςε)·γ ]α

′
ς
β′ς
e(iω−ςε)·σ(s)(σ, ik)β

′
ς (s)e−(iω−ςε)·σ(s) → Constant tensor: (σ, ik)α

′
ς
A′ς

B′ς (s)

2.7.4 Constant tensors σας
Aς
Bς
, σα

′
ςA′ς

B′ς

Corollary 2.7.5. σας = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)· 12σσβςe

−(iω+ςε)· 12σ → Constant tensor: σας
Aς
Bς

Corollary 2.7.6. σα
′
ς = [e(iω−ςε)·γ ]α

′
ς
β′ς
e(iω−ςε)· 12σσβ

′
ςe−(iω−ςε)· 12σ → Constant tensor: σα

′
ςA′ς

B′ς

2.7.5 Constant tensors γαςβςγς , γ
α′ςβ

′
ςγ
′
ς

Corollary 2.7.7. γας (s) = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)·γγβς (s)e

−(iω+ςε)·γ → Constant tensor: γαςβςγς (≡ −iεαςβςγς )

Corollary 2.7.8. γα
′
ς (s) = [e(iω−ςε)·γ ]α

′
ς
β′ς
e(iω−ςε)·γγβ

′
ς (s)e−(iω−ςε)·γ → Constant tensor: γα

′
ςβ
′
ςγ
′
ς (≡ −iεα′ςβ′ςγ′ς )

2.7.6 Constant tensors (σ, ik)ας
Aς
Bς
, (σ, ik)α

′
ς
A′ς

B′ς

Corollary 2.7.9. (σ, ik)ας = [e(iω+ςε)·R]ας
βς
e(iω+ςε)· 12σ(σ, ik)βςe

−(iω+ςε)· 12σ → Constant tensor: (σ, ik)ας
Aς
Bς

Corollary 2.7.10. (σ, ik)α
′
ς = [e(iω−ςε)·R]α

′
ς
β′ς
e(iω−ςε)· 12σ(σ, ik)β

′
ςe−(iω−ςε)· 12σ → Constant tensor: (σ, ik)α

′
ς
A′ς

B′ς

2.7.7 Transition

Corollary 2.7.11. σας ⊗ I = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)· 12σ⊗I(σβς ⊗ I)e−(iω+ςε)· 12σ⊗I
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Corollary 2.7.12. I ⊗ σας = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)· 12 I⊗σ(I ⊗ σβς )e−(iω+ςε)· 12 I⊗σ

Corollary 2.7.13. σ+ας = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)· 12σ+σ+βςe

−(iω+ςε)· 12σ+

Corollary 2.7.14. σ−ας = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)· 12σ−σ−βςe

−(iω+ςε)· 12σ−

2.7.8 Constant tensors σ+ας
aςbς , σ+α′ς

a′ςb
′
ς , σ+ας

ρςης , σ+α′ς
ρ′ςη
′
ς

Corollary 2.7.15. σ+ας = [e(iω+ςε)·γ ]ας
βς
e(iω·R+ςε·L)σ+βςe

−(iω·R+ςε·L) → Constant tensor: σ+ας
aςbς

Corollary 2.7.16. σ+α′ς
= [e(iω−ςε)·γ ]α′ς

β′ςe(iω·R−ςε·L)σ+β′ς
e−(iω·R−ςε·L) → Constant tensor: σ+α′ς

a′ςb
′
ς

Corollary 2.7.17. σ+ας = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)·Rσ+βςe

−(iω+ςε)·R → Constant tensor: σ+ας
ρςης

Corollary 2.7.18. σ+α′ς
= [e(iω−ςε)·γ ]α′ς

β′ςe(iω−ςε)·Rσ+β′ς
e−(iω−ςε)·R → Constant tensor: σ+α′ς

ρ′ςη
′
ς

2.7.9 Constant tensors (σ+, ik)ας
aςbς , (σ+, ik)α′ς

a′ςb
′
ς , (σ+, ik)ας

ρςης , (σ+, ik)α′ς
ρ′ςη
′
ς

Corollary 2.7.19. (σ+, ik)ας = [e(iω+ςε)·R]ας
βς
e(iω·R+ςε·L)(σ+, ik)βςe

−(iω·R+ςε·L) → Constant tensor: (σ+, ik)ας
aςbς

Corollary 2.7.20. (σ+, ik)α′ς = [e(iω−ςε)·R]α′ς
β′ςe(iω·R−ςε·L)(σ+, ik)β′ςe

−(iω·R−ςε·L) → Constant tensor: (σ+, ik)α′ς
a′ςb
′
ς

Corollary 2.7.21. (σ+, ik)ας = [e(iω+ςε)·R]ας
βς
e(iω+ςε)·R(σ+, ik)βςe

−(iω+ςε)·R → Constant tensor: (σ+, ik)ας
ρςης

Corollary 2.7.22. (σ+, ik)α′ς = [e(iω−ςε)·R]α′ς
β′ςe(iω−ςε)·R(σ+, ik)β′ςe

−(iω−ςε)·R → Constant tensor: (σ+, ik)α′ς
ρ′ςη
′
ς

2.7.10 Constant tensors σ−ας
a′ςb
′
ς , σ−α′ς

aςbς , σ−ας
ρςης , σ−α′ς

ρ′ςη
′
ς

Corollary 2.7.23. σ−ας = [e(iω+ςε)·γ ]ας
βς
e(iω·R−ςε·L)σ−βςe

−(iω·R−ςε·L) → Constant tensor: σ−ας
a′ςb
′
ς

Corollary 2.7.24. σ−α′ς = [e(iω−ςε)·γ ]α′ς
β′ςe(iω·R+ςε·L)σ−β′ςe

−(iω·R+ςε·L) → Constant tensor: σ−α′ς
aςbς

Corollary 2.7.25. σ−ας = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)·Rσ−βςe

−(iω+ςε)·R → Constant tensor: σ−ας
ρςης

Corollary 2.7.26. σ−α′ς = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)·Rσ−β′ςe

−(iω−ςε)·R → Constant tensor: σ−α′ς
ρ′ςη
′
ς

2.7.11 Constant tensors (σ−, ik)ας
a′ςb
′
ς , (σ−, ik)α′ς

aςbς , (σ−, ik)ας
ρςης , (σ−, ik)α′ς

ρ′ςη
′
ς

Corollary 2.7.27. (σ−, ik)ας = [e(iω+ςε)·R]ας
βς
e(iω·R−ςε·L)(σ−, ik)βςe

−(iω·R−ςε·L) → Constant tensor: (σ−, ik)ας
a′ςb
′
ς

Corollary 2.7.28. (σ−, ik)α′ς = [e(iω−ςε)·R]α′ς
β′ςe(iω·R+ςε·L)(σ−, ik)β′ςe

−(iω·R+ςε·L) → Constant tensor: (σ−, ik)α′ς
aςbς

Corollary 2.7.29. (σ−, ik)ας = [e(iω+ςε)·R]ας
βς
e(iω+ςε)·R(σ−, ik)βςe

−(iω+ςε)·R → Constant tensor: (σ−, ik)ας
ρςης

Corollary 2.7.30. (σ−, ik)α′ς = [e(iω−ςε)·R]α′ς
β′ςe(iω−ςε)·R(σ−, ik)β′ςe

−(iω−ςε)·R → Constant tensor: (σ−, ik)α′ς
ρ′ςη
′
ς

2.7.12 Constant tensors Rας
ρςης , Rα′ς

ρ′ςη
′
ς

Corollary 2.7.31. Rας = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)·RRβςe

−(iω+ςε)·R → Constant tensor: Rας
ρςης

Corollary 2.7.32. Rα′ς = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)·RRβ′ςe

−(iω−ςε)·R → Constant tensor: Rα′ς
ρ′ςη
′
ς

2.7.13 Constant tensors (R, ik)ας
ρςης , (R, ik)α′ς

ρ′ςη
′
ς

Corollary 2.7.33. (R, ik)ας = [e(iω+ςε)·R]ας
βς
e(iω+ςε)·R(R, ik)βςe

−(iω+ςε)·R → Constant tensor: (R, ik)ας
ρςης

Corollary 2.7.34. (R, ik)α′ς = [e(iω−ςε)·R]α′ς
β′ςe(iω−ςε)·R(R, ik)β′ςe

−(iω−ςε)·R → Constant tensor: (R, ik)α′ς
ρ′ςη
′
ς
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2.7.14 Constant tensors Lας
ρςης , Lα′ς

ρ′ςη
′
ς

Corollary 2.7.35. Lας = [e(iω+ςε)·γ ]ας
βς
e(iω+ςε)·RLβςe

−(iω+ςε)·R → Constant tensor: Lας
ρςης

Corollary 2.7.36. Lα′ς = [e(iω−ςε)·γ ]α′ς
β′ςe(iω−ςε)·RLβ′ςe

−(iω−ςε)·R → Constant tensor: Lα′ς
ρ′ςη
′
ς

2.7.15 Constant tensors (L, ik)ας
ρςης , (L, ik)α′ς

ρ′ςη
′
ς

Corollary 2.7.37. (L, ik)ας = [e(iω+ςε)·R]ας
βς
e(iω+ςε)·R(L, ik)βςe

−(iω+ςε)·R → Constant tensor: (L, ik)ας
ρςης

Corollary 2.7.38. (L, ik)α′ς = [e(iω−ςε)·R]α′ς
β′ςe(iω−ςε)·R(L, ik)β′ςe

−(iω−ςε)·R → Constant tensor: (L, ik)α′ς
ρ′ςη
′
ς

2.8 Fundamental Theorem Three and its relevant constant tensors

2.8.1 Fundamental Theorem Three

In any N+1 dimensional spacetime, there is a following theorem.

Theorem 2.8.1. Γab = [eϑ]a
c
[eϑ]b

d
e

1
2ϑ

efΓefΓcde
− 1

2ϑ
efΓef , ϑab = −ϑba

⇔ [Γab,Γcd] = δadΓbc − δacΓbd + δbcΓad − δbdΓac

Proof: Γab = [eϑ]a
c
[eϑ]b

d
e

1
2ϑ

efΓefΓcde
− 1

2ϑ
efΓef ,∀ϑef

⇔ Γab = [δa
c + ϑa

c][δb
d + ϑb

d](1 + 1
2ϑ

efΓef )Γcd(1− 1
2ϑ

efΓef ),∀ϑef → 0

⇔ 0 = ϑa
cΓcb − ϑbdΓda − 1

2ϑ
cd[Γab,Γcd),∀ϑcd → 0

⇔ ϑcd[Γab,Γcd) = 2(ϑa
cΓcb − ϑbdΓda),∀ϑcd → 0

⇔ ϑcd[Γab,Γcd) = ϑcd(δadΓbc − δacΓbd + δbcΓad − δbdΓac),∀ϑcd → 0

⇔ [Γab,Γcd] = δadΓbc − δacΓbd + δbcΓad − δbdΓac

2.8.2 Spin constant tensors [11]Sab
A
B, Sa′b′

A′
B′

Corollary 2.8.1. Sab = [eϑ]a
c
[eϑ]b

d
e

1
2ϑ

efSefScde
− 1

2ϑ
efSef , ϑ = iω ·R+ ε · L→ Constant tensor: Sab

A
B

Corollary 2.8.2. Sa′b′ = [eϑ
′
]a′
c′

[eϑ
′
]b′
d′

e
1
2ϑ
′e′f′Se′f′Sc′d′e

− 1
2ϑ
′e′f′Se′f′ , ϑ′ = iω ·R− ε ·L→ Constant tensor: Sa′b′

A′
B′

2.8.3 Spin constant tensors Sab
Aς
Bς (s, ς), SabA′ς

B′ς (s,−ς)

Corollary 2.8.3. Sab(s, ς) = [eϑ]a
c
[eϑ]b

d
e

1
2ϑ

efSef (s,ς)Scd(s, ς)e
− 1

2ϑ
efSef (s,ς)

ϑ = iω ·R+ ε · L, Sab(s, ς) � i

 0 σz(s) −σy(s) −ςσx(s)
−σz(s) 0 σx(s) −ςσy(s)
σy(s) −σx(s) 0 −ςσz(s)
ςσx(s) ςσy(s) ςσz(s) 0

→ Constant tensor: Sab
Aς
Bς (s, ς)

Corollary 2.8.4. Sab(s,−ς) = [eϑ]a
c
[eϑ]b

d
e

1
2ϑ

efSef (s,−ς)Scd(s,−ς)e−
1
2ϑ

efSef (s,−ς) → Constant tensor: SabA′ς
B′ς (s,−ς)

2.8.4 Spin constant tensors Sa′b′A′ς
B′ς (s, ς)(s, ς), Sa′b′

Aς
Bς (s,−ς)

Corollary 2.8.5. Sa′b′(s, ς) = [eϑ
′
]a′
c′

[eϑ
′
]b′
d′

e
1
2ϑ
′e′f′Se′f′ (s,ς)Sc′d′(s, ς)e

− 1
2ϑ
′e′f′Se′f′ (s,ς)

ϑ′ = iω ·R− ε · L, Sa′b′(s, ς) � i

 0 σz(s) −σy(s) −ςσx(s)
−σz(s) 0 σx(s) −ςσy(s)
σy(s) −σx(s) 0 −ςσz(s)
ςσx(s) ςσy(s) ςσz(s) 0

→ Constant tensor: Sa′b′A′ς
B′ς (s, ς)(s, ς)

Corollary 2.8.6. Sa′b′(s,−ς) = [eϑ
′
]a′
c′

[eϑ
′
]b′
d′

e
1
2ϑ
′e′f′Se′f′ (s,−ς)Sc′d′(s,−ς)e−

1
2ϑ
′e′f′Se′f′ (s,−ς)

→ Constant tensor: Sa′b′
Aς
Bς (s,−ς)

2.8.5 Spin constant tensors Sab
Aς
Bς (ς), SabA′ς

B′ς (−ς)

Corollary 2.8.7. Sab(ς) = [eϑ]a
c
[eϑ]b

d
e

1
2ϑ

efSef (ς)Scd(ς)e
− 1

2ϑ
efSef (ς)

ϑ = iω ·R+ ε · L, Sab(ς) � i
2

[
0 σz −σy −ςσx
−σz 0 σx −ςσy
σy −σx(s) 0 −ςσz
ςσx ςσy ςσz 0

]
→ Constant tensor: Sab

Aς
Bς (ς)

Corollary 2.8.8. Sab(−ς) = [eϑ]a
c
[eϑ]b

d
e

1
2ϑ

efSef (−ς)Scd(−ς)e−
1
2ϑ

efSef (−ς) → Constant tensor: SabA′ς
B′ς (−ς)
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2.8.6 Spin constant tensors Sa′b′A′ς
B′ς (ς), Sa′b′

Aς
Bς (−ς)

Corollary 2.8.9. Sa′b′(ς) = [eϑ
′
]a′
c′

[eϑ
′
]b′
d′

e
1
2ϑ
′e′f′Se′f′ (ς)Sc′d′(ς)e

− 1
2ϑ
′e′f′Se′f′ (ς)

ϑ′ = iω ·R− ε · L, Sa′b′(ς) � i
2

[
0 σz −σy −ςσx
−σz 0 σx −ςσy
σy −σx 0 −ςσz
ςσx ςσy ςσz 0

]
→ Constant tensor: Sa′b′A′ς

B′ς (ς)

Corollary 2.8.10. Sa′b′(−ς) = [eϑ
′
]a′
c′

[eϑ
′
]b′
d′

e
1
2ϑ
′e′f′Se′f′ (−ς)Sc′d′(−ς)e−

1
2ϑ
′e′f′Se′f′ (−ς) → Constant tensor: Sa′b′

Aς
Bς (−ς)

2.9 Fundamental Theorem Four and its relevant constant tensors

2.9.1 Fundamental Theorem Four

In any N+1 dimensional spacetime, there is a following theorem.

Theorem 2.9.1. Γa = [eϑ]a
b
e

1
2ϑ

cdScdΓbe
− 1

2ϑ
cdScd , Scd = 1

4 [Γc,Γd]⇔ 1
4 [[Γc,Γd],Γa] = Γ[cδd]a

Proof: Γa = [eϑ]a
b
e

1
2ϑ

cdScdΓbe
− 1

2ϑ
cdScd

⇔ Γa = (1 + ϑ)a
b
(1 + 1

2ϑ
cdScd)Γb(1− 1

2ϑ
cdScd)

⇔ 0 = ϑa
bΓb + 1

2ϑ
cd[Scd,Γa]

⇔ 0 = − 1
2ϑ

cdΓ[cδd]a + 1
2ϑ

cd[Scd,Γa]

⇔ [Scd,Γa] = Γ[cδd]a

⇔ 1
4 [[Γc,Γd],Γa] = Γ[cδd]a

Proposition 2.9.1. [[Γc,Γd],Γa] = 1
2 ({Γc, {Γd,Γa}} − {{Γa,Γc},Γd})

2.9.2 Constant tensors [7] γa
λς
µς (ς), γ5

λς
µς (ς), δ

λς
µς

Definiton 2.9.1. γ5(ς) ≡ γx(ς)γy(ς)γz(ς)γπ(ς), Sab(e, ς) ≡ 1
4 [γa(ς), γb(ς)]

Definiton 2.9.2. λς ∼ e 1
2ϑ

abSab(e,ς),µς ∼ e−
1
2ϑ

abSTab(e,ς)

Definiton 2.9.3. A special representation: [γa(ς), γ5(ς)] ≡ [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]

Corollary 2.9.1. γa(ς) = [eϑ]a
b
e

1
2ϑ

cdScd(e,ς)γb(ς)e
− 1

2ϑ
cdScd(e,ς) → Constant tensor: γa

λς
µς (ς)

Corollary 2.9.2. γ5(ς) = e
1
2ϑ

abSab(e,ς)γ5(ς)e−
1
2ϑ

abSab(e,ς) → Constant tensor: γ5
λς
µς (ς)

Corollary 2.9.3. I4 = e
1
2ϑ

abSab(e,ς)I4e
− 1

2ϑ
abSab(e,ς) → Constant tensor: δλςµς

2.10 Fundamental Theorem Five and its relevant constant tensors

2.10.1 Fundamental Theorem Five

Theorem 2.10.1. Tα = [eθ
γfγ ]α

β
eiθ

γTγTβe
−iθγTγ ⇔ [Tα, Tβ ] = ifαβ

γTγ

Proof: Tα = [eθ
γfγ ]α

β
eiθ

γTγTβe
−θiγTγ ,∀θγ

⇔ Tα = (δα
β + θγfγα

β)(1 + iθγTγ)Tβ(1− iθγTγ),∀θγ → 0

⇔ 0 = θγ(fγα
βTβ + i[Tγ , Tα]),∀θγ → 0

⇔ 0 = fγα
βTβ + i[Tγ , Tα]

⇔ [Tα, Tβ ] = ifαβ
γTγ

Obviously, Fundamental Theorem Two is a special case of this theorem. (fαβ
γ = εαβ

γ , iθγ = iω + ςε)

2.11 Fundamental Theorem Six and its relevant constant tensors

2.11.1 Fundamental Theorem Six

Theorem 2.11.1. Γ = e(iω·R+ςε·L)Γe−(iω·R−ςε·L) ⇔ [R,Γ] = 0, {L,Γ} = 0
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Proof: Γ = e(iω·R+ςε·L)Γe−(iω·R−ςε·L),∀ω,∀ε
⇔ Γ = [1 + (iω ·R+ ςε · L)]Γ[1− (iω ·R− ςε · L)],∀ω → 0,∀ε→ 0

⇔ 0 = (iω ·R+ ςε · L)]Γ− Γ(iω ·R− ςε · L),∀ω → 0,∀ε→ 0

⇔ 0 = iω · [R,Γ] + ςε · {L,Γ},∀ω → 0,∀ε→ 0

⇔ [R,Γ] = 0, {L,Γ} = 0

Corollary 2.11.1. η = e(iω·R+ςε·L)ηe−(iω·R−ςε·L), η = diag(1, 1, 1,−1)→ Constant tensor: ηaς b′ς ⇔ ηab′ , η
a′

b, η
ab′ , ηa

′b

2.12 Various acquiring methods of new constant tensors

First method: ε↔ −ε
Second method: ς ↔ −ς
Third method: Matrices operations, such as conjugate, transpose, similarity transformation, representation transfor-

mation etc.

Fourth method: Operations, such as direct product, direct sum, shrinkage and addition, subtraction, multiplication,

division etc.

In addition, the above methods have been applied to get all kinds of constant tensors in six fundamental theorems

and their corollaries. The proofs of various corollaries are basically obvious. And in order to compact the contents,

the proofs processes are omitted.

2.13 A review of six fundamental theorems

There are no special limits about transformation parameters ω, ε, ϑab, θα in mathematical proofs of six basic theorems.

They can take any complex numbers. So the obtained constant tensors have a lot of mathematical universality. For

specific physical system, the parameters of internal gauge transformation can still take complex numbers. However,

for external spacetime transformation, the transformation must satisfy Lorenz representation due to physical self

consistent requirement [15]. So the transform matrices and transform parameters are limited. And ω, ε can only take

the real numbers. In particular, it is pointed out that Fundamental Theorems Three and Fundamental Theorems

Four are not only established in the four-dimensional spacetime, but also in any N+1 dimensional spacetime. This

provides a mathematical analysis tool for physical research of high and low dimensional spacetime. The proofs from six

fundamental theorems can also be obtained as follows: The commutation and anticommutation relationships between

matrices mean the existence of the corresponding constant tensors. On the contrary, a constant tensor means the

existence of corresponding commutation and anticommutation relationships. From this line of thought, we can find

more meaningful constant tensors. From above it can also be easy to know that the commutation and anticommutation

relationships of maxtrices mean themselves covariant. Namely, the commutation and anticommutation relationships

of maxtrices themselves imply their establishment in any reference frame. This is a very interesting and wonderful

mathematical characteristic. It leads us to endless aftertastes.

3 Properties of several important constant tensors

3.1 Relationships between constant tensors

Sab
Aς
Bς (s, ς) = −σαςς ab

σας
Aς
Bς

(s, ς) �≺ Sa′b′A′ς
B′ς (s, ς) = −σα

′
ς

ς a′b′σα′ςA′ς
B′ς (s, ς) (1.41)

SabA′ς
B′ς (s,−ς) = −σα

′
ς

−ςabσα′ςA′ς
B′ς (s,−ς) �≺ Sa′b′AςBς (s,−ς) = −σας−ςa′b′σας

Aς
Bς

(s,−ς) (1.42)

εαςβςγς = iγαςβςγς , εα′ςβ′ςγ′ς = iγα′ςβ′ςγ′ς (1.43)
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3.2 Properties of basic constant tensors [4, 5](σ, iς)a
AςA

′
ς , (σ,−iς)aA′ςAς

3.2.1 Transpose properties

From the perspective of spinors:

(σ, iς)a
AςA

′
ς = (σT , iς)a

A′ςAς (σ,−iς)aA′ςAς = (σT ,−iς)aAςA′ς (1.44)

(σ, iς)a
AςA

′
ς = −εAςBςεA

′
ςB
′
ς (σ,−iς)aB′ςBς (σ,−iς)aA′ςAς = −εA′ςB′ςεAςBς (σ, iς)

aBςB
′
ς (1.45)

εAςBς (σ, iς)a
BςB

′
ς = −(σ,−iς)aA′ςAςε

A′ςB
′
ς (σ, iς)a

AςA
′
ςεA′ςB′ς = −εAςBς (σ,−iς)aB′ςBς (1.46)

εA
′
ςB
′
ς (σ,−iς)aB′ςBς = −(σ, iς)a

A′ςAςεAςBς (σ,−iς)aA′ςAςε
AςBς = −εA′ςB′ς (σ, iς)a

BςB
′
ς (1.47)

From the perspective of matrices:

(σ, iς)a = ε(σT ,−iς)aε = [ε(σ,−iς)aε]T (σ,−iς)a = ε(σT , iς)aε = [ε(σ, iς)aε]
T (1.48)

ε(σ, iς)a = −(σT ,−iς)aε (σ, iς)aε = −ε(σT ,−iς)a (1.49)

ε(σ,−iς)a = −(σT , iς)aε (σ,−iς)aε = −ε(σT , iς)a (1.50)

3.2.2 Orthogonality properties

From the perspective of spinors:

(σ, iς)a
AςA

′
ς (σ,−iς)bA′ςAς = 2δa

b (σ, iς)a
AςA

′
ς (σ,−iς)aB′ςBς = 2δAςBς δ

A′ς
B′ς

(1.51)

(σ, iς)a
AςA

′
ς (σ, iς)a

BςB
′
ς = −2εAςBςεA

′
ςB
′
ς (σ,−iς)aA′ςAς (σ,−iς)aB′ςBς = −2εAςBςεA′ςB′ς (1.52)

(σ, iς)a
AςA

′
ς (σ,−iς)aA′ςBς = 4δAςBς (σ,−iς)aA′ςAς (σ, iς)a

AςB
′
ς = 4δA′ς

B′ς (1.53)

From the perspective of matrices:

tr[(σ, iς)a(σ,−iς)b] = 2δab tr[(σ,−iς)a(σ, iς)b] = 2δab (1.54)

(σ, iς)a(σ,−iς)a = 4I (σ,−iς)a(σ, iς)a = 4I (1.55)

3.3 Properties of basic constant tensors σας
Aς
Bς

(s), σα
′
ςA′ς

B′ς (s)

3.3.1 Preparation

Use the formula:

2s∑
k=1

k2 =
8

3
s(s+

1

2
)(s+

1

4
)

tr[σ2
x(s)] = tr[σ2

y(s)] =
1

4

2s∑
k=1

2k(2s+ 1− k) =
2

3
s(s+

1

2
)(s+ 1) (1.56)

tr[σ2
z(s)] =

1

4

2s∑
k=1

(2s− 2k)2 =
2

3
s(s+

1

2
)(s+ 1) (1.57)

tr[σ2
x(s)] = tr[σ2

y(s)] = tr[σ2
z(s)] =

2

3
s(s+

1

2
)(s+ 1) (1.58)

3.3.2 Orthogonality properties

From the perspective of spinors:

σας
Aς
Bς

(s)σβς
Bς
Aς

(s) =
2

3
s(s+

1

2
)(s+ 1)δαςβς σας

Aς
Cς

(s)σαςCςBς (s) = s(s+ 1)δAςBς (1.59)

σα
′
ς
A′ς

B′ς
(s)σβ

′
ς
B′ς

A′ς
(s) =

2

3
s(s+

1

2
)(s+ 1)δα

′
ςβ
′
ς σα

′
ς
A′ς

C′ς
(s)σα′ςC′ς

B′ς (s) = s(s+ 1)δA′ς
B′ς (1.60)

σας
Aς
Bς

(s)σαςBςAς (s) = 2s(s+
1

2
)(s+ 1) σα

′
ς
A′ς

B′ς
(s)σα′ςB′ς

A′ς (s) = 2s(s+
1

2
)(s+ 1) (1.61)

From the perspective of matrices:

tr[σας (s)σβς (s)] =
2

3
s(s+

1

2
)(s+ 1)δαςβς σ2(s) = s(s+ 1) (1.62)

tr[σα
′
ς (s)σβ

′
ς (s)] =

2

3
s(s+

1

2
)(s+ 1)δα

′
ςβ
′
ς σ2(s) = s(s+ 1) (1.63)
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3.3.3 Non trace properties

σας
Aς
Aς

(s) = 0 tr[σας (s)] = 0 σα
′
ς
A′ς

A′ς
(s) = 0 tr[σα

′
ς (s)] = 0 (1.64)

3.4 Properties of basic constant tensors σας
Aς
Bς
, σα

′
ςA′ς

B′ς

3.4.1 Orthogonality properties

From the perspective of spinors:

σας
Aς
Bς
σβς

Bς
Aς

= 2δαςβς σας
Aς
Cς
σαςCςBς = 3δAςBς (1.65)

σα
′
ς
A′ς

B′ς
σβ
′
ς
B′ς

A′ς
= 2δα

′
ςβ
′
ς σα

′
ς
A′ς

C′ς
(s)σα′ςC′ς

B′ς = 3δA′ς
B′ς (1.66)

From the perspective of spinors:

tr[σαςσβς ] = 2δαςβς σ2 = 3 (1.67)

tr[σα
′ς
σβ
′
ς ] = 2δα

′
ςβ
′
ς σ2 = 3 (1.68)

3.4.2 Non trace properties

σας
Aς
Aς

= 0 tr[σας ] = 0 σα
′
ς
A′ς

A′ς
= 0 tr[σα

′
ς ] = 0 (1.69)

3.5 Properties of extended constant tensors (σ, iκ)ας
Aς
Bς
, (σ, iκ)α

′
ς
A′ς

B′ς

3.5.1 Transpose properties

From the perspective of spinors:

(σ, iκ)ας
Aς
Bς

= (σT , iκ)αςBς
Aς

(σ, iκ)α
′
ς
A′ς

B′ς
= (σT , iκ)α

′
ς
B′ς
A′ς

(1.70)

(σ, iκ)ας
Aς
Bς

= −εAςDςεBςCς (σ,−iκ)ας
Cς
Dς

(σ, iκ)α
′
ς
A′ς

B′ς
= −εA′ςD′ςε

B′ςC
′
ς (σ,−iκ)α

′
ς
C′ς

D′ς
(1.71)

εAςCς (σ, iκ)ας
Cς
Bς

= −(σ,−iκ)ας
Cς
Aς
εCςBς εA

′
ςC
′
ς (σ, iκ)α

′
ς
C′ς

B′ς
= −(σ,−iκ)α

′
ς
C′ς

A′ς
εC
′
ςB
′
ς (1.72)

(σ, iκ)ας
Aς
Cς
εCςBς = −εAςCς (σ,−iκ)ας

Bς
Cς

(σ, iκ)α
′
ς
A′ς

C′ς
εC′ςB′ς = −εA′ςC′ς (σ,−iκ)α

′
ς
B′ς

C′ς
(1.73)

From the perspective of spinors:

(σ, iκ)ας = ε(σT ,−iκ)αςε = [ε(σ,−iκ)αςε]
T (σ, iκ)α′ς = ε(σT ,−iκ)α′ςε = [ε(σ,−iκ)α′ςε]

T (1.74)

ε(σ, iκ)ας = −(σT ,−iκ)αςε ε(σ, iκ)α
′
ς = −(σT ,−iκ)α

′
ςε (1.75)

(σ, iκ)αςε = −ε(σT ,−iκ)ας (σ, iκ)α
′
ςε = −ε(σT ,−iκ)α

′
ς (1.76)

3.5.2 Orthogonality properties

From the perspective of spinors:

(σ, iκ)ας
Aς
Bς

(σ,−iκ)βς
Bς
Aς

= 2δαςβς (σ, iκ)α
′
ς
A′ς

B′ς
(σ,−iκ)β

′
ς
B′ς

A′ς
= 2δα

′
ςβ
′
ς (1.77)

(σ, iκ)ας
Aς
Cς

(σ,−iκ)ας
Cς
Bς

= 4δAςBς (σ, iκ)α
′
ς
A′ς

C′ς
(σ,−iκ)α′ςC′ς

B′ς = 4δA′ς
B′ς (1.78)

(σ, iκ)ας
Aς
Cς

(σ, iκ)ας
Cς
Bς

= 2δAςBς (σ, iκ)α
′
ς
A′ς

C′ς
(σ, iκ)α′ςC′ς

B′ς = 2δA′ς
B′ς (1.79)

(σ, iκ)ας
Aς
Bς

(σ,−iκ)ας
Cς
Dς

= 2δAςDς δBς
Cς (σ, iκ)α

′
ς
A′ς

B′ς
(σ,−iκ)α′ςC′ς

D′ς = 2δA′ς
D′ς δB

′
ς
C′ς

(1.80)

(σ, iκ)ας
Aς
Bς

(σ, iκ)ας
Cς
Dς

= −2εAςCςεBςDς (σ, iκ)α
′
ς
A′ς

B′ς
(σ, iκ)α′ςC′ς

D′ς = −2εA′ςC′ςε
B′ςD

′
ς (1.81)

From the perspective of spinors:

tr[(σ, iκ)ας (σ,−iκ)βς ] = 2δαςβς tr[(σ, iκ)α
′
ς (σ,−iκ)β

′
ς ] = 2δα

′
ςβ
′
ς (1.82)

(σ, iκ)ας (σ,−iκ)ας = 4I (σ, iκ)α
′
ς (σ,−iκ)α′ς = 4I (1.83)

(σ, iκ)ας (σ, iκ)ας = 2I (σ, iκ)α
′
ς (σ, iκ)α′ς = 2I (1.84)
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3.6 Properties of basic constant tensors σα+ab, σ
α′

−ab, σ
ας
ςab, σ

α′ς
−ςab

3.6.1 Orthogonality properties

From the perspective of spinors:

σα+abσ
βab
+ = −4δαβ , σα

′

−abσ
β′ab
− = −4δα

′β′ σαςςabσ
βςab
ς = −4δαςβς (1.85)

σα+abσ
β′ab
− = 0, σα

′

−abσ
βab
+ = 0 σαςςabσ

β′ςab
−ς = 0 (1.86)

The above orthogonality relationships can be summarized as a following more compact relationship.

σαςςabσ
βκab
κ = −4δςκδ

αςβκ (1.87)

From the perspective of spinors:

tr(σα+σ
β
+) = 4δαβ , tr(σα

′

− σ
β′

− ) = 4δα
′β′ tr(σαςς σβςς ) = 4δαςβς (1.88)

tr(σα+σ
β′

− ) = 0, tr(σα
′

− σ
β
+) = 0 tr(σαςς σ

β′ς
−ς) = 0 (1.89)

The above orthogonality relationships can be summarized as a following more compact relationship.

tr(σαςς σβκκ ) = 4δςκδ
αςβκ (1.90)

3.6.2 Duality properties

σα+ab = − ∗ σα+ab, σα
′

−ab = ∗σα
′

−ab σαςςab = −ς ∗ σαςςab (1.91)

3.7 Properties of extended constant tensors (σ+, iκ)αab, (σ−, iκ)α
′

ab

3.7.1 Orthogonality properties

From the perspective of spinors:

(σ+, iκ)αab(σ+, iκ)βab = −4δαβ , (σ−, iκ)α
′

ab(σ−, iκ)β
′ab = −4δα

′β′ (1.92)

The above orthogonality relationships can be summarized as a following more compact relationship.

(σς , iκ)ας ab(σς , iκ)βςab = −4δαςβς (1.93)

From the perspective of spinors:

tr[(σ+, iκ)α(σ+,−iκ)β ] = 4δαβ , tr[(σ−, iκ)α
′
(σ−,−iκ)β

′
] = 4δα

′β′ (1.94)

The above orthogonality relationships can be summarized as a following more compact relationship.

tr[(σς , iκ)ας (σς ,−iκ)βς ] = 4δαςβς (1.95)

3.7.2 Identity properties

(σ+,−i)αab = (σ−,−i)abα (σ−, i)
α′

ab = (σ+, i)ab
α′

(1.96)

(σς ,−iς)ας ab = (σ−ς ,−iς)abας (σ−ς , iς)
α′ς
ab = (σς , iς)ab

α′ς (1.97)

3.8 Properties of spin constant tensors Sab
Aς
Bς (s, ς), SabA′ς

B′ς (s,−ς)

3.8.1 Compound properties

Sab
Aς
Bς (s, ς) = −σαςς ab

σας
Aς
Bς

(s) SabA′ς
B′ς (s,−ς) = −σα

′
ς

−ςabσα′ςA′ς
B′ς (s) (1.98)

σας
Aς
Bς

(s) =
1

4
σςας

abSab
Aς
Bς (s, ς) σα′ςA′ς

B′ς (s) =
1

4
σ−ςα′ς

abSabA′ς
B′ς (s,−ς) (1.99)
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3.8.2 Orthogonality propertiesSab
Aς
Bς (s, ς)Scd

Bς
Aς (s, ς) = 2

3s(s+ 1
2 )(s+ 1)σαςςabσςαςcd

SabA′ς
B′ς (s,−ς)ScdB′ς

A′ς (s,−ς) = 2
3s(s+ 1

2 )(s+ 1)σ
α′ς
−ςabσ−ςα′ςcd

(1.100)

Sab
Aς
Bς (s, ς)S

abBς
Aς (s, ς) = −8s(s+ 1

2 )(s+ 1)

SabA′ς
B′ς (s,−ς)SabB′ς

A′ς (s,−ς) = −8s(s+ 1
2 )(s+ 1)

(1.101)

Sab
Aς
Cς (s, ς)S

abCς
Bς (s, ς) = −4s(s+ 1)δAςBς

SabA′ς
C′ς (s,−ς)SabC′ς

B′ς (s,−ς) = −4s(s+ 1)δA′ς
B′ς

(1.102)

σ2(s) = −1

4
Sab(s, ς)S

ab(s, ς) = −1

4
Sab(s,−ς)Sab(s,−ς) = s(s+ 1) (1.103)

3.8.3 Duality properties

Sab
Aς
Bς (s, ς) = −ς ∗ SabAςBς (s, ς) SabA′ς

B′ς (s,−ς) = ς ∗ SabA′ς
B′ς (s,−ς) (1.104)

3.9 Properties of spin constant tensors Sab
Aς
Bς , SabA′ς

B′ς

3.9.1 Compound properties

Sab
Aς
Bς ≡ Sab

Aς
Bς (ς) ≡ Sab

Aς
Bς (

1

2
, ς) SabA′ς

B′ς ≡ SabA′ς
B′ς (−ς) ≡ SabA′ς

B′ς (
1

2
,−ς) (1.105)

Sab
Aς
Bς = −1

2
σαςς ab

σας
Aς
Bς

SabA′ς
B′ς = −1

2
σ
α′ς
−ςabσα′ςA′ς

B′ς (1.106)

σας
Aς
Bς

=
1

2
σςας

abSab
Aς
Bς σα′ςA′ς

B′ς (s) =
1

2
σ−ςα′ς

abSabA′ς
B′ς (1.107)

3.9.2 Orthogonality properties

Sab
Aς
BςScd

Bς
Aς =

1

2
σαςςabσςαςcd Sab

Aς
BςS

abBς
Aς = −6 (1.108)

SabA′ς
B′ςScdB′ς

A′ς =
1

2
σ
α′ς
−ςabσ−ςα′ςcd SabA′ς

B′ςSabB′ς
A′ς = −6 (1.109)

Sab
Aς
CςS

abCς
Bς = −3δAςBς SabA′ς

C′ςSabC′ς
B′ς = −3δA′ς

B′ς (1.110)

Sab(ς)S
ab(ς) = Sab(−ς)Sab(−ς) = −σ2 = −3 (1.111)

3.9.3 Duality properties

Sab
Aς
Bς = −ς ∗ SabAςBς SabA′ς

B′ς = ς ∗ SabA′ς
B′ς (1.112)

3.9.4 Relationships between basic constant tensors

(σ, iς)a
AςA

′
ς (σ,−iς)bA′ςBς = δabδ

Aς
Bς + 2Sab

Aς
Bς (1.113)

Sab
Aς
Bς =

1

4
(σ, iς)[a

AςA
′
ς (σ,−iς)b]A′ςBς δabδ

Aς
Bς =

1

2
(σ, iς){a

AςA
′
ς (σ,−iς)b}A′ςBς (1.114)

(σ,−iς)aA′ςAς (σ, iς)b
AςB

′
ς = δabδA′ς

B′ς + 2SabA′ς
B′ς (1.115)

SabA′ς
B′ς =

1

4
(σ,−iς)[aA′ςAς

(σ, iς)b]
AςB

′
ς δabδA′ς

B′ς =
1

2
(σ,−iς){aA′ςAς (σ, iς)b}

AςB
′
ς (1.116)

Relationships between basic constant tensors:

(σ, iς)[a
AςA

′
ς (σ,−iς)b]A′ςBς = −2σαςς ab

σας
Aς
Bς

(σ,−iς)[aA′ςAς
(σ, iς)b]

AςB
′
ς = −2σ

α′ς
−ςabσα′ςA′ς

B′ς (1.117)

Better and more uniform writing:

Sab
Aς
Bς =

1

4
(σ, iς)[a

AςA
′
ςεA′ς

B′ς (σ,−iς)b]B′ςBς δabε
Aς
Bς =

1

2
(σ, iς){a

AςA
′
ςεA′ς

B′ς (σ,−iς)b}B′ςBς (1.118)

SabA′ς
B′ς =

1

4
(σ,−iς)[aA′ςAς

εAςBς (σ, iς)b]
BςB

′
ς δabεA′ς

B′ς =
1

2
(σ,−iς){aA′ςAςε

Aς
Bς (σ, iς)b}

BςB
′
ς (1.119)
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3.10 Properties of compound constant tensors σας
AςBς (s), σα

′
ςA′ςB

′
ς
(s), σαςAςBς (s), σα′ς

A′ςB
′
ς (s)

3.10.1 DefinitionσαςAςBς (s) ≡ σαςAςCς (s)ε
CςBς (s)

σαςAςBς (s) ≡ εAςCς (s)σαςCςBς (s)

σαςAςBς (s) = [σας (s)ε(s)]
AςBς

σαςAςBς (s) = [ε(s)σας (s)]AςBς

(1.120)

σ
α′ςA′ςB

′
ς
(s) ≡ σα′ςA′ς

C′ς (s)εC′ςB′ς (s)

σα′ς
A′ςB

′
ς (s) ≡ εA′ςC′ς (s)σα′ςC′ς

B′ς (s)

σα
′
ςA′ςB

′
ς
(s) = [σας (s)ε(s)]A′ςB′ς

σα′ς
A′ςB

′
ς (s) = [ε(s)σα′ς (s)]

A′ςB
′
ς

(1.121)

3.10.2 Symmetry and antisymmetry propertiesσαςAςBς (s) = (−1)2s+1σας
BςAς (s)

σαςAςBς (s) = (−1)2s+1σαςBςAς (s)

σα
′
ςA′ςB

′
ς
(s) = (−1)2s+1σα

′
ςB′ςA

′
ς
(s)

σα′ς
A′ςB

′
ς (s) = (−1)2s+1σα′ς

B′ςA
′
ς (s)

(1.122)

3.10.3 Orthogonality propertiesσαςAςBς (s)σβςAςBς (s) = (−1)2s+1 2
3s(s+ 1

2 )(s+ 1)δας
βς

σα
′
ςA′ςB

′
ς
(s)σβ′ς

A′ςB
′
ς (s) = (−1)2s+1 2

3s(s+ 1
2 )(s+ 1)δα

′
ς β′ς

(1.123)

σαςAςBς (s)σαςAςBς (s) = (−1)2s+12s(s+ 1
2 )(s+ 1)

σα
′
ςA′ςB

′
ς
(s)σα′ς

A′ςB
′
ς (s) = (−1)2s+12s(s+ 1

2 )(s+ 1)
(1.124)

σαςAςCς (s)σαςCςBς (s) = s(s+ 1)δAςBς

σα
′
ςA′ςB

′
ς
(s)σα′ς

A′ςB
′
ς (s) = s(s+ 1)δA′ς

B′ς
(1.125)

σαςAςCς (s)σαςCςBς (s) = s(s+ 1)εAςBς (s) σαςAςCς (s)σας
Cς
Bς

(s) = s(s+ 1)εAςBς (s)

σα
′
ςA′ς

C′ς (s)σα′ςC′ςB′ς (s) = s(s+ 1)εA′ςB′ς (s) σα
′
ςA
′
ςC
′
ς (s)σα

′
ςC′ς

B′ς (s) = s(s+ 1)εA
′
ςB
′
ς (s)

(1.126)

3.11 Properties of spin constant tensors Sab
AςBς (s, ς), SabA′ςB′ς (s,−ς), S

ab
AςBς (s, ς), Sab

A′ςB
′
ς (s,−ς)

3.11.1 Definition

Sab
AςBς (s, ς) ≡ SabAςCς (s, ς)ε

CςBς (s) SabA′ςB′ς (s,−ς) ≡ S
ab
A′ς

C′ς (s,−ς)εC′ςB′ς (s) (1.127)

SabAςBς (s, ς) ≡ εAςCς (s)Sab
Cς
Bς (s, ς) Sab

A′ςB
′
ς (s,−ς) ≡ εA

′
ςC
′
ς (s)SabC′ς

B′ς (s,−ς) (1.128)

3.11.2 Corollary

Sab
AςBς (s, ς) = −1

2
σαςς ab

σας
AςBς (s) SabA′ςB′ς (s,−ς) = −1

2
σςα′ς

abσα
′
ς
A′ςB

′
ς
(s) (1.129)

SabAςBς (s, ς) = −1

2
σςας

abσαςAςBς (s) Sab
A′ςB

′
ς (s,−ς) = −1

2
σ
α′ς
ς abσα′ς

A′ςB
′
ς (s) (1.130)

3.11.3 Symmetry and antisymmetry properties

Sab
AςBς (s, ς) = (−1)2s+1Sab

BςAς (s, ς) SabA′ςB′ς (s,−ς) = (−1)2s+1SabB′ςA′ς (s,−ς) (1.131)

SabAςBς (s, ς) = (−1)2s+1SabBςAς (s, ς) Sab
A′ςB

′
ς (s,−ς) = (−1)2s+1Sab

B′ςA
′
ς (s,−ς) (1.132)
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3.11.4 Orthogonality propertiesSab
AςBς (s, ς)ScdAςBς (s, ς) = (−1)2s+1 2

3s(s+ 1
2 )(s+ 1)σαςςabσςας

cd

SabA′ςB′ς (s,−ς)Scd
A′ςB

′
ς (s,−ς) = (−1)2s+1 2

3s(s+ 1
2 )(s+ 1)σ−ςα′ς

abσ
α′ς
−ςcd

(1.133)

Sab
AςBς (s, ς)SabAςBς (s, ς) = (−1)2s8s(s+ 1

2 )(s+ 1)

SabA′ςB′ς (s,−ς)Sab
A′ςB

′
ς (s,−ς) = (−1)2s8s(s+ 1

2 )(s+ 1)
(1.134)

Sab
AςCς (s, ς)SabCςBς (s, ς) = −4s(s+ 1)δAςBς

SabA′ςC′ς (s,−ς)Sab
C′ςB

′
ς (s,−ς) = −4s(s+ 1)δA′ς

B′ς
(1.135)

3.11.5 Duality properties

Sab
AςBς (s, ς) = −ς ∗ SabAςBς (s, ς) SabA′ςB′ς (s,−ς) = ς ∗ SabA′ςB′ς (s,−ς) (1.136)

SabAςBς (s, ς) = −ς ∗ SabAςBς (s, ς) Sab
A′ςB

′
ς (s,−ς) = ς ∗ SabA

′
ςB
′
ς (s,−ς) (1.137)

3.12 Properties of spin constant tensors Sab
AςBς , SabA′ςB′ς , S

ab
AςBς , Sab

A′ςB
′
ς

3.12.1 Definition

Sab
AςBς ≡ SabAςCςε

CςBς SabA′ςB′ς ≡ S
ab
A′ς

C′ςεC′ςB′ς (1.138)

SabAςBς ≡ εAςCςSab
Cς
Bς Sab

A′ςB
′
ς ≡ εA

′
ςC
′
ςSabC′ς

B′ς (1.139)

3.12.2 Corollary

Sab
AςBς = −1

4
σαςς ab

σας
AςBς SabA′ςB′ς = −1

4
σςα′ς

abσα
′
ς
A′ςB

′
ς

(1.140)

SabAςBς = −1

4
σςας

abσαςAςBς Sab
A′ςB

′
ς = −1

4
σ
α′ς
ς abσα′ς

A′ςB
′
ς (1.141)

3.12.3 Symmetry and antisymmetry properties

Sab
AςBς = Sab

BςAς SabA′ςB′ς = SabB′ςA′ς (1.142)

SabAςBς = SabBςAς Sab
A′ςB

′
ς = Sab

B′ςA
′
ς (1.143)

3.12.4 Orthogonality properties

Sab
AςBςScdAςBς =

1

2
σαςςabσςας

cd SabA′ςB′ςScd
A′ςB

′
ς =

1

2
σ−ςα′ς

abσ
α′ς
−ςcd (1.144)

Sab
AςBςSabAςBς = −6 SabA′ςB′ςSab

A′ςB
′
ς = −6 (1.145)

Sab
AςCςSabCςBς = −3δAςBς SabA′ςC′ςSab

C′ςB
′
ς = −3δA′ς

B′ς (1.146)

3.12.5 Duality properties

Sab
AςBς = −ς ∗ SabAςBς SabA′ςB′ς = ς ∗ SabA′ςB′ς (1.147)

SabAςBς = −ς ∗ SabAςBς Sab
A′ςB

′
ς = ς ∗ SabA

′
ςB
′
ς (1.148)

3.12.6 Relationships between constant tensors

Sab
AςBς =

1

4
(σ, iς)[a

AςA
′
ςεA′ςB′ς (σ, iς)b]

BςB
′
ς δabε

AςBς =
1

2
(σ, iς){a

AςA
′
ςεA′ςB′ς (σ, iς)b}

BςB
′
ς (1.149)

SabA′ςB′ς =
1

4
(σ,−iς)[a

A′ςAς
εAςBς (σ,−iς)b]B′ςBς δabεA′ςB′ς =

1

2
(σ,−iς){aA′ςAςε

AςBς (σ,−iς)b}B′ςBς (1.150)

Sab
A′ςB

′
ς =

1

4
(σ, iς)[a

AςA
′
ςεAςBς (σ, iς)b]

BςB
′
ς δabε

A′ςB
′
ς =

1

2
(σ, iς){a

AςA
′
ςεAςBς (σ, iς)b}

BςB
′
ς (1.151)

SabAςBς =
1

4
(σ,−iς)[a

A′ςAς
εA
′
ςB
′
ς (σ,−iς)b]B′ςBς δabεAςBς =

1

2
(σ,−iς){aA′ςAςε

A′ςB
′
ς (σ,−iς)b}B′ςBς (1.152)
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3.13 Normalization of compound constant tensors σας
AςBς (s), σα

′
ςA′ςB

′
ς
(s), σαςAςBς (s), σα′ς

A′ςB
′
ς (s)

3.13.1 Definition

k(s) = [(−1)2s 8

3
s(s+

1

2
)(s+ 1)]−

1
2 (1.153)

_

σας
AςBς

(s) ≡ k(s)σας
AςBς (s)

_

σ
ας
AςBς (s) ≡ k(s)σαςAςBς (s)


_

σ
α′ς
A′ςB

′
ς
(s) ≡ k(s)σα

′
ςA′ςB

′
ς
(s)

_

σα′ς
A′ςB

′
ς (s) ≡ k(s)σα′ς

A′ςB
′
ς (s)

(1.154)

3.13.2 Symmetry and antisymmetry properties
_

σας
AςBς

(s) = (−1)2s+1_σας
BςAς

(s)

_

σ
ας
AςBς (s) = (−1)2s+1_σ

ας
BςAς (s)


_

σ
α′ς
A′ςB

′
ς
(s) = (−1)2s+1_σ

α′ς
B′ςA

′
ς
(s)

_

σα′ς
A′ςB

′
ς (s) = (−1)2s+1_σα′ς

B′ςA
′
ς (s)

(1.155)

3.13.3 Orthogonality properties
_

σας
AςBς

(s)
_

σ
βς
AςBς (s) = − 1

4δας
βς

_

σ
α′ς
A′ςB

′
ς
(s)

_

σβ′ς
A′ςB

′
ς (s) = − 1

4δ
α′ς β′ς


_

σας
AςBς

(s)
_

σ
ας
AςBς (s) = − 3

4

_

σ
α′ς
A′ςB

′
ς
(s)

_

σα′ς
A′ςB

′
ς (s) = − 3

4

(1.156)


_

σας
AςCς

(s)
_

σ
ας
CςBς (s) = 3(−1)2s

4(2s+1)δ
Aς
Bς

_

σ
α′ς
A′ςB

′
ς
(s)

_

σα′ς
A′ςB

′
ς (s) = 3(−1)2s

4(2s+1)δA′ς
B′ς

(1.157)


_

σας
Aς

Cς
(s)

_

σ
αςCςBς

(s) = 3(−1)2s

4(2s+1)ε
AςBς (s)

_

σαςAςCς (s)
_

σας
Cς

Bς
(s) = 3(−1)2s

4(2s+1)εAςBς (s)

_

σ
α′ς
A′ς

C′ς
(s)

_

σα′ςC′ςB′ς (s) = 3(−1)2s

4(2s+1)εA′ςB′ς (s)
_

σ
α′ςA

′
ςC
′
ς (s)

_

σ
α′ς
C′ς

B′ς
(s) = 3(−1)2s

4(2s+1)ε
A′ςB

′
ς (s)

(1.158)

3.14 Properties of compound constant tensor ΣAsBsAs′Bs′
(s, s′)

3.14.1 Definition

Σ
AςsBςs
ab (s) ≡

k(s)Sab
AςBς (s, ς) = − 1

2σ
ας
ς ab

_

σας
AςBς

(s), s > 0

k(−s)SabA′ςB′ς (−s,−ς) = − 1
2σ

α′ς
ς ab

_

σα′ςA′ςB′ς
(−s), s < 0

(1.159)

ΣabAςsBςs (s) ≡

k(s)SabAςBς (s, ς) = − 1
2σςας

ab_σ
ας
AςBς (s), s > 0

k(−s)SabA
′
ςB
′
ς (−s,−ς) = − 1

2σςας
ab_σ

αςAςBς
(−s), s < 0

(1.160)

k(s) = [(−1)2s 8

3
s(s+

1

2
)(s+ 1)]−

1
2 (1.161)

Definition: Σ
AςsBςs
Aς
s′
Bς
s′

(s, s′) ≡ Σ
AςsBςs
ab (s)ΣabAς

s′
Bς
s′

(s′) (1.162)

For convenience let’s omit the symbol ς, then get ΣAsBsAs′Bs′
(s, s′) ≡ ΣAsBsab (s)ΣabAs′Bs′ (s

′) (1.163)

3.14.2 Transfer properties

ΣAsBsAs′Bs′
(s, s′)Σ

As′Bs′
As′′Bs′′

(s′, s′′) = ΣAsBsAs′′Bs′′
(s, s′′) (1.164)

3.14.3 Symmetry and antisymmetry properties

ΣAsBsAs′Bs′
(s, s′) = (−1)2s+1ΣBsAsAs′Bs′

(s, s′) ΣAsBsAs′Bs′
(s, s′) = (−1)2s′+1ΣAsBsBs′As′

(s, s′) (1.165)

ΣAsBsAs′Bs′
(s, s′) = (−1)2(s+s′)ΣBsAsBs′As′

(s, s′) (1.166)

3.15 Properties of vector spin tensors Sabcd and antisymmetric tensors εabcd

Proposition 3.15.1. Sabcd = − 1
2 (σα

′

−abσ−α′cd + σα+abσ+αcd) = δacδbd − δadδbc = δa[cδd]b = δc[aδb]d

Proposition 3.15.2. εabcd = − 1
2 (σα

′

−abσ−α′cd − σα+abσ+αcd)
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The above two propositions are unfolded by different situations. Then they can be proved.S(∗ab)(∗cd) = Sabcd

ε(∗ab)(∗cd) = εabcd

S(∗ab)cd = Sab(∗cd) = εabcd

ε(∗ab)cd = εab(∗cd) = Sabcd

(1.167)

Sabcd = Scdab, Sabcd = −Sbacd, Sabcd = Sabdc, Sabcd =
1

2
SabefS

ef
cd, ϑab =

1

2
Sabcdϑ

cd (1.168)σα
′

−abσ−α′cd = −(Sabcd + εabcd) = (−δacδbd + δadδbc − εabcd)

σα+abσ+αcd = −(Sabcd − εabcd) = (−δacδbd + δadδbc + εabcd)
(1.169)

σαςςabσςαcd = −(Sabcd − ςεabcd) = (−δacδbd + δadδbc + ςεabcd) (1.170)

3.16 Properties of spin tensors Sab(ς)

Sab(ς) = −1

2
σαςς ab

σας =
1

4
(σ, iς)[a(σ,−iς)b] δab =

1

2
(σ, iς){a(σ,−iς)b} (1.171)[Sab(ς), Scd(ς)] = δa[cSd]b(ς) + Sa[c(ς)δd]b = −δc[aSb]d(ς)− Sc[a(ς)δb]d

{Sab(ς), Scd(ς)} = 1
2σ

ας
ςabσςαcd = 1

2 (ςεabcd − Sabcd)
(1.172)

εabcd = ς2tr[Sab(ς)Scd(ς)− Sab(−ς)Scd(−ς)] Sab(ς) = −ς ∗ Sab(ς) (1.173)2Sab(ς)(σ, iς)c = (σ, iς)[aδb]c + ςεabcd(σ, iς)
d

2(σ,−iς)cSab(ς) = δc[a(σ,−iς)b] − ςεabcd(σ,−iς)d
(1.174)

3.17 Properties of Dirac spin tensors Sab(e, ς)
[24]

[γa(ς), γ5(ς)] = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz] (1.175)

Sab(e, ς) =
1

4
[γa(ς), γb(ς)] = Sab(ς)⊕ Sab(−ς) δab =

1

2
{γa(ς), γb(ς)} (1.176)[Sab(e, ς), Scd(e, ς)] = δa[cSd]b(e, ς) + Sa[c(e, ς)δd]b = −δc[aSb]d(e, ς)− Sc[a(e, ς)δb]d

{Sab(e, ς), Scd(e, ς)} = 1
2σ

ας
ςabσςα′ςcd ⊕

1
2σ

ας
−ςabσ−ςα′ςcd = 1

2 [γ5(ς)εabcd − Sabcd]
(1.177)

[Sab(e, ς), γc(ς)] = γ[aδb]c {Sab(e, ς), γc(ς)} = εabcdγ5(ς)γd(ς) (1.178)

Sab(e, ς) = −γ5(ς) ∗ Sab(e, ς) (1.179)

3.18 Relationships between constant tensors εabcd, γa(ς) [24]

εabcdγ
a(ς)γb(ς)γc(ς)γd(ς) = 24γ5(ς) (1.180)

εabcdγ
b(ς)γc(ς)γd(ς) = −6γ5(ς)γa(ς) (1.181)

εabcdγ
c(ς)γd(ς) = −4γ5(ς)Sab(e, ς) (1.182)

εabcdγ
d(ς) = γ5(ς){γa(ς)γb(ς)γc(ς)− [δabγc(ς) + γ[a(ς)δb]c]} (1.183)

εabcd = γ5(ς){γa(ς)γb(ς)γc(ς)γd(ς) (1.184)

− [δabδcd − δa[cδd]b + 2δabScd(e, ς) + 2Sab(e, ς)δcd + 2δa[cSd]b(e, ς) + 2Sa[c(e, ς)δd]b]} (1.185)

3.19 Relationships between constant tensors εabcd, (σ, iς)a

εabcd(σ, iς)
a(σ,−iς)b(σ, iς)c(σ,−iς)d = 24ς (1.186)

εabcd(σ, iς)
b(σ,−iς)c(σ, iς)d = −6ς(σ, iς)a (1.187)

εabcd(σ, iς)
c(σ,−iς)d = −4ςSab(ς) (1.188)

εabcd(σ, iς)
d = ς{(σ, iς)a(σ,−iς)b(σ, iς)c − [δab(σ, iς)c + (σ, iς)[aδb]c]} (1.189)

εabcd = ς{(σ, iς)a(σ,−iς)b(σ, iς)c(σ,−iς)d (1.190)

− [δabδcd − δa[cδd]b + 2δabScd(ς) + 2Sab(ς)δcd + 2δa[cSd]b(ς) + 2Sa[c(ς)δd]b]} (1.191)
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3.20 Relationships between constant tensors εαςβςγς , σας

εαςβςγς ≡ εαςβςγς4 (1.192)

εαςβςγς = −i(σαςσβςσγς − δβςγςσας + δγςαςσβς − δαςβςσγς ) (1.193)

εαςβςγςσ
γς = −i(σαςσβς − δαςβς ) = −1

2
i[σας , σβς ] (1.194)

εαςβςγςσ
βςσγς = 2iσας εαςβςγςσ

αςσβςσγς = 6i (1.195)

2Sαςβςσγς = σ[ας δβς ]γς + iεαςβςγς 2σγςSαςβς = δγς [αςσβς ] + iεαςβςγς (1.196)

[Sαςβς , σγς ] = σ[ας δβς ]γς {Sαςβς , σγς} = iεαςβςγς (1.197)

3.21 Relationships between constant tensors εαςβςγς , εabcd

εαςβςγς ≡ εαςβςγς4 (1.198)

εαςβςγςdA
d ≡ εαςβςγςA4 (1.199)

εαςβςcdF
cd ≡ εαςβςγς (F γς4 − F 4γς ) (1.200)

εαςbcdH
bcd ≡ εαςβςγς (Hβςγς4 −Hβς4γς +H4βςγς ) (1.201)

εabcdR
abcd ≡ εαςβςγς (Rαςβςγς4 −Rαςβς4γς +Rας4βςγς −R4αςβςγς ) (1.202)

3.22 Relationships between constant tensors εAςBς , εαςβςγς

εAςBς ≡ εAςBς3 (1.203)

εAςBςγςA
γς ≡ εAςBςA3 (1.204)

εAςβςγςF
βςγς ≡ εAςBς (FBς3 − F 3Bς ) (1.205)

εαςβςγςH
αςβςγς ≡ εAςBς (HAςBς3 −HAς3Bς +H3AςBς ) (1.206)
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3.23 Special constant tensors

3.23.1 Introducing constant matrices N̄(s),N(s)

N(s) ≡ 1⊕ (

[
1

1

]
⊗ I2s−1)⊕ 1, N̄T (s) ≡ ε(1

2
)⊗ ε(s− 1

2
)N(s)ε̄(s) (1.207)

N(s) =

[
1 0

0 1

]
,


1 0 0

0 1 0

0 1 0

0 0 1

 ,



1 0 0 0

0 1 0 0

0 1 0 0

0 0 1 0

0 0 1 0

0 0 0 1


,



1 0 0 0 0

0 1 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 1 0 0

0 0 0 1 0

0 0 0 1 0

0 0 0 0 1


, · · · ,



1 0 0 0 0

0 1 0 0 0

0 1 0 0 0

0 0
... 0 0

0 0
... 0 0

0 0 0 1 0

0 0 0 1 0

0 0 0 0 1



(1.208)

N̄(s) =

[
1 0

0 1

]
,

1

2


2 0 0 0

0 1 1 0

0 0 0 2

 , 1

3


3 0 0 0 0 0

0 1 2 0 0 0

0 0 0 2 1 0

0 0 0 0 0 3

 , 1

4



4 0 0 0 0 0 0 0

0 1 3 0 0 0 0 0

0 0 0 2 2 0 0 0

0 0 0 0 0 3 1 0

0 0 0 0 0 0 0 4


, · · · (1.209)

N T (s) =
1

2

[
1 0

0 1

]
,

1

2


1
2 0 0 0

0 1 1 0

0 0 0 1
2

 , 1

2


1
3 0 0 0 0 0

0 1 1
2 0 0 0

0 0 0 1
2 1 0

0 0 0 0 0 1
3

 , 1

2



1
4 0 0 0 0 0 0 0

0 1 1
3 0 0 0 0 0

0 0 0 1
2

1
2 0 0 0

0 0 0 0 0 1
3 1 0

0 0 0 0 0 0 0 1
4


(1.210)

tr[N(s)N̄(s)] = tr[N̄(s)N(s)] = 2s+ 1, tr[N (s)N̄(s)] = tr[N̄(s)N (s)] = 1 (1.211)

3.23.2 Constant tensors properties of matrices (σ ⊗ I2s, iς)a, (σ ⊗ I2s,−iς)a

Corollary 3.23.1. (σ ⊗ I2s,−iς)a = e(iω−ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )(σ ⊗ I2s,−iς)ae−(iω+ςε)·σ( 1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

Corollary 3.23.2. (σ ⊗ I2s,−iς)a = e(iω−ςε)·σ( 1
2 ) ⊗ e(iω−ςε)·σ(s− 1

2 )(σ ⊗ I2s,−iς)ae−(iω+ςε)·σ( 1
2 ) ⊗ e−(iω−ςε)·σ(s− 1

2 )

Corollary 3.23.3. (σ ⊗ I2s, iς)a = e(iω+ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )(σ ⊗ I2s, iς)ae−(iω−ςε)·σ( 1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

Corollary 3.23.4. (σ ⊗ I2s, iς)a = e(iω+ςε)·σ( 1
2 ) ⊗ e(iω−ςε)·σ(s− 1

2 )(σ ⊗ I2s, iς)ae−(iω−ςε)·σ( 1
2 ) ⊗ e−(iω−ςε)·σ(s− 1

2 )

3.23.3 Constant matrices N̄(s),N(s)

Lemma 3.23.1. N̄(s)N(s) = I2s+1,N(s)N̄(s) 6= kI4s, ψ̃(s, ς) ≡ N(s)N̄(s)ψ̃(s, ς)

Lemma 3.23.2. [σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )]N(s) = N(s)σ(s), N̄(s)[σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )] = σ(s)N̄(s)

Corollary 3.23.5. [σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 ),N(s)N̄(s)] = 0

Lemma 3.23.3. N̄(s)σ( 1
2 )⊗ I2sN(s) = 1

2sσ(s)

Corollary 3.23.6. N̄(s)[σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )]N(s) = σ(s)

Corollary 3.23.7. N̄(s)I ⊗ σ(s− 1
2 )N(s) = (1− 1

2s )σ(s)

Corollary 3.23.8. (σ ⊗ I2s,−iς)aN(s)sN̄(s)(σ ⊗ I2s, iς)a = (2s+ 1)I4s
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3.23.4 Constant tensors properties of matrices N̄(s),N(s)

Theorem 3.23.1. N(s) = e(iω+ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )N(s)e−(iω+ςε)·σ(s)

Proof: [σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )]N(s) = N(s)σ(s)

⇔ 0 = [(iω + ςε) · σ( 1
2 )⊗ I2s−1 + (iω + ςε) · I ⊗ σ(s− 1

2 )]N(s)− (iω + ςε) ·N(s)σ(s)

⇔ N(s) = e(iω+ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )N(s)e−(iω+ςε)·σ(s)

Theorem 3.23.2. N̄(s) = e(iω+ςε)·σ(s)N̄(s)e−(iω+ςε)·σ( 1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

Proof: N̄(s)[σ( 1
2 )⊗ I2s + I ⊗ σ(s− 1

2 )] = σ(s)N̄(s)

⇔ 0 = (iω + ςε) · σ(s)N̄(s)− N̄(s)[(iω + ςε) · σ( 1
2 )⊗ I2s−1 + (iω + ςε) · I ⊗ σ(s− 1

2 )]

⇔ N̄(s) = e(iω+ςε)·σ(s)N̄(s)e−(iω+ςε)·σ( 1
2 ) ⊗ e−(iω+ςε)·σ(s− 1

2 )

3.23.5 Introducing constant tensors Za(s, ς), Z̄a(s, ς)

Definiton 3.23.1. Za(s, ς) ≡ sN̄(s)(σ ⊗ I2s, iς)a, Z̄a(s, ς) ≡ (σ ⊗ I2s,−iς)aN(s),Z−a (s, ς) ≡ (σ ⊗ I2s,−iς)aN (s)

Corollary 3.23.9. Z{a(s, ς)Z̄b}(s, ς) = 2sI2s+1δab, Z̄a(s, ς)Za(s, ς) 6= kI4s

Corollary 3.23.10. Z̄a(s, ς)Za(s, ς) = (2s+ 1)I4s

3.23.6 Constant tensors Nm(1), N̄m(1),Za(1, ς)m, Z̄a(1, ς)m in electromagnetic representation

Definiton 3.23.2. N̄m(1) ≡ Sm(1)N̄(1)S+
em(ς),Nm(1) ≡ Sem(ς)N(1)S−m(1)

Corollary 3.23.11. N̄m(1) =


1 0 0 0

0 1 0 0

0 0 1 0

 ,Nm(1) =


1 0 0

0 1 0

0 0 1

0 0 0

 ,Nm(1)N̄m(1) =

[
I3 0

0 0

]
, N̄m(1)Nm(1) = I3

Definiton 3.23.3. Za(1, ς)m ≡ Sm(1)Za(1, ς)S+
em(ς) = N̄m(1)(σ−ς , iς)a

Z̄a(1, ς)m ≡ Sem(ς)Z̄a(1, ς)S−m(1) = (σ−ς ,−iς)aNm(1)

3.23.7 Constant tensors Nm(2), N̄m(2),Za(2, ς)m, Z̄a(2, ς)m in electromagnetic representation

Definiton 3.23.4. N̄m(2) ≡ Sm(2)N̄(2)S+
em(ς)⊗ S+

em(ς)( 1
2 ),Nm(2) ≡ Sem(ς)⊗ Sem(ς)( 1

2 )N(2)S−m(2)

Corollary 3.23.12. N̄m(2) = 1
2

[
2 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0
0 0 2 0 0 0 0 −ς
0 0 0 0 0 2 0 0
0 0 0 ς 0 0 2 0

]
,Nm(2) =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0 1 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0



Nm(2)N̄m(2) = 1
2


2 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0
0 0 2 0 0 0 0 −ς
0 0 0 0 0 0 0 0
0 1 0 0 1 0 0 0
0 0 0 0 0 2 0 0
0 0 0 ς 0 0 2 0
0 0 0 0 0 0 0 0

 , N̄m(2)Nm(2) = I5

Corollary 3.23.13. Za(2, ς)m ≡ Sm(2)Za(2, ς)S+
em(ς)⊗ S+

em(ς)( 1
2 ) = N̄m(2)(σ−ς ⊗ I, iς)a

Z̄a(2, ς)m ≡ Sem(ς)⊗ Sem(ς)( 1
2 )Z̄a(2, ς)S−m(2) = (σ−ς ⊗ I,−iς)aNm(2)
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4 General theory of constant tensors

4.1 General definition of constant tensors

Definition: Lorentz transformation:Λ[Li] ≡ e
1
2ϑ

abSab[Li],Yang-Mills guage transformation:Λ[Yj ] ≡ eiθ
αTα[Yj ] (1.212)

General definition of constant tensors:

In any reference frame CY1Y2···Ym
L1L2···Ln is constant and equal, and satisfies the following transformation:

CY1Y2···Ym
L1L2···Ln =

n∏
i=1

Λ
L′i
Li

[Li]

m∏
j=1

Λ
Yj
Y ′j

[Yj ]C
Y ′1Y

′
2 ···Y

′
m

L′1L
′
2···L′n

(1.213)

then CY1Y2···Ym
L1L2···Ln are constant tensors, Li ∼ e

1
2ϑ

abSab[Li], Yj ∼ eiθ
αTα[Yj ]

Infinitesimal transformation:

0 = δCY1Y2···Ym
L1L2···Ln =

1

2
ϑab

n∑
i=1

Sab
L′i
Li

[Li]C
Y1Y2···Ym
L1L2···L′i···Ln

+ iθα
m∑
j=1

Tα
Yj
Y ′j

[Li]C
Y1Y2···Y ′j ···Ym
L1L2···Ln ,∀ϑab,∀θα (1.214)

⇔
n∑
i=1

Sab
L′i
Li

[Li]C
Y1Y2···Ym
L1L2···L′i···Ln

= 0,

m∑
j=1

Tα
Yj
Y ′j

[Li]C
Y1Y2···Y ′j ···Ym
L1L2···Ln = 0 (1.215)

4.2 Covariant derivative of all constant tensors is zero

DuC
Y1Y2···Ym
L1L2···Ln = ∂uC

Y1Y2···Ym
L1L2···Ln +

1

2
ωu

ab
n∑
i=1

Sab
L′i
Li

[Li]C
Y1Y2···Ym
L1···L′i···Ln

+ iAu
α

m∑
j=1

Tα
Yj
Y ′j

[Li]C
Y1···Y ′j ···Ym
L1L2···Ln (1.216)

DuC
Y1Y2···Ym
L1L2···Ln = 0 + 0 + 0 = 0 (1.217)

Therefore the covariant derivative of all constant tensors is zero. This is a very good and convenient property.
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Chapter 2

Physical application of constant tensors

1 Applying constant tensors to define spinors of electromagnetic field [10]

1.1 Integer spinorial description of electromagnetic field

Electromagnetic tensor: F ab =


0 Bz −By −iEx

−Bz 0 Bx −iEy
By −Bx 0 −iEz

iEx iEy iEz 0

 (2.1)

Dual tensor: ∗ F ab =


0 −iEz iEy Bx

−iEz 0 −iEx By

−iEy iEx 0 Bz

−Bx −By −Bz 0

 (2.2)

Definiton 1.1.1. Electromagnetic integer spinor: ψας ≡ 1
2 ςσ

ας
ς ab

F ab = (E − iςB)ας

Corollary 1.1.1. F ab − ς ∗ F ab = −ςσςας abψας

Proof: F ab = −F ba

⇔ Fab = 1
2SadcdF

cd, ∗Fab ≡ 1
2εadcdF

cd

⇔ Fab − ς ∗ Fab = 1
2 (Sadcd − ςεadcd)F cd

⇔ Fab − ς ∗ Fab = −σαςςabσςαςcdF cd

⇔ F ab − ς ∗ F ab = −ςσςας abψας

Corollary 1.1.2. ψας = − 1
2σ

ας
ς ab

∗ F ab

Proof: F ab − ς ∗ F ab = −ςσςας abψας

⇒ ψας ≡ 1
2 ςσ

ας
ς ab

F ab = 1
2σ

ας
ς ab

∗ F ab − 1
2σ

ας
ς ab

σςβς
abψβς

⇒ ψας = 1
2σ

ας
ς ab

∗ F ab + 2δαβψ
βς

⇒ ψας = − 1
2σ

ας
ς ab

∗ F ab

Corollary 1.1.3. σαςς ab
F ab = −ςσαςς ab

∗ F ab

Corollary 1.1.4. ψας = 1
4 ςσ

ας
ς ab

(F ab − ς ∗ F ab)

Proof: ψας ≡ 1
2 ςσ

ας
ς ab

F ab, ψας = − 1
2σ

ας
ς ab

∗ F ab

⇒ ψας = 1
4 ςσ

ας
ς ab

(Fab − ς ∗ Fab)

Corollary 1.1.5. F ab − ς ∗ F ab = − 1
4σςας

abσαςς cd
(F cd − ς ∗ F cd)

Proof: F ab − ς ∗ F ab = −ςσςας abψας , ψας = 1
4 ςσ

ας
ς ab

(F ab − ς ∗ F ab)
⇒ F ab − ς ∗ F ab = − 1

4σςας
abσαςς cd

(F cd − ς ∗ F cd)

Corollary 1.1.6. F ab = 1
2 (σ−α′

abψα
′ − σ+α

abψα), ∗F ab = 1
2 (σ−α′

abψα
′
+ σ+α

abψα)
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Proof: F ab − ς ∗ F ab = −ςσςας abψας

⇔ F ab − ∗F ab = −σ+α
abψα, F ab + ∗F ab = σ−α′

abψα
′

⇔ F ab = 1
2 (σ−α′

abψα
′ − σ+α

abψα), ∗F ab = 1
2 (σ−α′

abψα
′
+ σ+α

abψα)

⇔ F ab = 1
2 (σ−α′

abψα
′ − σ+α

abψα)

⇔ ∗F ab = 1
2 (σ−α′

abψα
′
+ σ+α

abψα)

Corollary 1.1.7. F ab = −F ba ⇔ F ab = 1
2 (σ−α′

abψα
′ − σ+α

abψα),

Proof: F ab = −F ba

⇔ F ab − ς ∗ F ab = −ςσςας abψας

⇔ F ab = 1
2 (σ−α′

abψα
′ − σ+α

abψα)

⇔ F ab = 1
2 ς(σ−ςα′ς

abψα
′
ς − σςας abψας )

1.2 Half integer spinorial description of electromagnetic field [4, 5]

Definiton 1.2.1. Electromagnetic spinor: ψAςBς ≡ − 1√
2
ςSab

AςBςF ab = − 1√
2
ςεBςCςSab

Aς
CςF

ab

Corollary 1.2.1. ψAςBς = 1√
2
σας

AςBςψας

Proof: ψAςBς ≡ − 1√
2
ςSab

AςBςF ab

⇔ ψAςBς = 1
2
√

2
ςσαςς ab

σας
AςBςF ab

⇔ ψAςBς = 1√
2
σας

AςBςψας

Corollary 1.2.2. ψAςBς = ψBςAς

Proof: σας
AςBς = σας

BςAς

⇒ 1√
2
σας

AςBςψας = 1√
2
σας

BςAςψας

⇒ ψAςBς = ψBςAς

Corollary 1.2.3. ψας = 1√
2
σαςAςBςψ

AςBς

Proof: ψAςBς = 1√
2
σας

AςBςψας

⇔ 1√
2
σαςAςBςψ

AςBς = 1√
2
σαςAςBς

1√
2
σβς

AςBςψβς

⇔ 1√
2
σαςAςBςψ

AςBς = δας βςψ
βς

⇔ ψας = 1√
2
σαςAςBςψ

AςBς

Corollary 1.2.4. F ab − ς ∗ F ab =
√

2ςSabAςBςψ
AςBς

Proof: F ab − ς ∗ F ab = −ςσςας abψας

⇔ F ab − ς ∗ F ab = −ςσςας ab 1√
2
σαςAςBςψ

AςBς

⇔ F ab − ς ∗ F ab =
√

2ςSabAςBςψ
AςBς

Corollary 1.2.5. ψAςBς = 1√
2
Sab

AςBς ∗ F ab

Proof: ψAςBς = 1√
2
σας

AςBςψας , ψας = − 1
2σ

ας
ς ab

∗ F ab

⇒ ψAςBς = − 1
2
√

2
σας

AςBςσαςς ab
∗ F ab

⇒ ψAςBς = 1√
2
Sab

AςBς ∗ F ab

Corollary 1.2.6. ψAςBς = − 1
2
√

2
ςSab

AςBς (F ab − ς ∗ F ab)

Proof: ψAςBς ≡ − 1√
2
ςSab

AςBςF ab, ψAςBς = 1√
2
Sab

AςBς ∗ F ab

⇒ ψAςBς = − 1
2
√

2
ςSab

AςBς (F ab − ς ∗ F ab)

Corollary 1.2.7. F ab − ς ∗ F ab = − 1
2S

ab
AςBςScd

AςBς (F cd − ς ∗ F cd)

Proof: F ab − ς ∗ F ab =
√

2ςSabAςBςψ
AςBς , ψAςBς = − 1

2
√

2
ςSab

AςBς (F ab − ς ∗ F ab)
⇒ F ab − ς ∗ F ab = − 1

2S
ab
AςBςScd

AςBς (F cd − ς ∗ F cd)
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Corollary 1.2.8. F ab = − 1√
2
(SabA

′B′ψA′B′ − SabABψAB), ∗F ab = − 1√
2
(SabA

′B′ψA′B′ + SabABψ
AB)

Proof: F ab − ς ∗ F ab =
√

2ςSabAςBςψ
AςBς

⇔ F ab − ∗F ab =
√

2SabABψ
AB , F ab + ∗F ab = −

√
2SabA

′B′ψA′B′

⇔ F ab = − 1√
2
(SabA

′B′ψA′B′ − SabABψAB), ∗F ab = − 1√
2
(SabA

′B′ψA′B′ + SabABψ
AB)

⇔ F ab = − 1√
2
(SabA

′B′ψA′B′ − SabABψAB)

⇔ ∗F ab = − 1√
2
(SabA

′B′ψA′B′ + SabABψ
AB)

Corollary 1.2.9. F ab = −F ba ⇔ F ab = − 1√
2
(SabA

′B′ψA′B′ − SabABψAB)

Proof: F ab = −F ba

⇔ F ab − ς ∗ F ab = −ςσςας abψας

⇔ F ab − ς ∗ F ab =
√

2ςSabAςBςψ
AςBς

⇔ F ab = − 1√
2
(SabA

′B′ψA′B′ − SabABψAB)

1.3 Half integer spinorial description of electromagnetic field source [4, 5]

Definiton 1.3.1. Spinor of electromagnetic field source: JA′ς
Bς ≡ 1√

2
(σ,−iς)aA′ςAς ε̄

AςBςJa

Corollary 1.3.1. Ja = 1√
2
(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

Bς

Proof: JA′ς
Bς ≡ 1√

2
(σ,−iς)aA′ςAς ε̄

AςBςJa

⇔ 1√
2
(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

Bς = 1
2 (σ, iς)a

AςA
′
ς ε̄AςBς (σ,−iς)aA′ςCς ε̄

CςBςJa

⇔ 1√
2
(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

Bς = 1
2 (σ, iς)a

AςA
′
ς δAς

Cς (σ,−iς)bA′ςCςJb
⇔ 1√

2
(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

Bς = 1
2 (σ, iς)a

AςA
′
ς (σ,−iς)bA′ςAςJb

⇔ 1√
2
(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

Bς = δa
bJb

⇔ Ja = 1√
2
(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

Bς

2 Applying constant tensors to define spinors of gravitational field [14–17]

2.1 Preparation

Lemma 2.1.1. X∗a′ς = ηa′ς
aςXaς , X

∗
a′ςb
′
ς

= ηa′ς
aςηb′ς

bςXaςbς , X
∗
a′ςb
′
ςc
′
ς

= ηa′ς
aςηb′ς

bςηc′ς
cςXaςbςcς · · ·

Lemma 2.1.2. X∗a′ςB
∗a′ς = XaςB

aς , X∗a′ςb′ςY
∗a′ςb

′
ς = XaςbςY

aςbς , X∗a′ςb′ςc′ςY
∗a′ςb

′
ςc
′
ς = XaςbςcςY

aςbςcς , · · ·

2.2 Curvature tensor of gravitational field

Antisymmetry: Rabcd = −Rbacd, Rabcd = −Rabdc (2.3)

Symmetry: Rabcd = Rcdab (2.4)

Alternate symmetry: Rabcd +Radbc +Racdb = 0 (2.5)

Definiton 2.2.1. Ricci tensor: Rab ≡ gcdRcadb,Curvature scalar: R ≡ gabRab = Rab
ab

Definiton 2.2.2. Cabcd ≡ Rabcd + 1
2g
a[dRc]b + 1

2g
b[cRd]a + 1

6g
a[cgd]bR

Corollary 2.2.1. Cab = gcdC
cadb = 0

Corollary 2.2.2. Rabcd = Cabcd − 1
2g
a[dRc]b − 1

2g
b[cRd]a − 1

6g
a[cgd]bR

Corollary 2.2.3. Rabcd +Radbc +Racdb ≡ 0⇒ gcdR
ca(∗db) ≡ 0

Proof: Rabcd +Radbc +Racdb ≡ 0

⇒ εebcd(R
abcd +Radbc +Racdb) ≡ 0

⇒ εebcdR
abcd + εedbcR

adbc + εecdbR
acdb ≡ 0

⇒ 3εebcdR
abcd ≡ 0

⇒ gcdR
ca(∗db) ≡ 0
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2.3 Yang-Mills [9] description of gravitational field

Definiton 2.3.1. Yang-Mills tensor of gravitational field: F abας ≡ 1
2 ςσ

ας
ς cd

Rabcd,

Yang-Mills tensor of Weyl tensor: Cabας ≡ 1
2 ςσ

ας
ς cd

Cabcd

Corollary 2.3.1. Rabcd = Cabcd − 1
2g
a[dRc]b − 1

2g
b[cRd]a − 1

6g
a[cgd]bR

⇒ F abας = Cabας − 1
4 ςσ

ας
ς cd

(ga[dRc]b + gb[cRd]a + 1
3Rg

a[cgd]b)

⇒ F abας = Cabας + 1
2 ςσ

αςa
ς c

Rcb − 1
2 ςσ

αςb
ς c

Rca − 1
6 ςσ

αςab
ς R

Corollary 2.3.2. Rabcd − ςRab(∗cd) = −ςσςας cdF abας

Corollary 2.3.3. F abας = − 1
2σ

ας
ς cd

Rab(∗cd)

Corollary 2.3.4. σαςς cd
Rabcd = −ςσαςς cd

Rab(∗cd)

Corollary 2.3.5. F abας = 1
4 ςσ

ας
ς cd

(Rabcd − ςRab(∗cd))

Corollary 2.3.6. Rabcd − ςRab(∗cd) = − 1
4σςας

cdσαςς ef
(Rabef − ςRab(∗ef))

Corollary 2.3.7. Rabcd = 1
2 (σ−α′

cdF abα
′ − σ+α

cdF abα), Rab(∗cd) = 1
2 (σ−α′

cdF abα
′
+ σ+α

cdF abα)

Corollary 2.3.8. Rab = 1
2 (−Fα′σ−α′ + Fασ+α)ab, 0 = 1

2 (Fασ+α + Fα
′
σ−α′)

ab

Corollary 2.3.9. Rab = ς(Fαςσςας )
ab, (Fα

′
ςσ−ςα′ς )

ab = −(Fαςσςας )
ab

Corollary 2.3.10. R = −ςσςας abFab
ας

2.4 Integer spinorial description of gravitational field

2.4.1 Integer spinor of gravitational field

Definiton 2.4.1. Gravitational integer spinor: ψαςβκ ≡ 1
2 ςσ

ας
ς ab

F abβκ = 1
4 ςκσ

ας
ς ab

σβκκ cdR
abcd

Weyl gravitational integer spinor: Cαςβκ ≡ 1
2 ςσ

ας
ς ab

Cabβκ = 1
4 ςκσ

ας
ς ab

σβκκ cdC
abcd

Corollary 2.4.1. ψαςβκ = Cαςβκ − 1
2 ςκσ

ας
ς ac

σβκcκ bR
ab + 1

3 ςκδςκδ
αςβκR

Proof: ψαςβκ ≡ 1
2 ςσ

ας
ς ab

F abβκ

⇒ ψαςβκ = 1
2 ςσ

ας
ς ab

(Cabβκ + 1
2κσ

βκa
κ cR

cb − 1
2κσ

βκb
κ cR

ca − 1
6κσ

βκab
κ R)

⇒ ψαςβκ = Cαςβκ − 1
2 ςσ

ας
ς ab

κσβκbκ cR
ca + 1

3 ςκδςκδ
αςβκR

⇒ ψαςβκ = Cαςβκ − 1
2 ςκσ

ας
ς ac

σβκcκ bR
ab + 1

3 ςκδςκδ
αςβκR

Corollary 2.4.2. ψαςβς = Cαςβς − 1
2σ

ας
ς ac

σβςcς b
Rab + 1

3δ
αςβςR

Corollary 2.4.3. ψαςβς = Cαςβς − 1
6δ
αςβςR

Proof: ψαςβς = Cαςβς − 1
2σ

ας
ς ac

σβςcς b
Rab + 1

3δ
αςβςR

⇔ ψαςβς = Cαςβς − 1
2 (δαςβς δab + iεαςβςγςσ

γς
ς ab

)Rab + 1
3δ
αςβςR

⇔ ψαςβς = Cαςβς − 1
6δ
αςβςR

Corollary 2.4.4. F abβκ − ς ∗ F abβκ = −ςσςας abψαςβκ

Corollary 2.4.5. ψαςβκ = − 1
2σ

ας
ς ab

∗ F abβκ

Corollary 2.4.6. σαςς ab
F abβκ = −ςσαςς ab

∗ F abβκ

Corollary 2.4.7. ψαςβκ = 1
4 ςσ

ας
ς ab

(F abβκ − ς ∗ F abβκ)

Corollary 2.4.8. F abβκ − ς ∗ F abβκ = − 1
4σςας

abσαςς cd
(F cdβκ − ς ∗ F cdβκ)

Corollary 2.4.9. F abβκ = 1
2 (σ−α′

abψα
′βκ − σ+α

abψαβκ), ∗F abβκ = 1
2 (σ−α′

abψα
′βκ + σ+α

abψαβκ)

Corollary 2.4.10. ψαςβκ = 1
4 ςκσ

ας
ς ab

σβκκ cdR
abcd = − 1

4 ςσ
ας
ς ab

σβκκ cdR
ab(∗cd)

= 1
4σ

ας
ς ab

σβκκ cdR
(∗ab)(∗cd) = − 1

4κσ
ας
ς ab

σβκκ cdR
(∗ab)cd
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2.4.2 Properties of gravitational integer spinor ψαςβκ

Corollary 2.4.11. ψαςβκ = ψβκας

Proof: Rabcd = Rcdab

⇒ 1
4σ

ας
ς ab

σβκκ cdR
abcd = 1

4σ
ας
ς ab

σβκκ cdR
cdab

⇒ ψαςβκ = ψβκας

Corollary 2.4.12. ψxςxς + ψyςyς + ψzςzς = − 1
2R

Proof: σαςςabσςαςcd = −(Sabcd − ςεabcd)
⇒ 1

4σ
ας
ςabσςαςcdR

abcd = − 1
4 (Sabcd − ςεabcd)Rabcd

⇒ 1
4σ

ας
ςabσςαςcdR

abcd = − 1
2 (Rab

ab − ςR∗abab)
⇒ ψxςxς + ψyςyς + ψzςzς = − 1

2 (Rab
ab − ςR∗abab)

⇒ ψxςxς + ψyςyς + ψzςzς = − 1
2R

Corollary 2.4.13. ψα
′
ςβ
′
κ = (ψαςβκ)∗

Proof: ψαςβκ = 1
4σ

ας
ς ab

σβκκ cdR
abcd

⇔ (ψαςβκ)∗ = 1
4 (σαςς ab

σβκκ cdR
abcd)∗ = 1

4σ
α′ς
ς a′b′σ

β′κ
κ c′d′η

a′

aη
b′

bη
c′

cη
d′

dR
abcd

⇔ (ψαςβκ)∗ = 1
4σ

α′ς
−ςabσ

β′κ
−κcdR

abcd

⇔ ψα
′
ςβ
′
κ = (ψαςβκ)∗

2.5 Spreading of gravitational field curvature tensor

Corollary 2.5.1. Rabcd = 1
4 (σ−α′

abσ−β′
cdψα

′β′ − σ+α
abσ−β′

cdψαβ
′ − σ−α′abσ+β

cdψα
′β + σ+α

abσ+β
cdψαβ)

Proof: Rabcd = 1
2 (σ−β′

cdF abβ
′ − σ+β

cdF abβ)

⇔ Rabcd = 1
4 [σ−β′

cd(σ−α′
abψα

′β′ − σ+α
abψαβ

′
)− σ+β

cd(σ−α′
abψα

′β − σ+α
abψαβ)]

⇔ Rabcd = 1
4 (σ−α′

abσ−β′
cdψα

′β′ − σ+α
abσ−β′

cdψαβ
′ − σ−α′abσ+β

cdψα
′β + σ+α

abσ+β
cdψαβ)

Corollary 2.5.2. Rab(∗cd) = 1
4 (σ−α′

abσ−β′
cdψα

′β′ − σ+α
abσ−β′

cdψαβ
′
+ σ−α′

abσ+β
cdψα

′β − σ+α
abσ+β

cdψαβ)

Corollary 2.5.3. R(∗ab)cd = 1
4 (σ−α′

abσ−β′
cdψα

′β′ + σ+α
abσ−β′

cdψαβ
′ − σ−α′abσ+β

cdψα
′β − σ+α

abσ+β
cdψαβ)

Corollary 2.5.4. R(∗ab)(∗cd) = 1
4 (σ−α′

abσ−β′
cdψα

′β′ + σ+α
abσ−β′

cdψαβ
′
+ σ−α′

abσ+β
cdψα

′β + σ+α
abσ+β

cdψαβ)

Corollary 2.5.5. Rabcd +Rab(∗cd) +R(∗ab)cd +R(∗ab)(∗cd) = σ−α′
abσ−β′

cdψα
′β′

Corollary 2.5.6. −Rabcd −Rab(∗cd) +R(∗ab)cd +R(∗ab)(∗cd) = σ+α
abσ−β′

cdψαβ
′

Corollary 2.5.7. −Rabcd +Rab(∗cd) −R(∗ab)cd +R(∗ab)(∗cd) = σ−α′
abσ+β

cdψα
′β

Corollary 2.5.8. Rabcd −Rab(∗cd) −R(∗ab)cd +R(∗ab)(∗cd) = σ+α
abσ+β

cdψαβ

Corollary 2.5.9. −Rabcd − ςRab(∗cd) + ςR(∗ab)cd +R(∗ab)(∗cd) = σςας
abσ−ςβ′ς

cdψαβ
′
ς

Corollary 2.5.10. Rabcd − ςRab(∗cd) − ςR(∗ab)cd +R(∗ab)(∗cd) = σςας
abσςβς

cdψαςβς

Corollary 2.5.11. ςκRabcd − ςRab(∗cd) − κR(∗ab)cd +R(∗ab)(∗cd) = σςας
abσκβκ

cdψαςβκ

Definiton 2.5.1. Rab ≡ δcdRacdb = − 1
4δcd(σ−α′

caσ−β′
dbψα

′β′−σ+α
acσ−β′

dbψαβ
′−σ−α′acσ+β

dbψα
′β+σ+α

acσ+β
dbψαβ)

Corollary 2.5.12. Rab = 1
4δ
abR+ 1

2 (σ+ασ−β′)
abψαβ

′
= 1

4δ
abR+ δcdS

ac
ABS

db
C′D′ψ

ABC′D′

Proof: Rab = − 1
4 (σ−α′σ−β′ψ

α′β′ − σ+ασ−β′ψ
αβ′ − σ−α′σ+βψ

α′β + σ+ασ+βψ
αβ)ab

⇔ Rab = − 1
8 ({σ−α′ , σ−β′}ψα

′β′ − 2{σ+α, σ−β′}ψαβ
′
+ {σ+α, σ+β}ψαβ)ab

⇔ Rab = − 1
4 (−R− 2{σ+α, σ−β′}ψαβ

′
)ab

⇔ Rab = 1
4δ
abR+ 1

2 (σ+ασ−β′)
abψαβ

′
= 1

4δ
abR+ δcdS

ac
ABS

db
C′D′ψ

ABC′D′
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Corollary 2.5.13. Cαβ
′

= 0

Proof: Cabcd = 1
4 (σ−α′

abσ−β′
cdCα

′β′ − σ+α
abσ−β′

cdCαβ
′ − σ−α′abσ+β

cdCα
′β + σ+α

abσ+β
cdCαβ)

⇒ 0 = gbcC
abcd = 1

4 (σ−α′
abσ−β′b

dCα
′β′ − σ+α

abσ−β′b
dCαβ

′ − σ−α′abσ+βb
dCα

′β + σ+α
abσ+βb

dCαβ)

⇒ σ−α′σ−β′C
α′β′ − σ+ασ−β′C

αβ′ − σ−α′σ+βC
α′β + σ+ασ+βC

αβ = 0

⇒ (δα
′β′I + iεα′β′γ′σ

γ′

− )Cα
′β′ − 2σ+ασ−β′C

αβ′ + (δαβI + iεαβγσ
γ
+)Cαβ = 0

⇒ δα′β′IC
α′β′ − 2σ+ασ−β′C

αβ′ + δαβIC
αβ = 0

⇒ σ+ασ−β′C
αβ′ = 0

⇒ Cαβ
′

= 0

Corollary 2.5.14. Cabcd = 1
4 (σ−α′

abσ−β′
cdCα

′β′ + σ+α
abσ+β

cdCαβ), Cα
′β′ = (Cαβ)∗

Corollary 2.5.15. C(∗ab)cd = Cab(∗cd), Cabcd = C(∗ab)(∗cd)

Corollary 2.5.16. ψαςβ
′
ς = 1

2σ
ας
ς ac

σ
β′ςc
−ς bR

ab = 1
2 (σαςς σ

β′ς
−ς)abR

ab

Corollary 2.5.17. 1
4 (σα+σ

β′

− )ab(σ+ρσ−σ′)
ab = δαρδ

β′
σ′

A more general proof that it does not depend on the definition of various amounts.

Corollary 2.5.18. ψαςβ
′

= 1
2 (σα+σ

β′

− )abR
ab ⇔ Rab = 1

4δ
abR+ 1

2 (σ+ασ−β′)
abψαβ

′

Proof: ψαςβ
′

= 1
2 (σα+σ

β′

− )abR
ab

⇔ 1
2 (σ+ασ−β′)

abψαςβ
′

= 1
4 (σ+ασ−β′)

ab(σα+σ
β′

− )cdR
cd

⇔ 1
2 (σ+ασ−β′)

abψαςβ
′

= 1
4 (σ+α

aeσ−β′e
b)(σα+cfσ

β′f
− d

)Rcd

⇔ 1
2 (σ+ασ−β′)

a
bψ

αςβ
′

= 1
4 (σ+α

aeσαcf+ )(σ−β′ebσ
β′

− fd)Rc
d

⇔ 1
2 (σ+ασ−β′)

a
bψ

αςβ
′

= 1
4 (Saecf − εaecf )(Sebfd + εebfd)Rc

d

⇔ 1
2 (σ+ασ−β′)

a
bψ

αςβ
′

= 1
4 (2δacδbd + 2δadδb

c − δabδcd)Rcd

⇔ 1
2 (σ+ασ−β′)

a
bψ

αςβ
′

= 1
4 (4Rab − δabR)

⇔ Rab = 1
4δ
abR+ 1

2 (σ+ασ−β′)
abψαβ

′

2.6 Ashtekar guage description of gravitational field curvature tensor [28]

Gravitational field curvature tensor: Rab
cd = ∂aωb

cd − ∂bωacd + ω[a
ceωb]e

d (2.6)

Definiton 2.6.1. Introducing Ashtekar variable [28]: Aa
ας ≡ 1

2 ςσ
ας
ςcdωa

cd

Corollary 2.6.1. [Aa
ας ]∗ = A∗a′

α′ς = ηa′
aAa

α′ς

Proof: [Aa
ας ]∗ = A∗a′

α′ς = − 1
2 ςσ

α′ς
ςc′d′ω

∗
a′
c′d′ = − 1

2 ςηa′
aσ

α′ς
−ςcdωa

cd = ηa′
aAa

α′ς

Corollary 2.6.2. [Fab
ας ]∗ = F ∗a′b′

α′ς = ηa′
aηb′

bFab
α′ς

Proof: [Fab
ας ]∗ = F ∗a′b′

α′ς = − 1
2 ςσ

α′ς
ςc′d′R

∗
a′b′

c′d′ = − 1
2 ςηa′

aηb′
bσ
α′ς
−ςcdRab

cd = ηa′
aηb′

bFab
α′ς

Corollary 2.6.3. ω[a
ceωb]e

d = i
2 (εα

′
ς β′ςγ

′
ς
σ−ςα′ς

cdAa
β′ςAb

γ′ς + εας βςγςσςας
cdAa

βςAb
γς )

Proof: ω[a
ceωb]e

d = ωa
ceωbe

d − ωbceωaed

⇔ ωa
ceωbe

d = δef [ 1
2 ς(σ−ςα′ς

ceAa
α′ς − σςας ceAa

ας )][ 1
2 ς(σ−ςβ′ς

fdAb
β′ς − σςβς fdAb

βς )]

⇔ ω[a
ceωb]e

d = 1
4δef (σ−ς[α′ς

ceσ−ςβ′ς ]
fdAa

α′ςAb
β′ς − σς[ας ceσ−ςβ′ς ]

fdAa
αςAb

β′ς

− σ−ς[α′ς
ceσςβς ]

fdAa
α′ςAb

βς + σς[ας
ceσςβς ]

fdAa
αςAb

βς )

⇔ ω[a
ceωb]e

d = 1
4 (2iεα′ςβ′ς

γ′ςσ−ςγ′ς
cdAa

α′ςAb
β′ς + 0 + 0 + 2iεαςβς

γςσςγς
cdAa

αςAb
βς )

⇔ ω[a
ceωb]e

d = i
2 (εα′ςβ′ς

γ′ςσ−ςγ′ς
cdAa

α′ςAb
β′ς + εαςβς

γςσςγς
cdAa

αςAb
βς )

⇔ ω[a
ceωb]e

d = i
2 (εα

′
ς β′ςγ

′
ς
σ−ςα′ς

cdAa
β′ςAb

γ′ς + εας βςγςσςας
cdAa

βςAb
γς )

Corollary 2.6.4.

Fab
ας = ∂aAb

ας − ∂bAaας − iςεας βςγςAa
βςAb

γς

Fab
α′ς = ∂aAb

α′ς − ∂bAaα
′
ς + iςεα

′
ς β′ςγ

′
ς
Aa

β′ςAb
γ′ς
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Proof: Rab
cd = ∂aωb

cd − ∂bωacd + ω[a
ceωb]e

d

⇔ Rab
cd = 1

2 ς(σ−ςα′ς
cd∂aAb

α′ς − σςας cd∂aAb
ας )− 1

2 ς(σ−ςα′ς
cd∂bAa

α′ς − σςας cd∂bAa
ας )

+ i
2 (εα

′
ς β′ςγ

′
ς
σ−ςα′ς

cdAa
β′ςAb

γ′ς + εας βςγςσςας
cdAa

βςAb
γς )

⇔ Rab
cd = 1

2 ςσ−ςα′ς
cd(∂[aAb]

α′ς + iςεα
′
ς β′ςγ

′
ς
Aa

β′ςAb
γ′ς )− 1

2 ςσςας
cd(∂[aAb]

ας − iςεας βςγςAa
βςAb

γς )

⇔ 1
2 ς(σ−ςα′ς

cdFab
α′ς − σςας cdFab

ας ) = 1
2 ςσ−ςα′ς

cd(∂[aAb]
α′ς + iςεα

′
ς β′ςγ

′
ς
Aa

β′ςAb
γ′ς )

− 1
2 ςσςας

cd(∂[aAb]
ας − iςεας βςγςAa

βςAb
γς )

⇔

Fab
ας = ∂aAb

ας − ∂bAaας − iςεας βςγςAa
βςAb

γς

Fab
α′ς = ∂aAb

α′ς − ∂bAaα
′
ς + iςεα

′
ς β′ςγ

′
ς
Aa

β′ςAb
γ′ς

Corollary 2.6.5. 1
2 ςσ

ας
ςcdω[a

ceωb]e
d = −iςεας βςγςAa

βςAb
γς

Proof: ω[a
ceωb]e

d = i
2 (εα′ςβ′ς

γ′ςσ−ςγ′ς
cdAa

α′ςAb
β′ς + εαςβς

γςσςγς
cdAa

αςAb
βς )

⇒ 1
2 ςσ

ρς
ςcdω[a

ceωb]e
d = i

4 ςσ
ρς
ςcd(εα′ςβ′ς

γ′ςσ−ςγ′ς
cdAa

α′ςAb
β′ς + εαςβς

γςσςγς
cdAa

αςAb
βς )

⇔ 1
2 ςσ

ρς
ςcdω[a

ceωb]e
d = 0− iςεαςβς γς δρς γςAa

αςAb
βς

⇔ 1
2 ςσ

ας
ςcdω[a

ceωb]e
d = −iςεας βςγςAa

βςAb
γς

Corollary 2.6.6. Fab
ας = ∂aAb

ας − ∂bAaας − iςεας βςγςAa
βςAb

γς ⇔ Fab
α′ς = ∂aAb

α′ς − ∂bAaα
′
ς + iςεα

′
ς β′ςγ

′
ς
Aa

β′ςAb
γ′ς

Proof: Fab
ας = ∂aAb

ας − ∂bAaας − iςεας βςγςAa
βςAb

γς

⇔ [Fab
ας ]∗ = F ∗a′b′

α′ς = ∂a′A
∗
b′
α′ς − ∂b′A∗a′

α′ς + iςεα
′
ς β′ςγ

′
ς
A∗a′

β′ςA∗b′
γ′ς

⇔ F ∗a′b′
α′ς = ηa′

aηb′
b(∂aAb

α′ς − ∂bAaα
′
ς + iςεα

′
ς β′ςγ

′
ς
Aa

β′ςAb
γ′ς )

⇔ F ∗a′b′
α′ς = ηa′

aηb′
bFab

α′ς = ηa′
aηb′

b(∂aAb
α′ς − ∂bAaα

′
ς + iςεα

′
ς β′ςγ

′
ς
Aa

β′ςAb
γ′ς )

⇔ Fab
α′ς = ∂aAb

α′ς − ∂bAaα
′
ς + iςεα

′
ς β′ςγ

′
ς
Aa

β′ςAb
γ′ς

Corollary 2.6.7. Rab
cd = ∂aωb

cd − ∂bωacd + ω[a
ceωb]e

d ⇔ Fab
ας = ∂aAb

ας − ∂bAaας − iςεας βςγςAa
βςAb

γς

Corollary 2.6.8. Rab
cd = ∂aωb

cd − ∂bωacd + ω[a
ceωb]e

d ⇔ Fab
α′ς = ∂aAb

α′ς − ∂bAaα
′
ς + iςεα

′
ς β′ςγ

′
ς
Aa

βςAb
γ′ς

2.7 Half integer spinorial description of gravitational field [4, 5]

Definiton 2.7.1. Gravitational spinor: ψAςBςCκDκ ≡ 1
2 ςκSab

AςBςScd
CκDκRabcd

Weyl spinor: CAςBςCκDκ ≡ 1
2 ςκSab

AςBςScd
CκDκCabcd

Corollary 2.7.1. ψAςBςCκDκ = 1
2σας

AςBςσβκ
CκDκψαςβκ

Proof: ψAςBςCκDκ ≡ 1
2 ςκSab

AςBςScd
CκDκRabcd

⇔ ψAςBςCκDκ = 1
8 ςσ

ας
ς ab

σας
AςBς · κσβκκ cdσβκ

CςDςRabcd

⇔ ψAςBςCκDκ = 1
2σας

AςBςσβκ
CκDκψαςβκ

Corollary 2.7.2. ψαςβκ = 1
2σ

ας
AςBςσ

βκ
CκDκψ

AςBςCκDκ

Corollary 2.7.3. ψAςBςCςDς = CAςBςCςDς − 1
12σας

AςBςσαςCςDςR

Proof: ψαςβς = Cαςβς − 1
6δ
αςβςR

⇔ ψAςBςCςDς = CAςBςCςDς − 1
12σας

AςBςσβς
CςDς δαςβςR

⇔ ψAςBςCςDς = CAςBςCςDς − 1
12σας

AςBςσαςCςDςR

Corollary 2.7.4. ψAςBςCκDκ = ψBςAςCκDκ , ψAςBςCκDκ = ψAςBςDκCκ , ψAςBςCκDκ = ψCκDκAςBς

Corollary 2.7.5. ψαςβς = ψβςας ⇔



ψ1ς1ς1ς1ς

ψ1ς1ς1ς2ς = ψ1ς1ς2ς1ς = ψ1ς2ς1ς1ς = ψ2ς1ς1ς1ς

ψ1ς1ς2ς2ς = ψ2ς2ς1ς1ς , ψ1ς2ς1ς2ς = ψ1ς2ς2ς1ς = ψ2ς1ς1ς2ς = ψ2ς1ς2ς1ς

ψ1ς2ς2ς2ς = ψ2ς1ς2ς2ς = ψ2ς2ς1ς2ς = ψ2ς2ς2ς1ς

ψ2ς2ς2ς2ς
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Corollary 2.7.6. ψAςBςAςBς = εAςCςεBςDςψ
AςBςCςDς = 2(ψ1ς2ς1ς2ς − ψ1ς1ς2ς2ς )

Corollary 2.7.7. ψAςBςAςBς = δαςβςψ
αςβς

Proof: ψAςBςCκDκ = 1
2σας

AςBςσβκ
CκDκψαςβκ

⇒ ψAςBςAςBς = 1
2σας

AςBςσβςAςBςψ
αςβς

⇒ ψAςBςAςBς = δαςβςψ
αςβς

Corollary 2.7.8. ψ1ς2ς1ς2ς − ψ1ς1ς2ς2ς = − 1
4R

Corollary 2.7.9. ψAςBςCςDς is a full symmetric spinor.⇔ ψαςβς is a non trace symmetry tensor.

Namely, ψαςβς = ψβςας , ψxςxς + ψyςyς + ψzςzς = 0

2.8 Integer spinorial description of gravitational field source

Definiton 2.8.1. Integer spinor of gravitational field source: Ja
ας ≡ 1

2 ςσ
ας
ςcdJa

cd

Corollary 2.8.1. [Ja
ας ]∗ = J∗a′

α′ς = ηa′
aJa

α′ς

Corollary 2.8.2. Ja
cd − ς ∗ Jacd = −ςσςας cdJa

ας

Corollary 2.8.3. Ja
ας = − 1

2σ
ας
ς cd

∗ Jacd

Corollary 2.8.4. σαςς cd
Ja
cd = −ςσαςς cd

∗ Jacd

Corollary 2.8.5. Ja
ας = 1

4 ςσ
ας
ς cd

(Ja
cd − ς ∗ Jacd)

Corollary 2.8.6. Ja
cd − ς ∗ Jacd = − 1

4σςας
cdσαςς ef

(Ja
ef − ς ∗ Jaef )

Corollary 2.8.7. Ja
cd = 1

2 (σ−α′
cdJa

α′ − σ+α
cdJa

α), ∗Jacd = 1
2 (σ−α′

cdJa
α′ + σ+α

cdJa
α)

Corollary 2.8.8. Ja
cd = −Jadc ⇔ Ja

cd = 1
2 (σ−α′

cdJa
α′ − σ+α

cdJa
ας ),

2.9 Vector-spinor description of gravitational field source [4, 5]

Definiton 2.9.1. Vector-spinor of gravitational field source: Ja
AςBς ≡ − 1√

2
ςScd

AςBςJa
cd

Corollary 2.9.1. Ja
AςBς = 1√

2
σας

AςBςJa
ας

Corollary 2.9.2. Ja
AςBς = Ja

BςAς

Corollary 2.9.3. Ja
ας = 1√

2
σαςAςBςJa

AςBς

Corollary 2.9.4. Ja
cd − ς ∗ Jacd =

√
2ςScdAςBςJa

AςBς

Corollary 2.9.5. Ja
AςBς = 1√

2
Scd

AςBς ∗ Jacd

Corollary 2.9.6. Ja
AςBς = − 1

2
√

2
ςScd

AςBς (Ja
cd − ς ∗ Jacd)

Corollary 2.9.7. Ja
cd − ς ∗ Jacd = − 1

2S
cd
AςBςSef

AςBς (Ja
ef − ς ∗ Jaef )

Corollary 2.9.8. Ja
cd = − 1√

2
(ScdA

′B′JaA′B′ − ScdABJaAB), ∗Jacd = − 1√
2
(ScdA

′B′JaA′B′ + ScdABJa
AB)

Corollary 2.9.9. Ja
cd = −Jadc ⇔ Ja

cd = − 1√
2
(ScdA

′B′JaA′B′ − ScdABJaAB)
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2.10 Half integer spinorial description of gravitational field source [4, 5]

Definiton 2.10.1. Spinor of gravitational field source: JA′ς
BςCκDκ ≡ − 1

2κ(σ,−iς)aA′ςAς ε̄
AςBςScd

CκDκJa
cd

Corollary 2.10.1. JA′ς
BςCκDκ = 1√

2
ςκ(σ,−iς)aA′ςAς ε̄

AςBςJa
CκDκ

Corollary 2.10.2. Ja
CκDκ = 1√

2
ςκ(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

BςCκDκ

Corollary 2.10.3. JA′ς
BςCκDκ = 1

2 ςκ(σ,−iς)aA′ςAς ε̄
AςBςσακ

CκDκJa
ακ

Corollary 2.10.4. Ja
ακ = 1

2 ςκ(σ, iς)a
AςA

′
ς ε̄AςBςσ

ακ
CκDκJA′ς

BςCκDκ

Corollary 2.10.5. JA′ς
BςCκDκ = 1

2 ςκ(σ,−iς)aA′ςAς ε̄
AςBςScd

CκDκ ∗ Jacd

Corollary 2.10.6. JA′ς
BςCκDκ = JA′ς

BςDκCκ

Corollary 2.10.7. Ja
cd − ς ∗ Jacd = κ(σ, iς)a

AςA
′
ς ε̄AςBςS

cd
CκDκJA′ς

BςCκDκ

Corollary 2.10.8. JA′ς
BςCςDς = 1

2 (σ,−iς)aA′ςAς ε̄
AςBςσας

CςDςJa
ας

Corollary 2.10.9. Ja
ας = 1

2 (σ, iς)a
AςA

′
ς ε̄AςBςσ

ας
CςDςJA′ς

BςCςDς

Corollary 2.10.10. JA′ς
BςCςDς = JA′ς

BςDςCς ⇔



J1′ς
1ς1ς1ς

J1′ς
1ς1ς2ς = J1′ς

1ς2ς1ς , J1′ς
2ς1ς2ς = J1′ς

2ς2ς1ς

J2′ς
1ς1ς2ς = J2′ς

1ς2ς1ς , J2′ς
2ς1ς2ς = J2′ς

2ς2ς1ς

J2′ς
2ς2ς2ς

Corollary 2.10.11. JA′ς
1ς2ςDς = JA′ς

2ς1ςDς ⇔

ςJπ
xς = Jy

zς − Jzyς , ςJπyς = Jz
xς − Jxzς , ςJπzς = Jx

yς − Jyxς

Jx
xς + Jy

yς + Jz
zς = 0

Proof: JA′ς
1ς2ςDς = JA′ς

2ς1ςDς

⇔ 1
2 (σ,−iς)aA′ςAς ε̄

Aς1ςσας
2ςDςJa

ας = 1
2 (σ,−iς)aA′ςAς ε̄

Aς2ςσας
1ςDςJa

ας

⇔ (σ,−iς)aA′ς2ς ε̄
2ς1ςσας

2ςDςJa
ας = (σ,−iς)aA′ς1ς ε̄

1ς2ςσας
1ςDςJa

ας

⇔ −(σ,−iς)aA′ς2ςσας
2ςDςJa

ας = (σ,−iς)aA′ς1ςσας
1ςDςJa

ας

⇔ [(σ,−iς)aσας ε̄]A′ς
DςJa

ας = 0

⇔ [(σ,−iς)aσας ε̄]Ja
ας = 0

⇔ (−iJxyς + iJy
xς + iςJπ

zς ) · σx + (−iJxxς − iJyyς − iJzzς ) · σy
+ (iJy

zς − iJzyς − iςJπxς ) · σz + (−Jxzς + Jz
xς − ςJπyς ) · I = 0

⇔ ςJπ
xς = Jy

zς − Jzyς , ςJπyς = Jz
xς − Jxzς , ςJπzς = Jx

yς − Jyxς , Jxxς + Jy
yς + Jz

zς = 0

Corollary 2.10.12. [(σ,−iς)aσας ]Ja
ας = 0⇔

ςJπ
xς = Jy

zς − Jzyς , ςJπyς = Jz
xς − Jxzς , ςJπzς = Jx

yς − Jyxς

Jx
xς + Jy

yς + Jz
zς = 0

Corollary 2.10.13. JA′ς
BςCςDς is full symmetry for superscripts BςCςDς .⇔ [(σ,−iς)aσας ]Ja

ας = 0

Corollary 2.10.14. JA′ς
BςCςDς is full symmetry for superscripts BςCςDς .⇔ [(σ,−iς)aScd(ς)]Jacd = 0

3 Applying constant tensors to define spinors of Yang-Mills field [9]

3.1 Integer spinorial description of Yang-Mills field

Definiton 3.1.1. Yang-Mills integer spinor: ψαςσ ≡ 1
2 ςσ

ας
ς ab

F abσ = (E − iςB)αςσ

Corollary 3.1.1. F abσ − ς ∗ F abσ = −ςσςας abψαςσ

Corollary 3.1.2. ψαςσ = − 1
2σ

ας
ς ab

∗ F abσ
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Corollary 3.1.3. σαςς ab
F abσ = −ςσαςς ab

∗ F abσ

Corollary 3.1.4. ψαςσ = 1
4 ςσ

ας
ς ab

(F ab − ς ∗ F abσ)

Corollary 3.1.5. F abσ − ς ∗ F abσ = − 1
4σςας

abσαςς cd
(F cdσ − ς ∗ F cdσ)

Corollary 3.1.6. F abσ = 1
2 (σ−α′

abψα
′σ − σ+α

abψασ), ∗F abσ = 1
2 (σ−α′

abψα
′σ + σ+α

abψασ)

Corollary 3.1.7. F abσ = −F baσ ⇔ F abσ = 1
2 (σ−α′

abψα
′σ − σ+α

abψασ),

3.2 Half integer spinorial description of Yang-Mills field [4, 5]

Definiton 3.2.1. Yang-Mills spinor: ψAςBςσ ≡ − 1√
2
ςSab

AςBςF abσ = − 1√
2
ςεBςCςSab

Aς
CςF

abσ

Corollary 3.2.1. ψAςBςσ = 1√
2
σας

AςBςψαςσ

Corollary 3.2.2. ψAςBςσ = ψBςAςσ

Corollary 3.2.3. ψαςσ = 1√
2
σαςAςBςψ

AςBςσ

Corollary 3.2.4. F abσ − ς ∗ F abσ =
√

2ςSabAςBςψ
AςBςσ

Corollary 3.2.5. ψAςBςσ = 1√
2
Sab

AςBς ∗ F abσ

Corollary 3.2.6. ψAςBςσ = − 1
2
√

2
ςSab

AςBς (F abσ − ς ∗ F abσ)

Corollary 3.2.7. F abσ − ς ∗ F abσ = − 1
2S

ab
AςBςScd

AςBς (F cdσ − ς ∗ F cdσ)

Corollary 3.2.8. F abσ = − 1√
2
(SabA

′B′ψA′B′
σ − SabABψABσ), ∗F abσ = − 1√

2
(SabA

′B′ψA′B′
σ + SabABψ

ABσ)

Corollary 3.2.9. F abσ = −F baσ ⇔ F abσ = − 1√
2
(SabA

′B′ψA′B′
σ − SabABψABσ)

3.3 Half integer spinorial description of Yang-Mills field source [4, 5]

Definiton 3.3.1. Spinor of Yang-Mills field source: JA′ς
Bςσ ≡ 1√

2
(σ,−iς)aA′ςAς ε̄

AςBςJa
σ

Corollary 3.3.1. Ja
σ = 1√

2
(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

Bςσ

3.4 Self review

In fact, both electromagnetic and gravitational fields can be attributed to Yang-Mills field cases. When σ is empty, it

is an electromagnetic field. When σ = βκ, it is a gravitational field. When σ is more than one letter, it can describe

more general cases. σ can be both internal and external indicators, and even a mixture of the two ones. So the

mathematical form of Yang-Mills field is a very general case.

4 Constant tensor and representation transformation

4.1 Full symmetry tensor and representation transformation of electromagnetic field

Definiton 4.1.1. Ψ(1, ς) ≡ [ψxς , ψyς , ψzς ]T , ψ(1, ς) ≡ [ψ1ς1ς , ψ1ς2ς , ψ2ς2ς ]T

Definiton 4.1.2. Ψ̂(1, ς) = Ψ̃(1, ς) ≡ [ψxς , ψyς , ψzς , 0]T , ψ̂(1, ς) = ψ̃(1, ς) ≡ [ψ1ς1ς , ψ1ς2ς , ψ1ς2ς , ψ2ς2ς ]T

Proposition 4.1.1. ψας = 1√
2
σαςAςBςψ

AςBς ⇔ Ψ̃(1, ς) = Sem(ς)ψ̃(1, ς)⇔ Ψ(1, ς) = Sm(1, ς)ψ(1, ς)

Proposition 4.1.2. ψAςBς = 1√
2
σας

AςBςψας ⇔ ψ̃(1) = S+
em(ς)Ψ̃(1)⇔ ψ(1) = S+

m(1, ς)Ψ(1)

Proposition 4.1.3. ψAςBς = ψBςAς ⇔ ψ̃(1, ς) = Sexψ̃(1, ς)

Proposition 4.1.4. ψ̃(1, ς) = S+
em(ς)Ψ̃(1)⇔ Ψ̃(1) = Sem(ς)ψ̃(1)⇔ Ψ(1) = Sm(1, ς)ψ(1)⇔ ψ(1) = S+

m(1, ς)Ψ(1)

Proposition 4.1.5. Ψ(1, ς) ∼ e(iω+ςε)·γ ⇔ Ψ̃(1, ς) ∼ e(iω+ςε)·R

⇔ ψ̃(1, ς) ∼ e(iω+ςε)· 12σ ⊗ e(iω+ςε)· 12σ ⇔ ψ(1, ς) ∼ e(iω+ςε)·σ(1)
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4.2 Quasi full symmetric tensor and representation transformation of electromagnetic field source

Definiton 4.2.1. Ĵ (1, ς) = J̃ (1, ς) ≡ [Jx, Jy, Jz, Jπ]T , Ĵ(1, ς) = J̃(1, ς) ≡ [J1′ς
1ς , J2′ς

1ς , J1′ς
2ς , J2′ς

2ς ]T

Corollary 4.2.1. Ja = 1√
2
(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

Bς ⇔ J̃ (1, ς) = Sem(ς)J̃(1, ς)

Corollary 4.2.2. JA′ς
Bς = 1√

2
(σ,−iς)aA′ςAς ε̄

AςBςJa ⇔ J̃(1, ς) = S+
em(ς)J̃ (1, ς)

4.3 Full symmetric tensor and representation transformation of Yang-Mills field

Definiton 4.3.1. Ψσ(1, ς) ≡ [ψxςσ, ψyςσ, ψzςσ]T , ψσ(1, ς) ≡ [ψ1ς1ςσ, ψ1ς2ςσ, ψ2ς2ςσ]T

Definiton 4.3.2. Ψ̂σ(1, ς) = Ψ̃σ(1, ς) ≡ [ψxςσ, ψyςσ, ψzςσ, 0]T , ψ̂σ(1, ς) = ψ̃σ(1, ς) ≡ [ψ1ς1ςσ, ψ1ς2ςσ, ψ1ς2ςσ, ψ2ς2ςσ]T

Proposition 4.3.1. ψαςσ = 1√
2
σαςAςBςψ

AςBςσ ⇔ Ψ̃σ(1, ς) = Sem(ς)ψ̃σ(1, ς)⇔ Ψσ(1, ς) = Sm(1, ς)ψσ(1, ς)

Proposition 4.3.2. ψAςBςσ = 1√
2
σας

AςBςψαςσ ⇔ ψ̃σ(1) = S+
em(ς)Ψ̃σ(1)⇔ ψσ(1) = S+

m(1, ς)Ψσ(1)

Proposition 4.3.3. ψAςBςσ = ψBςAςσ ⇔ ψ̃σ(1, ς) = Sexψ̃
σ(1, ς)

Proposition 4.3.4. ψ̃σ(1, ς) = S+
em(ς)Ψ̃σ(1)⇔ Ψ̃σ(1) = Sem(ς)ψ̃σ(1)

⇔ Ψσ(1) = Sm(1, ς)ψσ(1)⇔ ψσ(1) = S+
m(1, ς)Ψσ(1)

4.4 Quasi full symmetric tensor and representation transformation of Yang-Mills field source

Definiton 4.4.1. Ĵ σ(1, ς) = J̃ σ(1, ς) ≡ [Jx
σ, Jy

σ, Jz
σ, Jπ

σ]T , Ĵσ(1, ς) = J̃σ(1, ς) ≡ [J1′ς
1ςσ, J2′ς

1ςσ, J1′ς
2ςσ, J2′ς

2ςσ]T

Corollary 4.4.1. Ja
σ = 1√

2
(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

Bςσ ⇔ J̃ σ(1, ς) = Sem(ς)J̃σ(1, ς)

Corollary 4.4.2. JA′ς
Bςσ = 1√

2
(σ,−iς)aA′ςAς ε̄

AςBςJa
σ ⇔ J̃σ(1, ς) = S+

em(ς)J̃ σ(1, ς)

4.5 Full symmetry tensor and representation transformation of gravitational field

Definiton 4.5.1. ψαςβς = Cαςβς , ψAςBςCςDς = CAςBςCςDς

Definiton 4.5.2. Ψ(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , ψyςyς , ψzςyς ]T , ψ(2, ς) ≡ [ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς ]T

Definiton 4.5.3. Ψ̃(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , 0, |ψxςyς , ψyςyς , ψzςyς , 0]T

ψ̃(2, ς) ≡ [ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς , ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς ]T

Definiton 4.5.4. Ψ̂(2, ς) ≡ [ψxςxς , ψyςxς , ψzςxς , 0, |ψxςyς , ψyςyς , ψzςyς , 0, |ψxςzς , ψyςzς , ψzςzς , 0, |0, 0, 0, 0]T

ψ̂(2, ς) ≡ [ψ1ς1ς1ς1ς , ψ1ς1ς1ς2ς , ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , |ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , |
ψ1ς1ς1ς2ς , ψ1ς1ς2ς2ς , ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , |ψ1ς1ς2ς2ς , ψ1ς2ς2ς2ς , ψ1ς2ς2ς2ς , ψ2ς2ς2ς2ς ]T

Proposition 4.5.1. ψαςβς = 1
2σ

ας
AςBςσ

βς
CςDςψ

AςBςCςDς

⇔ Ψ̂(2, ς) = Sem(ς)⊗ Sem(ς)ψ̂(2, ς)⇔ Ψ(2, ς) = Sm(2)ψ(2, ς)⇔ Ψ̃(2, ς) = Sem(ς)⊗ Sem( 1
2 )ψ̃(2, ς)

Proposition 4.5.2. ψAςBςCςDς = 1
2σας

AςBςσβς
CςDςψαςβς

⇔ ψ̂(2, ς) = S+
em(ς)⊗ S+

em(ς)Ψ̂(2, ς)⇔ ψ(2, ς) = S+
m(2)Ψ(2, ς)⇔ ψ̃(2, ς) = S+

em(ς)⊗ S+
em( 1

2 )Ψ̃(2, ς)

4.6 Quasi full symmetry tensor and representation transformation of gravitational field source

Definiton 4.6.1. Ĵ (2, ς) ≡ [Jx
xς , Jy

xς , Jz
xς , Jπ

xς , |Jxyς , Jyyς , Jzyς , Jπyς , |Jxzς , Jyzς , Jzzς , Jπzς , |0, 0, 0, 0]T

Definiton 4.6.2. Ĵ(2, ς) ≡ [J1′ς
1ς1ς1ς , J2′ς

1ς1ς1ς , J1′ς
2ς1ς1ς , J2′ς

2ς1ς1ς , |J1′ς
1ς2ς1ς , J2′ς

1ς2ς1ς , J1′ς
2ς2ς1ς , J2′ς

2ς2ς1ς , |
J1′ς

1ς1ς2ς , J2′ς
1ς1ς2ς , J1′ς

2ς1ς2ς , J2′ς
2ς1ς2ς , |J1′ς

1ς2ς2ς , J2′ς
1ς2ς2ς , J1′ς

2ς2ς2ς , J2′ς
2ς2ς2ς , ]T

Definiton 4.6.3. J̃ (2, ς) ≡ [Jx
xς , Jy

xς , Jz
xς , Jπ

xς , |Jxyς , Jyyς , Jzyς , Jπyς ]T

Definiton 4.6.4. J̃(2, ς) ≡ [J1′ς
1ς1ς1ς , J2′ς

1ς1ς1ς , J1′ς
1ς1ς2ς , J2′ς

1ς1ς2ς , |J1′ς
1ς2ς2ς , J2′ς

1ς2ς2ς , J1′ς
2ς2ς2ς , J2′ς

2ς2ς2ς ]T

Proposition 4.6.1. Ja
ας = 1

2 (σ, iς)a
AςA

′
ς ε̄AςBςσ

ας
CςDςJA′ς

BςCςDς

⇔ Ĵ (2, ς) = Sem(ς)⊗ Sem(ς)Ĵ(2, ς)⇔ J̃ (2, ς) = Sem(ς)⊗ Sem( 1
2 )J̃(2, ς)

Proposition 4.6.2. JA′ς
BςCςDς = 1

2 (σ,−iς)aA′ςAς ε̄
AςBςσας

CςDςJa
ας

⇔ Ĵ(2, ς) = S+
em(ς)⊗ S+

em(ς)Ĵ (2, ς)⇔ J̃(2, ς) = S+
em(ς)⊗ S+

em( 1
2 )J̃ (2, ς)
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4.7 Full symmetric tensor and representation transformation of spin-s field

Definiton 4.7.1. ψ̂(s, ς) ≡ ψ
2s︷ ︸︸ ︷

Aς ⊗ Bς ⊗ Cς ⊗Dς ⊗ · · ·, Ψ̂(n, ς) ≡ ψ
n︷ ︸︸ ︷

ας ⊗ βς ⊗ γς ⊗ · · ·

Definiton 4.7.2. ψ(s, ς) ≡ [

2s+1︷ ︸︸ ︷
ψ1ς , ψ2ς , · · · , ψ(2s)ς , ψ(2s+1)ς ]T

≡ [ψ

2s︷ ︸︸ ︷
1ς1ς · · · 1ς1ς , ψ

2s︷ ︸︸ ︷
1ς1ς · · · 1ς2ς , ψ

2s︷ ︸︸ ︷
1ς1ς · · · 2ς2ς , · · · , ψ

2s︷ ︸︸ ︷
1ς2ς · · · 2ς2ς , ψ

2s︷ ︸︸ ︷
2ς2ς · · · 2ς2ς ]T

Definiton 4.7.3. ψ̃(s, ς) ≡ [

4s︷ ︸︸ ︷
ψ1ς , ψ2ς , ψ2ς , ψ3ς , ψ3ς , · · · , ψ(2s)ς , ψ(2s)ς , ψ(2s+1)ς ]T

Proposition 4.7.1. ψ

n︷ ︸︸ ︷
αςβςγς · · · = ( 1√

2
)n(

n︷ ︸︸ ︷
σαςAςBς · σβςCςDς · σβςEςFς · · ·)ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·

⇔ ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · · = ( 1√

2
)n(

n︷ ︸︸ ︷
σας

AςBς · σβςCςDς · σβςEςFς · · ·)ψ
n︷ ︸︸ ︷

αςβςγς · · ·

Proposition 4.7.2. ψ

n︷ ︸︸ ︷
αςβςγς · · · = ( 1√

2
)n(

n︷ ︸︸ ︷
σαςAςBς · σβςCςDς · σβςEςFς · · ·)ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·

⇔ Ψ̂(n, ς) = (

n︷ ︸︸ ︷
Sem(ς)⊗ Sem(ς)⊗ Sem(ς) · · ·)ψ̂(n, ς)

Proposition 4.7.3. ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · · = ( 1√

2
)n(

n︷ ︸︸ ︷
σας

AςBς · σβςCςDς · σβςEςFς · · ·)ψ
n︷ ︸︸ ︷

αςβςγς · · ·

⇔ ψ̂(n, ς) = (

n︷ ︸︸ ︷
S+
em(ς)⊗ S+

em(ς)⊗ S+
em(ς) · · ·)Ψ̂(n, ς)

Proposition 4.7.4. Ψ̂(n, ς) = (

n︷ ︸︸ ︷
Sem(ς)⊗ Sem(ς)⊗ Sem(ς) · · ·)ψ̂(n, ς)

⇔ ψ̂(n, ς) = (

n︷ ︸︸ ︷
S+
em(ς)⊗ S+

em(ς)⊗ S+
em(ς) · · ·)Ψ̂(n, ς)

4.8 Quasi full symmetric tensor and representation transformation of spin-s field source

Definiton 4.8.1. Ĵ(s, ς) ≡ JAς⊗

2s−1︷ ︸︸ ︷
Bς ⊗ Cς ⊗Dς ⊗ · · ·, Ĵ (n, ς) = Ja⊗

n−1︷ ︸︸ ︷
ας ⊗ βς ⊗ · · ·

Definiton 4.8.2. J̃(s, ς) ≡ [

4s︷ ︸︸ ︷
J̃1ς , J̃2ς , J̃3ς , · · · , J̃ (4s−1)ς , J̃ (4s)ς ]T

≡ [J1′ς

2s−1︷ ︸︸ ︷
1ς · · · 1ς1ς , J2′ς

2s−1︷ ︸︸ ︷
1ς · · · 1ς1ς , J1′ς

2s−1︷ ︸︸ ︷
1ς · · · 1ς2ς , J2′ς

2s−1︷ ︸︸ ︷
1ς · · · 1ς2ς , · · · , J1′ς

2s−1︷ ︸︸ ︷
1ς · · · 2ς2ς , J2′ς

2s−1︷ ︸︸ ︷
1ς · · · 2ς2ς , J1′ς

2s−1︷ ︸︸ ︷
2ς · · · 2ς2ς , J2′ς

2s−1︷ ︸︸ ︷
2ς · · · 2ς2ς ]T

Proposition 4.8.1. Ja

n−1︷ ︸︸ ︷
αςβς · · · = ( 1√

2
)n(σ, iς)a

AςA
′
ς ε̄AςBς · (

n−1︷ ︸︸ ︷
σαςCςDς · σβςEςFς · · ·)JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·

⇔ JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · · = ( 1√

2
)n(σ,−iς)aA′ςAς ε̄

AςBς · (

n−1︷ ︸︸ ︷
σας

CςDς · σβςEςFς · · ·)Ja

n−1︷ ︸︸ ︷
αςβς · · ·

Proposition 4.8.2. Ja

n−1︷ ︸︸ ︷
αςβς · · · = ( 1√

2
)n(σ, iς)a

AςA
′
ς ε̄AςBς · (

n−1︷ ︸︸ ︷
σαςCςDς · σβςEςFς · · ·)JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·

⇔ Ĵ (n, ς) = (

n︷ ︸︸ ︷
Sem(ς)⊗ Sem(ς)⊗ Sem(ς) · · ·)Ĵ(n, ς)

Proposition 4.8.3. JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · · = ( 1√

2
)n(σ,−iς)aA′ςAς ε̄

AςBς · (

n−1︷ ︸︸ ︷
σας

CςDς · σβςEςFς · · ·)Ja

n−1︷ ︸︸ ︷
αςβς · · ·

⇔ Ĵ(n, ς) = (

n︷ ︸︸ ︷
S+
em(ς)⊗ S+

em(ς)⊗ S+
em(ς) · · ·)Ĵ (n, ς)

Proposition 4.8.4. Ĵ (n, ς) = (

n︷ ︸︸ ︷
Sem(ς)⊗ Sem(ς)⊗ Sem(ς) · · ·)Ĵ(n, ς)

⇔ Ĵ(n, ς) = (

n︷ ︸︸ ︷
S+
em(ς)⊗ S+

em(ς)⊗ S+
em(ς) · · ·)Ĵ (n, ς)
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4.9 Transformation relationships between spin-s particle field quantities

Theorem 4.9.1. ψ(s, ς) ∼ e(iω+ςε)·σ(s) ⇔ ψ̃(s, ς) ∼ e(iω+ςε)·[σ( 1
2 )⊗I+I⊗σ(s− 1

2 )]

Proof: ψ(s, ς) ∼ e(iω+ςε)·σ(s)

⇔ ψ′(s, ς) = e(iω+ςε)·σ(s)ψ(s, ς)

⇔ N(s)ψ′(s, ς) = N(s)e(iω+ςε)·σ(s)ψ(s, ς)

⇔ ψ̃′(s, ς) = N(s)e(iω+ςε)·σ(s)N̄(s)ψ̃(s, ς)

⇔ ψ̃′(s, ς) = e(iω+ςε)·N(s)σ(s)N̄(s)ψ̃(s, ς)

⇔ ψ̃′(s, ς) = e(iω+ςε)·N(s)N̄(s)[σ( 1
2 )⊗I+I⊗σ(s− 1

2 )]N(s)N̄(s)ψ̃(1, ς)

⇔ ψ̃′(s, ς) = e(iω+ςε)·[σ( 1
2 )⊗I+I⊗σ(s− 1

2 )]N(s)N̄(s)ψ̃(s, ς)

⇔ ψ̃′(s, ς) = e(iω+ςε)·[σ( 1
2 )⊗I+I⊗σ(s− 1

2 )]ψ̃(s, ς)

⇔ ψ̃(s, ς) ∼ e(iω+ςε)·[σ( 1
2 )⊗I+I⊗σ(s− 1

2 )]

⇔ ψ̃(s, ς) ∼ e(iω+ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ(s− 1

2 )

Proposition 4.9.1. Ψ̃(s, ς) = Sem(s, ς)ψ̃(s, ς),Ψ(s, ς) = Sm(s)ψ(s, ς)

⇒ Ψ̃(s, ς) = Nm(s)Ψ(s, ς),Nm(s) = Sem(s, ς)N(s)S−m(s)

⇒ Ψ(s, ς) = N̄m(s)Ψ̃(s, ς), N̄m(s) = S−em(s, ς)N̄(s)Sm(s)

Proof: Ψ̃(s, ς) = Sem(s, ς)ψ̃(s, ς),Ψ(s, ς) = Sm(s)ψ(s, ς)

⇔ Ψ̃(s, ς) = Sem(s, ς)N(s)ψ(s, ς),Ψ(s, ς) = Sm(s)ψ(s, ς)

⇒ Ψ̃(s, ς) = Sem(s, ς)N(s)S−m(s)Ψ(s, ς)

⇒ Ψ̃(s, ς) = Nm(s)Ψ(s, ς),Nm(s) = Sem(s, ς)N(s)S−m(s)

⇒ Ψ(s, ς) = N̄m(s)Ψ̃(s, ς), N̄m(s) = S−em(s, ς)N̄(s)Sm(s)

Proposition 4.9.2. Ψ̃(s, ς) = Sem(s)ψ̃(s, ς), Ψ̃(s, ς) = Nm(s)Ψ(s, ς)

⇒ Ψ(s, ς) = Sm(s)ψ(s, ς), Sm(s) = N̄m(s)Sem(s)Nm(s)

Proof: Ψ̃(s, ς) = Sem(s)ψ̃(s, ς), Ψ̃(s, ς) = Nm(s)Ψ(s, ς)

⇒ Nm(s)Ψ(s, ς) = Sem(s)ψ̃(s, ς)

⇒ Ψ(s, ς) = N̄m(s)Sem(s)N(s)ψ(s, ς)

⇒ Ψ(s, ς) = Sm(s)ψ(s, ς), Sm(s) = N̄m(s)Sem(s)N(s)

5 Symmetry condition analysis

5.1 Symmetry condition analysis of field quantities

Definiton 5.1.1. ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = ( 1√

2
)n(

n︷ ︸︸ ︷
σας

AςBς · σβςCςDς · σβςEςFς · · ·)ψ
n︷ ︸︸ ︷

αςβςγς · · ·Zς

Corollary 5.1.1. ψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = ( 1√

2
)n(

n︷ ︸︸ ︷
σαςAςBς · σβςCςDς · σβςEςFς · · ·)ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς

Proposition 5.1.1. ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς is full symmetry in () and between () for superscripts (AςBς), (CςDς), · · ·

⇔ ψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς is full symmetry for superscripts αςβς · · ·

Proposition 5.1.2. ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = ψ

2n︷ ︸︸ ︷
AςCςBςDςEςFς · · ·Zς ⇔ δαςβςψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0

Proof: ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = ψ

2n︷ ︸︸ ︷
AςCςBςDςEςFς · · ·Zς

⇔ εBςCςψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = 0

⇔ εBςCς (
1√
2
)n(

n︷ ︸︸ ︷
σας

AςBς · σβςCςDς · σβςEςFς · · ·)ψ
n︷ ︸︸ ︷

αςβςγς · · ·Zς = 0

43



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

⇔ σας
Aς
Cς
σβς

CςDς · ( 1√
2
)n(

n−2︷ ︸︸ ︷
σβς

EςFς · · ·)ψ
n︷ ︸︸ ︷

αςβςγς · · ·Zς = 0

⇔ σας
Aς
Cς
σβς

CςDςψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0

⇔ σαςσβς ε̄ψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0

⇔ σαςσβςψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0

⇔ δαςβςψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0

Proposition 5.1.3. ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = ψ

2n︷ ︸︸ ︷
AςZςCςDςEςFς · · ·Bς ⇔ σαςψ

n︷ ︸︸ ︷
αςβςγς · · ·[Zς ] = 0

Proof: ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = ψ

2n︷ ︸︸ ︷
AςZςCςDςEςFς · · ·Bς

⇔ εBςZςψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = 0

⇔ εBςZς (
1√
2
)n(

n︷ ︸︸ ︷
σας

AςBς · σβςCςDς · σβςEςFς · · ·)ψ
n︷ ︸︸ ︷

αςβςγς · · ·Zς = 0

⇔ σας
Aς
Zς
· ( 1√

2
)n(

n−2︷ ︸︸ ︷
σβς

CςDς · σβςEςFς · · ·)ψ
n︷ ︸︸ ︷

αςβςγς · · ·Zς = 0

⇔ σας
Aς
Zς
ψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0

⇔ σαςψ

n︷ ︸︸ ︷
αςβςγς · · ·[Zς ] = 0

Proposition 5.1.4. ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς is full symmetry for superscripts AςBς · · ·

⇔ ψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς is full symmetry for superscripts αςβς · · · , δαςβςψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0

Proof: ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς is full symmetry for superscripts AςBς · · ·

⇔


ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς is full symmetry in () and between () for superscripts (AςBς), (CςDς), · · ·

ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = ψ

2n︷ ︸︸ ︷
AςCςBςDςEςFς · · ·Zς

⇔ ψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς is full symmetry for superscripts αςβς · · · , δαςβςψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0

Two important theorems about field quantities are obtained:

Theorem 5.1.1. ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · · is full symmetry for superscripts.

⇔ ψ

n︷ ︸︸ ︷
αςβςγς · · · is full symmetry for superscripts, δαςβςψ

n︷ ︸︸ ︷
αςβςγς · · · = 0

Theorem 5.1.2. ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς is full symmetry for superscripts.

⇔ ψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς is full symmetry for superscripts αςβς · · · , δαςβςψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0, σαςψ

n︷ ︸︸ ︷
αςβςγς · · ·[Zς ] = 0

Proof: ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς is full symmetry for superscripts.

⇔


ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς is full symmetry for superscripts AςBς · · ·

ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = ψ

2n︷ ︸︸ ︷
AςZςCςDςEςFς · · ·Bς

⇔ ψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς is full symmetry for superscripts αςβς · · · , δαςβςψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0, σαςψ

n︷ ︸︸ ︷
αςβςγς · · ·[Zς ] = 0

44



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

5.2 Source symmetry condition analysis

Definiton 5.2.1. JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς = ( 1√

2
)n(σ,−iς)aA′ςAς ε̄

AςBς · (

n−1︷ ︸︸ ︷
σας

CςDς · σβςEςFς · · ·)Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς

Corollary 5.2.1. Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς = ( 1√

2
)n(σ, iς)a

AςA
′
ς ε̄AςBς · (

n−1︷ ︸︸ ︷
σαςCςDς · σβςEςFς · · ·)JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς

Proposition 5.2.1. JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς is full symmetry in () and between () for superscripts (CςDς), (EςFς), · · ·

⇔ Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς is full symmetry for superscripts αςβς · · ·

Proposition 5.2.2. JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς = JA′ς

2n−1︷ ︸︸ ︷
CςBςDςEςFς · · ·Zς ⇔ (σ,−iς)aσαςJa

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

Proof: JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς = JA′ς

2n−1︷ ︸︸ ︷
CςBςDςEςFς · · ·Zς

⇔ εBςCςJA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς = 0

⇔ εBςCς (
1√
2
)n(σ,−iς)aA′ςAς ε̄

AςBς · (

n−1︷ ︸︸ ︷
σας

CςDς · σβςEςFς · · ·)Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

⇔ ( 1√
2
)n(σ,−iς)aA′ςCς · (

n−1︷ ︸︸ ︷
σας

CςDς · σβςEςFς · · ·)Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

⇔ ( 1√
2
)n(σ,−iς)aA′ςCςσας

CςDς · (

n−2︷ ︸︸ ︷
σβς

EςFς · σβςGςHς · · ·)Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

⇔ ( 1√
2
)n(σ,−iς)aA′ςCςσας

CςDςJa

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

⇔ (σ,−iς)aσας ε̄Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

⇔ (σ,−iς)aσαςJa

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

Proposition 5.2.3. JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς = JA′ς

2n−1︷ ︸︸ ︷
ZςCςDςEςFς · · ·Bς

Proof: JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς = JA′ς

2n−1︷ ︸︸ ︷
ZςCςDςEςFς · · ·Bς

⇔ εBςZςJA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς = 0

⇔ εBςZς (
1√
2
)n(σ,−iς)aA′ςAς ε̄

AςBς · (

n−1︷ ︸︸ ︷
σας

CςDς · σβςEςFς · · ·)Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

⇔ ( 1√
2
)n(σ,−iς)aA′ςZς · (

n−1︷ ︸︸ ︷
σας

CςDς · σβςEςFς · · ·)Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

⇔ ( 1√
2
)n(σ,−iς)aA′ςZςJa

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

⇔ (σ,−iς)aJa

n−1︷ ︸︸ ︷
αςβς · · ·[Zς ] = 0

Proposition 5.2.4. JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς is full symmetry for superscripts BςCςDςEςFς · · ·

⇔ Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς is full symmetry for superscripts αςβς · · · , (σ,−iς)aσαςJa

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

Proof: JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς is full symmetry for superscripts BςCςDςEςFς · · ·

⇔


JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς is full symmetry in () and between () for superscripts (CςDς), (EςFς), · · ·

JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς = JA′ς

2n−1︷ ︸︸ ︷
CςBςDςEςFς · · ·Zς
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⇔ Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς is full symmetry for superscripts αςβς · · · , (σ,−iς)aσας · Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

Two important theorems about source are obtained:

Theorem 5.2.1. JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · · is full symmetry for superscripts.

⇔ Ja

n−1︷ ︸︸ ︷
αςβς · · · is full symmetry for superscripts, (σ,−iς)aσαςJa

n−1︷ ︸︸ ︷
αςβς · · · = 0

Theorem 5.2.2. JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς is full symmetry for superscripts.

⇔


Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς is full symmetry for Greek alphabet.

(σ,−iς)aσαςJa

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0, (σ,−iς)aJa

n−1︷ ︸︸ ︷
αςβς · · ·[Zς ] = 0

Proof: JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς is full symmetry for superscripts.

⇔ JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς is full symmetry for superscripts BςCςDςEςFς · · · , JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς = JA′ς

2n−1︷ ︸︸ ︷
ZςCςDςEςFς · · ·Bς

⇔ Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς is full symmetry for Greek alphabet, (σ,−iς)aσαςJa

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0, (σ,−iς)aJa

n−1︷ ︸︸ ︷
αςβς · · ·[Zς ] = 0
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Chapter 3

Spinorial equations of various particles

1 Yang-Mills theory [9, 11]

1.1 Matrix description of Yang-Mills theory

Definiton 1.1.1.

Fuv
σTσ = ∂uAv

σTσ − ∂vAuσTσ + ig[Au
ρTρ, Av

τTτ ]

[Tρ, Tτ ] = ifρτ
σTσ, C

σTσ = 0⇔ Cσ = 0

Definiton 1.1.2. Gauge transformation:ψ → Uψ

Au
σTσ → UAu

σTσU
−1 + i

g (∂uU)U−1

Corollary 1.1.1. Duψ → UDuψ,Du = ∂u + igAu
σTσ

Proof: Duψ = (∂u + igAu
σTσ)ψ → [∂u + UigAu

σTσU
−1 − (∂uU)U−1](Uψ)

⇔ Duψ → [∂u(Uψ) + UigAu
σTσψ − (∂uU)ψ]

⇔ Duψ → U(∂u + igAu
σTσ)ψ

⇔ Duψ → UDuψ,Du = ∂u + igAu
σTσ

Lemma 1.1.1. ∂u(U−1) = −U−1∂u(U)U−1

Proof: ∂u(UU−1) = ∂u(I)

⇔ ∂u(U)U−1 + U∂u(U−1) = 0

⇔ U∂u(U−1) = −∂u(U)U−1

⇔ ∂u(U−1) = −U−1∂u(U)U−1

Corollary 1.1.2. Fuv
σTσ → UFuv

σTσU
−1

Proof: Fuv
σTσ = ∂uAv

σTσ − ∂vAuσTσ + ig[Au
ρTρ, Av

τTτ ]

→ ∂u[UAv
σTσU

−1 + i
g (∂vU)U−1]− ∂v[UAuσTσU−1 + i

g (∂uU)U−1]

+ ig[UAu
ρTρU

−1 + i
g (∂uU)U−1, UAv

τTτU
−1 + i

g (∂vU)U−1]

⇔ Fuv
σTσ → U(∂uAv

σTσ − ∂vAuσTσ + ig[Au
ρTρ, Av

τTτ ])U−1

⇔ Fuv
σTσ → UFuv

σTσU
−1

Corollary 1.1.3. DwFuv
σTσ → UDwFuv

σTσU
−1, Dw = ∇w + ig[Aw

σTσ, ]

Proof: DwFuv
σTσ = ∇wFuvσTσ + ig[Aw

ρTρ, Fuv
τTτ ]

→ ∇w(UFuv
σTσU

−1) + ig[UAw
ρTρU

−1 + i
g (∂wU)U−1, UFuv

τTτU
−1]

⇔ DwFuv
σTσ → U(∇wFuvσTσ + ig[Aw

ρTρ, Fuv
τTτ ])U−1

⇔ DwFuv
σTσ → UDwFuv

σTσU
−1

1.2 Components description of Yang-Mills theory

Proposition 1.2.1. Fuv
σTσ = ∂uAv

σTσ − ∂vAuσTσ + ig[Au
ρTρ, Av

τTτ ]⇔ Fuv
σ = ∂uAv

σ − ∂vAuσ − gfρτ σAuρAvτ

Definiton 1.2.1. U(θ) = eigθ
σTσ
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Corollary 1.2.1. Gauge transformation:

δψ = igθσTσψ

δAu
σ = igθρ(ifρτ

σ)Au
τ − ∂uθσ

Corollary 1.2.2. δFuv
σ = igθρ(ifρτ

σ)Fuv
τ

1.3 Introduction of Yang-Mills equation

Introducing Yang-Mills equation:

DuFuv
σ = −Jvσ, Du ∗ Fuvσ ≡ 0 (3.1)

1.4 Frame description of Yang-Mills equation

Definiton 1.4.1. Fab
σ ≡ eauebvFuvσ, Aaσ ≡ eauAuσ, ∂a ≡ eau∂u

Corollary 1.4.1. Fab
σ = ∂aAb

σ − ∂bAaσ − gfρτ σAaρAbτ

Frame description of Yang-Mills equation:

DaFab
σ = −Jbσ, Da ∗ Fabσ ≡ 0 (3.2)

2 Spinorial form of Yang-Mills equation

2.1 Integer spinorial form of Yang-Mills equation

Lemma 2.1.1. Da(σςας
abψαςσ) = ςJbσ ⇔ (σ−ς ,−iς)abαςDaΨ̃αςσ(1, ς) = ςJb

σ

Proof: Da(σςας
abψαςσ) = ςJbσ

⇔ Da[(σς ,−iς)ας
ab

Ψ̃αςσ(1, ς)] = ςJbσ

⇔ Da[(σ−ς ,−iς)abας Ψ̃
αςσ(1, ς)] = ςJbσ

⇔ (σ−ς ,−iς)abαςDaΨ̃αςσ(1, ς) = ςJbσ

⇔ (σ−ς ,−iς)abαςDaΨ̃αςσ(1, ς) = ςJb
σ

Theorem 2.1.1. DaFab
σ = −Jbσ, Da ∗ Fabσ ≡ 0⇔ (σ−ς ,−iς)abαςDaΨ̃αςσ(1, ς) = ςJb

σ, Da ∗ Fabσ ≡ 0

Proof: DaFab
σ = −Jbσ, Da ∗ Fabσ ≡ 0

⇔ DaF
abσ = −Jbσ, Da ∗ F abσ ≡ 0, Da ∗ Fabσ ≡ 0

⇔ Da(F abσ − ς ∗ F abσ) = −Jbσ, Da ∗ Fabσ ≡ 0

⇔ Da(−ςσςας abψαςσ) = −Jbσ, Da ∗ Fabσ ≡ 0

⇔ Da(σςας
abψαςσ) = ςJbσ, Da ∗ Fabσ ≡ 0

⇔ (σ−ς ,−iς)abαςDaΨ̃αςσ(1, ς) = ςJb
σ, Da ∗ Fabσ ≡ 0

Proposition 2.1.1. (σ−ς ,−iς)abαςDaΨ̃αςσ(1, ς) = ςJb
σ ⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = ςJ̃ σ(1, ς)

Corollary 2.1.1. DaFab
σ = −Jbσ, Da ∗ Fabσ ≡ 0⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = ςJ̃ σ(1, ς), Da ∗ Fabσ ≡ 0

Corollary 2.1.2. (−σ−, i)aDaΨ̃σ(1,+) = −J̃ σ(1,+)⇔ (σ+, i)
aDaΨ̃σ(1,−) = −J̃ σ(1,−)

2.2 Relationships between half integer and integer spinorial form of Yang-Mills equation

Theorem 2.2.1. (σ,−iς)aA′ςAςDaψ
AςBςσ = ςJA′ς

Bςσ ⇔ (σ−ς ,−iς)abαςDaΨ̃αςσ(1, ς) = ςJb
σ

Proof: (σ,−iς)aA′ςAςDaψ
AςBςσ = ςJA′ς

Bςσ

⇔ [ 1√
2
(σ, iς)b

CςA
′
ς ε̄CςBς ](σ,−iς)aA′ςAςDaψ

AςBςσ = ς[ 1√
2
(σ, iς)b

CςA
′
ς ε̄CςBς ]JA′ς

Bςσ

⇔ 1√
2
εBςCς [(σ, iς)b

CςA
′
ς (σ,−iς)aA′ςAς ]D

aψAςBςσ = ςJb
σ

⇔ 1√
2
εBςCς [δbaδ

Cς
Aς + 2Sba

Cς
Aς ]D

aψAςBςσ = ςJb
σ

⇔ [ 1√
2
δbaεBςAς +

√
2εBςCςSba

Cς
Aς ]D

aψAςBςσ = ςJb
σ

⇔ Da(
√

2SabCςAςψ
AςBςσ) = −ςJbσ

⇔ Da(− 1√
2
σςαςabσ

ας
CςAςψ

AςBςσ) = −ςJbσ

⇔ Da(σςας
abψαςσ) = ςJbσ

⇔ (σ−ς ,−iς)abαςDaΨ̃αςσ(1, ς) = ςJb
σ
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Proposition 2.2.1. (σ,−iς)aA′ςAςDaψ
AςBςσ = ςJA′ς

Bςσ ⇔ (σ ⊗ I,−iς)aDaψ̃
σ(1, ς) = ςJ̃σ(1, ς)

Corollary 2.2.1. (σ ⊗ I,−iς)aDaψ̃
σ(1, ς) = ςJ̃σ(1, ς)⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = ςJ̃ σ(1, ς)

2.3 Half integer spinorial form of Yang-Mills equation [4, 5]

Corollary 2.3.1. DaFab
σ = −Jbσ, Da ∗ Fabσ ≡ 0⇔ (σ,−iς)aA′ςAςDaψ

AςBςσ = ςJA′ς
Bςσ, Da ∗ Fabσ ≡ 0

Corollary 2.3.2. DaFab
σ = −Jbσ, Da ∗ Fabσ ≡ 0⇔ (σ ⊗ I,−iς)aDaψ̃

σ(1, ς) = ςJ̃σ(1, ς), Da ∗ Fabσ ≡ 0

2.4 Conjecture

Theorem 2.4.1. Du ∗ Fuvσ = 0⇔ Fuv
σ = ∂uAv

σ − ∂vAuσ − gfρτ σAuρAvτ ⇔ Du ∗ Fuvσ ≡ 0

Theorem 2.4.2. DuFuv
σ = −Jvσ, Du ∗ Fuvσ = 0⇔ DuFuv

σ = −Jvσ, Fuvσ = ∂uAv
σ − ∂vAuσ − gfρτ σAuρAvτ

3 Spinorial form of electromagnetic field equation

The electromagnetic field equation can be regarded as a special case of Yang-Mills equation. Namely, σ is empty case.

So there are the follwing quite similar conclusions.

3.1 Electromagnetic field equation

Electromagnetic field equation: DuFuv = −Jv, Du ∗ Fuv ≡ 0 (3.3)

Its frame description: DaFab = −Jb, Da ∗ Fab ≡ 0 (3.4)

3.2 Integer spinorial form of electromagnetic field equation

Theorem 3.2.1. DaFab = −Jb, Da ∗ Fab ≡ 0⇔ (σ−ς ,−iς)abαςDaΨ̃ας (1, ς) = ςJb, D
a ∗ Fab ≡ 0

Corollary 3.2.1. DaFab = −Jb, Da ∗ Fab ≡ 0⇔ (σ−ς ,−iς)aDaΨ̃(1, ς) = ςJ̃ (1, ς), Da ∗ Fab ≡ 0

Corollary 3.2.2. (−σ−, i)aDaΨ̃(1,+) = −J̃ (1,+)⇔ (σ+, i)
aDaΨ̃(1,−) = −J̃ (1,−)

3.3 Relationships between half integer and integer spinorial form of electromagnetic field

Theorem 3.3.1. (σ,−iς)aA′ςAςDaψ
AςBς = ςJA′ς

Bς ⇔ (σ−ς ,−iς)abαςDaΨ̃ας (1, ς) = ςJb

Proposition 3.3.1. (σ,−iς)aA′ςAςDaψ
AςBς = ςJA′ς

Bς ⇔ (σ ⊗ I,−iς)aDaψ̃(1, ς) = ςJ̃(1, ς)

Corollary 3.3.1. (σ ⊗ I,−iς)aDaψ̃(1, ς) = ςJ̃(1, ς)⇔ (σ−ς ,−iς)aDaΨ̃(1, ς) = ςJ̃ (1, ς)

3.4 Half integer spinorial form of electromagnetic equation [4, 5]

Corollary 3.4.1. DaFab = −Jb, Da ∗ Fab ≡ 0⇔ (σ,−iς)aA′ςAςDaψ
AςBς = ςJA′ς

Bς , Da ∗ Fab ≡ 0

Corollary 3.4.2. DaFab = −Jb, Da ∗ Fab ≡ 0⇔ (σ ⊗ I,−iς)aDaψ̃(1, ς) = ςJ̃(1, ς), Da ∗ Fab ≡ 0

3.5 Conjecture

Theorem 3.5.1. Da ∗ Fab = 0⇔ Fab = ∂aAb − ∂bAa ⇔ Da ∗ Fabσ ≡ 0

Theorem 3.5.2. DaFab = −Jb, Da ∗ Fab = 0⇔ DaFab = −Jb, Fab = ∂aAb − ∂bAa

4 Yang-Mills gauge theory explanation of gravitation [29–32]

4.1 Mathematical preparation

Definiton 4.1.1. θας (ς) ≡ 1
2 ςσ

ας
ςabϑ

ab = −ς(iω + ςε)ας

Corollary 4.1.1. 1
2ϑ

abSab(s, ς) = −ςθαςσας (s) = (iω + ςε) · σ(s)

Corollary 4.1.2. 1
2ωu

abSab(s, ς) = −ςAuαςσας (s)

Lemma 4.1.1. [ωu
cd( 1

2Scd), ωv
ef ( 1

2Sef )] = ω[u
ceωv]e

d( 1
2Scd)
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Proof: [ωu
cdScd, ωv

efSef ] = ωu
cdωv

ef [Scd, Sef ]

⇔ [ωu
cdScd, ωv

efSef ] = ωu
cdωv

ef [δcfSde − δceSdf + δdeScf − δdfSce]
⇔ [ωu

cdScd, ωv
efSef ] = 4ωu

ceωve
dScd

⇔ [ωu
cdScd, ωv

efSef ] = 2ω[u
ceωv]e

dScd

⇔ [ωu
cd( 1

2Scd), ωv
ef ( 1

2Sef )] = ω[u
ceωv]e

d( 1
2Scd)

Corollary 4.1.3. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Ruv
cd( 1

2Scd) = ∂uωv
cd( 1

2Scd)− ∂vωu
cd( 1

2Scd) + [ωu
cd( 1

2Scd), ωv
ef ( 1

2Sef )]

Corollary 4.1.4. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Ruv
<cd> = ∂uωv

<cd> − ∂vωu<cd> + [ωu
<cd>, ωv

<ef>]

Corollary 4.1.5. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Ruv
cd 1

2Scd(s, ς) = ∂uωv
cd 1

2Scd(s, ς)− ∂vωu
cd 1

2Scd(s, ς) + [ωu
cd 1

2Scd(s, ς), ωv
ef 1

2Sef (s, ς)]

Corollary 4.1.6. Ruv
cd = ∂uωv

cd − ∂vωucd + ω[u
ceωv]e

d

⇔ Fuv
αςσας (s) = ∂uAv

αςσας (s)− ∂vAu
αςσας (s)− ς[Au

βςσβς (s), Av
γςσγς (s)]

Corollary 4.1.7. 1
2ωu

abSab(s, ς)→ U(θ) 1
2ωu

abSab(s, ς)U
−1(θ) + [∂uU(θ)]U−1(θ)

⇔ Au
αςσας (s)→ U(θ)Au

αςσας (s)U
−1(θ)− ς[∂uU(θ)]U−1(θ)

Corollary 4.1.8. [Sab(s, ς), Scd(s, ς)] = δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)
⇔ [σας (s), σβς (s)] = iεαςβς

γςσςγς (s)

Proof: [Sab(s, ς), Scd(s, ς)] = δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)
⇔ 1

16σςας
abσςβς

cd[Sab(s, ς), Scd(s, ς)] = 1
16σςας

abσςβς
cd[δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)]

⇔ [σας (s), σβς (s)] = 1
16σςας

abσςβς
cd[δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)]

⇔ [σας (s), σβς (s)] = 1
4σςας

abσςβς
cdδadSbc(s, ς)

⇔ [σας (s), σβς (s)] = 1
4 [δαςβς δ

bc + iεαςβς
γςσςγς

bc(s)]Sbc(s, ς)

⇔ [σας (s), σβς (s)] = iεαςβς
γςσςγς (s)

4.2 Matrix description of gravitational field’s Yang-Mills theory

Matrix description of gravitational field’s Yang-Mills theory:Fuv
αςσας (s) = ∂uAv

αςσας (s)− ∂vAu
αςσας (s)− ς[Au

βςσβς (s), Av
γςσγς (s)]

[σβς (s), σγς (s)] = iεβςγς
αςσας (s), C

αςσας (s) = 0⇔ Cας = 0
(3.5)

Gauge transformation:ψ(s, ς)→ U(θ)ψ(s, ς), U(θ) = e−ςθ
αςσας (s){= e

1
2ϑ

abSab(s,ς) = e(iω+ςε)·σ(s)}

Au
αςσας (s)→ U(θ)Au

αςσας (s)U
−1(θ)− ς[∂uU(θ)]U−1(θ)

(3.6)

The above is the Yang-Mills theory of g = iς and T = σ(s) case. So there are the following similar conclusions.

Corollary 4.2.1. Duψ(s, ς)→ U(θ)Duψ(s, ς), Du = ∂u − ςAuαςσας (s) = ∂u − 1
2σ

ας
ςcdωu

cdσας (s) = ∂u + 1
2ωu

cdScd(s)

Corollary 4.2.2. Fuv
αςσας (s)→ U(θ)Fuv

αςσας (s)U
−1(θ)

Corollary 4.2.3. DwFuv
αςσας (s)→ UDwFuv

αςσας (s)U
−1, Dw = ∇w − ς[Awαςσας (s), ]

4.3 Matrix description of gravitational field’s Yang-Mills-like theory

Matrix description of gravitational field’s Yang-Mills-like theory:
Ruv

cd 1
2Scd(s, ς) = ∂uωv

cd 1
2Scd(s, ς)− ∂vωu

cd 1
2Scd(s, ς) + [ωu

cd 1
2Scd(s, ς), ωv

ef 1
2Sef (s, ς)]

[Sab(s, ς), Scd(s, ς)] = δadSbc(s, ς)− δacSbd(s, ς) + δbcSad(s, ς)− δbdSac(s, ς)

cabSab(s, ς) = 0, cab = −cba ⇔ cab = 0

(3.7)
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Gauge transformation:ψ(s, ς)→ U(θ)ψ(s, ς), U(θ) = e
1
2ϑ

abSab(s,ς){= e−ςθ
αςσας (s) = e(iω+ςε)·σ(s)}

1
2ωu

abSab(s, ς)→ U(θ) 1
2ωu

abSab(s, ς)U
−1(θ) + [∂uU(θ)]U−1(θ)

(3.8)

Corollary 4.3.1. Duψ(s, ς)→ U(θ)Duψ(s, ς), Du = ∂u + 1
2ωu

cdScd(s) = ∂u − ςAuαςσας (s) = ∂u − 1
2σ

ας
ςcdωu

cdσας (s)

Corollary 4.3.2. Ruv
cd 1

2Scd(s, ς)→ U(θ)Ruv
cd 1

2Scd(s, ς)U
−1(θ)

Corollary 4.3.3. DwRuv
cd 1

2Scd(s, ς)→ UDwRuv
cd 1

2Scd(s, ς)U
−1, Dw = ∇w + [ 1

2ωw
cdScd(s), ]

4.4 Matrix description of gravitational field’s general Yang-Mills-like theory

Matrix description of gravitational field’s general Yang-Mills-like theory:
Ruv

cd 1
2Scd = ∂uωv

cd 1
2Scd − ∂vωu

cd 1
2Scd + [ωu

cd 1
2Scd, ωv

ef 1
2Sef ]

[Sab, Scd] = δadSbc − δacSbd + δbcSad − δbdSac

cabSab = 0, cab = −cba ⇔ cab = 0

(3.9)

Gauge transformation:ψ → U(θ)ψ,U(θ) = e−ςθ
αςσας (s){= e

1
2ϑ

abSab = e(iω+ςε)·σ(s)}
1
2ωu

abSab → U(θ) 1
2ωu

abSabU
−1(θ) + [∂uU(θ)]U−1(θ)

(3.10)

Corollary 4.4.1. Duψ → U(θ)Duψ,Du = ∂u + 1
2ωu

cdScd

Corollary 4.4.2. Ruv
cd 1

2Scd → U(θ)Ruv
cd 1

2ScdU
−1(θ)

Corollary 4.4.3. DwRuv
cd 1

2Scd → UDwRuv
cd 1

2ScdU
−1, Dw = ∇w + [ 1

2ωw
cdScd, ]

4.5 Components description of gravitational field’s Yang-Mills theory

Corollary 4.5.1. Au
αςσας (s)→ U(θ)Au

αςσας (s)U
−1(θ)− ς[∂uU(θ)]U−1(θ)

⇔ Au
α′ςσα′ς (s)→ U(−θ∗)Auα

′
ςσα′ς (s)U

−1(−θ∗) + ς[∂uU(−θ∗)]U−1(−θ∗)

Theorem 4.5.1. Au
αςσας (s)→ U(θ)Au

αςσας (s)U
−1(θ)− ς[∂uU(θ)]U−1(θ)

⇔ δAu
ας = −ςθβς (iεβςγςας )Au

γς − ∂uθας

Theorem 4.5.2. δAu
ας = −ςθβς (iεβςγςας )Au

γς − ∂uθας ⇔ δωu
ab = ϑacωu

cb − ωuacϑcb + ∂uϑ
ab

Proof: δAu
ας = −ςθβς (iεβςγςας )Au

γς − ∂uθας

⇔ Au
αςσας (s)→ U(θ)Au

αςσας (s)U
−1(θ)− ς[∂uU(θ)]U−1(θ)

⇔ [− 1
2 ςωu

abSab(s, ς)]→ U(θ)[− 1
2 ςωu

abSab(s, ς)]U
−1(θ)− ς[∂uU(θ)]U−1(θ)

⇔ [ 1
2ωu

abSab(s, ς)]→ U(θ)[ 1
2ωu

abSab(s, ς)]U
−1(θ) + [∂uU(θ)]U−1(θ)

⇔ [ 1
2ωu

abSab(s, ς)]→ 1
2 (ωu

ab + ∂uϑ
ab)Sab(s, ς) + 1

4ϑ
abωu

cd[Sab(s, ς), Scd(s, ς)]

⇔ [ 1
2ωu

abSab(s, ς)]→ 1
2 (ωu

ab + ∂uϑ
ab)Sab(s, ς) + 1

2 (ϑacωu
cb − ωuacϑcb)Sab(s, ς)

⇔ ωu
ab → ωu

ab + ϑacωu
cb − ωuacϑcb + ∂uϑ

ab

⇔ δωu
ab = ϑacωu

cb − ωuacϑcb + ∂uϑ
ab

Corollary 4.5.2. Gauge transformation:

δψ(s, ς) = −ςθαςσας (s)ψ(s, ς)

δAu
ας = −ςθβς (iεβςγςας )Au

γς − ∂uθας ⇔ δAu
α′ς = ςθ∗β

′
ς (iεβ′ςγ′ς

α′ς )Au
γ′ς − ∂uθ∗α

′
ς

Corollary 4.5.3. δFuv
ας = −ςθβς (iεβςγςας )Fuv

γς , δFuv
[ας ] = −ςθβςγβςFuv

[ας ], δFuv
[ας ] = (iω + ςε) · γFuv [ας ]

Corollary 4.5.4. δωu
ab = 1

2 ς(σ−ςα′ς
abδAu

α′ς − σςας abδAu
ας )
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4.6 Bianchi identity of gravitational field [14–17]

Bianchi identity: Rabcd;e +Rabde;c +Rabec;d ≡ 0 (3.11)

Corollary 4.6.1. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ R(∗ab)cd
;a ≡ 0

Proof: Rabcd;e +Rabde;c +Rabec;d ≡ 0

⇒ εfcde(R
abcd;e +Rabde;c +Rabec;d) ≡ 0

⇒ 3εfcdeR
abcd;e ≡ 0

⇒ Rab(∗cd)
;d ≡ 0

⇒ R(∗ab)cd
;a ≡ 0

Corollary 4.6.2. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ Rabcd;a ≡ −Rb[c;d]

Proof: Rabcd;e +Rabde;c +Rabec;d ≡ 0

⇒ Rabcd;a −Rbd;c +Rbc;d ≡ 0

⇒ Rabcd;a = Rbd;c −Rbc;d

⇒ Rcdba;a ≡ Rb[c;d]

⇒ Rabcd;a ≡ −Rb[c;d]

Corollary 4.6.3. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ (Rab − 1
2g
abR);b ≡ 0

Proof: Rabcd;e +Rabde;c +Rabec;d ≡ 0

⇒ Rabcd;a ≡ −Rb[c;d]

⇒ Rac;a ≡ R;c −Rac;a
⇒ Rac;a ≡ 1

2R
;c

⇒ (Rab − 1
2g
abR);b ≡ 0

4.7 The identity of gravitational field Weyl tensor [17]

Definiton 4.7.1. Cabcd ≡ Rabcd + 1
2g
a[dRc]b + 1

2g
b[cRd]a + 1

6g
a[cgd]bR

Corollary 4.7.1. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒ Cabcd;a ≡ − 1
2R

b[c;d] + 1
12g

b[cR;d]

Proof: Rabcd;e +Rabde;c +Rabec;d ≡ 0

⇒ Rabcd;a ≡ −Rb[c;d], Rba;a ≡ 1
2R

;b

⇒ Cabcd;a ≡ Rabcd;a + 1
2g
a[dRc]b;a + 1

2g
b[cRd]a

;a + 1
6g
a[cgd]bR;a

⇒ Cabcd;a ≡ −Rb[c;d] + 1
2R

b[c;d] + 1
4g
b[cR;d] − 1

6g
b[cR;d]

⇒ Cabcd;a ≡ − 1
2R

b[c;d] + 1
12g

b[cR;d]

Corollary 4.7.2. C(∗ab)cd ≡ R(∗ab)cd + 1
2ε
abe[cRd]

e + 1
6ε
abcdR

4.8 Gravitational field’s Yang-Mills gauge identity

Corollary 4.8.1. Rabcd;e +Rabde;c +Rabec;d ≡ 0⇒

Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

Lemma 4.8.1. DaFab
ας = −Jbας ⇔ DaFab

α′ς = −Jbα
′
ς

Proof: DaFab
ας = −Jbας

⇔ (DaFab
ας )∗ = −(Jb

ας )∗

⇔ ηa
′

cD
c(ηa′

aηb′
bFab

α′ς ) = −ηb′bJbα
′
ς

⇔ ηb′
bDa(Fab

α′ς ) = −ηb′bJbα
′
ς

⇔ Da(Fab
α′ς ) = −Jbα

′
ς

Lemma 4.8.2. Da ∗ Fabας ≡ 0⇔ Da ∗ Fabα
′
ς ≡ 0
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Proof: Da ∗ Fabας ≡ 0

⇔ (Da ∗ Fabας )∗ ≡ 0

⇔ ηa
′

cD
c(ηa′

aηb′
b ∗ Fab

α′ς ) ≡ 0

⇔ ηb′
bDa ∗ Fabα

′
ς ≡ 0

⇔ Da ∗ Fabα
′
ς ≡ 0

Theorem 4.8.1.

Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

⇔

DaFab
ας ≡ −Jbας , Jbας ≡ 1

2 ςσ
ας
ςcdR

b[c;d]

Da ∗ Fabας ≡ 0

Proof:

Rabcd;a ≡ −Rb[c;d]

R(∗ab)cd
;a ≡ 0

⇔

Rab
cd;a ≡ −Rb[c;d]

R∗ab
cd;a ≡ 0

⇔


1
2 ς(σ−ςα′ς

cdFab
α′ς − σςας cdFab

ας );a ≡ − 1
2 ς(σ−ςα′ς

cdJb
α′ς − σςας cdJb

ας )

1
2 ς(σ−ςα′ς

cd ∗ Fabα
′
ς − σςας cd ∗ Fab

ας );a ≡ 0

⇔

DaFab
ας ≡ −Jbας , DaFab

α′ς ≡ −Jbα
′
ς

Da ∗ Fabας ≡ 0, Da ∗ Fabα
′
ς ≡ 0

⇔

DaFab
ας ≡ −Jbας , Jbας ≡ 1

2 ςσ
ας
ςcdR

b[c;d]

Da ∗ Fabας ≡ 0

5 Spinorial form of gravitational field’s Yang-Mills gauge identity

5.1 Gravitational field’s gauge identity

gravitational field’s Yang-Mills gauge identity:DaFab
ας ≡ −Jbας , Jbας ≡ 1

2 ςσ
ας
ςcdR

b[c;d]

Da ∗ Fabας ≡ 0
(3.12)

The above gravitational Yang-Mills gauge identity can also be regarded as a special case of Yang-Mills equation.

Namely σ = ας case. And all equal signs are replaced with identity sign. So there are the following completely similar

conclusions.

5.2 Integer spinorial form of gravitational field’s Yang-Mills gauge identity

Corollary 5.2.1. DaFab
βκ ≡ −Jbβκ , Da ∗ Fabβκ ≡ 0⇔ (σ−ς ,−iς)abαςDaΨ̃αςβκ(1, ς) ≡ ςJbβκ , Da ∗ Fabβκ ≡ 0

Corollary 5.2.2. (σ−ς ,−iς)abαςDaΨ̃αςβκ(1, ς) ≡ ςJbβκ ⇔ (σ−ς ,−iς)aDaΨ̃βκ(1, ς) ≡ ςJ̃ βκ(1, ς)

Corollary 5.2.3. DaFab
βκ ≡ −Jbβκ , Da ∗ Fabβκ ≡ 0⇔ (σ−ς ,−iς)aDaΨ̃βκ(1, ς) ≡ ςJ̃ βκ(1, ς), Da ∗ Fabβκ ≡ 0

5.3 Relationships between half integer and integer spinorial form of gravitational field’s gauge identity

Theorem 5.3.1. (σ,−iς)aA′ςAςDaψ
AςBςβκ = ςJA′ς

Bςβκ ⇔ (σ−ς ,−iς)abαςDaΨ̃αςβκ(1, ς) = ςJb
βκ

Proposition 5.3.1. (σ,−iς)aA′ςAςDaψ
AςBςβκ = ςJA′ς

Bςβκ ⇔ (σ ⊗ I,−iς)aDaψ̃
βκ(1, ς) = ςJ̃βκ(1, ς)

Corollary 5.3.1. (σ ⊗ I,−iς)aDaψ̃
βκ(1, ς) = ςJ̃βκ(1, ς)⇔ (σ−ς ,−iς)aDaΨ̃βκ(1, ς) = ςJ̃ βκ(1, ς)

5.4 Half integer and integer spinorial form of gravitational field’s gauge identity [4, 5]

Corollary 5.4.1. DaFab
βκ = −Jbβκ , Da ∗ Fabβκ ≡ 0⇔ (σ,−iς)aA′ςAςDaψ

AςBςβκ = ςJA′ς
Bςβκ , Da ∗ Fabβκ ≡ 0

Corollary 5.4.2. DaFab
βκ = −Jbβκ , Da ∗ Fabβκ ≡ 0⇔ (σ ⊗ I,−iς)aDaψ̃

βκ(1, ς) = ςJ̃βκ(1, ς), Da ∗ Fabβκ ≡ 0

5.5 Half integer spinorial form of gravitational field’s gauge identity [4, 5]

Theorem 5.5.1. (σ,−iς)aA′ςAςDaψ
AςBςβκ ≡ ςJA′ς

Bςβκ ⇔ (σ,−iς)aA′ςAςDaψ
AςBςCκDκ ≡ ςJA′ς

BςCκDκ
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Proof: (σ,−iς)aA′ςAςDaψ
AςBςβκ ≡ ςJA′ς

Bςβκ

⇔ 1√
2
σβκ

CκDκ(σ,−iς)aA′ςAςDaψ
AςBςβκ ≡ 1√

2
σβκ

CκDκςJA′ς
Bςβκ

⇔ (σ,−iς)aA′ςAςDaψ
AςBςCκDκ ≡ ςJA′ς

BςCκDκ

Corollary 5.5.1. DaFab
βκ ≡ −Jbβκ , Da ∗ Fabβκ ≡ 0⇔ (σ,−iς)aA′ςAςDaψ

AςBςCκDκ ≡ ςJA′ς
BςCκDκ , Da ∗ Fabβκ ≡ 0

Corollary 5.5.2. (σ−ς ,−iς)abαςDaΨ̃αςβκ(1, ς) ≡ ςJbβκ ⇔ (σ,−iς)aA′ςAςDaψ
AςBςCκDκ ≡ ςJA′ς

BςCκDκ

Corollary 5.5.3. (σ,−iς)aA′ςAςDaψ
AςBςβς ≡ ςJA′ς

Bςβς ⇔ (σ,−iς)aA′ςAςDaψ
AςBςCςDς ≡ ςJA′ς

BςCςDς

Corollary 5.5.4. (σ−ς ,−iς)abαςDaΨ̃αςβς (1, ς) ≡ ςJbβς ⇔ (σ,−iς)aA′ςAςDaψ
AςBςCςDς ≡ ςJA′ς

BςCςDς

6 Weyl spinorial form of gravitational field’s gauge identity

6.1 Weyl spinorial form of gravitational field’s gauge identity

Definiton 6.1.1. C̃αςβς (1, ς) ≡ [Cαςβς , 0βς ]

Theorem 6.1.1. (σ−ς ,−iς)abαςDaC̃
αςβς (1, ς) ≡ 1

2σ
βς
ςcd(R

b[c;d] − 1
6g
b[cR;d])

Proof: Da(σςας
abψαςβς ) ≡ ςJbβς , Jbβς ≡ 1

2 ςσ
βς
ςcdR

b[c;d]

⇔ Da(σςας
abCαςβς ) ≡ 1

6Da(σςας
abδαςβςR) + ςJbβς

⇔ Da(σςας
abCαςβς ) ≡ 1

6σς
βςabR;a + 1

2σ
βς
ςcdR

b[c;d]

⇔ (σ−ς ,−iς)abαςDaC̃
αςβς (1, ς) ≡ 1

2σ
βς
ςcd(R

b[c;d] − 1
6g
b[cR;d])

Definiton 6.1.2. J̄bcd ≡ Rb[c;d] − 1
6g
b[cR;d], J̄bβς ≡ 1

2 ςσ
βς
ςcdJ̄

bcd, J̄ BςCςDς
A′ς

≡ 1
2 (σ,−iς)bA′ςAς ε̄

AςBςσβς
CςDς J̄ βς

b

Corollary 6.1.1. (σ−ς ,−iς)abαςDaC̃
αςβς (1, ς) ≡ ςJ̄ βς

b ⇔ (σ,−iς)aA′ςAςDaC
AςBςCςDς ≡ ςJ̄ BςCςDς

A′ς

Corollary 6.1.2. (σ,−iς)aA′ςAςDaC
AςBςCςDς ≡ ςJ̄ BςCςDς

A′ς
⇒ J̄ BςCςDς

A′ς
BςCςDς

Corollary 6.1.3. J̄ BςCςDς
A′ς

BςCςDς ⇔ [(σ,−iς)aσας ]J̄ ας
a ≡ 0⇔ [(σ,−iς)aScd(ς)]J̄ cd

a ≡ 0

Theorem 6.1.2. Rab;b ≡ 1
2R

;a ⇔ (σ+ασ−β′)
abDbψ

αβ′ ≡ 1
2R

;a

Proof: Rab;b ≡ 1
2R

;a

⇔ [ 1
4δ
abR+ 1

2 (σ+ασ−β′)
abψαβ

′
];b ≡ 1

2R
;a

⇔ (σ+ασ−β′)
abDbψ

αβ′ ≡ 1
2R

;a

Corollary 6.1.4. Da(σςας
abψαςβ

′
ς ) ≡ − 1

2σ
β′ς
−ςcdR

b[c;d], ψαςβ
′
ς ≡ 1

2 (σαςς σ
β′ς
−ς)abR

ab ⇒ Rab;b ≡ 1
2R

;a

6.2 Similar electromagnetic field form I of gravitational field’s gauge identity

Corollary 6.2.1. (σ,−iς)aA′ςAςDaC
AςBςCςDς ≡ ςJ̄ BςCςDς

A′ς

⇔ (σ−ς ⊗ I,−iς)aDaΨ̃(2, ς) ≡ ςJ̃ (2, ς), Ψ̃(2, ς) ≡ C̃(2, ς)

The above second equation is formally equivalent to two electromagnetic field equations with both electric charge

and magnetic charge. And it satisfies Lorenz covariant. It characterizes non torsion gravitational fields. It has no

connection with establishing or not of Einstein equation. Therefore some analytical techniques of electromagnetic field

can be used here, so that some new gravitational properties can be obtained.

Definiton 6.2.1. Ω(ς) = (

[
0 0

−σςy σςx

]
,

[
σςy −σςx
0 0

]
,

[
0 −i
i 0

]
)

Corollary 6.2.2. Ψ̃(2, ς) ∼ e(iω+ςε)·R⊗I4+(iω+ςε)·Ω(ς)

Proof: Λ[Ψ̃(2, ς)] = Sem(ς)⊗ Sem( 1
2 )e(iω+ςε)·σ( 1

2 ) ⊗ e(iω+ςε)·σ( 3
2 )S+

em(ς)⊗ S+
em( 1

2 )

= e(iω+ςε)·[R⊗I4+Ω(ς)] = e(iω+ςε)·R⊗I4+(iω+ςε)·Ω(ς)

Corollary 6.2.3. J̃ (2, ς) ∼ e(iω·R−ςε·L)⊗I4+(iω+ςε)·Ω(ς)

Proof: Λ[J̃ (2, ς)] = Sem(ς)⊗ Sem( 1
2 )e(iω−ςε)·σ( 1

2 ) ⊗ e(iω+ςε)·σ( 3
2 )S+

em(ς)⊗ S+
em( 1

2 )

= e(iω·R−ςε·L)⊗I4+(iω+ςε)·Ω(ς)
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6.3 Similar electromagnetic field form II of gravitational field’s gauge identity

Corollary 6.3.1. (σ−ς ,−iς)abαςDaC̃
αςβς (1, ς) ≡ ςJ̄ βς

b ⇔ (γ,−iς)alαςDaC
αςβς ≡ ςJ̄ βς

l

After spreading, the corollary can be proved. The above covariant equation shows that (γ,−iς)a acts with a covariation

under some special condition. The general covariant equations are constructed with Pauli matrix. But here a complete

covariant equation is constructed with photon spin matrix. I’ve seen the special case first time.

7 Gravitational field’s Yang-Mills gauge physical equation

7.1 Einstein equation [14] and gravitational field’s Yang-Mills gauge equation

Einstein equation: Rab − 1

2
gabR+ Λgab = −8πGT ab (3.13)

Corollary 7.1.1. Rab − 1
2g
abR+ Λgab = −8πGT ab ⇔ T ab;b = 0

Proof: Rab − 1
2g
abR+ Λgab = −8πGT ab

⇒ (Rab − 1
2g
abR+ Λgab); b = −8πGT ab; b

⇒ 0 = −8πGT ab; b

⇒ T ab;b = 0

Corollary 7.1.2. Rab − 1
2g
abR+ Λgab = −8πGT ab ⇔ Rab = −8πG(T ab − 1

2g
abT ) + Λgab

Proof: Rab − 1
2g
abR+ Λgab = −8πGT ab → R = 8πGT + 4Λ

⇔ Rab − 1
2g
ab(8πGT + 4Λ) + Λgab = −8πGT ab

⇔ Rab = −8πG(T ab − 1
2g
abT ) + Λgab → R = 8πGT + 4Λ

Corollary 7.1.3.

Rab −
1
2g
abR+ Λgab = −8πGT ab

Rabcd;a ≡ −Rb[c;d], R(∗ab)cd
;a ≡ 0

⇔

Rab −
1
2g
abR+ Λgab = −8πGT ab

Rabcd;a = 8πG(T b[c;d] − 1
2g
b[cT ;d]), R(∗ab)cd

;a ≡ 0

Corollary 7.1.4.


Rabcd;a = −Jbcd

R(∗ab)cd
;a ≡ 0

Jbcd ≡ −8πG(T b[c;d] − 1
2g
b[cT ;d])

⇔


DaFab

ας = −Jbας

Da ∗ Fabας ≡ 0

Jbας ≡ 1
2 ςσ

ας
ςcdJ

bcd, Jbcd ≡ −8πG(T b[c;d] − 1
2g
b[cT ;d])

Corollary 7.1.5.

Rab −
1
2g
abR+ Λgab = −8πGT ab

Rabcd;e +Rabde;c +Rabec;d ≡ 0
⇒

Rabcd;a = −Jbcd

R(∗ab)cd
;a ≡ 0

⇔

DaFab
ας = −Jbας

Da ∗ Fabας ≡ 0

Corollary 7.1.6.

DaFab
ας = −Jbας

Da ∗ Fabας ≡ 0
⇔

DaFab
[ας ] = −Jb[ας ]

Da ∗ Fab[ας ] ≡ 0

7.2 Spinorial form of gravitational field’s Yang-Mills gauge equation

As long as Einstein equation Rab = −8πG(T ab − 1
2g
abT ) + Λgab is put into the spinorial form of gravitational field’s

gauge identity and corresponding identity signs are replaced with equal sign, then we can get the spinorial form

of gravitational field’s Yang-Mills gauge equation. In form, it is completely consistent with the spinorial form of

gravitational field’s gauge identity. No longer repeat. In essence, the gravitational field’s Yang-Mills gauge equation

is just the identity of gravitational field. It has nothing to do with whether or not the establishment of Einstein

equation. But the real description of physics is Einstein equation. Only when Einstein equation is applied to the

source term of gravitational field’s gauge identity, the gravitational field’s Yang-Mills gauge equation really has a

physical gravitational source term. Then the gravitational field’s Yang-Mills gauge equation becomes a real physical

equation. So this is quite different from electromagnetic field and Yang-Mills field cases. The gauge equations of

electromagnetic field and Yang-Mills field are not only identities, but also describe the real physics directly.
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8 Equivalent matrix form of general relativistic Einstein equation [14–17]

8.1 Preparation

Corollary 8.1.1. Rab = ς(Fαςσςας )
ab, (Fα

′
ςσ−ςα′ς )

ab = −(Fαςσςας )
ab, Fας ab = Fab

ας , R = −ςσςας abFab
ας

Corollary 8.1.2. Rab − 1
2g
abR+ Λgab = −8πGT ab ⇔ Rab = −8πG(T ab − 1

2g
abT ) + Λgab

Definiton 8.1.1. T̄ ab = 8πG(T ab − 1
2g
abT ) + Λgab, T̄ b ≡ [T̄ b

x , T̄
b
y , T̄

b
z , T̄

b
π ]T

Definiton 8.1.2. Fab ≡ [Fab
xς , Fab

yς , Fab
zς , 0ab]

T = Fab
[ας ],R = [R, 0]

Definiton 8.1.3. Aa(ς) ≡ [Aa
xς , Aa

yς , Aa
zς , 0a]T = Aa

[ας ](ς),Ja(ς) ≡ [Ja
xς , Ja

yς , Ja
zς , 0a]T = Ja

[ας ]

Definiton 8.1.4. Fab ≡ [Fab
xς , Fab

yς , Fab
zς ,−iT̄ab]T

Corollary 8.1.3. Fab
ας = ∂aAb

ας − ∂bAaας − iςεας βςγςAa
βςAb

γς

⇔ Fab(ς) = ∂aAb(ς)− ∂bAa(ς) + ςATa (ς)RAb(ς) = [∂a + 1
2 ςA

T
a (ς)R]Ab(ς)− [∂b + 1

2 ςA
T
b (ς)R]Aa(ς)

8.2 Equivalent matrix form of Einstein equation

Corollary 8.2.1. Rab = −8πG(T ab − 1
2g
abT ) + Λgab ⇔ (σ−ς ,−iς)aFab = ςT̄ b

Proof: Rab = −8πG(T ab − 1
2g
abT ) + Λgab

⇔ (Fαςσςας )
ab = −ςT̄ ab

⇔ (σςαςF
ας )ab = −ςT̄ ab

⇔ [(σς ,−iς)αςFας ]ab = −ςT̄ ab

⇔ (σς ,−iς)ας acF cbας = −ςT̄ b
a

⇔ (σς ,−iς)ας caF cbας = ςT̄ b
a

⇔ (σ−ς ,−iς)caαςF cbας = ςT̄ b
a

⇔ (σ−ς ,−iς)aFab(ς) = ςT̄ b

Self evaluation: Here gets a beautiful and concise spinorial equation. It’s equivalent to Einstein equation and very

interesting.

Corollary 8.2.2. (σ−ς ,−iς)aFab = ςT̄ b ⇔ (σ−ς ,−iς)aFab(ς) = 0

Proof: (σ−ς ,−iς)aFab(ς) = ςT̄ b

⇔ (σς ,−iς)ας caF cbας = ςT̄ b
a

⇔ (σς ,−iς)ας caF cbας − iςδca(−iT̄ cb) = 0

⇔ (σ−ς ,−iς)aFab(ς) = 0

Corollary 8.2.3. (σ−ς ,−iς)aFab(ς) = ςT̄ b, (σ−ς ,−iς)aAa(ς) = 0(gauge condition)

⇔ (σ−ς ,−iς)a[∂a + ςATa (ς)R]Ab(ς) = ςT̄b, (σ−ς ,−iς)aAa(ς) = 0

Approximate processing:

Corollary 8.2.4. (σ−ς ,−iς)a∂aAb(ς) ≈ ςT̄b, (σ−ς ,−iς)aAa(ς) = 0

⇔ (σ−ς ,−iς)a∂aAb(ς) ≈ ςT̄b, (σ−ς ,−iς)aAa(ς) = 0, ∂aAa(ς) ≈ 1
2 ς(σ−ς , iς)

bT̄b

Proof: (σ−ς ,−iς)a∂aAb(ς) ≈ ςT̄b, (σ−ς ,−iς)aAa(ς) = 0

⇔ (σ−ς ,−iς)a∂aAb(ς) ≈ ςT̄b, (σ−ς ,−iς)aAa(ς) = 0, (σ−ς , iς)
b(σ−ς ,−iς)a∂aAb(ς) ≈ ς(σ−ς , iς)bT̄b

⇔ (σ−ς ,−iς)a∂aAb(ς) ≈ ςT̄b, (σ−ς ,−iς)aAa(ς) = 0, [2δab − (σ−ς , iς)
a(σ−ς ,−iς)b]∂aAb(ς) ≈ ς(σ−ς , iς)bT̄b

⇔ (σ−ς ,−iς)a∂aAb(ς) ≈ ςT̄b, (σ−ς ,−iς)aAa(ς) = 0, ∂aAa(ς) ≈ 1
2 ς(σ−ς , iς)

bT̄b

Corollary 8.2.5. (σ−ς ,−iς)a∂aAb(ς) ≈ 0, (σ−ς ,−iς)aAa(ς) = 0

⇔ (σ−ς ,−iς)a∂aAb(ς) ≈ 0, (σ−ς ,−iς)aAa(ς) = 0, ∂aAa(ς) ≈ 0
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9 Analysis of Rarita-Schwinger equation [21]

9.1 Preparation

Rarita-Schwinger Lagrangian: LRS = −ψ̄aεabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς)

Lemma 9.1.1. εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m]ψa(e, ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

Proof: εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0

⇔ εabcdγ5(ς)γd(ς)Dbψc(e, ς) + 1
2mεabcdγ5(ς)γc(ς)γd(ς)ψb(e, ς) = 0

Use formula: εabcdγ5(ς)γd(ς) = 2Sab(e, ς)γc(ς)− γ[a(ς)δb]c, εabcdS
cd(e, ς) = −2γ5(ς)Sab(e, ς)

⇔ [2Sab(e, ς)γc(ς)− γ[a(ς)δb]c]D
bψc(e, ς)−mγ5(ς)Sab(e, ς)ψ

b(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m]ψa(e, ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

Lemma 9.1.2. εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0

⇒

m[γa(ς)Da][γb(ς)ψ
b(e, ς)]−m[Daψa(e, ς)] = 0

2[γa(ς)Da][γb(ς)ψ
b(e, ς)]− 2[Daψa(e, ς)]− 3m[γa(ς)ψa(e, ς)] = 0

Proof: εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m]ψa(e, ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

⇒

[γa(ς)Da][γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m][Daψa(e, ς)]− [γa(ς)Da]Dcψ

c(e, ς)−DaDa[γc(ς)ψ
c(e, ς)] = 0

4[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m][γa(ς)ψa(e, ς)]− 4Dcψ

c(e, ς)− [γa(ς)Da][γc(ς)ψ
c(e, ς)] = 0

⇔

m[γa(ς)Da][γb(ς)ψ
b(e, ς)]−m[Daψa(e, ς)] = 0

2[γa(ς)Da][γb(ς)ψ
b(e, ς)]− 2[Daψa(e, ς)]− 3m[γa(ς)ψa(e, ς)] = 0

⇔ γa(ς)ψa(e, ς) = 0, Daψ
a(e, ς) = 0

Lemma 9.1.3.

m[γa(ς)Da][γb(ς)ψ
b(e, ς)]−m[Daψa(e, ς)] = 0

2[γa(ς)Da][γb(ς)ψ
b(e, ς)]− 2[Daψa(e, ς)]− 3m[γa(ς)ψa(e, ς)] = 0

⇔

γa(ς)ψa(e, ς) = 0, Daψ
a(e, ς) = 0,m 6= 0

Daψ
a(e, ς) = [γa(ς)Da][γb(ς)ψ

b(e, ς)] = 0,m = 0

9.2 Equivalent form of Rarita-Schwinger equation with mass

Corollary 9.2.1. εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0,m 6= 0

⇔ [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0, Daψ

a(e, ς) = 0,m 6= 0

Proof: εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b −m][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b +m]ψa(ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

⇔ [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0, Daψ

a(e, ς) = 0

Corollary 9.2.2. [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0, Daψ

a(e, ς) = 0,m 6= 0

⇔ [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0,m 6= 0

Corollary 9.2.3. εabcdγ5(ς)γd(ς)[Db + 1
2mγ

b(ς)]ψc(e, ς) = 0,m 6= 0⇔ [γb(ς)D
b +m]ψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0

9.3 Equivalent form of Rarita-Schwinger equation without mass

Corollary 9.3.1. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0, Daψ

a(e, ς) = [γa(ς)Da][γb(ς)ψ
b(e, ς)]

Proof: εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0

⇔ γa(ς)[γb(ς)D
b][γc(ς)ψ

c(e, ς)] + [γb(ς)D
b]ψa(ς)− γa(ς)Dcψ

c(e, ς)−Da[γc(ς)ψ
c(e, ς)] = 0

⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0, Daψ

a(e, ς) = [γa(ς)Da][γb(ς)ψ
b(e, ς)]
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Corollary 9.3.2. γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0⇒ Daψ

a(e, ς) = [γa(ς)Da][γb(ς)ψ
b(e, ς)],

Corollary 9.3.3. γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0

⇒ [γb(ς)D
b]ψa(e, ς) = Da[γb(ς)ψ

b(e, ς)]

⇒ γa(ς)γb(ς)D
bψa(e, ς) = [γa(ς)Da][γb(ς)ψ

b(e, ς)]

⇒ [2δab − γb(ς)γa(ς)]Dbψa(e, ς) = [γa(ς)Da][γb(ς)ψ
b(e, ς)]

⇒ Daψ
a(e, ς) = [γa(ς)Da][γb(ς)ψ

b(e, ς)],

Corollary 9.3.4. γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0, Daψ

a(e, ς) = [γa(ς)Da][γb(ς)ψ
b(e, ς)]

⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0

Corollary 9.3.5. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0⇔ γb(ς)[D
bψa(e, ς)−Daψb(e, ς)] = 0

Corollary 9.3.6. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0⇔ γa(ς)F ab(e, ς) = 0, F ab(e, ς) ≡ Daψb(e, ς)−Dbψa(e, ς)

Corollary 9.3.7. εabcdγ5(ς)γd(ς)Dbψc(e, ς) = 0, γa(ς)ψa(e, ς) = 0()

⇔ γb(ς)D
bψa(e, ς) = 0, γa(ς)ψa(e, ς) = 0

9.4 Equivalent form of Rarita-Schwinger equation of Weyl type

Corollary 9.4.1. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)b[Dbψa(ς)−Daψb(ς)] = 0, Daψ
a(ς) = [(σ, iς)aD

a][(σ,−iς)bψb(ς)]

Corollary 9.4.2. (σ,−iς)b[Dbψa(ς)−Daψb(ς)] = 0⇒ Daψ
a(ς) = [(σ, iς)aD

a][(σ,−iς)bψb(ς)]

Corollary 9.4.3. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)b[Dbψa(ς)−Daψb(ς)] = 0

Corollary 9.4.4. εabcd(σ,−iς)dDbψc(ς) = 0⇔ (σ,−iς)aF ab(ς) = 0, F ab(ς) ≡ Daψb(ς)−Dbψa(ς)

Corollary 9.4.5. Fab(ς) ≡ Daψb(ς)−Dbψa(ς)⇔ Fab(ς) ≡ ∂aψb(ς)− ∂bψa(ς)− 1
2 ςAa

αςσαςψb(ς) + 1
2 ςAb

αςσαςψa(ς)

Corollary 9.4.6. εabcd(σ,−iς)dDbψc(ς) = 0, (σ,−iς)aψa(ς) = 0⇔ (σ,−iς)bDbψa(ς) = 0, (σ,−iς)aψa(ς) = 0

10 Analysis of full symmetry Penrose equation with arbitrary spin [4, 5]

10.1 Equivalent matrix form of full symmetric Penrose equation with arbitrary spin

Convention : ψ

2s︷ ︸︸ ︷
AςBςCςDς · · · is full symmetry for superscripts, JA′ς

2s−1︷ ︸︸ ︷
BςCςDς · · · is full symmetry for superscripts

Theorem 10.1.1. (σ,−iς)aA′ςAςDaψ

2s︷ ︸︸ ︷
AςBςCςDς · · · = ςJAς

2s−1︷ ︸︸ ︷
BςCςDς · · · ⇔ (σ ⊗ I22s−1 ,−iς)aDaψ̂(s, ς) = ςĴ(s, ς)

The above theorem can be obtained by rewriting the components into a matrix.

Theorem 10.1.2. (σ ⊗ I22s−1 ,−iς)aDaψ̂(s, ς) = ςĴ(s, ς)⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = ςJ̃(s, ς)

The above theorem can be obtained by removing redundant equations.

Corollary 10.1.1. (σ,−iς)aA′ςAςDaψ

2s︷ ︸︸ ︷
AςBςCςDς · · · = ςJAς

2s−1︷ ︸︸ ︷
BςCςDς · · · ⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = ςJ̃(s, ς)

Theorem 10.1.3. (σ ⊗ I22n−1 ,−iς)aDaψ̂(n, ς) = ςĴ(n, ς)⇔ (σ−ς ⊗ I4n−1 ,−iς)aDaΨ̂(n, ς) = ςĴ (n, ς)

The above theorem can be obtained by making a representation transformation.

Theorem 10.1.4. (σ ⊗ I2n,−iς)aDaψ̃(n, ς) = ςJ̃(n, ς)⇔ (σ−ς ⊗ In,−iς)aDaΨ̃(n, ς) = ςJ̃ (n, ς)

For n = 1, 2, the above theorem can be obtained by making a representation transformation.

For n > 2, it will be proved later.
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10.2 Equivalent integer spinorial form of full symmetric Penrose equation with arbitrary spin

Convention :

ψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς is full symmetry for superscripts, JA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς is full symmetry for superscripts

ψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς is full symmetry for superscripts αςβς · · · , Ja

n−1︷ ︸︸ ︷
αςβς · · ·Zς is full symmetry for superscripts αςβς · · ·

Theorem 10.2.1. (σ,−iς)aA′ςAςDaψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = ςJA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς

⇔ σςας
abDaψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = ςJb

n−1︷ ︸︸ ︷
βςγς · · ·Zς ,


δαςβςψ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0, (σ,−iς)aσαςJa

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

σαςψ

n︷ ︸︸ ︷
αςβςγς · · ·[Zς ] = 0, (σ,−iς)aJa

n−1︷ ︸︸ ︷
αςβς · · ·[Zς ] = 0

Theorem 10.2.2. (σ,−iς)aA′ςAςDaψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · ·Zς = ςJA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·Zς

⇔



(σ−ς ,−iς)abαςDaΨ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = ςJb

n−1︷ ︸︸ ︷
βςγς · · ·Zς

δαςβςΨ

n︷ ︸︸ ︷
αςβςγς · · ·Zς = 0, (σ,−iς)a(σ, iς)αςJa

n−1︷ ︸︸ ︷
αςβς · · ·Zς = 0

(σ,−iς)αςΨ
n︷ ︸︸ ︷

αςβςγς · · ·[Zς ] = 0, (σ,−iς)aJa

n−1︷ ︸︸ ︷
αςβς · · ·[Zς ] = 0

Theorem 10.2.3. (σ,−iς)aA′ςAςDaψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · · = ςJA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·

⇔ σςας
abDaψ

n︷ ︸︸ ︷
αςβςγς · · · = ςJb

n−1︷ ︸︸ ︷
βςγς · · ·, δαςβςψ

n︷ ︸︸ ︷
αςβςγς · · · = 0, (σ,−iς)aσαςJa

n−1︷ ︸︸ ︷
αςβς · · · = 0

Theorem 10.2.4. (σ,−iς)aA′ςAςDaψ

2n︷ ︸︸ ︷
AςBςCςDςEςFς · · · = ςJA′ς

2n−1︷ ︸︸ ︷
BςCςDςEςFς · · ·

⇔


(σ−ς ,−iς)abαςDaΨ

n︷ ︸︸ ︷
αςβςγς · · · = ςJb

n−1︷ ︸︸ ︷
βςγς · · ·

δαςβςΨ

n︷ ︸︸ ︷
αςβςγς · · · = 0, (σ,−iς)a(σ, iς)αςJa

n−1︷ ︸︸ ︷
αςβς · · · = 0

10.3 Equivalent form of Penrose type gravitino equation

Definiton 10.3.1. F ab(ς) ≡ F ab[Cς ], Ja(ς) ≡ Ja[Cς ]

Corollary 10.3.1. Ja
Cς = 1√

2
(σ, iς)a

AςA
′
ς ε̄AςBςJA′ς

BςCς ⇔ JA′ς
BςCς ≡ 1√

2
(σ,−iς)aA′ςAς ε̄

AςBςJa
Cς

Corollary 10.3.2. JA′ς
BςCς = JA′ς

CςBς ⇔ (σ,−iς)aJa(ς) = 0

Proof: JA′ς
BςCς = JA′ς

CςBς

⇔ εBςCςJA′ς
BςCς = 0

⇔ εBςCς
1√
2
(σ,−iς)aA′ςAς ε̄

AςBςJa
Cς = 0

⇔ (σ,−iς)aA′ςAς δ
Aς
CςJa

Cς = 0

⇔ (σ,−iς)aA′ςCςJa
Cς = 0

⇔ (σ,−iς)aJa[Cς ] = 0

⇔ (σ,−iς)aJa(ς) = 0

Corollary 10.3.3. ψAςBςCς ≡ − 1√
2
ςSab

AςBςF abCς

Corollary 10.3.4. ψAςBςCς = ψAςCςBς ⇔ (σ, iς)a(σ,−iς)bF ab(ς) = 0
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Proof: ψAςBςCς = ψAςCςBς

⇔ εBςCςψ
AςBςCς = 0

⇔ − 1√
2
ςεBςCςSab

AςBςF abCς = 0

⇔ εBςCςSab
Aς
Dς ε̄

DςBςF abCς = 0

⇔ Sab
Aς
Dς δ

Dς
CςF

abCς = 0

⇔ Sab
Aς
CςF

abCς = 0

⇔ 1
4 (σ, iς)[a(σ,−iς)b]F ab[Cς ] = 0

⇔ (σ, iς)a(σ,−iς)bF ab[Cς ] = 0

⇔ (σ, iς)a(σ,−iς)bF ab(ς) = 0

Corollary 10.3.5.

(σ,−iς)aA′ςAςDaψ
AςBςCς = ςJA′ς

BςCς

ψAςBςCς , JA′ς
BςCςBςCς

⇔

DaFab
[Cς ] = −Jb[Cς ], Da ∗ Fab[Cς ] ≡ 0

(σ,−iς)aJa[Cς ] = 0, (σ, iς)a(σ,−iς)bF ab[Cς ] = 0

Corollary 10.3.6.

(σ,−iς)aA′ςAςDaψ
AςBςCς = ςJA′ς

BςCς

ψAςBςCς is full symmetry, JA′ς
BςCς is symmetry for BςCς

⇔

DaFab(ς) = −Jb(ς), F ab(ς) = Daψb(ς)−Dbψa(ς)

(σ,−iς)aJa(ς) = 0, (σ, iς)a(σ,−iς)bF ab(ς) = 0

11 Comparative research of various field equations

11.1 Comparison between Einstein equation and guage equation of gravitational field
Einstein equation of gravitational field: (σ−ς ,−iς)aFab(ς) = ςT̄ b

Guage equation of gravitational field: DaFab(ς) = −J b(ς)

Fab(ς) = (∂a − 1
2 ςAa

αςRας )Ab(ς)− (∂b − 1
2 ςAb

αςRας )Aa(ς)

(3.14)

In form it’s equal to (σ−ς ,−iς)a ↔ Da

11.2 Comparison between Weyl and Penrose type gravitino equation
Weyl type gravitino equation: (σ,−iς)aF ab(ς) = 0

Penrose type gravitino equation: DaF
ab(ς) = −Jb(ς)

Fab(ς) = (∂a − 1
2 ςAa

αςσας )ψb(ς)− (∂b − 1
2 ςAb

αςσας )ψa(ς)

(3.15)

In form it’s equal to (σ,−iς)a ↔ Da, Two forms are also very similar in gravitational field and gravitino case.

Gravitino equation: γa(ς)F ab(e, ς) = 0, F ab(e, ς) ≡ Daψb(e, ς)−Dbψa(e, ς) (3.16)
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11.3 Comparison between massless field equations after introducing gauge conditionEinstein equation equation of gravitational field: (σ−ς ,−iς)a[∂a + ςATa (ς)R]Ab(ς) = ςT̄b

Gauge condition: (σ−ς ,−iς)aAa(ς) = 0
(3.17)

Guage equation of gravitational field: DaFab(ς) = −Jb(ς)

Gauge condition: DaAa(ς) = 0
(3.18)

Weyl type gravitino equation: (σ,−iς)bDbψa(ς) = 0

Gauge condition: (σ,−iς)aψa(ς) = 0
(3.19)

Penrose type gravitino equation: DaFab(ς) = −Jb(ς), F ab(ς) = Daψb(ς)−Dbψa(ς)

Gauge condition: (σ,−iς)aψa(ς) = 0, Daψ
a(ς) = 0, (σ,−iς)aJa(ς) = 0

(3.20)

Gravitino equation: γa(ς)F ab(e, ς) = 0, F ab(e, ς) ≡ Daψb(e, ς)−Dbψa(e, ς)

Gauge condition: γa(ς)ψa(ς) = 0
(3.21)
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Chapter 4

Spin equations of all kinds of particles

1 Construction of spin equation

1.1 A new particle equation constructed directly from the spin amounts

The following particle equation is directly constructed by the spin amounts.

[(s+ φ)Da + SabD
b]ψ = Ja (4.1)

ψ is a particle state spinor. s is the particle spin. Sab is the particle spin tensor. φ is a scalar field. Ja is a spinorial

source. Da is the covariant derivative.

1.2 Properties of the new particle equation

Theorem 1.2.1. [(s+ φ)∂a + Sab(s, ς)∂
b]ψ = 0⇒ φ = 0 or φ = −(2s+ 1) or σ(s) · ∇ψ = 0, ∂πψ = 0

Proof: [(s+ φ)∂a + Sab(s, ς)∂
b]ψ = 0

⇔



[(s+ φ)∂x + iσz(s)∂y − iσy(s)∂z − iςσx(s)∂π]ψ = 0

[(s+ φ)∂y + iσx(s)∂z − iσz(s)∂x − iςσy(s)∂π]ψ = 0

[(s+ φ)∂z + iσy(s)∂x − iσx(s)∂y − iςσz(s)∂π]ψ = 0

[(s+ φ)∂π + iςσx(s)∂x + iςσy(s)∂y + iςσz(s)∂z]ψ = 0

⇒

[(s+ 1 + φ)σ(s) · ∇ − iςσ2(s)∂π]ψ = 0

[(s+ φ)∂π + iςσ · ∇]ψ = 0

⇔

σ(s) · ∇ψ = iς(s+ φ)∂πψ

[(s+ φ)(s+ 1 + φ)− s(s+ 1)]∂πψ = 0

⇔ φ = 0 or φ = −(2s+ 1) or σ(s) · ∇ψ = 0, ∂πψ = 0

Theorem 1.2.2. [s∂a + Sab∂
b]ψ = 0⇒ ∂a∂

aψ = 0

Proof: [s∂a + Sab∂
b]ψ = 0

⇒ ∂a[s∂a + Sab∂
b]ψ = 0

⇔ [s∂a∂
a + Sab∂

a∂b]ψ = 0

⇔ [s∂a∂
a + 0]ψ = 0

⇔ ∂a∂
aψ = 0

Namely, this equation describes a massless particle.

Theorem 1.2.3.

When φ 6= 0, [(s+ φ)∂a + Sab(s, ς)∂
b]ψ(s, ς) = 0 has no plane wave solution.

When φ = 0, [(s+ φ)∂a + Sab(s, ς)∂
b]ψ(s, ς) = 0 has plane wave solutions.

Proof: Because this equation describes massless particles. The particle movement direction can always be selected as Z.

Get pa = (0, 0, p, ip), then

[(s+ φ)pa + Sab(s, ς)p
b]ψ(s, ς) = 0
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⇔



[(s+ φ)px + iσz(s)py − iσy(s)pz − iςσx(s)pπ]ψ(s, ς) = 0

[(s+ φ)py + iσx(s)pz − iσz(s)px − iςσy(s)pπ]ψ(s, ς) = 0

[(s+ φ)pz + iσy(s)px − iσx(s)py − iςσz(s)pπ]ψ(s, ς) = 0

[(s+ φ)pπ + iςσx(s)px + iςσy(s)py + iςσz(s)pz]ψ(s, ς) = 0

⇔



[−iσy(s)pz − iςσx(s)pπ]ψ(s, ς) = 0

[iσx(s)pz − iςσy(s)pπ]ψ(s, ς) = 0

[(s+ φ)pz − iςσz(s)pπ]ψ(s, ς) = 0

[(s+ φ)pπ + iςσz(s)pz]ψ(s, ς) = 0

⇔

[σx(s)− iςσy(s)]pψ(s, ς) = 0⇔ ψm(s, ς) = 0,m = s− 1, · · · ,−(s− 1), ςs

[(s+ φ) + ςσz(s)]pψ(s, ς) = 0

⇔

ψm(s, ς) = 0,m = s− 1, · · · ,−(s− 1), ςs

φψ−ςs(s, ς) = 0

⇔


When φ 6= 0, ψ(s, ς) = 0,namely, all spin components are 0.

When φ = 0, ψ(s, ς) = [1
2 (ς − 1)ψs, 0, · · · , 0, 1

2 (ς + 1)ψ−s]
T eip·x

Namely, (−ςs) component may not be 0, the rest components are 0.

⇔

φ 6= 0, [(s+ φ)∂a + Sab(s, ς)∂
b]ψ(s, ς) = 0 has no plane wave solution.

φ = 0, [(s+ φ)∂a + Sab(s, ς)∂
b]ψ(s, ς) = 0 has plane wave solutions.

In this equation φ is like a switch.

Corollary 1.2.1. [s∂a+Sab(s, ς)∂
b]ψ(s, ς) = 0 has a plane wave solution: ψ(s, ς) = [1

2 (ς−1)ψs, 0, · · · , 0, 1
2 (ς+1)ψ−s]

T eip·x

1.3 Definition of spin equation

Definiton 1.3.1. [sDa + SabD
b]ψ = Ja is called spin equation.

1.4 Definition of switch spin equation

Definiton 1.4.1. [(s+ φ)Da + SabD
b]ψ = Ja is called switch spin equation. φ is called switch scalar field.

2 Various particle spin equations

2.1 Neutrino [8] spin equation

Theorem 2.1.1. [ 1
2Da + Sab(ς)D

b]ψ( 1
2 , ς) = 0⇔ (σ,−iς)aDaψ( 1

2 , ς) = 0

Proof: [ 1
2Da + Sab(ς)D

b]ψ( 1
2 , ς) = 0

⇔



(Dx + iσzDy − iσyDz − iςσxDπ)ψ( 1
2 , ς) = 0

(Dy + iσxDz − iσzDx − iςσyDπ)ψ( 1
2 , ς) = 0

(Dz + iσyDx − iσxDy − iςσzDπ)ψ( 1
2 , ς) = 0

(Dπ + iςσxDx + iςσyDy + iςσzDz)ψ( 1
2 , ς) = 0

⇔



σx(Dx + iσzDy − iσyDz − iςσxDπ)ψ( 1
2 , ς) = 0

σy(Dy + iσxDz − iσzDx − iςσyDπ)ψ( 1
2 , ς) = 0

σz(Dz + iσyDx − iσxDy − iςσzDπ)ψ( 1
2 , ς) = 0

−iς(Dπ + iςσxDx + iςσyDy + iςσzDz)ψ( 1
2 , ς) = 0
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⇔



(σxDx + σyDy + σzDz − iςDπ)ψ( 1
2 , ς) = 0

(σxDx + σyDy + σzDz − iςDπ)ψ( 1
2 , ς) = 0

(σxDx + σyDy + σzDz − iςDπ)ψ( 1
2 , ς) = 0

(σxDx + σyDy + σzDz − iςDπ)ψ( 1
2 , ς) = 0

⇔ (σ,−iς)aDaψ( 1
2 , ς) = 0

A more concise, more analytical, but more abstract proof of the law is as follows:

Proof: [ 1
2Da + Sab(ς)D

b]ψ( 1
2 , ς) = 0

⇔ [ 1
2δabD

b + Sab(ς)D
b]ψ( 1

2 , ς) = 0

⇔ 1
2 [(σ, iς){a(σ,−iς)b} + (σ, iς)[a(σ,−iς)b]]Dbψ( 1

2 , ς) = 0

⇔ (σ, iς)a(σ,−iς)bDbψ( 1
2 , ς) = 0

⇔ (σ,−iς)bDbψ( 1
2 , ς) = 0

⇔ (σ,−iς)aDaψ( 1
2 , ς) = 0

This spin equation is completely equivalent to the neutrino equation. So It’s a spin description form of the neutrino

equation.

2.2 Electron [7] spin equation in arbitrary N+1 dimensional spacetime

Electron spin equation in arbitrary n=N+1 dimensional spacetime:

Theorem 2.2.1. [ 1
2 (Da +mγa) + SabD

b]ψ = 0, Sab = 1
4 [γa, γb]⇔ (γaDa +m)ψ = 0

Proof: [ 1
2 (Da +mγa) + SabD

b]ψ = 0, Sab = 1
4 [γa, γb]

⇔ [(2Sab + δab)D
b + γam]ψ = 0, Sab = 1

4 [γa, γb]

⇔ [ 1
2 ([γa, γb] + {γa, γb})Db + γam]ψ = 0

⇔ γa(γbD
b +m)ψ = 0

⇔ (γaD
a +m)ψ = 0

⇔ (γaDa +m)ψ = 0

Electron spin equations in 4 dimensional spacetime:

Corollary 2.2.1. { 1
2 [Da +mγa(ς)] + Sab(e, ς)D

b}ψ(e, ς) = 0⇔ [γa(ς)Da +m]ψ(e, ς) = 0

2.3 Spin equation of electromagnetic field [10]

Theorem 2.3.1. (Da + SabD
b)βς γςΨ

γς (1, ς) = −ςσβςς ab
Jb, Sab = −ςσαςς ab

γας

⇔ (σ−ς ,−iς)aDaΨ̃(1, ς) = ςJ̃ (1, ς)

Proof: (Da + SabD
b)βς γςΨ

γς (1, ς) = −ςσβςς ab
Jb, Sab = −ςσαςς ab

γας

⇔



(Dx + iγzDy − iγyDz − iςγxDπ)βς γςΨ
γς (1, ς) = −ςσβςς xb

Jb

(Dy + iγxDz − iγzDx − iςγyDπ)βς γςΨ
γς (1, ς) = −ςσβςς yb

Jb

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςΨ
γς (1, ς) = −ςσβςς zb

Jb

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςΨ

γς (1, ς) = −ςσβςς πb
Jb
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⇔




Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx




Ψxς (1, ς)

Ψyς (1, ς)

Ψzς (1, ς)

 = i


−Jπ

−ςJz

ςJy




Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy




Ψxς (1, ς)

Ψyς (1, ς)

Ψzς (1, ς)

 = i


ςJz

−Jπ

−ςJx



Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz




Ψxς (1, ς)

Ψyς (1, ς)

Ψzς (1, ς)

 = i


−ςJy

ςJx

−Jπ


iDπΨ(1, ς) = ςγ · ∇dΨ(1, ς)− ~J

⇔

iDπΨ(1, ς) = iς∇d ×Ψ(1, ς)− ~J

∇d ·Ψ(1, ς) = −iJπ

⇔

iDπΨ(1, ς) = ςγ · ∇dΨ(1, ς)− ~J

∇d ·Ψ(1, ς) = −iJπ

⇔ (σ−ς ,−iς)aDaΨ̃(1, ς) = ςJ̃ (1, ς)

This spin equation is completely equivalent to electromagnetic field equation. So It’s a spin description form of

electromagnetic field equation.

Lemma 2.3.1. Jaβς = −ςσβςς ab
Jb ⇔



Jyzς = −Jzyς = −ςJπxς ≡ −iςJx

Jzxς = −Jxzς = −ςJπyς ≡ −iςJy

Jxyς = −Jyxς = −ςJπzς ≡ −iςJz

Jxxς = Jyyς = Jzzς ≡ −iJπ

To expand, it can be proved. The above spin equation is about a special source term. What about a general source

term? See the following theorem.

Theorem 2.3.2. (Da + SabD
b)βς γςΨ

γς (1, ς) = Jaβς , Sab = −ςσαςς ab
γας

⇔ (σ−ς ,−iς)aDaΨ̃(1, ς) = ςJ̃ (1, ς), Jaβς = −ςσβςς ab
Jb

Proof: (Da + SabD
b)βς γςΨ

γς (1, ς) = Jaβς , Sab = −ςσαςς ab
γας

⇔



(Dx + iγzDy − iγyDz − iςγxDπ)βς γςΨ
γς (1, ς) = Jxβς

(Dy + iγxDz − iγzDx − iςγyDπ)βς γςΨ
γς (1, ς) = Jyβς

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςΨ
γς (1, ς) = Jzβς

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςΨ

γς (1, ς) = Jπβς
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⇔




Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx




Ψxς (1, ς)

Ψyς (1, ς)

Ψzς (1, ς)

 =


Jxxς

Jxyς

Jxzς

⇔

∇d ·Ψ(1, ς) = Jxxς

[∇d ×Ψ(1, ς)]zς − ςDπΨzς (1, ς) = Jxyς

−[∇d ×Ψ(1, ς)]yς + ςDπΨyς (1, ς) = Jxzς
Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy




Ψxς (1, ς)

Ψyς (1, ς)

Ψzς (1, ς)

 =


Jyxς

Jyyς

Jyzς

⇔

−[∇d ×Ψ(1, ς)]zς + ςDπΨzς (1, ς) = Jyxς

∇d ·Ψ(1, ς) = Jyyς

[∇d ×Ψ(1, ς)]xς − ςDπΨxς (1, ς) = Jyzς
Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz




Ψxς (1, ς)

Ψyς (1, ς)

Ψzς (1, ς)

 =


Jzxς

Jzyς

Jzzς

⇔


[∇d ×Ψ(1, ς)]yς − ςDπΨyς (1, ς) = Jzxς

−[∇d ×Ψ(1, ς)]xς + ςDπΨxς (1, ς) = Jzyς

∇d ·Ψ(1, ς) = Jzzς

DπΨ(1, ς) + iςγ · ∇dΨ = Jπ ⇔ DπΨ(1, ς)− ς∇d ×Ψ(1, ς) = Jπ

⇔



Jyzς = −Jzyς = −ςJπxς ≡ −iςJx

Jzxς = −Jxzς = −ςJπyς ≡ −iςJy

Jxyς = −Jyxς = −ςJπzς ≡ −iςJz

Jxxς = Jyyς = Jzzς ≡ −iJπ

DπΨ(1, ς)− ς∇d ×Ψ(1, ς) = i ~J

∇d ·Ψ(1, ς) = −iJπ

⇔ (σ−ς ,−iς)aDaΨ̃(1, ς) = ςJ̃ (1, ς), Jaβς = −ςσβςς ab
Jb

This theorem shows that the source term of the spin equation is limited, and it is not arbitrary. The spin equation

has solutions only for the source term of the previous theorem case, and other cases have no solution.

Corollary 2.3.1. (Da + SabD
b)βς γςΨ

γς (1, ς) = Jaβς , Sab = −ςσαςς ab
γας

⇔ (Da + SabD
b)βς γςΨ

γς (1, ς) = Jaβς , Sab = −ςσαςς ab
γας , Ja

βς = −ςσβςς ab
Jb

Corollary 2.3.2. (Da + SabD
b)βς γςΨ

γς (1, ς) = Jaβς has solutions, Sab = −ςσαςς ab
γας ⇔ Jaβς = −ςσβςς ab

Jb

2.4 Spin equation of Yang-Mills field [9]

Theorem 2.4.1. (Da + SabD
b)βς γςΨ

γςσ(1, ς) = −ςσβςς ab
Jbσ, Sab = −ςσαςς ab

γας

⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = ςJ̃ σ(1, ς)

Proof: (Da + SabD
b)βς γςΨ

γςσ(1, ς) = −ςσβςς ab
Jbσ, Sab = −ςσαςς ab

γας

⇔



(Dx + iγzDy − iγyDz − iςγxDπ)Ψσ(1, ς) = −ςσβςς xb
Jbσ

(Dy + iγxDz − iγzDx − iςγyDπ)Ψσ(1, ς) = −ςσβςς yb
Jbσ

(Dz + iγyDx − iγxDy − iςγzDπ)Ψσ(1, ς) = −ςσβςς zb
Jbσ

(Dπ + iςγxDx + iςγyDy + iςγzDz)Ψ
σ(1, ς) = −ςσβςς πb

Jbσ

66



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

⇔




Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx




Ψxςσ(1, ς)

Ψyςσ(1, ς)

Ψzςσ(1, ς)

 = i


−Jπσ

−ςJzσ

ςJyσ




Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy




Ψxςσ(1, ς)

Ψyςσ(1, ς)

Ψzςσ(1, ς)

 = i


ςJzσ

−Jπσ

−ςJxσ



Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz




Ψxςσ(1, ς)

Ψyςσ(1, ς)

Ψzςσ(1, ς)

 = i


−ςJyσ

ςJxσ

−Jπσ


i∂πΨσ(1, ς) = ςγ · ∇dΨσ(1, ς)− ~Jσ

⇔

i∂πΨσ(1, ς) = iς∇d ×Ψσ(1, ς)− ~Jσ

∇d ·Ψσ(1, ς) = −iJπσ

⇔

i∂πΨσ(1, ς) = ςγ · ∇dΨσ(1, ς)− ~Jσ

∇d ·Ψσ(1, ς) = −iJπσ

⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = ςJ̃ σ(1, ς)

This spin equation is completely equivalent to Yang-Mills equation. So It’s a spin description form of Yang-Mills

equation.

Lemma 2.4.1. Jaβςσ = −ςσβςς ab
Jbσ ⇔



Jyzςσ = −Jzyςσ = −ςJπxςσ ≡ −iςJxσ

Jzxςσ = −Jxzςσ = −ςJπyςσ ≡ −iςJyσ

Jxyςσ = −Jyxςσ = −ςJπzςσ ≡ −iςJzσ

Jxxςσ = Jyyςσ = Jzzςσ ≡ −iJπσ

To expand, it can be proved. The above spin equation is about a special source term. What about a general source

term? See the following theorem.

Theorem 2.4.2. (Da + SabD
b)βς γςΨ

γςσ(1, ς) = Jaβςσ, Sab = −ςσαςς ab
γας

⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = ςJ̃ σ(1, ς), Jaβςσ = −ςσβςς ab
Jbσ

Proof: (Da + SabD
b)βς γςΨ

γςσ(1, ς) = Jaβςσ, Sab = −ςσαςς ab
γας

⇔



(Dx + iγzDy − iγyDz − iςγxDπ)βς γςΨ
γςσ(1, ς) = Jxβςσ

(Dy + iγxDz − iγzDx − iςγyDπ)βς γςΨ
γςσ(1, ς) = Jyβςσ

(Dz + iγyDx − iγxDy − iςγzDπ)βς γςΨ
γςσ(1, ς) = Jzβςσ

(Dπ + iςγxDx + iςγyDy + iςγzDz)
βς
γςΨ

γςσ(1, ς) = Jπβςσ
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⇔




Dx Dy Dz

−Dy Dx −ςDπ

−Dz ςDπ Dx




Ψxςσ(1, ς)

Ψyςσ(1, ς)

Ψzςσ(1, ς)

 =


Jxxςσ

Jxyςσ

Jxzςσ

⇔

∇d ·Ψ(1, ς) = Jxxςσ

[∇d ×Ψ(1, ς)]zς − ςDπΨzς (1, ς) = Jxyςσ

−[∇d ×Ψ(1, ς)]yς + ςDπΨyς (1, ς) = Jxzςσ
Dy −Dx ςDπ

Dx Dy Dz

−ςDπ −Dz Dy




Ψxςσ(1, ς)

Ψyςσ(1, ς)

Ψzςσ(1, ς)

 =


Jyxςσ

Jyyςσ

Jyzςσ

⇔

−[∇d ×Ψ(1, ς)]zς + ςDπΨzς (1, ς) = Jyxςσ

∇d ·Ψ(1, ς) = Jyyςσ

[∇d ×Ψ(1, ς)]xς − ςDπΨxς (1, ς) = Jyzςσ
Dz −ςDπ −Dx

ςDπ Dz −Dy

Dx Dy Dz




Ψxςσ(1, ς)

Ψyςσ(1, ς)

Ψzςσ(1, ς)

 =


Jzxςσ

Jzyςσ

Jzzςσ

⇔


[∇d ×Ψ(1, ς)]yς − ςDπΨyς (1, ς) = Jzxςσ

−[∇d ×Ψ(1, ς)]xς + ςDπΨxς (1, ς) = Jzyςσ

∇d ·Ψ(1, ς) = Jzzςσ

DπΨσ(1, ς) + iςγ · ∇dΨσ(1, ς) = Jπσ ⇔ DπΨσ(1, ς)− ς∇d ×Ψσ(1, ς) = Jπσ

⇔



Jyzςσ = −Jzyςσ = −ςJπxςσ ≡ −iςJxσ

Jzxςσ = −Jxzςσ = −ςJπyςσ ≡ −iςJyσ

Jxyςσ = −Jyxςσ = −ςJπzςσ ≡ −iςJzσ

Jxxςσ = Jyyςσ = Jzzςσ ≡ −iJπσ

DπΨσ(1, ς)− ς∇d ×Ψσ(1, ς) = i ~Jσ

∇d ·Ψσ(1, ς) = −iJπσ

⇔ (σ−ς ,−iς)aDaΨ̃σ(1, ς) = ςJ̃ σ(1, ς), Jaβςσ = −ςσβςς ab
Jbσ

This theorem shows that the source term of the spin equation is limited, and it is not arbitrary. The spin equation

has solutions only for the source term of the previous theorem case, and other cases have no solution. From the above

we can see that the spin equation of electromagnetic field is a special case of Yang-Mills spin equation. Namely, σ is

empty.

Corollary 2.4.1. (Da + SabD
b)βς γςΨ

γςσ(1, ς) = Jaβςσ, Sab = −ςσαςς ab
γας

⇔ (Da + SabD
b)βς γςΨ

γςσ(1, ς) = Jaβςσ, Sab = −ςσαςς ab
γας , Ja

βςσ = −ςσβςς ab
Jbσ

Corollary 2.4.2. (Da + SabD
b)βς γςΨ

γςσ(1, ς) = Jaβςσ has solutions, Sab = −ςσαςς ab
γας ⇔ Jaβςσ = −ςσβςς ab

Jbσ

2.5 Spin-s particle spin equation

2.5.1 Several important theorems about spin-s equations

Lemma 2.5.1.



s− σz(s) =



0 0 0 0 0

0 1 0 0 0

0 0 · · · 0 0

0 0 0 2s− 1 0

0 0 0 0 2s


, σx(s)− iσy(s) =



0 0 0 0 0

1 0 0 0 0

0 2 0 · · · 0

0 0 · · · 0 0

0 0 0 2s 0



s+ σz(s) =



2s 0 0 0 0

0 2s− 1 0 0 0

0 0 · · · 0 0

0 0 0 1 0

0 0 0 0 0


, σx(s) + iσy(s) =



0 2s 0 0 0

0 0 (2s− 1) 0 0

0 0 0 · · · 0

0 0 · · · 0 1

0 0 0 0 0


Theorem 2.5.1. [sDa + Sab(s, ς)D

b]ψ(s, ς) = ZaςJ̃(s, ς)⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = ςJ̃(s, ς)

Proof: [sDa + Sab(s, ς)D
b]ψ(s, ς) = ZaςJ̃(s, ς)
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⇔



[sDx + iσz(s)Dy − iσy(s)Dz − iςσx(s)Dπ]ψ(s, ς) = ZxςJ̃(s, ς)

[sDy + iσx(s)Dz − iσz(s)Dx − iςσy(s)Dπ]ψ(s, ς) = ZyςJ̃(s, ς)

[sDz + iσy(s)Dx − iσx(s)Dy − iςσz(s)Dπ]ψ(s, ς) = ZzςJ̃(s, ς)

[sDπ + iςσx(s)Dx + iςσy(s)Dy + iςσz(s)Dz]ψ(s, ς) = ZπςJ̃(s, ς)

⇔



{[s− σz(s)](Dx − iDy) + [σx(s)− iσy(s)](Dz − iςDπ)}ψ(s, ς) = (Zx − iZy)ςJ̃(s, ς)

{[σx(s) + iσy(s)](Dx − iDy) + [s+ σz(s)](Dz − iςDπ)}ψ(s, ς) = (Zz − iςZπ)ςJ̃(s, ς)

{[s+ σz(s)](Dx + iDy)− [σx(s) + iσy(s)](Dz + iςDπ)}ψ(s, ς) = (Zx + iZy)ςJ̃(s, ς)

{−[σx(s)− iσy(s)](Dx + iDy) + [s− σz(s)](Dz + iςDπ)}ψ(s, ς) = (Zz + iςZπ)ςJ̃(s, ς)

⇔



(σ,−iς)aDa

ψ1(s, ς)

ψ2(s, ς)

 =

ςJ̃1(s, ς)

ςJ̃2(s, ς)


(σ,−iς)aDa

ψ2(s, ς)

ψ3(s, ς)

 =

ςJ̃3(s, ς)

ςJ̃4(s, ς)


· · · · · ·

(σ,−iς)aDa

ψ2s−1(s, ς)

ψ2s(s, ς)

 =

ςJ̃4s−3(s, ς)

ςJ̃4s−2(s, ς)


(σ,−iς)aDa

 ψ2s(s, ς)

ψ2s+1(s, ς)

 =

ςJ̃4s−1(s, ς)

ςJ̃4s(s, ς)


⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = ςJ̃(s, ς)

Lemma 2.5.2. Ja(s, ς) = Za(s, ς)ςJ̃(s, ς)

⇔



Jx1(s, ς)− iJy1(s, ς) = 0, Jz1(s, ς) + iςJπ1(s, ς) = 0 [Jx2(s, ς)− iJy2(s, ς)]

1
2s [Jx1(s, ς) + iJy1(s, ς)]

 =

 1
2s [Jz1(s, ς)− iςJπ1(s, ς)]

−[Jz2(s, ς) + iςJπ2(s, ς)]

 ≡
ςJ̃1(s, ς)

ςJ̃2(s, ς)


 1

2 [Jx3(s, ς)− iJy3(s, ς)]

1
2s−1 [Jx2(s, ς) + iJy2(s, ς)]

 =

 1
2s−1 [Jz2(s, ς)− iςJπ2(s, ς)]

− 1
2 [Jz3(s, ς) + iςJπ3(s, ς)]

 ≡
ςJ̃3(s, ς)

ςJ̃4(s, ς)


· · · · · · 1

2s−1 [Jx2s(s, ς)− iJy2s−1(s, ς)]

1
2 [Jx2s−1(s, ς) + iJy2(s, ς)]

 =

 1
2 [Jz2s−1(s, ς)− iςJπ2(s, ς)]

− 1
2s−1 [Jz2s(s, ς) + iςJπ2s−1(s, ς)]

 ≡
ςJ̃4s−3(s, ς)

ςJ̃4s−2(s, ς)


 1

2s [Jx2s+1(s, ς)− iJy2s+1(s, ς)]

[Jx2s(s, ς) + iJy2s(s, ς)]

 =

 [Jz2s(s, ς)− iςJπ2s(s, ς)]

− 1
2s [Jz2s+1(s, ς) + iςJπ2s+1(s, ς)]

 ≡
ςJ̃4s−1(s, ς)

ςJ̃4s(s, ς)


Jx2s+1(s, ς) + iJy2s+1(s, ς) = 0, Jz2s+1(s, ς)− iςJπ2s+1(s, ς) = 0

To expand, it can be proved.

Theorem 2.5.2. [sDa + Sab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)⇔

(σ ⊗ I2s,−iς)aDaψ̃(s, ς) = ςJ̃(s, ς)

Ja(s, ς) = Za(s, ς)ςJ̃(s, ς)

Proof: [sDa + Sab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)

⇔



[sDx + iσz(s)Dy − iσy(s)Dz − iςσx(s)Dπ]ψ(s, ς) = Jx(s, ς)

[sDy + iσx(s)Dz − iσz(s)Dx − iςσy(s)Dπ]ψ(s, ς) = Jy(s, ς)

[sDz + iσy(s)Dx − iσx(s)Dy − iςσz(s)Dπ]ψ(s, ς) = Jz(s, ς)

[sDπ + iςσx(s)Dx + iςσy(s)Dy + iςσz(s)Dz]ψ(s, ς) = Jπ(s, ς)
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⇔



{[s− σz(s)](Dx − iDy) + [σx(s)− iσy(s)](Dz − iςDπ)}ψ(s, ς) = Jx(s, ς)− iJy(s, ς)

{[σx(s) + iσy(s)](Dx − iDy) + [s+ σz(s)](Dz − iςDπ)}ψ(s, ς) = Jz(s, ς)− iςJπ(s, ς)

{[s+ σz(s)](Dx + iDy)− [σx(s) + iσy(s)](Dz + iςDπ)}ψ(s, ς) = Jx(s, ς) + iJy(s, ς)

{−[σx(s)− iσy(s)](Dx + iDy) + [s− σz(s)](Dz + iςDπ)}ψ(s, ς) = Jz(s, ς) + iςJπ(s, ς)

⇔



(σ,−iς)aDa

ψ1(s, ς)

ψ2(s, ς)

 =

 [Jx2(s, ς)− iJy2(s, ς)]

1
2s [Jx1(s, ς) + iJy1(s, ς)]

 =

 1
2s [Jz1(s, ς)− iςJπ1(s, ς)]

−[Jz2(s, ς) + iςJπ2(s, ς)]


(σ,−iς)aDa

ψ2(s, ς)

ψ3(s, ς)

 =

 1
2 [Jx3(s, ς)− iJy3(s, ς)]

1
2s−1 [Jx2(s, ς) + iJy2(s, ς)]

 =

 1
2s−1 [Jz2(s, ς)− iςJπ2(s, ς)]

− 1
2 [Jz3(s, ς) + iςJπ3(s, ς)]


· · · · · ·

(σ,−iς)aDa

ψ2s−1(s, ς)

ψ2s(s, ς)

 =

 1
2s−1 [Jx2s(s, ς)− iJy2s−1(s, ς)]

1
2 [Jx2s−1(s, ς) + iJy2(s, ς)]

 =

 1
2 [Jz2s−1(s, ς)− iςJπ2(s, ς)]

− 1
2s−1 [Jz2s(s, ς) + iςJπ2s−1(s, ς)]


(σ,−iς)aDa

 ψ2s(s, ς)

ψ2s+1(s, ς)

 =

 1
2s [Jx2s+1(s, ς)− iJy2s+1(s, ς)]

[Jx2s(s, ς) + iJy2s(s, ς)]

 =

 [Jz2s(s, ς)− iςJπ2s(s, ς)]

− 1
2s [Jz2s+1(s, ς) + iςJπ2s+1(s, ς)]



⇔



 [Jx2(s, ς)− iJy2(s, ς)]

1
2s [Jx1(s, ς) + iJy1(s, ς)]

 =

 1
2s [Jz1(s, ς)− iςJπ1(s, ς)]

−[Jz2(s, ς) + iςJπ2(s, ς)]

 ≡
ςJ̃1ς (s, ς)

ςJ̃2ς (s, ς)


 1

2 [Jx3(s, ς)− iJy3(s, ς)]

1
2s−1 [Jx2(s, ς) + iJy2(s, ς)]

 =

 1
2s−1 [Jz2(s, ς)− iςJπ2(s, ς)]

− 1
2 [Jz3(s, ς) + iςJπ3(s, ς)]

 ≡
ςJ̃3ς (s, ς)

ςJ̃4ς (s, ς)


· · · · · · 1
2s−1 [Jx2s(s, ς)− iJy2s−1(s, ς)]

1
2 [Jx2s−1(s, ς) + iJy2(s, ς)]

 =

 1
2 [Jz2s−1(s, ς)− iςJπ2(s, ς)]

− 1
2s−1 [Jz2s(s, ς) + iςJπ2s−1(s, ς)]

 ≡
ςJ̃ (4s−3)ς (s, ς)

ςJ̃ (4s−2)ς (s, ς)


 1

2s [Jx2s+1(s, ς)− iJy2s+1(s, ς)]

[Jx2s(s, ς) + iJy2s(s, ς)]

 =

 [Jz2s(s, ς)− iςJπ2s(s, ς)]

− 1
2s [Jz2s+1(s, ς) + iςJπ2s+1(s, ς)]

 ≡
ςJ̃ (4s−1)ς (s, ς)

ςJ̃ (4s)ς (s, ς)


(σ ⊗ I2s,−iς)aDaψ̃(s, ς) = ςJ̃(s, ς), J̃(s, ς) ≡ [J̃1ς (s, ς), J̃2ς (s, ς) · · · J̃ (4s−1)ς (s, ς), J̃ (4s)ς (s, ς)]T

⇔ (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = ςJ̃(s, ς), Ja(s, ς) = Za(s, ς)ςJ̃(s, ς)

This theorem shows that the source term of the spin equation is limited, and it is not arbitrary. The spin equation

has solutions only for the source term of the previous theorem case, and other cases have no solution.

Corollary 2.5.1. [sDa + Sab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)⇔

[sDa + Sab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)

Ja(s, ς) = Za(s, ς)ςJ̃(s, ς)

Corollary 2.5.2. [sDa + Sab(s, ς)D
b]ψ(s, ς) = Ja(s, ς)⇔ Ja(s, ς) = Za(s, ς)ςJ̃(s, ς), ςJ̃(s, ς) = Z−a (s, ς)Ja(s, ς)

Corollary 2.5.3. [sDa + Sab(s, ς)D
b]ψ = Ja ⇒ σ(s) · J + iς(s+ 1)Jπ = 0

Proof: [sDa + Sab(s, ς)D
b]ψ = Ja

⇔



[sDx + iσz(s)Dy − iσy(s)Dz − iςσx(s)Dπ]ψ = Jx

[sDy + iσx(s)Dz − iσz(s)Dx − iςσy(s)Dπ]ψ = Jy

[sDz + iσy(s)Dx − iσx(s)Dy − iςσz(s)Dπ]ψ = Jz

[sDπ + iςσx(s)Dx + iςσy(s)Dy + iςσz(s)Dz]ψ = Jπ

⇒

[(s+ 1)σ(s) · ∇d − iςσ2(s)Dπ]ψ = σ · J

[sDπ + iςσ · ∇d]ψ = Jπ

⇔

[(s+ 1)σ(s) · ∇d − iςs(s+ 1)Dπ]ψ = σ(s) · J

[(s+ 1)σ(s) · ∇d − iςs(s+ 1)Dπ]ψ = −iς(s+ 1)Jπ
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⇒ σ(s) · J + iς(s+ 1)Jπ = 0

Corollary 2.5.4. [sDa + Sab(s, ς)D
b]ψ = Za(s, ς)ςJ̃(s, ς)⇒ [σ(s), iς(s+ 1)]aN̄(s)(σ ⊗ I2s, iς)aJ̃(s, ς) = 0

Corollary 2.5.5. [σ(s), iς(s+ 1)]aZa(s, ς) = 0

Proof: [σ(s), iς(s+ 1)]aZa(s, ς)

= [σ(s), iς(s+ 1)]aN̄(s)(σ ⊗ I2s, iς)a
= N̄(s)[sσ ⊗ I2s, iς(s+ 1)]aN(s)N̄(s)(σ ⊗ I2s, iς)a
= [N̄(s)(σ ⊗ I2s,−iς)aN(s)sN̄(s)(σ ⊗ I2s, iς)aςJ̃(s, ς)− (2s+ 1)N̄(s)]

= [N̄(s)(2s+ 1)I4s − (2s+ 1)N̄(s)]

= 0

Theorem 2.5.3. [sDa + Sab(s, ς)D
b]ψ(s, ς) = Za(s, ς)ςJ̃(s, ς)

⇔ [(s− l)Da + Sab(s− l, ς)Db]ψ

2l︷ ︸︸ ︷
AςBς · · ·(s− l, ς) = Za(s− l, ς)ςJ̃

2l︷ ︸︸ ︷
AςBς · · ·(s− l, ς), l = 0, 1

2 , 1, · · · , s

Theorem 2.5.4. [sDa + Sab(s, ς)mD
b]Ψ(s, ς) = Za(s, ς)ςJ̃ (s, ς)

⇔ [(s− l)Da + Sab(s− l, ς)Db]ψ

2l︷ ︸︸ ︷
AςBς · · ·(s− l, ς) = Za(s− l, ς)ςJ̃

2l︷ ︸︸ ︷
AςBς · · ·(s− l, ς), l = 0, 1

2 , 1, · · · , s

3 Switch spin equation

3.1 Switch neutrino spin equation without sources

Theorem 3.1.1. [( 1
2 + φ)Da + Sab(ς)D

b]ψ( 1
2 , ς) = 0

⇔


(σ,−iς)aDaψ( 1

2 , ς) = 0, φ = 0

σxDxψ( 1
2 , ς) = σyDyψ( 1

2 , ς) = σzDzψ( 1
2 , ς) = −iςDπψ( 1

2 , ς), φ = −2

ψ( 1
2 , ς) = constant, φ 6= 0,−2

Proof: [( 1
2 + φ)Da + Sab(ς)D

b]ψ( 1
2 , ς) = 0

⇔ [ 1
2Da + Sab(ς)D

b]ψ( 1
2 , ς) = −φDaψ( 1

2 , ς)

⇔ σa[ 1
2Da + Sab(ς)D

b]ψ( 1
2 , ς) = −(σ,−iς)aφDaψ( 1

2 , ς)

⇔ (σ,−iς)bDbψ( 1
2 , ς) = −2φ(σ,−iς)aDaψ( 1

2 , ς)

⇔ (σ,−iς)aDaψ( 1
2 , ς) = −2φσxDxψ( 1

2 , ς) = −2φσyDyψ( 1
2 , ς) = −2φσzDzψ( 1

2 , ς) = −2φ(−iς)Dπψ( 1
2 , ς)

⇔


(σ,−iς)aDaψ( 1

2 , ς) = 0, φ = 0

σxDxψ( 1
2 , ς) = σyDyψ( 1

2 , ς) = σzDzψ( 1
2 , ς) = −iςDπψ( 1

2 , ς), φ = −2

Daψ( 1
2 , ς) = 0, φ 6= 0,−2

Corollary 3.1.1. [( 1
2 + φ)∂a + Sab(ς)∂

b]ψ( 1
2 , ς) = 0

⇔


(σ,−iς)a∂aψ( 1

2 , ς) = 0, φ = 0

σx∂xψ( 1
2 , ς) = σy∂yψ( 1

2 , ς) = σz∂zψ( 1
2 , ς) = −iς∂πψ( 1

2 , ς), φ = −2

ψ( 1
2 , ς) = constant, φ 6= 0,−2

Corollary 3.1.2. σx∂xψ( 1
2 , ς) = σy∂yψ( 1

2 , ς) = σz∂zψ( 1
2 , ς) = −iς∂πψ( 1

2 , ς)

⇒ ψ( 1
2 , ς) = (xσx + yσy + zσz + iςπ)π0 ⇔ ψAς ( 1

2 , ς) = xa(σ, iς)a
AςA

′
ςπA′ς

Above conclusion is just the Penrose twistor [5, 6] projection relationship.

3.2 Switch electromagnetic field spin equation without sources

Theorem 3.2.1. [(1 + φ)Da + SabD
b]βς γςΨ

γς (1, ς) = 0, Sab = −ςσαςς ab
γας

⇔



(σ−ς ,−iς)aDaΨ̃(1, ς) = 0, φ = 0−DyΨzς = DzΨyς = ςDπΨxς ,−DzΨxς = DxΨzς = ςDπΨyς

−DxΨyς = DyΨxς = ςDπΨzς , DxΨxς = DyΨyς = DzΨzς

, φ = 3

DaΨbς = 0, φ 6= 0, 3
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Proof: [(1 + φ)Da + SabD
b]βς γςΨ

γς (1, ς) = 0, Sab = −ςσαςς ab
γας

⇔ (Da + SabD
b)βς γςΨ

γς (1, ς) = −φDaΨβς (1, ς)

⇔ (σ−ς ,−iς)aDaΨ̃(1, ς) = ςJ̃ (1, ς),−φDaΨβς (1, ς) = −ςσβςς ab
Jb

⇔



(σ−ς ,−iς)aDaΨ̃(1, ς) = 0, φ = 0−DyΨzς = DzΨyς = ςDπΨxς ,−DzΨxς = DxΨzς = ςDπΨyς

−DxΨyς = DyΨxς = ςDπΨzς , DxΨxς = DyΨyς = DzΨzς

, φ = 3

DaΨbς = 0, φ 6= 0, 3

Corollary 3.2.1. [(1 + φ)∂a + Sab∂
b]βς γςΨ

γς (1, ς) = 0, Sab = −ςσαςς ab
γας

⇔



(σ−ς ,−iς)a∂aΨ̃(1, ς) = 0, φ = 0−∂yΨzς = ∂zΨyς = ς∂πΨxς ,−∂zΨxς = ∂xΨzς = ς∂πΨyς

−∂xΨyς = ∂yΨxς = ς∂πΨzς , ∂xΨxς = ∂yΨyς = ∂zΨzς

, φ = 3

Ψας = constant, φ 6= 0, 3

Corollary 3.2.2.

−∂yΨzς = ∂zΨyς = ς∂πΨxς ,−∂zΨxς = ∂xΨzς = ς∂πΨyς

−∂xΨyς = ∂yΨxς = ς∂πΨzς , ∂xΨxς = ∂yΨyς = ∂zΨzς

⇒ Ψας (1, ς) = xaσαςς ab
Cb

3.3 Vector field spin equation and its switch spin equation without sources in arbitrary N+1 dimen-

sional spacetime

Vector field spin equation in arbitrary N+1 dimensional spacetime

Theorem 3.3.1. (Daδcd + SabcdD
b)Ad = Xac ⇔ Xab = DaAb −DbAa + δabDcA

c

Proof: (Daδcd + SabcdD
b)Ad = Xac

⇔ [Daδcd + (δacδbd − δadδbc)Db]Ad = Xac

⇔ DaAc + δacDbA
b −DcAa = Xac

⇔ DaAb −DbAa + δabDcA
c = Xab

⇔ Xab = DaAb −DbAa + δabDcA
c

Corollary 3.3.1. (Daδcd + SabcdD
b)Ad = 0⇔ DaAb −DbAa = 0, DaA

a = 0

The origin of the scalar field:

Corollary 3.3.2. (∂aδcd + Sabcd∂
b)Ad = 0⇔ ∂aAb − ∂bAa = 0, ∂aA

a = 0⇔ ∂a∂aφ = 0, Aa = ∂aφ

Vector field spin equation without source in arbitrary N+1 dimensional spacetime

Corollary 3.3.3. [(1 + φ)Daδcd + Sabcd∂
b]Ad = 0⇔



DaAb −DbAa = 0, DaA
a = 0, φ = 0

DaAb +DbAa = 0, φ = −2

DaAb6=a = 0, DxAx = DyAy = DzAz = DπAπ, φ = −4

DaAb = 0, φ 6= 0,−2,−4

Proof: [(1 + φ)Daδcd + SabcdD
b]Ad = 0

⇔ (Daδcd + SabcdD
b)Ad = −φDaAc

⇔ −φDaAb = DaAb −DbAa + δabDcA
c

⇔ −φDaAa = DcA
c,−φ(DaAb6=a +DbAa 6=b) = 0, (2 + φ)(DaAb −DbAa) = 0

⇔

−φDaAa = DcA
c, (4 + φ)DaA

a = 0

−φ(DaAb6=a +DbAa6=b) = 0, (2 + φ)(DaAb −DbAa) = 0
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⇔



DaAb −DbAa = 0, DaA
a = 0, φ = 0

DaAb +DbAa = 0, φ = −2

DaAb 6=a = 0, DxAx = DyAy = DzAz = DπAπ, φ = −4

DaAb = 0, φ 6= 0,−2,−4

Corollary 3.3.4. [(1 + φ)∂aδcd + Sabcd∂
b]Ad = 0⇔



∂aAb − ∂bAa = 0, ∂aA
a = 0, φ = 0

∂aAb + ∂bAa = 0, φ = −2

∂aAb6=a = 0, ∂xAx = ∂yAy = ∂zAz = ∂πAπ, φ = −4

Aa = constant, φ 6= 0,−2,−4

Corollary 3.3.5. ∂aAb6=a = 0, ∂xAx = ∂yAy = ∂zAz = ∂πAπ ⇒ Aa = kxa

3.4 Switch electron spin equation without sources in arbitrary N+1 dimensional spacetime

Switch electron spin equation in arbitrary N+1 dimensional spacetime:

Theorem 3.4.1. [( 1
2 + φ)(Da +mγa) + SabD

b]ψ = 0, Sab = 1
4 [γa, γb]⇔ (γaDa +m)ψ = −2φγbDbψ

Proof: [( 1
2 + φ)(Da +mγa) + SabD

b]ψ = 0, Sab = 1
4 [γa, γb]

⇔ [ 1
2 (Da +mγa) + SabD

b]ψ = −φDaψ, Sab = 1
4 [γa, γb]

⇔ [(2Sab + δab)Db + γam]ψ = −2φDaψ, Sab = 1
4 [γa, γb]

⇔ [ 1
2 ([γa, γb] + {γa, γb})Db + γam]ψ = −2φDaψ

⇔ γa(γbD
b +m)ψ = −2φDaψ

⇔ (γbD
b +m)ψ = −2φγaDaψ

⇔ (γaDa +m)ψ = −2φγbDbψ

Corollary 3.4.1. (γaDa +m)ψ = −2φγbDbψ, φ 6= 0

⇔



ψ = 0, φ = −n2 ,m 6= 0

γ1Dx1
ψ = γ2Dx2

ψ = · · · = γnDxnψ = −(n+ 2φ)−1mψ,φ 6= −n2 ,m 6= 0

γ1Dx1
ψ = γ2Dx2

ψ = · · · = γnDxnψ, φ = −n2 ,m = 0

γ1Dx1ψ = γ2Dx2ψ = · · · = γnDxnψ = 0, φ 6= −n2 ,m = 0

Corollary 3.4.2. (γaDa +m)ψ = −2φγbDbψ, φ 6= 0⇒



ψ = 0, φ = −n2 ,m 6= 0

ψ = 0, φ 6= −n2 ,m 6= 0

ψ = xaγaλ, φ = −n2 ,m = 0

ψ = constant, φ 6= −n2 ,m = 0

3.5 Spin-s particle switch spin equation without sources

Corollary 3.5.1. [(s+ φ)Da + Sab(s, ς)D
b]ψ(s, ς) = 0

⇔ ∃J̃(s, ς), (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = ςJ̃(s, ς),−φDaψ(s, ς) = Za(s, ς)ςJ̃(s, ς)

Proposition 3.5.1. (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = ςJ̃(s, ς),−φDaψ(s, ς) = Za(s, ς)ςJ̃(s, ς), φ 6= 0

⇔ (φ+ 2s+ 1)J̃(s, ς) = 0,−φDaψ(s, ς) = Za(s, ς)ςJ̃(s, ς), φ 6= 0

Corollary 3.5.2. [(s+ φ)Da + Sab(s, ς)D
b]ψ(s, ς) = 0⇔


(σ ⊗ I2s,−iς)aDaψ̃(s, ς) = 0, φ = 0

Daψ(s, ς) = 1
2s+1Za(s, ς)ςJ̃(s, ς), φ = −(2s+ 1)

Daψ(s, ς) = 0, φ 6= 0,−(2s+ 1)

Corollary 3.5.3. [−(s+ 1)Da + Sab(s, ς)D
b]ψ(s, ς) = 0⇔ Daψ(s, ς) = 1

2s+1Za(s, ς)ςJ̃(s, ς),∀J̃(s, ς)

Corollary 3.5.4. [−(s+ 1)∂a + Sab(s, ς)∂
b]ψ(s, ς) = 0⇒ It has a solution: ψ(s, ς) = 1

2s+1x
aZa(s, ς)ςJ̃(s, ς)

73



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

Corollary 3.5.5. [(s+ φ)∂a + Sab(s, ς)∂
b]ψ(s, ς) = 0

⇒



1. When φ = 0, (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = 0

There are plane wave solutions, it has solutions of characterizing particles.

2. When φ = −(2s+ 1), ψ(s, ς) = 1
2s+1x

aZa(s, ς)ςJ̃(s, ς)

No plane wave solutions, it degenerates to solutions of characterizing spacetime.

3. When φ 6= 0,−(2s+ 1), ψ(s, ς) = constant

Only constant solutions, it degenerates to solutions of characterizing the void.

Corollary 3.5.6. −φ∂aψ(s, ς) = Za(s, ς)ςJ̃(s, ς)⇔

∂xψ
1(s, ς)− i∂yψ1(s, ς) = 0, ∂zψ

1(s, ς) + iς∂πψ
1(s, ς) = 0 [∂xψ

2(s, ς)− i∂yψ2(s, ς)]

1
2s [∂xψ

1(s, ς) + i∂yψ
1(s, ς)]

 =

 1
2s [∂zψ

1(s, ς)− iς∂πψ1(s, ς)]

−[∂zψ
2(s, ς) + iς∂πψ

2(s, ς)]


 1

2 [∂xψ
3(s, ς)− i∂yψ3(s, ς)]

1
2s−1 [∂xψ

2(s, ς) + i∂yψ
2(s, ς)]

 =

 1
2s−1 [∂zψ

2(s, ς)− iς∂πψ2(s, ς)]

− 1
2 [∂zψ

3(s, ς) + iς∂πψ
3(s, ς)]


· · · · · · 1

2s−1 [∂xψ
2s(s, ς)− i∂yψ2s−1(s, ς)]

1
2 [∂xψ

2s−1(s, ς) + i∂yψ
2(s, ς)]

 =

 1
2 [∂zψ

2s−1(s, ς)− iς∂πψ2(s, ς)]

− 1
2s−1 [∂zψ

2s(s, ς) + iς∂πψ
2s−1(s, ς)]


 1

2s [∂xψ
2s+1(s, ς)− i∂yψ2s+1(s, ς)]

[∂xψ
2s(s, ς) + i∂yψ

2s(s, ς)]

 =

 [∂zψ
2s(s, ς)− iς∂πψ2s(s, ς)]

− 1
2s [∂zψ

2s+1(s, ς) + iς∂πψ
2s+1(s, ς)]


∂xψ

2s+1(s, ς) + i∂yψ
2s+1(s, ς) = 0, ∂zψ

2s+1(s, ς)− iς∂πψ2s+1(s, ς) = 0

3.6 Spin-s particle switch spin equation with sources

Corollary 3.6.1. [(s+ φ)Da + Sab(s, ς)D
b]ψ(s, ς) = Za(s, ς)ςJ̃(s, ς)

⇔ ∃J̃φ(s, ς), (σ ⊗ I2s,−iς)aDaψ̃(s, ς) = ς[J̃(s, ς) + J̃φ(s, ς)],−φDaψ(s, ς) = Za(s, ς)ςJ̃φ(s, ς)

Proposition 3.6.1. (σ ⊗ I2s,−iς)a∂aψ̃(s, ς) = ς[J̃(s, ς) + J̃φ(s, ς)],−φ∂aψ(s, ς) = Za(s, ς)ςJ̃φ(s, ς), φ 6= 0

⇔ (φ+ 2s+ 1)J̃φ(s, ς) = −φJ̃(s, ς),−φ∂aψ(s, ς) = Za(s, ς)ςJ̃φ(s, ς), φ 6= 0

⇔ (φ+ 2s+ 1)J̃φ(s, ς) = −φJ̃(s, ς), ψ(s, ς) = −
∫
φ−1Za(s, ς)ςJ̃φ(s, ς)dxa, φ 6= 0

⇒ ψ(s, ς) =
∫

(φ+ 2s+ 1)−1Za(s, ς)ςJ̃(s, ς)dxa, φ 6= 0, φ 6= −(2s+ 1)

4 Synchronous representation transformation

4.1 Electromagnetic field synchronous representation transformation

Corollary 4.1.1. [Da + Sab(1, ς)D
b]ψ(1, ς) = Za(1, ς)ςJ̃(1, ς)⇔ [Da + Sab(1, ς)mD

b]Ψ(1, ς) = Za(1, ς)mςJ̃ (1, ς)

Proof: [Da + Sab(1, ς)D
b]ψ(1, ς) = Za(1, ς)ςJ̃(1, ς)

⇔ [Da + Sm(1)Sab(1, ς)S
+
m(1)Db]Sm(1)ψ(1, ς) = Sm(1)Za(1, ς)S+

em(ς)Sem(ς)ςJ̃(1, ς)

⇔ [Da + Sab(1, ς)mD
b]Ψ(1, ς) = Za(1, ς)mςJ̃ (1, ς)

Corollary 4.1.2. (σ ⊗ I,−iς)aDaψ̃(1, ς) = ςJ̃(1, ς)⇔ (σ−ς ,−iς)aDaΨ̃(1, ς) = ςJ̃ (1, ς)

Proof: (σ ⊗ I,−iς)aDaψ̃(1, ς) = ςJ̃(1, ς)

⇔ (Sem(ς)σ ⊗ IS+
em(ς),−iς)aDaSem(ς)ψ̃(1, ς) = ςSem(ς)J̃(1, ς)

⇔ (σ−ς ,−iς)aDaΨ̃(1, ς) = ςJ̃ (1, ς)

Corollary 4.1.3. [Da + Sab(1, ς)mD
b]Ψ(1, ς) = Za(1, ς)mςJ̃ (1, ς)⇔ (Da + Sab(1, ς)mD

b)βς γςΨ
γς (1, ς) = −ςσβςς ab

Jb

A summary of electromagnetic field synchronous representation transformation:
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Corollary 4.1.4. [Da + Sab(1, ς)D
b]ψ(1, ς) = Za(1, ς)ςJ̃(1, ς)⇔ (σ ⊗ I,−iς)aDaψ̃(1, ς) = ςJ̃(1, ς)

⇔ [Da + Sab(1, ς)mD
b]Ψ(1, ς) = Za(1, ς)mςJ̃ (1, ς)⇔ (σ−ς ,−iς)aDaΨ̃(1, ς) = ςJ̃ (1, ς)

Corollary 4.1.5.



(σ ⊗ I,−iς)aDaψ̂(1, ς) = ςĴ(1, ς)⇔ (σ−ς ,−iς)aDaΨ̂(1, ς) = ςĴ (1, ς)

Ψ̂(1, ς) = Sem(ς)ψ̂(1, ς), Ĵ (1, ς) = Sem(ς)Ĵ(1, ς)

ψ̂(1, ς) ∼ e(iω+ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ( 1

2 ) ⇔ Ψ̂(1, ς) ∼ e(iω+ςε)·R

Ĵ(1, ς) ∼ e(iω−ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ( 1

2 ) ⇔ Ĵ (1, ς) ∼ e(iω·R−ςε·L)

4.2 Gravitational field synchronous representation transformation

Definiton 4.2.1. J̄bcd ≡ Rb[c;d] − 1
6g
b[cR;d], J̄bβς ≡ 1

2 ςσ
βς
ςcdJ̄

bcd, JA′ς
BςCςDς ≡ 1

2 (σ,−iς)bA′ςAς ε̄
AςBςσβς

CςDς J̄ βς
b

Corollary 4.2.1. (Da + SabD
b)βςαςC

αςγς (1, ς) ≡ −ςσβςς ab
J̄bγς ⇔ (σ−ς ,−iς)abαςDaĈ

αςβς ≡ ςJ̄ βς
b

Corollary 4.2.2. (σ−ς ,−iς)abαςDaĈ
αςβς ≡ ςJ̄ βς

b ⇔ (σ−ς ⊗ I4,−iς)aDaΨ̂(2, ς) ≡ ςĴ (2, ς)

The components are written to a matrix, then it can be proved.

Corollary 4.2.3. (σ−ς ⊗ I4,−iς)aDaΨ̂(2, ς) ≡ ςĴ (2, ς)⇔ (σ ⊗ I8,−iς)aDaψ̂(2, ς) ≡ ςĴ(2, ς)

Proof: (σ−ς ⊗ I4,−iς)aDaΨ̂(2, ς) ≡ ςĴ (2, ς)

⇔ S+
em(ς)⊗ S+

em(ς)(σ−ς ⊗ I4,−iς)aSem(ς)⊗ Sem(ς)DaS
+
em(ς)⊗ S+

em(ς)Ψ̂(2, ς) ≡ ςS+
em(ς)⊗ S+

em(ς)Ĵ (2, ς)

⇔ (σ ⊗ I8,−iς)aDaψ̂(2, ς) ≡ ςĴ(2, ς)

Corollary 4.2.4. (σ ⊗ I8,−iς)aDaψ̂(2, ς) ≡ ςĴ(2, ς)⇔ (σ ⊗ I4,−iς)aDaψ̃(2, ς) ≡ ςJ̃(2, ς)

To expand and arrange, it can be proved.

Corollary 4.2.5. (σ ⊗ I4,−iς)aDaψ̃(2, ς) ≡ ςJ̃(2, ς)⇔ [2Da + Sab(2, ς)D
b]ψ(2, ς) ≡ Za(2, ς)ςJ̃(2, ς)

Corollary 4.2.6. [Da + Sab(2, ς)D
b]ψ(2, ς) ≡ Za(2, ς)ςJ̃(2, ς)⇔ [Da + Sab(2, ς)mD

b]Ψ(2, ς) ≡ Za(2, ς)mςJ̃ (2, ς)

Proof: [2Da + Sab(2, ς)D
b]ψ(2, ς) ≡ Za(2, ς)ςJ̃(2, ς)

⇔ [2Da + Sm(2)Sab(2, ς)S
+
m(2)Db]Sm(2)ψ(2, ς) ≡ Sm(2)Za(2, ς)S+

em(ς)⊗ S+
em( 1

2 )Sem(ς)⊗ Sem( 1
2 )ςJ̃(2, ς)

⇔ [2Da + Sab(2, ς)mD
b]Ψ(2, ς) ≡ Za(2, ς)mςJ̃ (2, ς)

Corollary 4.2.7. (σ ⊗ I4,−iς)aDaψ̃(2, ς) ≡ ςJ̃(2, ς)⇔ (σ−ς ⊗ I,−iς)aDaΨ̃(2, ς) ≡ ςJ̃ (2, ς)

Proof: (σ ⊗ I4,−iς)aDaψ̃(2, ς) ≡ ςJ̃(2, ς)

⇔ Sem(ς)⊗ Sem( 1
2 )(σ ⊗ I4,−iς)aS+

em(ς)⊗ S+
em( 1

2 )DaSem(ς)⊗ Sem( 1
2 )ψ̃(2, ς)

≡ ςSem(ς)⊗ Sem( 1
2 )J̃(2, ς)

⇔ (σ−ς ⊗ I,−iς)aDaΨ̃(2, ς) ≡ ςJ̃ (2, ς)

Corollary 4.2.8. [Da + Sab(2, ς)mD
b]Ψ(2, ς) ≡ Za(2, ς)mςJ̃ (2, ς)⇔ (σ−ς ⊗ I,−iς)aDaΨ̃(2, ς) ≡ ςJ̃ (2, ς)

Corollary 4.2.9. (σ−ς ,−iς)abαςDaĈ
αςβς ≡ ςJ̄ βς

b ⇔ (γ,−iς)alαςDaC
αςβς ≡ ςJ̄ βς

l

To expand and arrange, it can be proved. A summary of various equivalent forms of gravitational field identity:

Corollary 4.2.10. (Da + SabD
b)βςαςC

αςγς (1, ς) ≡ −ςσβςς ab
J̄bγς

⇔ (σ−ς ,−iς)abαςDaĈ
αςβς ≡ ςJ̄ βς

b ⇔ (γ,−iς)alαςDaC
αςβς ≡ ςJ̄ βς

l

⇔ (σ−ς ⊗ I4,−iς)aDaΨ̂(2, ς) ≡ ςĴ (2, ς)⇔ (σ ⊗ I8,−iς)aDaψ̂(2, ς) ≡ ςĴ(2, ς)

⇔ [Da + Sab(2, ς)D
b]ψ(2, ς) ≡ Za(2, ς)ςJ̃(2, ς)⇔ (σ ⊗ I4,−iς)aDaψ̃(2, ς) ≡ ςJ̃(2, ς)

⇔ [Da + Sab(2, ς)mD
b]Ψ(2, ς) ≡ Za(2, ς)mςJ̃ (2, ς)⇔ (σ−ς ⊗ I,−iς)aDaΨ̃(2, ς) ≡ ςJ̃ (2, ς)
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Corollary 4.2.11.



(σ ⊗ I8,−iς)aDaψ̂(1, ς) = ςĴ(2, ς)⇔ (σ−ς ⊗ I4,−iς)aDaΨ̂(2, ς) = ςĴ (2, ς)

Ψ̂(2, ς) = Sem(ς)⊗ Sem(ς)ψ̂(2, ς), Ĵ (2, ς) = Sem(ς)⊗ Sem(ς)Ĵ(2, ς)

ψ̂(2, ς) ∼ e(iω+ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ( 1

2 ) ⊗ e(iω+ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ( 1

2 )

⇔ Ψ̂(2, ς) ∼ e(iω+ςε)·R ⊗ e(iω+ςε)·R

Ĵ(2, ς) ∼ e(iω−ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ( 1

2 ) ⊗ e(iω+ςε)·σ( 1
2 ) ⊗ e(iω+ςε)·σ( 1

2 )

⇔ Ĵ (2, ς) ∼ e(iω·R−ςε·L) ⊗ e(iω+ςε)·R
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Chapter 5

Analysis of Bargmann-Wigner equation

1 Bargmann-Wigner equation

1.1 Bargmann-Wigner equation [20, 24]

[γa(ς)Da +m]κςλςψ

2s︷ ︸︸ ︷
λςµςηςξς · · · ζς = J

2s︷ ︸︸ ︷
κςµςηςξς · · · ζς , ψ

2s︷ ︸︸ ︷
λςµςηςξς · · · ζς , J

2s︷ ︸︸ ︷
κςµςηςξς · · · ζςκς (5.1)

2 Complete expansion of second-order matrices

2.1 Complete Pauli basis expansion of second-order matrices

Complete Pauli basis of second-order matrices: Γa(ς) = {σ, iς}

Proposition 2.1.1. xaΓa(ς) = 0⇒ xa = 0

Proof: xaΓa(ς) = 0

⇒ xa(σ, iς)a = 0

⇒ {xa(σ, iς)a, (σ,−iς)b} = 0

⇒ xa(2δab) = 0

⇒ xa = 0

Corollary 2.1.1. xaΓa(ς) = 0⇔ xa = 0

Proposition 2.1.2. X = 1
2 tr[Γ

a(−ς)X]Γa(ς),∀X ∈ second-order matrices.

Proof: X = X11

[
1 0

0 0

]
+X12

[
0 1

0 0

]
+X21

[
0 0

1 0

]
+X22

[
0 0

0 1

]
,∀X ∈ second-order matrices.

⇔ X = 1
2 [X11(I + σz) +X12(σx + iσy) +X21(σx − iσy) +X22(I − σz)],∀X ∈ second-order matrices.

⇔ X = 1
2 (X12 +X21)σx + i

2 (X12 −X21)σy + 1
2 (X11 −X22)σz − iς 1

2 (X11 +X22)iςI, ∀X ∈ second-order matrices.

⇔ X = 1
2 tr[Γ

a(−ς)X]Γa(ς),∀X ∈ second-order matrices.

Corollary 2.1.2. X = xaΓa(ς), xa = tr[Γa(−ς)X],∀X ∈ second-order matrices.

Properties of second-order matrices complete basis:

Orthogonality: Γa(−ς)Γa(ς) = I, tr[Γa(−ς)Γb(ς)] = 2δab (5.2)

Linear independence: xaΓa(ς) = 0⇔ xa = 0 (5.3)

Completeness: X = xaΓa,∀X ∈ second-order matrices. (5.4)

Expansion uniqueness: X = xaΓa ⇔ xa =
1

2
tr[Γa(−ς)X],∀X ∈ second-order matrices. (5.5)

2.2 Symmetric and antisymmetric basis expansion of second-order matrices

Symmetric and antisymmetric basis of second-order matrices: Γa(ς)ε̄ = {σ, iς}ε̄, [Γa(ς)ε̄]T = {σ,−iς}ε̄
σε̄ is a symmetric basis, iςε̄ is an antisymmetric basis.

Proposition 2.2.1. xaΓa(ς)ε̄ = 0⇔ xa = 0

Proposition 2.2.2. X = 1
2 tr[εΓ

a(−ς)X]Γa(ς)ε̄,∀X ∈ second-order matrices.
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Proof: Xε = 1
2 tr[Γ

a(−ς)Xε]Γa(ς),∀X ∈ second-order matrices.

⇔ X = 1
2 tr[Γ

a(−ς)Xε]Γa(ς)ε̄,∀X ∈ second-order matrices.

⇔ X = 1
2 tr[ε̄εΓ

a(−ς)Xε]Γa(ς)ε̄, ∀X ∈ second-order matrices.

⇔ X = 1
2 tr[εΓ

a(−ς)X]Γa(ς)ε̄,∀X ∈ second-order matrices.

3 Complete expansion of fourth-order matrices

3.1 Double Pauli basis expansion of fourth-order matrices

Proposition 3.1.1. X = 1
4 tr[Γ

a(−ς)⊗ Γb(−ς)X]Γa(ς)⊗ Γb(ς),∀X ∈ fourth-order matrices.

Proof: X = 1
2

[
tr[Γa(−ς)X11]Γa(ς) tr[Γa(−ς)X12]Γa(ς)

tr[Γa(−ς)X21]Γa(ς) tr[Γa(−ς)X22]Γa(ς)

]
,∀X ∈ fourth-order matrices.

⇔ X = 1
2Γa(ς)⊗

[
tr[Γa(−ς)X11] tr[Γa(−ς)X12]

tr[Γa(−ς)X21] tr[Γa(−ς)X22]

]
,∀X ∈ fourth-order matrices.

⇔ X = 1
4 tr{Γ

b(−ς)

[
tr[Γa(−ς)X11] tr[Γa(−ς)X12]

tr[Γa(−ς)X21] tr[Γa(−ς)X22]

]
}Γa(ς)⊗ Γb(ς),∀X ∈ fourth-order matrices.

⇔ X = 1
4 tr[Γ

a(−ς)⊗ Γb(−ς)X]Γa(ς)⊗ Γb(ς),∀X ∈ fourth-order matrices.

Corollary 3.1.1. tr{Γb(−ς)

[
tr[Γa(−ς)X11] tr[Γa(−ς)X12]

tr[Γa(−ς)X21] tr[Γa(−ς)X22]

]
} = tr[Γa(−ς)⊗ Γb(−ς)X],∀X ∈ fourth-order matrices.

3.2 Charge conjugate matrix C [7, 12]

Definiton 3.2.1. Charge conjugate matrix C⇔ C̄γa(ς)C = −γTa (ς), CT = −C,C+ = C̄

Corollary 3.2.1. γa(ς)C = [γa(ς)C]T

Proof: γa(ς)C = CC̄γa(ς)C = −CγTa (ς) = CT γTa (ς) = [γa(ς)C]T

Corollary 3.2.2. C̄γa(ς) = [C̄γa(ς)]T

Proof: C̄γa(ς) = C̄γa(ς)CC̄ = −γTa (ς)C̄ = −[C∗γa(ς)]T = [C̄γa(ς)]T

Corollary 3.2.3. Sab(e, ς)C = [Sab(e, ς)C]T

Proof: Sab(e, ς)C = 1
4 [γa(ς)γb(ς)− γb(ς)γa(ς)]C

= 1
4 [CC̄γa(ς)CC̄γb(ς)C − CC̄γb(ς)CC̄γa(ς)C]

= 1
4C[γTa (ς)γTb (ς)− γTb (ς)γTa (ς)] = − 1

4C
T [γb(ς)γa(ς)− γa(ς)γb(ς)]

T

= CTSTab(e, ς) = [Sab(e, ς)C]T

Corollary 3.2.4. C̄Sab(e, ς) = [C̄Sab(e, ς)]
T

Proof: C̄Sab(e, ς) = 1
4 C̄[γa(ς)γb(ς)− γb(ς)γa(ς)]

= 1
4 [C̄γa(ς)CC̄γb(ς)CC̄ − C̄γb(ς)CC̄γa(ς)CC̄]

= 1
4 [γTa (ς)γTb (ς)− γTb (ς)γTa (ς)]C̄ = − 1

4 [γb(ς)γa(ς)− γa(ς)γb(ς)]
T C̄T

= STab(e, ς)C̄
T = [C̄Sab(e, ς)]

T

Corollary 3.2.5. C̄γ5(ς)C = γT5 (ς)

Proof: C̄γ5(ς)C = C̄γx(ς)γy(ς)γz(ς)γπ(ς)C

= C̄γx(ς)CC̄γy(ς)CC̄γz(ς)CC̄γπ(ς)C

= γTx (ς)γTy (ς)γTz (ς)γTπ (ς) = [γπ(ς)γz(ς)γy(ς)γx(ς)]T = γT5 (ς)

Corollary 3.2.6. C = −CT , C̄ = −C̄T ,

Corollary 3.2.7. γ5(ς)C = −[γ5(ς)C]T , C̄γ5(ς) = −[C̄γ5(ς)]T
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Corollary 3.2.8. γ5(ς)γa(ς)C = −[γ5(ς)γa(ς)C]T

Proof: γ5(ς)γa(ς)C = CC̄γ5(ς)CC̄γa(ς)C = −CγT5 (ς)γTa (ς)

= CT γT5 (ς)γTa (ς) = [γa(ς)γ5(ς)C]T = −[γ5(ς)γa(ς)C]T

Corollary 3.2.9. C̄γ5(ς)γa(ς) = −[C̄γ5(ς)γa(ς)]T

Proof: C̄γ5(ς)γa(ς) = C̄γ5(ς)CC̄γa(ς)CC̄ = −γT5 (ς)γTa (ς)C̄

= γT5 (ς)γTa (ς)C̄T = [C̄γa(ς)γ5(ς)]T = −[C̄γ5(ς)γa(ς)]T

summary:

Symmetric basis: γa(ς)C = [γa(ς)C]T , C̄γa(ς) = [C̄γa(ς)]T , Sab(e, ς)C = [Sab(e, ς)C]T , C̄Sab(e, ς) = [C̄Sab(e, ς)]
T

Antisymmetric basis: C = −CT , C̄ = −C̄T , γ5(ς)C = −[γ5(ς)C]T , , C̄γ5(ς) = −[C̄γ5(ς)]T ,

γ5(ς)γa(ς)C = −[γ5(ς)γa(ς)C]T , C̄γ5(ς)γa(ς) = −[C̄γ5(ς)γa(ς)]T

3.3 Dirac matrices under special representation [7, 12]

Take Dirac matrices of special representation: [γa(ς), γ5(ς)] = [(σ ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]
Expansion in detail:

[γa(ς), γ5(ς)] = [(σx ⊗ σy, σy ⊗ σy, σz ⊗ σy, ςI ⊗ σx), ςI ⊗ σz]
[γa(ς), γ5(ς)]γ5(ς) = iς[(σx ⊗ σx, σy ⊗ σx, σz ⊗ σx,−ςI ⊗ σy),−iςI ⊗ I]

Sab(e, ς) = 1
4 [γa(ς), γb(ς)] = i

2


0 σz ⊗ I −σy ⊗ I −ςσx ⊗ σz

−σz ⊗ I 0 σx ⊗ I −ςσy ⊗ σz
σy ⊗ I −σx ⊗ I 0 −ςσz ⊗ σz
ςσx ⊗ σz ςσy ⊗ σz ςσz ⊗ σz 0


Charge conjugation matrix under special representation:

C = ε̄⊗ σz = ςγy(ς)γπ(ς), C̄ = −C = ε⊗ σz = −ςγy(ς)γπ(ς)

3.4 Complete Dirac basis expansion of fourth-order matrices [7, 12]

Complete Dirac basis of fourth-order matrices: ΓA(ς) = [γa(ς),−2iSab(e, ς),−I4,−iγa(ς)γ5(ς),−γ5(ς)]

Proposition 3.4.1. X = [imγa(ς)Aa − iSab(e, ς)F ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀Xφ = − 1
4 trX

Φ = − 1
4 tr[γ

5(ς)X]
,

imAa = 1
4 tr[γ

a(ς)X]

imAa = 1
4 tr[γ

a(ς)γ5(ς)X]
, F ab = − i

2 tr[S
ab(e, ς)X]

Proof: X = 1
4 tr[Γ

a(−ς)⊗ Γb(−ς)X]Γa(ς)⊗ Γb(ς),∀X
⇔ X = [imγa(ς)Aa − iSab(e, ς)F ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀XimAi = iς

4 tr[Γ
i(−ς)⊗ Γx(−ς)X] = 1

4 tr[γ
i(ς)γ5(ς)X]

imAπ = i
4 tr[Γ

π(−ς)⊗ Γx(−ς)X] = 1
4 tr[γ

π(ς)X]imAi = 1
4 tr[Γ

i(−ς)⊗ Γy(−ς)X] = 1
4 tr[γ

i(ς)X]

imAπ = ς
4 tr[Γ

π(−ς)⊗ Γy(−ς)X] = 1
4 tr[γ

π(ς)γ5(ς)X]F iπ = −Fπi = − ς
4 tr[Γ

i(−ς)⊗ Γz(−ς)X] = − i
2 tr[S

iπ(e, ς)X]

Φ = − i
4 tr[Γ

π(−ς)⊗ Γz(−ς)X] = − 1
4 tr[γ

5(ς)X]

F yz = −F zy = iς
4 tr[Γ

x(−ς)⊗ Γπ(−ς)X] = − i
2 tr[S

yz(e, ς)X]

F zx = −F xz = iς
4 tr[Γ

y(−ς)⊗ Γπ(−ς)X] = − i
2 tr[S

zx(e, ς)X]

F xy = −F yx = iς
4 tr[Γ

z(−ς)⊗ Γπ(−ς)X] = − i
2 tr[S

xy(e, ς)X]

φ = 1
4 tr[Γ

π(−ς)⊗ Γπ(−ς)X] = − 1
4 trX

⇔ X = [imγa(ς)Aa − iSab(e, ς)F ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀Xφ = − 1
4 trX

Φ = − 1
4 tr[γ

5(ς)X]
,

imAa = 1
4 tr[γ

a(ς)X]

imAa = 1
4 tr[γ

a(ς)γ5(ς)X]
, F ab = − i

2 tr[S
ab(e, ς)X]
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Corollary 3.4.1. X = [imγa(ς)Aa − iSab(e, ς)F ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀X
⇔ X = [imγa(ς)Aa − iSab(e, ς)F ab]− [I4φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ],∀Xφ = − 1

4 trX

Φ = − 1
4 tr[γ

5(ς)X]
,

imAa = 1
4 tr[γ

a(ς)X]

imAa = 1
4 tr[γ

a(ς)γ5(ς)X]
, F ab = − i

2 tr[S
ab(e, ς)X]

3.5 Symmetric and antisymmetric basis expansion of fourth-order matrices

Symmetric and antisymmetric basis of second-order matrices: ΓA(ς) = [γa(ς),−2iSab(e, ς), |−I4,−iγa(ς)γ5(ς),−γ5(ς)]C

Proposition 3.5.1. X = [imγa(ς)CAa − iSab(e, ς)CF ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ],∀X

iF ab = 1
2 tr[C̄S

ab(e, ς)X],

imAa = 1
4 tr[C̄γ

a(ς)X]

imAa = − 1
4 tr[C̄γ

a(ς)γ5(ς)X]
,

φ = − 1
4 tr[C̄X]

Φ = − 1
4 tr[C̄γ

5(ς)X]

Proof: XC̄ = 1
4 tr[Γ

a(−ς)⊗ Γb(−ς)XC̄]Γa(ς)⊗ Γb(ς),∀X
⇔ XC̄ = [imγa(ς)Aa − iSab(e, ς)F ab]− [φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]φ = − 1

4 tr[XC̄]

Φ = − 1
4 tr[γ

5(ς)XC̄]
,

imAa = 1
4 tr[γ

a(ς)XC̄]

imAa = 1
4 tr[γ

a(ς)γ5(ς)XC̄]
, F ab = − i

2 tr[S
ab(e, ς)XC̄]

⇔ X = [imγa(ς)CAa − iSab(e, ς)CF ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ]

iF ab = 1
2 tr[C̄S

ab(e, ς)X],

imAa = 1
4 tr[C̄γ

a(ς)X]

imAa = − 1
4 tr[C̄γ

a(ς)γ5(ς)X]
,

φ = − 1
4 tr[C̄X]

Φ = − 1
4 tr[C̄γ

5(ς)X]

Corollary 3.5.1. X = [imγa(ς)CAa − iSab(e, ς)CF ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ],∀X
⇔ X = [imγa(ς)CAa − iSab(e, ς)CF ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ],∀X

iF ab = 1
2 tr[C̄S

ab(e, ς)X],

imAa = 1
4 tr[C̄γ

a(ς)X]

imAa = − 1
4 tr[C̄γ

a(ς)γ5(ς)X]
,

φ = − 1
4 tr[C̄X]

Φ = − 1
4 tr[C̄γ

5(ς)X]

3.6 Expansion of symmetric fourth-order matrices

Fourth-order matrices symmetric basis:

ΓA(ς) = [γa(ς),−2iSab(e, ς)]C, C̄γa(ς)C = −γTa (ς), CT = C̄ = −C,C+(ς) = C̄

Proposition 3.6.1. G = imγa(ς)CAa − iSab(e, ς)CF ab, G = GT , iF ab = tr[C̄Sab(e, ς)G], imAa = 1
4 tr[C̄γ

a(ς)G]

Proof: G = [imγa(ς)CAa − iSab(e, ς)CF ab]− [Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ]

iF ab = 1
2 tr[C̄S

ab(e, ς)G], G = GT ,

imAa = 1
4 tr[C̄γ

a(ς)G]

imAa = − 1
4 tr[C̄γ

a(ς)γ5(ς)G] = 0
,

φ = − 1
4 tr[C̄G] = 0

Φ = − 1
4 tr[C̄γ

5(ς)G] = 0

⇔ G = imγa(ς)CAa − iSab(e, ς)CF ab, G = GT , iF ab = 1
2 tr[C̄S

ab(e, ς)G], imAa = 1
4 tr[C̄γ

a(ς)G]

4 Spin-1 Bargmann-Wigner equation [20, 24]

4.1 Analysis of spin-1 Bargmann-Wigner equation with mass

Lemma 4.1.1. [γc(ς)Dc +m][imγa(ς)CAa
σ − iSab(e, ς)CFabσ] = J [κςµς ]σ,

⇔

i(DbFab
σ +m2Aa

σ) = 1
4 tr[C̄γa(ς)J [κςµς ]σ], im[Fab

σ − (DaAb
σ −DbAa

σ)] = 1
2 tr[C̄S

ab(e, ς)J [κςµς ]σ]

imDaAa
σ = 1

4 tr[C̄J
[κςµς ]σ], 0 = 1

4 tr[C̄γ
5(ς)J [κςµς ]σ], iDb∗Fabσ = 1

4 tr[C̄γ
a(ς)γ5(ς)J [κςµς ]σ]

Proof: [γc(ς)Dc +m][imγa(ς)CAa
σ − iSab(e, ς)CFabσ] = J [κςµς ]σ,

⇔ imγc(ς)γa(ς)DcAa
σ − iγc(ς)Sab(e, ς)DcFab

σ + im2γa(ς)Aa
σ − imSab(e, ς)Fabσ = J [κςµς ]σC̄

⇔ im[δca + 2Sca(e, ς)]DcAa
σ − i

2 [εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab
σ

+ im2γa(ς)Aa
σ − imSab(e, ς)Fabσ = J [κςµς ]σC̄,

⇔ im[DaAa
σ + 2Sab(e, ς)DaAb

σ]− i
2 [εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab

σ

+ im2γa(ς)Aa
σ − imSab(e, ς)Fabσ = J [κςµς ]σC̄

⇔ i(DbFab
σ +m2Aa

σ)γa(ς)C − im[Fab
σ − (DaAb

σ −DbAa
σ)]Sab(e, ς)C
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+ imDaAa
σC + iDb∗Fabσγ5(ς)γa(ς)C = J [κςµς ]σ

⇔

i(DbFab
σ +m2Aa

σ) = 1
4 tr[C̄γa(ς)J [κςµς ]σ], im[Fab

σ − (DaAb
σ −DbAa

σ)] = 1
2 tr[C̄S

ab(e, ς)J [κςµς ]σ]

imDaAa
σ = 1

4 tr[C̄J
[κςµς ]σ], 0 = 1

4 tr[C̄γ
5(ς)J [κςµς ]σ], iDb∗Fabσ = 1

4 tr[C̄γ
a(ς)γ5(ς)J [κςµς ]σ]

Lemma 4.1.2.



i(DbFab
σ +m2Aa

σ) = 1
4 tr[C̄γa(ς)J [κςµς ]σ]

im[Fab
σ − (DaAb

σ −DbAa
σ)] = 1

2 tr[C̄S
ab(e, ς)J [κςµς ]σ] = 0

imDaAa
σ = 1

4 tr[C̄J
[κςµς ]σ] = 0, 0 = 1

4 tr[C̄γ
5(ς)J [κςµς ]σ]

iDb∗Fabσ = 1
4 tr[C̄γ

a(ς)γ5(ς)J [κςµς ]σ] = 0

⇔

DbFab
σ +m2Aa

σ = Ja
σ, Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0

J [κςµς ]σ = −iJaσγa(ς)C

Proof:



i(DbFab
σ +m2Aa

σ) = 1
4 tr[C̄γa(ς)J [κςµς ]σ]

im[Fab
σ − (DaAb

σ −DbAa
σ)] = 1

2 tr[C̄S
ab(e, ς)J [κςµς ]σ] = 0

imDaAa
σ = 1

4 tr[C̄J
[κςµς ]σ] = 0, 0 = 1

4 tr[C̄γ
5(ς)J [κςµς ]σ]

iDb∗Fabσ = 1
4 tr[C̄γ

a(ς)γ5(ς)J [κςµς ]σ] = 0

⇔


i(DbFab

σ +m2Aa
σ) = 1

4 tr[C̄γa(ς)J [κςµς ]σ], Db∗Fabσ = 0, Fab
σ = DaAb

σ −DbAa
σ, DaAa

σ = 0

J [κςµς ]σ =

 0 J [1ς2ς ]σ

J [2ς1ς ]σ 0

 , 1
4 tr[C̄γ

a(ς)γ5(ς)J [κςµς ]σ] = 0

⇔


i(DbFab

σ +m2Aa
σ) = 1

4 tr[C̄γa(ς)J [κςµς ]σ], J [κςµς ]σ =

 0 Ja
σΓa(ς)ε̄

Ja
σΓa(−ς)ε̄ 0


Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0

⇔

DbFab
σ +m2Aa

σ = Ja
σ, Db∗Fabσ = 0, Fab

σ = DaAb
σ −DbAa

σ, DaAa
σ = 0

J [κςµς ]σ = −iJaσγa(ς)C

Corollary 4.1.1. [γc(ς)Dc +m][imγa(ς)CAa
σ − iSab(e, ς)CFabσ] = −iJaσγa(ς)C

⇔ DbFab
σ +m2Aa

σ = −Jaσ, Db∗Fabσ = 0, Fab
σ = DaAb

σ −DbAa
σ, DaAa

σ = 0

Corollary 4.1.2. [γc(ς)Dc +m][imγa(ς)CAa
σ − iSab(e, ς)CFabσ] = −iJaσγa(ς)C

⇔

[γc(ς)Dc +m][imγa(ς)C + 2iSab(e, ς)CDb]Aa
σ = −iJaσγa(ς)C

Fab
σ = DaAb

σ −DbAa
σ

Corollary 4.1.3.

[γc(ς)Dc +m][imγa(ς)C + 2iSab(e, ς)CDb]Aa
σ = −iJaσγa(ς)C

Fab
σ = DaAb

σ −DbAa
σ

⇔ DbFab
σ +m2Aa

σ = −Jaσ, Db∗Fabσ = 0, Fab
σ = DaAb

σ −DbAa
σ, DaAa

σ = 0

Corollary 4.1.4.

[γc(ς)∂c +m][imγa(ς)C + 2iSab(e, ς)C∂b]Aa
σ = −iJaσγa(ς)C

Fab
σ = ∂aAb

σ − ∂bAaσ

⇔ ∂bFab
σ +m2Aa

σ = −Jaσ, Fabσ = ∂aAb
σ − ∂bAaσ, ∂aJaσ = 0

Corollary 4.1.5.

[γc(ς)Dc +m]ψ[λςµς ]σ = −iJaσγa(ς)C

ψ[λςµς ]σ = imγa(ς)CAa
σ − iSab(e, ς)CFabσ

⇔


[γc(ς)Dc +m]ψ[λςµς ]σ = −iJaσγa(ς)C

ψ[λςµς ]σ = [imγa(ς)C + 2iSab(e, ς)CDb]Aa
σ

Fab
σ = DaAb

σ −DbAa
σ

Corollary 4.1.6.

[γc(ς)Dc +m]ψ[λςµς ]σ = −iJaσγa(ς)C

ψλςµςσ = ψµςλςσ
⇔

[γc(ς)Dc +m]ψ[λςµς ]σ = −iJaσγa(ς)C

ψ[λςµς ]σ = [imγa(ς)C + 2iSab(e, ς)CDb]Aa
σ
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Corollary 4.1.7.

[γc(ς)Dc +m]ψ[λςµς ]σ = −iJaσγa(ς)C

ψλςµςσ = ψµςλςσ

⇔

DbFab
σ +m2Aa

σ = −Jaσ, Db∗Fabσ = 0, Fab
σ = DaAb

σ −DbAa
σ, DaAa

σ = 0

ψ[λςµς ]σ = [imγa(ς)C + 2iSab(e, ς)CDb]Aa
σ

Corollary 4.1.8.

[γc(ς)∂c +m]ψ[λςµς ]σ = −iJaσγa(ς)C

ψλςµςσ = ψµςλςσ

⇔

∂bFab
σ +m2Aa

σ = −Jaσ, ∂aJaσ = 0, Fab
σ = ∂aAb

σ − ∂bAaσ

ψ[λςµς ]σ = [imγa(ς)C + 2iSab(e, ς)C∂b]Aa
σ

4.2 Spin-1 Bargmann-Wigner equation with mass

Theorem 4.2.1.

[γc(ς)∂c +m]ψ[λς ]µςσ = −iJaσγa(ς)C

ψλςµςσ = ψµςλςσ
⇔


(−∂b∂b +m2)Aa

σ = −Jaσ

∂aAa
σ = 0, ∂aJa

σ = 0

ψλςµςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµςAa

σ

4.3 Analysis of spin-1 Bargmann-Wigner equation without mass

Lemma 4.3.1. [γc(ς)Dc +m][imγa(ς)CAa
σ − iSab(e, ς)CFabσ] = J [κςµς ]σ,

⇔

i(DbFab
σ +m2Aa

σ) = 1
4 tr[C̄γa(ς)J [κςµς ]σ], im[Fab

σ − (DaAb
σ −DbAa

σ)] = 1
2 tr[C̄S

ab(e, ς)J [κςµς ]σ]

imDaAa
σ = 1

4 tr[C̄J
[κςµς ]σ], 0 = 1

4 tr[C̄γ
5(ς)J [κςµς ]σ], iDb∗Fabσ = 1

4 tr[C̄γ
a(ς)γ5(ς)J [κςµς ]σ]

Proof: γc(ς)Dc[imγ
a(ς)CAa

σ − iSab(e, ς)CFabσ] = J [κςµς ]σ

⇔ imγc(ς)γa(ς)DcAa
σ − iγc(ς)Sab(e, ς)DcFab

σ = J [κςµς ]σC̄

⇔ im[δca + 2Sca(e, ς)]DcAa
σ − i

2 [εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab
σ = J [κςµς ]σC̄

⇔ im[DaAa
σ + 2Sab(e, ς)DaAb

σ]− i
2 [εabcdγ5(ς)γd(ς)− γ[aδb]c]DcFab

σ = J [κςµς ]σC̄

⇔ iDbFab
σγa(ς)C + im[(DaAb

σ −DbAa
σ)]Sab(e, ς)C + imDaAa

σC + iDb∗Fabσγ5(ς)γa(ς)C = J [κςµς ]σ

⇔

iDbFab
σ = 1

4 tr[C̄γa(ς)J [κςµς ]σ],−im(DaAb
σ −DbAa

σ) = 1
2 tr[C̄S

ab(e, ς)J [κςµς ]σ]

imDaAa
σ = 1

4 tr[C̄J
[κςµς ]σ], 0 = 1

4 tr[C̄γ
5(ς)J [κςµς ]σ], iDb∗Fabσ = 1

4 tr[C̄γ
a(ς)γ5(ς)J [κςµς ]σ]

4.4 Spin-1 Bargmann-Wigner equation without mass

Proposition 4.4.1. γc(ς)Dc[imγ
a(ς)CAa

σ − iSab(e, ς)CFabσ] = −iJaσγa(ς)C

⇔ DbFab
σ = −Jaσ, Db∗Fabσ = 0, DaAb

σ −DbAa
σ = 0, DaAa

σ = 0

Proof: γc(ς)Dc[imγ
a(ς)CAa

σ − iSab(e, ς)CFabσ] = −iJaσγa(ς)C

⇔ iDbFab
σγa(ς)C + im(DaAb

σ −DbAa
σ)Sab(e, ς)C + imDaAa

σC + iDb∗Fabσγ5(ς)γa(ς)C = −iJaσγa(ς)C

⇔ DbFab
σ = −Jaσ, Db∗Fabσ = 0, DaAb

σ −DbAa
σ = 0, DaAa

σ = 0

Proposition 4.4.2. γc(ς)∂c[imγ
a(ς)CAa − iSab(e, ς)CFab] = −iJaγa(ς)C

⇔ ∂bFab = −Ja, ∂b ∗ Fab = 0, ∂a∂aφ = 0, Aa = ∂aφ

In massless cases due to Aa
σ and Fab

σ is each other completely independent, we can’t get a more concise and meaningful

conclusion. And there are redundant equations. It’s not simple enough. It can’t be naturally extended to high spin

cases. So Bargmann-Wigner equation seems not to be suitable for describing massless particles. Penrose spinorial

equation or Spin Equation is more suitable to describe massless particles.

5 Spin-3
2
, 2 Bargmann-Wigner equation [20, 24]

5.1 Analysis of spin- 3
2 Bargmann-Wigner equation with mass

Proposition 5.1.1. ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]
λςµςAa

ηςσ tr[C̄ψλς [µςης ]σ] = 0

⇒ [imγa(ς) + 2iSab(e, ς)Db]Aa
[ης ]σ = 0
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Proposition 5.1.2. ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]
λςµςAa

ηςσ tr[C̄γ5(ς)ψλς [µςης ]σ] = 0

⇒ [imγa(ς)− 2iSab(e, ς)Db]Aa
[ης ]σ = 0

Proposition 5.1.3. ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]
λςµςAa

ηςσ tr[C̄γa(ς)γ5(ς)ψλς [µςης ]σ] = 0,

⇒ [imγa(ς)γc(ς)− 2iSab(e, ς)γc(ς)Db]Aa
[ης ]σ = 0

Corollary 5.1.1.

ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]
λςµςAa

ηςσ

tr[C̄ψλς [µςης ]σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]σ] = 0

⇔

ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]
λςµςAa

ηςσ

γa(ς)Aa
[ης ]σ = 0, DaAa

[ης ]σ = 0

Corollary 5.1.2. ψλςµςηςσ = ψλςηςµςσ

⇔ tr[C̄ψλς [µςης ]σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]σ] = 0, tr[C̄γa(ς)γ5(ς)ψλς [µςης ]σ] = 0

Corollary 5.1.3.

ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]
λςµςAa

ηςσ

ψλςµςηςσ = ψλςηςµςσ

⇔

ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]
λςµςAa

ηςσ

[γb(ς)Db +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0

Corollary 5.1.4.

Aa
ηςξςσ = [imγb(ς)C + 2iSbz(e, ς)C∂z]

ηςξςAab
σ

γa(ς)Aa
[ης ]ξςσ = 0

⇔

Aa
ηςξςσ = [imγb(ς)C + 2iSbz(e, ς)C∂z]

ηςξςAab
σ

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

Proof: Aa
ηςξςσ = [imγb(ς)C + 2iSbz(e, ς)C∂z]

ηςξςAab
σ, γa(ς)Aa

[ης ]ξςσ = 0

⇔

Aa
ηςξςσ = [imγb(ς)C + 2iSbz(e, ς)C∂z]

ηςξςAab
σ

im[δab + 2Sab(e, ς)]Aab
σ − iγd(ς)γ5(ς)εabzd∂zAab

σ + iγz(ς)(δab∂zAab
σ − ∂aAazσ) = 0

⇔

Aa
ηςξςσ = [imγb(ς)C + 2iSbz(e, ς)C∂z]

ηςξςAab
σ

δabAab
σ = 0, Aab

σ −Abaσ = 0, (ς)εabzd∂zAab
σ = 0, (δab∂zAab

σ − ∂aAazσ) = 0

⇔

Aa
ηςξςσ = [imγb(ς)C + 2iSbz(e, ς)C∂z]

ηςξςAab
σ

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

5.2 Spin- 3
2 Bargmann-Wigner equation with mass in curved spacetime

Theorem 5.2.1.

[γa(ς)Da +m]κςλςψ
[λςµς ]ηςσ = −iJaηςσγa(ς)C

ψλςµςηςσ is full symmetry except σ.

⇔


ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]

λςµςAa
ηςσ

DbFab
ηςσ +m2Aa

ηςσ = −Jaηςσ, Db∗Fabηςσ = 0, Fab
ηςσ = DaAb

ηςσ −DbAa
ηςσ

[γb(ς)Db +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0

Proof: [γa(ς)Da +m]κςλςψ
[λςµς ]ηςσ = −iJaηςσγa(ς)C,ψλςµςηςσ is full symmetry except σ.

⇔

[γa(ς)Da +m]κςλςψ
λςµςηςσ = −iJaηςσγa(ς)C,ψλςµςηςσ = ψµςλςηςσ

tr[C̄γa(ς)γ5(ς)ψλς [µςης ]σ] = 0, tr[C̄ψλς [µςης ]σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]σ] = 0

⇔

[γa(ς)Da +m]κςλςψ
λςµςηςσ = −iJaηςσγa(ς)C,ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]

λςµςAa
ηςσ

tr[C̄γa(ς)γ5(ς)ψλς [µςης ]σ] = 0, tr[C̄ψλς [µςης ]σ] = 0, tr[C̄γ5(ς)ψλς [µςης ]σ] = 0

⇔

[γa(ς)Da +m]κςλςψ
λςµςηςσ = −iJaηςσγa(ς)C,ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]

λςµςAa
ηςσ

[γb(ς)Db +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0, DaAa
[ης ]σ = 0
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⇔


ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]

λςµςAa
ηςσ

DbFab
ηςσ +m2Aa

ηςσ = −Jaηςσ, Db∗Fabηςσ = 0, Fab
ηςσ = DaAb

ηςσ −DbAa
ηςσ, DaAa

ηςσ = 0

[γb(ς)Db +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0, DaAa
[ης ]σ = 0

⇔


ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)CDb]

λςµςAa
ηςσ

DbFab
ηςσ +m2Aa

ηςσ = −Jaηςσ, Db∗Fabηςσ = 0, Fab
ηςσ = DaAb

ηςσ −DbAa
ηςσ

[γb(ς)Db +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0, γa(ς)Ja
[ης ]σ = 0

In curved spacetime, the equation can’t be further simplified. So it can’t get more concise and more meaningful

conclusions.

5.3 Source item requirement of spin- 3
2 Bargmann-Wigner equation with mass in flat spacetime

Theorem 5.3.1.

[γa(ς)∂a +m]κςλςψ
[λςµς ]ηςσ = −iJaηςσγa(ς)C

ψλςµςηςσ is full symmetry except σ.

⇔


ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]

λςµςAa
ηςσ

∂bFab
ηςσ +m2Aa

ηςσ = 0, Ja
ηςσ = 0, Fab

ηςσ = ∂aAb
ηςσ − ∂bAaηςσ

[γb(ς)∂b +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0

Proof:

[γa(ς)∂a +m]κςλςψ
[λςµς ]ηςσ = −iJaηςσγa(ς)C

ψλςµςηςσ is full symmetry except σ.

⇔


ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]

λςµςAa
ηςσ

∂bFab
ηςσ +m2Aa

ηςσ = −Jaηςσ, ∂b∗Fabηςσ = 0, Fab
ηςσ = ∂aAb

ηςσ − ∂bAaηςσ

[γb(ς)∂b +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0

⇔


ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]

λςµςAa
ηςσ

∂bFab
ηςσ +m2Aa

ηςσ = −Jaηςσ, Fabηςσ = ∂aAb
ηςσ − ∂bAaηςσ

[γb(ς)∂b +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0

⇔


ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]

λςµςAa
ηςσ

∂bFab
ηςσ +m2Aa

ηςσ = 0, Ja
ηςσ = 0, Fab

ηςσ = ∂aAb
ηςσ − ∂bAaηςσ

[γb(ς)∂b +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0

Comparing with curved spacetime case, the equation is further simplified. We get a more concise and more meaningful

conclusion. The equation itself also automatically requires that the source term must be zero.

5.4 Spin- 3
2 Bargmann-Wigner equation with mass in flat spacetime [23]

Theorem 5.4.1.

[γa(ς)∂a +m]ψ[λς ]µςηςσ = 0

ψλςµςηςσ is full symmetry except σ.
⇔

[γb(ς)∂b +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0

ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµςAa

ηςσ

Proof:

[γa(ς)∂a +m]ψ[λς ]µςηςσ = 0

ψλςµςηςσ is full symmetry except σ.

⇔


[γa(ς)∂a +m]ψ[λς ]µςηςσ = 0

ψλςµςηςσ = ψµςλςηςσ

ψλςµςηςσ = ψλςηςµςσ

⇔


(−∂b∂b +m2)Aa

σ = 0, ∂aAa
σ = 0

ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµςAa

ηςσ

ψλςµςηςσ = ψλςηςµςσ
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⇔


(−∂b∂b +m2)Aa

σ = 0, ∂aAa
σ = 0

ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµςAa

ηςσ

[γb(ς)∂b +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0

⇔

[γb(ς)∂b +m]Aa
[ης ]σ = 0, γa(ς)Aa

[ης ]σ = 0

ψλςµςηςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµςAa

ηςσ

5.5 Spin-2 Bargmann-Wigner equation with mass in curved spacetime

Theorem 5.5.1.

[γa(ς)∂a +m]ψ[λς ]µςηςξςσ = 0

ψλςµςηςξςσ is full symmetry except σ.

⇔

(−∂z∂z +m2)Aab
σ = 0, δabAab

σ = 0, Aab
σ = Aba

σ, ∂aAab
σ = 0

ψλςµςηςξςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµς [imγb(ς)C + 2iSbz(e, ς)C∂z]

ηςξςAab
σ

Proof:

[γa(ς)∂a +m]ψ[λς ]µςηςξςσ = 0

ψλςµςηςξςσ is full symmetry except σ.

⇔


[γa(ς)∂a +m]ψ[λς ]µςηςξςσ = 0

ψλςµςηςξςσ is full symmetry except ξςσ.

ψλςµςηςξςσ = ψλςµςξςηςσ

⇔


[γb(ς)∂b +m]Aa

[ης ]ξςσ = 0, γa(ς)Aa
[ης ]ξςσ = 0

ψλςµςηςξςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµςAa

ηςξςσ

ψλςµςηςξςσ = ψλςµςξςηςσ

⇔


[γb(ς)∂b +m]Aa

[ης ]ξςσ = 0, Aa
ηςξςσ = Aa

ξςηςσ

γa(ς)Aa
[ης ]ξςσ = 0

ψλςµςηςξςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµςAa

ηςξςσ

⇔



(−∂z∂z +m2)Aab
σ = 0, ∂bAab

σ = 0

Aa
ηςξςσ = [imγb(ς)C + 2iSbz(e, ς)C∂z]

ηςξςAab
σ

γa(ς)Aa
[ης ]ξςσ = 0

ψλςµςηςξςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµςAa

ηςξςσ

⇔



(−∂z∂z +m2)Aab
σ = 0, ∂bAab

σ = 0

Aa
ηςξςσ = [imγb(ς)C + 2iSbz(e, ς)C∂z]

ηςξςAab
σ

δabAab
σ = 0, Aab

σ = Aba
σ, ∂aAab

σ = 0

ψλςµςηςξςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµςAa

ηςξςσ

⇔

(−∂z∂z +m2)Aab
σ = 0, δabAab

σ = 0, Aab
σ = Aba

σ, ∂aAab
σ = 0

ψλςµςηςξςσ = [imγa(ς)C + 2iSab(e, ς)C∂b]
λςµς [imγb(ς)C + 2iSbz(e, ς)C∂z]

ηςξςAab
σ

6 Arbitrary spin Bargmann-Wigner equation in flat spacetime [20, 24]

6.1 Spin-n Bargmann-Wigner equation with mass in flat spacetime [25]

Definiton 6.1.1. Xa ≡ [imγa(ς) + 2iSab(e, ς)∂
b]C
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Theorem 6.1.1.


[γa(ς)∂a +m]ψ

2n︷ ︸︸ ︷
[λς ]µςηςξς · · · ζς σ = 0

ψ

2n︷ ︸︸ ︷
[λς ]µςηςξς · · · ζς σσ

⇔



(−∂z∂z +m2)A

n︷ ︸︸ ︷
abc · · ·σ = 0

δabA

n︷ ︸︸ ︷
abc · · ·σ = 0, ∂aA

n︷ ︸︸ ︷
abc · · ·σ = 0

A

n︷ ︸︸ ︷
abc · · ·σ is full symmetry except σ.

ψ

2n︷ ︸︸ ︷
λςµςηςξς · · · ζς σ =

n︷ ︸︸ ︷
XaλςµςXbηςξς · · ·A

n︷ ︸︸ ︷
abc · · ·σ

6.2 Spin-n+ 1
2 Bargmann-Wigner equation with mass in flat spacetime [21]

Theorem 6.2.1.


[γa(ς)∂a +m]ψ

2n+1︷ ︸︸ ︷
[λς ]µςηςξς · · · ζς σ = 0

ψ

2n+1︷ ︸︸ ︷
[λς ]µςηςξς · · · ζς σ is full symmetry except σ.

⇔



[γz(ς)∂z +m]A

n︷ ︸︸ ︷
abc · · ·[ζς ]σ = 0

δabA

n︷ ︸︸ ︷
abc · · ·[ζς ]σ = 0, γa(ς)A

n︷ ︸︸ ︷
abc · · ·[ζς ]σ = 0

A

n︷ ︸︸ ︷
abc · · ·[ζς ]σ is full symmetry except ζςσ.

ψ

2n+1︷ ︸︸ ︷
λςµςηςξς · · · ζς σ =

n︷ ︸︸ ︷
XaλςµςXbηςξς · · ·A

n︷ ︸︸ ︷
abc · · ·[ζς ]σ

Using mathematical induction method and using s = 3
2 and s = 2 reasoning skills we can easily and strictly prove the

above two theorems. I won’t dwell on it.

6.3 Review of Bargmann-Wigner equation with mass

From the above we can know that Bargmann-Wigner equation is equivalent to Rarita-Schwinger equation [21] in

half integer spin cases in flat spacetime. It’s equivalent to Klein-Gordon equation [25] in integer spin cases in flat

spacetime. It reveals profound and rich physical connotations of Bargmann-Wigner equation. However, if the source

term is considered, the equivalent result can’t be obtained. Only satisfying certain conditions of the source term, it

can be established. And only for spin s = 1
2 or s = 1 cases it can take a source term. For spin s = 3

2 or above

cases, due to the intrinsic self requirement of the equation it must be zero. In curved spacetime due to the existence

of generalized covariant derivative term, this equivalence is no longer valid. This situation is not as good as Penrose

spinorial equation or spin equation. Generally speaking, Penrose spinorial equation or spin equation is more suitable

to describe particles without mass. Bargmann-Wigner equation is more suitable to describe particles with mass.

7 Antisymmetry Dirac equation [7]

7.1 Analysis of antisymmetry Dirac equation with mass

Theorem 7.1.1. [γc(ς)∂c +m]F [λςµς ] = J, Fλςµς = −Fµςλς

⇔

[2imSab(e, ς)∂
aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA

a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

Proof: [γa(ς)∂a +m]F [λςµς ] = J, Fλςµς = −Fµςλς

⇔

[γb(ς)∂b +m]F [λςµς ] = J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

[γb(ς)∂b +m][Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ] = −J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

[γb(ς)∂b +m][φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ] = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

mφ+ γa(ς)∂aφ+ imγa(ς)γb(ς)γ5(ς)∂aAb + γa(ς)γ5(ς)(im2Aa + ∂aΦ) +mγ5(ς)Φ = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

mφ+ γa(ς)∂aφ+ 2imSab(e, ς)γ5(ς)∂aAb + γa(ς)γ5(ς)(im2Aa + ∂aΦ) +mγ5(ς)(Φ + i∂aA
a) = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C
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⇔

mγ5(ς)φ− γa(ς)γ5(ς)∂aφ+ 2imSab(e, ς)∂
aAb − γa(ς)(im2Aa + ∂aΦ) +m(Φ + i∂aA

a) = −γ5(ς)JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

[2imSab(e, ς)∂
aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA

a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

7.2 Analysis of antisymmetry Dirac equation without mass

Theorem 7.2.1. γc(ς)∂cF
[λςµς ] = J, Fλςµς = −Fµςλς

⇔

[2imSab(e, ς)∂
aAb − γa(ς)∂aΦ]C + [im∂aA

a − γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

Proof: γa(ς)∂aF
[λςµς ] = J, Fλςµς = −Fµςλς

⇔

γb(ς)∂bF [λςµς ] = J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

γb(ς)∂b[Cφ+ imγa(ς)γ5(ς)CAa + γ5(ς)CΦ] = −J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

γb(ς)∂b[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ] = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

γa(ς)∂aφ+ imγa(ς)γb(ς)γ5(ς)∂aAb + γa(ς)γ5(ς)∂aΦ = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

γa(ς)∂aφ+ 2imSab(e, ς)γ5(ς)∂aAb + γa(ς)γ5(ς)∂aΦ + imγ5(ς)∂aA
a = −JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

−γa(ς)γ5(ς)∂aφ+ 2imSab(e, ς)∂
aAb − γa(ς)∂aΦ + im∂aA

a = −γ5(ς)JC̄

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔

[2imSab(e, ς)∂
aAb − γa(ς)∂aΦ]C + [im∂aA

a − γa(ς)γ5(ς)∂aφ]C = −γ5(ς)J

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

7.3 Pseudo scalar field equation with mass

Theorem 7.3.1.

[γa(ς)∂a +m]F [λςµς ] = j
mγ5(ς)C

Fλςµς = −Fµςλς
⇔

(−∂a∂a +m2)Φ = −j

F = 1
m [γa(ς)∂a −m]γ5(ς)CΦ

Proof:

[γa(ς)∂a +m]F [λςµς ] = j
mγ5(ς)C

Fλςµς = −Fµςλς

⇔

[2imSab(e, ς)∂
aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA

a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = − j
mC

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


∂aAb = ∂bAa, (im2Aa + ∂aΦ) = 0, φ = 0, ∂aφ = 0

m2(Φ + i∂aA
a) = −j

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


(−∂a∂a +m2)Φ = −j

Aa = im−2∂aΦ, φ = 0

F = 1
m [γa(ς)∂a −m]γ5(ς)CΦ

⇔

(−∂a∂a +m2)Φ = −j

F = 1
m [γa(ς)∂a −m]γ5(ς)CΦ
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Corollary 7.3.1. [γa(ς)∂a +m][γa(ς)∂a −m]γ5(ς)CΦ = jγ5(ς)C ⇔ (−∂a∂a +m2)Φ = −j

7.4 Pseudo scalar field equation without mass

Corollary 7.4.1. γa(ς)∂a[γb(ς)∂bγ5(ς)CΦ] = jγ5(ς)C ⇔ γa(ς)∂a[γb(ς)∂bCΦ] = jC ⇔ ∂a∂aΦ = j

Corollary 7.4.2. γa(ς)∂a[γ5(ς)CΦ] = γa(ς)γ5(ς)CJa ⇔ γa(ς)∂a[CΦ] = γa(ς)CJa ⇔ ∂aΦ = Ja

7.5 Pseudo vector field equation with mass

Theorem 7.5.1.

[γa(ς)∂a +m]F [λςµς ] = iγa(ς)γ5(ς)CJa

Fλςµς = −Fµςλς
⇔

(−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

F = i[∂a −mγa(ς)]γ5(ς)CAa

Proof:

[γa(ς)∂a +m]F [λςµς ] = iγa(ς)γ5(ς)CJa

Fλςµς = −Fµςλς

⇔

[2imSab(e, ς)∂
aAb − γa(ς)(im2Aa + ∂aΦ)]C + [m(Φ + i∂aA

a) +mγ5(ς)φ− γa(ς)γ5(ς)∂aφ]C = iγa(ς)CJa

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


∂aAb = ∂bAa,Φ = −i∂aAa, φ = 0, ∂aφ = 0

(im2Aa + ∂aΦ) = −iJa

F = −[φ+ imγa(ς)γ5(ς)Aa + γ5(ς)Φ]C

⇔


(−∂b∂b +m2)Aa = −Ja

∂aAb = ∂bAa,Φ = −i∂aAa, φ = 0

F = i[∂a −mγa(ς)]γ5(ς)CAa

⇔

(−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

F = i[∂a −mγa(ς)]γ5(ς)CAa

Corollary 7.5.1. [γb(ς)∂
b +m][∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa ⇔ (−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

Proof: [γb(ς)∂
b +m][∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa

⇔ 2imSab(e, ς)∂
aAb − iγa(ς)(m2Aa − ∂a∂bAb) = iγa(ς)Ja

⇔ −∂a∂bAb +m2Aa = −Ja, ∂aAb = ∂bAa

⇔ (−∂b∂b +m2)Aa = −Ja, ∂aAb = ∂bAa

7.6 Pseudo vector field equation without mass

Corollary 7.6.1. γb(ς)∂
b[∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa ⇔ ∂b∂bA

a = Ja, ∂aAb = ∂bAa, ∂aA
a = 0

Proof: γb(ς)∂
b[∂a −mγa(ς)]γ5(ς)CAa = γa(ς)γ5(ς)CJa

⇔ [2imSab(e, ς)∂
aAb + iγa(ς)∂a∂bA

b] + im∂aA
a = iγa(ς)Ja

⇔ ∂a∂bA
b = Ja, ∂aAb = ∂bAa, ∂aA

a = 0

⇔ ∂b∂bA
a = Ja, ∂aAb = ∂bAa, ∂aA

a = 0

Corollary 7.6.2. γa(ς)∂a[γ5(ς)C∂bA
b] = γa(ς)γ5(ς)CJa ⇔ γa(ς)∂a[C∂bA

b] = γa(ς)CJa ⇔ ∂a∂bA
b = Ja

Corollary 7.6.3. γb(ς)∂
b[γa(ς)γ5(ς)CAa] = γ5(ς)[jC + JabSab(e, ς)]

⇔ γb(ς)∂
b[γa(ς)CAa] = jC + JabSab(e, ς)

⇔ ∂aAb − ∂bAa = Jab, ∂aA
a = j
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