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Preface

s 193] T improve research methods and add some new contents in

This paper is based on my own previous article
this paper. A more rigorous, more analytical, more complete and more organized mathematical physical method is
adopted. And I am as far as possible to make the whole article have a sense of beauty.

Firstly, the mathematics foundation of constant tensors analysis methods 1 is established rigorously in Chapter
One. Some wonderful mathematical properties are found. Many important constant tensors are proposed. Then in
Chapter Two I use constant tensors as a mathematical tool to apply to physics. Some important physical quantities
are defined by using constant tensors. All kinds of relationships between them are studied in detail. The canonical,
analytical and strict mathematical physical sign system is established in this chapter. In Chapter Three, I use the
mathematical tools in the previous two chapters to study spinorial formalism 5] of various spin particles classical
equations 171 And the equivalence between spinorial formalism and classical one is proved strictly. I focuse to
study electromagnetic field, Yang-Mills field and gravitational field etc. Especially, a new spinorial formalism of the
gravitational field identity B41L7 is proposed. In order to further explore, I study several important equations by
contrast. Some new and interesting results are obtained.

The Chapter Four is the most important part of this thesis. It is also my original intention of writing this
paper. In this chapter, I put forward a new form of particle equations: Spin Equation. The equation is directly
constructed by spin and spin tensor. And I note that spin tensor is also the transformation matrix of corresponding
field representation. So the physical meaning of this equation is very clear. The corresponding particle equation
can be simply and directly written according to the transformation law of the particle field. It correctly describes
neutrino ¥ electromagnetic field %1 Yang-Mills field [ and electron etc. And it is found that it is completely
equivalent to full symmetry Penrose equation 2!, A scalar field can be introduced naturally in this formalism. Thus,
a more interesting equation is obtained: Switch Spin Equation. When the scalar field is zero, free particles can exist.
When the scalar field is not zero, free particles can’t exist. The scalar field acts as a switch. It can control particles
generation and annihilation. This provides a new physical mechanism of particles generation and annihilation. At the
same time, it can also answer the question: why the universe inflation period ¥ can be completely described by the
scalar fields. And the equation itself has an inherent limitation to the scalar field. So that the scalar will be quantized
automatically. Each quantized value of the scalar is corresponding to different physical equations. That provides a
new idea and an enlightenment for unity of five superstring theories 9.

Finally, in Chapter Five Bargmann-Wigner equation 2% is analyzed thoroughly. It is proved that it is equivalent to

Rarita-Schwinger equation 2122 in half integer spin case 2324 And it is equivalent to Klein-Gordon equation 2225l

in integer spin case 4.

The profound physical meanings of Bargmann-Wigner equation are revealed. By contrast,
it is found that Bargmann-Wigner equation is suitable to describe massive particles, but not too suitable to describe
massless particles. Penrose spinorial equation or Spin Equation is more suitable to describe massless particles.
Mathematics and physics of this paper have a stronger originality. Some mathematical and physical concepts,
methods and contents also have a certain novelty. All of them are strictly calculated and established step by step by
my own independent efforts. It takes me a lot of time and energy. I use spare time to finish the paper. Due to the

limited time and my limited level, it is inevitable that there are a few mistakes. Comments and suggestions are welcome!

Author: S.R. Shi
November 2016, Danshui

Remark: This English version paper is translated from my own Chinese version paper 29. But there are a few

small adjustments and corrections.
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Chapter 1

Constant tensors analysis

1 Mathematical preparation

1.1 Spin matrices o(s)

(7o (5), 08, (5)] = 20,5, 05 (5), 07 () = 5(s + 1), 6 = £1 (1.1)
1.2 Spin index definition

Symbol Convention:
~: Lorenz transform, <: Matrix expansion to components, >: Components contraction to a matrix

Spin index definition:

As o pliwtse)-a(s) aldr=A_ e(inre)-a(s)’ A_ =4/~ eliw—e)-o(s)

‘ . . . v ‘ . (1.2a)
AL~ e—(iwtce)-o™ (s) S, =a~ e~ (iwte)o (5)7A, =A"  g—(iw—e)-0"(s)
AL~ e(iwf%).a(s) @A;EA’N e(iwfe)-a(s)7 A =A_ e(iw+e)~a(s) (1 2b)
AL e—(iw—ge)-aT(s) <:>A/+EA'N e—(iw—e)»UT(s)7Al, =4~ e—(iw+€)~aT(s) '
Index relationships:
A< = :Al—c A+ = :A :A,—:
=ar A = =4 = Ay =T7=a
° S , . (1.2¢)
A EAQ A_. EAC A- EA;EA’ A_ EA+EA
Conjugate index:
(Ag)* =AL (A;)* =A¢ (A)* =A (A’)* =A
) 5 ) (1.2d)
(a)" =a; (a)" =a, (a)" =a (a)" =a
The corresponding measure of spin index: €€ = ée = [
Ea.p. =€ < edeb VYa, =ea p B i =4 Boyp (1.20)
’ ’ ’ ’ ’ : e
Earp = &< &M PpAe = et Beypps par = EarprpPe
1.3 Electromagnetic spinorial index
Photon spin matrices:
00 O 0 0 ¢ 0 — 0
v={[0 0 =i, [0 0 0|,|i 0 0|}hacr8] =1 M7 =11+1) (1.3)

0 ¢« 0] |—-2 0 O 0 0 O
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If we take a special representation (1) = -, then there is the following electromagnetic spinorial index:

) o~ e(iw+e)~’y o ~ e(z’w—e)~fy
o ~ 9T o ,Ql ~ (W) o (1.4)
o ~ eliw—e)y  ~ eliwte)y
' ) ac=al, ar=a =« ' ] ] ag)t = ol ()" =d
Index relationships: , , Conjugate relationships: ,
a_¢=al a_=do, =d ()" = ac () =«
(1.5)
The corresponding metric tensor of the electromagnetic spinor: g
Jaop. = Oa.p, = 1,g*F = 80P = T Yo, = Gap W7, 0% = g*Peig, (1.6)
Garpr = Oarpr = I,g%Pc = 5P = 1 P = ga*’géiﬁﬁgﬂﬁag = Gar %

The metric tensor is the unit matrix. You don’t need to distinguish covariant and contravariant tensors. The super-

script and subscript can be exchanged at will.

1.4 Lorenz representation index

. . 1 9ab _19abgT
Lorenz representation index A~ ¢2?" %av 4~ 739" %as (1.7)

1.5 A special representation of spin matrices

Starting from Lorenz transform properties of full symmetric two-component Weyl B spinorial tensors, a special rep-

resentation of spin matrices can be obtained.

0 25 0 o] fo-2s o o0 o0]f[s0 0o 0 o0
. 1 0 2s—1 0 Of (1 0 —(2s—=1)0 O© 0s—1 0 0 0
o(s)=(3{0 2 0 o502 0 ol.Jo0o - 0o ol (1.82)
0 0 0 1 00 0 —-1] [0 0 0 —(s=1) 0
0 0 0 2s 0] [0 0 0 2s 0] [0 O O 0 —s]
) 9 1.3 _5
[0a (5),08.(5)] =ica. s 0y (5) oc°(s) =s(s+1),s= 5,1,5,2,5,--~ (1.8b)
O, (s) < UagAqB (s), ac ~ e(iw—i—{e)-'y’A( ~ e(iw-{—ge)'a(s)’Bg ~ e—(iw—‘rCE)'aT(s) (1.8¢)
The corresponding metric tensor of the spin matrices:
i 0 0 0 0 (-1°c?
0 0 0 (-1tct 0 & oy —1
€a.B.(s) = (s) = 0 0 (-1)%Cc2 0o 0 , O = (CF) (1.9a)
0 .. 0 0 0
L (-1)"Cr 0 0 0 0
r 0 0 0 0 (-nro;°
B 0 0 0 (-n"~to;t 0
e4ePs(s) = 2(s) = 0 0 (-1""2c;? 0 0 (1.9b)
0 0 0 0
L(-1%C;™ 0 0 0 0
e(s)é(s) =&(s)e(s) =1 (1.9¢)
Jaop. = Oacp. = 1,9/ = 6%P - 1 (1.9d)

1.6 Common matrices

1.6.1 Pauli matrices

o=

0 1] , t) _OZ] , ll 0 ] htr(oa.) = 0,tr(ca 0.) = 2008, (1.10)

1 0 0 -1
. 1.1
[Uas’o-ﬂs] = 2Z€agﬂs’y<07s ) {O-O‘s70-6s} = 260‘ng ? 02 = 5(5 + 1) (111)
Ta, < 0o g s~ 0997 Ac  gliwtee 5o o o= (iwtee) o7 (1.12)
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1.6.2 Photon matrices

0 0 O 0 0 = 0 — 0
fY:{ 00 —¢|,|0 0 0], | 0 0 }atr(’yag):O7tr(7ag’yﬁg):26agﬁg

0 2 O - 0 0 0 0 O
[’YO‘§7,YB§] = i€a<ﬂ§’y<’y"f§ 72 = 1(1 + ]')
Yag = Yo % Vs = _i€a< o Yo A, Bw Yo ~ (3(“‘)—"_0:‘)"Y

1.6.3 Rotation generating element matrices

Spatial rotation generating element matrices:

0O 0 0 O 0 0 2z O 0 —2 0 0
0 0 —2 O 0O 0 0 O ] 0 0
R={ R i }otr(Ra.) = 0, tr(Ra Rs.) = 2045,
0 72 0 O -7 0 0 O 0O 0 0 O
0 0 0 0O 0 0 0 0 0 0

Lorenz boost generating element matrices:

0 00 ilfo 0o 0 o0]foo 0
0o 00o0llo o oilloo o o

L={ ! Vot (La.) = 0,tr(LaLs.) = 6a_s.
0o 00 o0/lo o o 00 0 i
i 00 0] lo —io 00 —i 0

[RQC ’ Rﬁq] = igaqﬂ; B R'Yc’ [Lag ’ LB;] = igaqﬁc B R'Y§7 [Ro‘c ’ LB@] = [Lac ’ RBJ = i€a§ﬁ§ B L'Y§

Ras‘ = Ra<p§7lg’La< = LO‘S p<n§ 23 BQ’YC ~ e(iw—‘rge).’yaanC ~ e(iw+<€)'R
R? = diag(2,2,2,1), L* = diag(0,0,0, 3)

1.6.4 Group SO(4) generating element matrices

0 0 0 i 0 0 4 O 0 —i 0
oy = R4L={ 0 0 — 0 , 0 0 0 =3 , 1 0 )

0 i 0 - 0 0 0 i

— 0 0 0 — 0 0 - 0

00 0 —i 0 0 % O 0 — 0 O

00 — O 0 0 0 —2 1 0 0 0
o-=R-L=/{ , , }

072 0 O - 0 0 O 0 0 0 —

i 0 0 O 0 2 0 O 0 0 2 O

)
. 1.1

(040 01p) =i 04 {04a 045} = 200,507 = 3G+
. 1

[0-7(:%70'75(] = /Lgacﬁ;—ygaf’}/g’ {0-7(:%70'75(} = 25a§6§70—3 = 7(7 + 1)

[O-Jragvafﬁg] = [O—*aganrﬂg] =0

p p (iwge)y (iw+se) R
Ota, = Ota, gnc’U*ac = O0—q, qns_ g, Boyvs ~ € yPssTls ™~ €

(1.13)

(1.14)
(1.15)

(1.16a)

(1.16D)

(1.16c)
(1.16d)
(1.16¢)

(1.17a)

(1.17b)

(1.17¢)

(1.17d)
(1.17¢)
(1.17f)

(1.17g)
(1.17h)
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Unified representation of group SO(4) generating element matrices

0 0 0 = 0 0 i 0 0 —2 0

0 — 0 0 0 0 =2 i 0 0 0
0. ={ ; °l, } (1.18a)

0 ¢ 0 O - 0 0 0 0 0 g

—ic 0 0 O 0 —-ic O 0 0 —ic O

1.1

[0‘[{&;70‘7’5;] :iéKT€a§,B§’Y§UN’Y§7{O—HO%’O—Tﬁg} :25NT50¢§5§70—? = 5(5—’—1) (118b)
Okae = J'ﬂochS naac ~ e(iw+§6)-'y’ Psy Mg ~ eliwtse) R K, T,6 =+, — (1.18¢)

Another understanding way of group SO(4) generating element matrices

O+a. = U+a§a§b§70*ag = U*aéaglk Qg ~ e(m_‘_gﬁ).’ya O‘é ~ e(lw—qe)-'y7ag7 bg ~ eliw fiteel) (1'19)

1.6.5 Alternate representation transformation matrices

5:3)= 5 [1 _1] SHG) =5 E ] SL(D)SH() = SH(2)S(5) = 1 (1.200)
Sem(3) = 75 [:1 _1] Stn(3) =5 [‘11 ] Sem(5)Sn(5) = Shu(3)Sem(3) = 1 (1.200)
Se(5)(02:04.0)57 (5) = (02,00, 3,), Sem (5)(02: 04, 02)5 0 (5) = (-2 ~02,,) (1.200)

1.6.6 Electromagnetic pure imaginary representation transformation matrices and exchange matrices

1 0 0 -1 1 —i 0 0 1000
j 110 0 -1 —i 0010
Sem (<) = —= ‘ ' JSE ()= — " y Sex = (1.21a)
V200 -1 -1 0 V210 0 -1 i 0100
0 ic —ic 0 -1 —i 0 0 00 01
T = Sem(s)(0 @ 1)S5,(6), 06 = Sem () (I © 0) S5, (S), Sem($) St (€) = S8, () Sem(s) = 1 (1.21b)
(0R1) = 8ee(I @0)Ser;, [ @0) = Ser(0 @I)Se  S2, =1 (1.21c)
0 1 —i 0
! 0 So)=—1]0 o -1 (1.21d)
m, 2 m - \/i - .
0 -1 —i 0
o(1)S,, (1 Sm(1)S,,(1) = S,,(1)Sm(1) =1, 5c, = —Sem(—1) (1.21e)
1.6.7 Gravitational pure imaginary similarity transformation matrices
-1 0 2 —1] (-1 2 0 1 0]
. —i 0 0 i . 0 1 0 —i
Sm(2) 310 20 -2 0 ,S(2) = 5|1 0 1 0 (1.22a)
1 0 2 0 1 0 -1 0 —i
(0 2 0 2 0] -1 -2 0 1 0|
G = Sn(2)0(2)5,(2) Sm(2)57,(2) = 5,,(2)5m(2) =1 (1.22b)
00 0 o0 1o o 2 o o] [o -2 0 0 0]
0 0 — O 0 0 0 = ) 0 0 —2
Gm=1{]0 i 0 =28 0 0 —i ol,{0 0 0 —i|} (1.22c)
0 0 0 -2 0 0 0 of [0 2 0
K 2 0] [0 —i 0 0] [0 O 7 ]

10
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1.6.8 Full symmetric spinor condition matrix

[1 0 0 0
0 7 0 0
T(s)=10 0 0 0| ,the number of 7is 2s — 1,7 = % E j T =T1,T"(s) =T(s) (1.23a)
0 0 T 0
0 0 0 1]
Full symmetric spinor condition : ¢ = T'(s) (1.23b)

Full symmetric spinor condition is similar to Majorana condition @ and Weyl condition &l

1.7 Vector index

. a~ e(iw‘R-l-eL) . a ~ e(iowR—e‘L)
ac ~ el fitsel) o ,an ~ eliwfimsel) o (1.24)
a ~ e(ic,wR—e-L) a ~ e(iw-R+e<L)
 a=d, far=z=d =a | o J@y=d  f@=d
Index relationships: , , Conjugate relationships: ,
a_ =al a_=d, =d (al)* = ac (@) =a
(1.25)
The corresponding metric tensor of electromagnetic spinorial index: g
ab, = Oacp, = I, g%bs = 3% = 1 Va, = Gab ¥, % = g*<Pihy, (1.26)
BN BN ) 7 BN /7 :
Garb, = Sarpy = I, g% = %P = 1 P = g%y, Par = Garpy P

The metric tensor is the unit matrix too. You don’t need to distinguish covariant and contravariant tensors. The

superscript and subscript can be exchanged at will.

1.8 Several mathematical formulas and properties

[A,B] =0 = eef = A8 (1.27a)
- 1
> k= g+ 1)En+1) (1.27b)
k=1
I Al -A I -Al[r A
_ — I (1.27¢)
0 I|lo 1 0 I |0 I

2 Discoveries and proofs of constant tensors
2.1 Constant tensors 6agbg,§a<b<,6aéb/§,6a2bi
If b, 1h% = invariant, then y% ~ (& BHsel) o gy o=l Bise L) _ p(iw Risel) (1.28)

Iy < Sap, Iy = Iy < 6P (1.29)

Theorem 2.1.1. [y = el ftcel) [ e=(iw-Btcel) pnamely 5, _,5%b are constant tensors, ac,be ~ el ftsel)
(IS

Corollary 2.1.1. [; = ¢(iwE—se L), o= (iwF—eL) namely §aébé,5aib: are constant tensors, a’, b ~ eliwfi—se:L)

2.2 Constant tensors 5aggg,5“<5<,6aéﬁé76a§ﬂé

If 4o 1 = invariant, then 1™ ~ eliwtse) R o Yo, ~ e~ (iwtse)-RT _  (iwtse)-R (1.30)
Iy < o g, Iy = Iy < 6P (1.31)
Theorem 2.2.1. I; = (<& R e=(wtsc)- R namely §, 5.,6%P are constant tensors, o, B ~ el sl R

Corollary 2.2.1. I, = (W) B[ e=(lw=s) R pamely 50454,50‘254 are constant tensors, al, Bl ~ eliw—ce) R

11
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_ _ _ IRl Al
2.3 Constant tensors |4]€A§B<,€A§B<,EA<B<,€A‘B<,€A£B;,eAiB/ eAsBe g4:Bs
. . i L1 (s N1 T
If wA<¢A< = invariant, then s ~ (@593 & ha ~e (iwtse)-30 (1.32)
. L _A.B. _ ;_A.B
Oy <iea B, = —I€A_B,, 0y = —1E77¢ = jgfic™s (1.33)

. 1 . 1T _ i L1

Theorem 2.3.1. g, = (W) 395 (W) 30" namely e4sBs eABs are constant tensors, 4s Bs ~ eliwtse) 30
. 1 . 1T _ fo— s

Corollary 2.3.1. 0y = e(w’“)f"aye(“"*“)'i" , namely €A/ B! €A B, aTE constant tensors, ALSBL ™ eliw=se) 30

. 1T . 1 _ — (i 1,7
Theorem 2.3.2. 0, = ¢ (W20 g (W) 37 namely 4 p_,ea p, are constant tensors, 4_,p ~ e~ (W9 27

’ ’ ’ (i 1T
sABL ABL gre constant tensors, A< Be ~ e~ (iw—se) 50

Corollary 2.3.2. 0, = e_(iw_“)%"TUye (iw—ge)- 2", namely €
2.4 Constant tensors <5< (s),24_p_(s)

If a, YA = invariant, then s ~ eliwtse)als) Ya, ~ e~ (iwtse)-0(s) (1.34)
Lemma 2.4.1. 07 (s) = —&(s)o(s)&(s)

Theorem 2.4.1. £(s) = e )7 ()W) () pamely 4B (s) are constant tensors, 4 Bs ~ e(iwF59)50 ()

Corollary 2.4.1. &(s) = e(iw=90()g(5) (@ =507 () pamely earp(s) are constant tensors, 4, ,p; ~ eliw=<e)o(s)

Corollary 2.4.2. £(s) = e_(i“+<€)'”T(s)5(8)6_(i“+<€)‘0(‘g); namely €a_p,(s) are constant tensors, Ao B ™ e~ (iwtse) o™ (s)

_ (it —ce)r T _ (G . - ’ ’ _ A~

Corollary 2.4.3. &(s) = e (W=7 () g(5)e~(w=<) () pamely £4<5<(s) are constant tensors, A< Be ~ e~ (iw=se)o7(s)
2.5 Antisymmetry constant tensors 27l

€a<b<c§d§,€a§b§C§d§ are constant tenSOrS, €1934 = E1234 -1 ag,b<7 Ces d ~ e(zw-R+§5-L) (135)

’ !
Earbrcrdr €57 <<l are constant tensors, e1/gr3y = el 234 =1 cal, bl cl,dl ~ eliw R=selL) (1.36)
sang%,sa*‘&% are constant tensors, 193 = €725 = 1, o, Be, Ve ~ eliwtse)y (1.37)
ral .
Eal Byt € B are constant tensors, £1rgy = e 23 = Lal, BlAyl ~ eliw=se)y (1.38)
; 1 G 1T
€A<B§,€A <Bs are constant tensors, 1o = e'2 = 1,45 Be ~ gliwtse) 27,4 B .~ € (iwtce) 30 (1.39)
/ Tel ’ ’ .o s —(ftw— 1,7

5AQBQ,5A<B< are constant tensors, eyo = e 2 = 1,4 B~ gliws0) 27 A1, ~ € (iw=se)-30 (1.40)

2.6 Fundamental Theorem One and its relevant constant tensors

2.6.1 Preparation

wy —wz 0 e,
—i€y —i€y —ie; 0

0 Wy Wy G€g
Lemma 2.6.1. U,°(T,ic), = (—w x [' —ge, —ie - T)q 95" = 9= (iw-R+e-L) = l Tws 0w ?Ey]
Lemma 2.6.2. 3iw-[[\ Ty ] = (wx ) ,Vw = 0 Lo, Ts ] = 2icq 57T,
Lemma 2.6.3. 3¢ {[\To } =€ ,Ve = 0 {Ta s } =26, 5.
2.6.2 Fundamental Theorem One

[Fa< ? Fﬁg] = Zigacﬁc T

{Fac ’ FB<} = 260‘<B<

Vs

Theorem 2.6.1. (T, ic)y = [l F+eD)] Leliw+sd 4T(T o), (iw—se)-4T

Proof: (T',i5), = [e(i‘*"R“'L)]ab (iwts) 3 T(D i )e~ (059 3T Wy, Ve
& (T,i¢)a = (0a° + 9,°) (1 + (iw + ce) - AT)(T,i6)p(1 — (iw — ce) - T),Vw — 0,Ve — 0
& 0=19,"(T,ic)p + Siw - [T, (T,ic)a) + - {T, (T, ic)a}, Yo — 0,Ye — 0
& 0= (—wxT —ce,—ie- 1)y + 2iw - [T, (T,45)a) + 2e - {T, (I, ic)a}, Vw — 0, Ve — 0
0= (—wxT —ce)a +3iw-[[,Ta ]+ 3e-{T,Ta },Vw — 0,Ve =0
& Liw [\ Ta] = (wxT)a, 2e- {T,Ta.} = €a., Vw — 0,Ve — 0
© [Lag, Tp] = 2ica 8.7 T, {Ta , Tp } = 2605, O

12



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

’ ’

L\ AAL L AlA . .
2.6.3 Constant tensors (o, i¢), "<, (0,i¢)0 <", (0, —zg)“A,qu, (o, —zg)“/AgA,c

. ; b . ; . 4
Corollary 2.6.1. (0,ic), = [e(@ BteD)] "eliwts) 39 (g j¢),e~ (=539 s Constant tensor: (o,ic)q" "

X B v . . . ’
Corollary 2.6.2. (0,ic)y = [e(@ B=cL)] " e(iw=5)37 (g jc), e~ (@+s) 39 _ Constant tensor: (o,ic)q <™

Corollary 2.6.3. (0, —ic)® = [eliw RteL)je oliw=se)30(g5 _jc)be=(iwtse) 50 _ Constant tensor: (o, —i6)" 4r .

/

Corollary 2.6.4. (o, —ic)* = [e(i“"R_e'L)}“/b,e(“"ﬂ'f)‘%"(o, —ig)V e~ (w939 _, Constant tensor: (o, —is)® AAL

2.6.4 Transition

Corollary 2.6.5. (0 ® I,i¢), = [e(i“"RJre'L)]abe(i“*“)'%U‘X’I(g ® Ijig)be*(iw*“)'%ff@I
Corollary 2.6.6. (0 ® I,i¢)y = [e(i“"R_e'L)]a/b/e(i‘"—“)'%”‘gl(g ® ]Jg)b,e—(iw'*'“)'%f’@l
Corollary 2.6.7. (I ® 0,i5), = [e(iw'R+€'L)]abe(i"J+“)'%I®”(g, ig)be*(iw*“)'%I@U
Corollary 2.6.8. (I ® 0,i¢)y = [e(i“"R_e'L)}a/b/e(i‘*’_“)%I@’(07 ig)b,e—(iw"rﬂ'f)‘%l(@f’
Corollary 2.6.9. (04,i¢), = [e(i“"R"'E'L)]abe(i“"'“)'%‘” (U+7i<)b6_(iw_§6)'%o-+
Corollary 2.6.10. (04,i¢)a = [e(i“"Rfe‘L)]a/b/e(iw*“)'%‘” (a_,_,ig)b/e*(i‘*’*“)‘%‘ﬂ-
Corollary 2.6.11. (0_,ic), = [e(iw'R+€"L)}abe(iw+<€)‘%‘7* (U,,ig)be_(iw_“)'%af
Corollary 2.6.12. (0_,i¢)y = [e(i‘*"R*E'L)]a/b/e(i‘*’*“)'%"f(J_,ic)blef(i‘*’*“)'%‘h

’

/ ’ /
2.6.5 Constant tensors (o, ig)aa‘b‘, (o4, ig)a,o‘<b‘, (o4, ig)ab‘o“7 (o4, ig)a,b<a<

. . b . . . . ’
Corollary 2.6.13. (0, ic), = [e(@ BreD)] Peliwts) R(q  jc) e~ (wR—sel) s Constant tensor: (o ,ic)a™ "

eliw Re:L)] b,e(iw—<5)~R( b

Corollary 2.6.14. (04,i¢)y = | o4, i) e witsel) _ Constant tensor: (o4 ,i<)qr

a’

bea!

. b, . . .
iw Rte L)) Peliw RtseL) (g, ic),e”(W=s) R _y Constant tensor: (o4 ,ic)q <"

Corollary 2.6.15. (0, i) = [el

[e(iw~R—e<L)]a/b/e(z’w'R—<e~L)( o~ (iwtse) R

Corollary 2.6.16. (04,i¢)y = — Constant tensor: (o4 ,i¢)q "<

1,08y

’ ’ ’ ’
2.6.6 Constant tensors (o, —ic),™", (04, —i¢)a ™", (04, —i¢)a™™, (04, —ic)q "5

: ; b _ , o
Corollary 2.6.17. (04, —ic), = e BteL)] "eliw—<a R (5 _jc) e~ (wRt<el) s Constant tensor: (o4, —ic)a <"

. . b . . . . ’
Corollary 2.6.18. (U+, —ZC)a/ = [e(uwR—e‘L)]al e(zw—‘rge)‘R(O—J’», —’L§)b/€_(lw'R_§€'L) — Constant tensor: (O'Jr’ —zg)a/a‘bc

(e23

[e(iw-RJre-L)]abe(iw-nge-L)(

Corollary 2.6.19. (04, —i¢), = o4, —i)pye” Wt B s Constant tensor: (o, fig)ab*'

. ; b . . iw—c . ol
Corollary 2.6.20. (0, —ic) = [l B=eD)] " eliw Btsel) (o, i), e~ (=R _ Constant tensor: (o4, —is)q <"

i

/BN
o¢<b<7 (0__’ ig)a,agbq’ (0._7 Z‘g)abga§’ (0-_7 Z‘g)a,

2.6.7 Constant tensors (o_,ic), beas

Corollary 2.6.21. (0_,ic), = [e(@ B+e D)) Peliwtso R(g_ o) e=(iwRtsel) _y Constant tensor: (o_,ic)q ™"
. . v . i . X ryr
Corollary 2.6.22. (0_,i¢)a = [G(ZW-R*G'L)]G, e(lwige)'R(o',,’Lg)bzef(w'Rf“'L) —y Constant tensor: (U,,'Lg)a/o%lk

b bl

Corollary 2.6.23. (0_,ic), = [e(w e L)) “eliwEmsel) (5 ) e (W= B _ Constant tensor: (o_,ic),

. . v . i . i
Corollary 2.6.24. (0_,i¢)y = e R=el)],” eliw Risel) (5 o), e~ (wtsO)R _y Constant tensor: (o, ic)a**

13
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2.6.8 Constant tensors (U_,—ig)aaéb;, (o_,—i¢)a ™" (o_, —ic)a™, (o_, —ig)a/bi‘a:‘

. ) b o . ) ) 1y
Corollary 2.6.25. (0._7 —ZC)a _ [e(zw-R+e~L)]a e(“"_“)'R(o'_, —’L§)b€_(“‘"R_§E'L) — Constant tensor: (0-_,Zg)a0‘sbs

. ; b . ; .
Corollary 2.6.26. (0‘77 —'Lg)a, = [e(lw'Rfe'L)]a/ e('LUJ“FgE)-R(0_77 _Z<>b/67(lw~R+§6-L) — Constant tensor: (Ufylg)a/adk

) . b . . . .
Corollary 2.6.27. (0_, —i¢), = [e(w BteL)] ZeliwBtsel) (5 _jc) e~ wtse) B _y Constant tensor: (o_,i<),
Corollary 2.6.28. (0, —is)a = [e(i“"Rfe'L)]a/b elwi=sel) (g —i¢)ye~(W=s)F 5 Constant tensor: (o_,is)

2.7 Fundamental Theorem Two and its relevant constant tensors

2.7.1 Fundamental Theorem Two

Theorem 2.7.1. Ty, = [(€+507], # (i) Ty o~(wts) T o [T, Ty ] = icq 5T,

Proof: T, = [e(iwts97], Peliwtee) TT, o=(iwte)T 'y e
& To. = 00,5 + (1w + c€) - Yo 5<][1 + (iw + s€) - T, [1 — (iw + ce) - T],Yow — 0, Ve — 0
& 0= (iw+s€) {Va.”Ts + [T}, Vw — 0,Ye — 0
© Yo, Tp +[[,Ta ] =0
& Yaes Ty + Lo Tp] = 0(€acs™ = i7acp. )
& Lo, ] =ticap T,

B’

Ay (), 0% 4, (s)

2.7.2 Constant tensors o,

Corollary 2.7.1. 0,_(s) = [e(i“"”“)"y]agﬁge(“‘"““)'”(s)aﬁg (s)e=(iwtsao(s) 5 Constant tensor: oo A<, (s)

, . / . / ) /B!
Corollary 2.7.2. ¢%(s) = [e(w_“)"y]as'ﬁ,e(“"_“)'c’(s)aﬁs' (s)e~(iw=<e)a(s) 5 Constant tensor: %A " (s)

<

2.7.3 Constant tensors (J,ik)%AgB (s), (o, ik)"/sA, *(s)

beag

o

N
a’

Corollary 2.7.3. (0,ik)a_(s) = [e(i“’“e)"y]a(ﬁce(“”“)"’(s)(a, ik)p(s)e”wF<)o(s) — Constant tensor: (O’,ik)agA<B (s)

Corollary 2.7.4. (o, ik)% (s) = [e(i‘*’f“)”]aiﬁ,e(i“’f“)'”(s)(a, ik)P< (s)e~ W< o(s) —y Constant tensor: (o, ik)™ ,,

<

, B
2.7.4 Constant tensors UQSA<B 0% A1 ¢
<

Corollary 2.7.5. 0, = [e(i"’*“)”]agﬂge(i‘“*“)'%"cf@,e*(“”“)'%" — Constant tensor: oo < 5

, . , , r 7
Corollary 2.7.6. 0% = [e(lw’“)ﬂ%IB,6(2“7“)'%‘70&e*(“”“)'%" — Constant tensor: 0% a1 *

2.7.5 Constant tensors 7,_g ., 7"
Corollary 2.7.7. 7,_(s) = [e(i““‘“)”]agﬁge(i‘*’*‘“)'”'ygg (s)e(wH<s)y — Constant tensor: Yo p.~. (= —i€a.p.. )

Corollary 2.7.8. 7% (s) = [e("“““)'“’]o‘gﬁ/e(i"’*“)”’yﬁé(s)e’(i“’*“)'7 — Constant tensor: <P (= —ig®<Pe)

/B!
2.7.6 Constant tensors (U,ik)agA‘B (0,ik)% 4

Corollary 2.7.9. (0,ik)q, = [e(m*“)'R]a;B‘e(i‘”*“)'%"(a,ik)gqe’(i‘”“)'%” — Constant tensor: (o, ik)an‘B

Corollary 2.7.10. (0,ik)% = [e(iw—se) R]ag ﬁ,e(i“’_“)'%”(a,ik)Bée_(i“’_“)'%" — Constant tensor: (a,ik)aéA,r

S

2.7.7 Transition

Corollary 2.7.11. Ta. QI = [e(’iw-ﬂ—Ce)-'y]agﬂ%‘e(iw—}-g‘s)'%(j@I(O.B< ® I)e_(i“""“)'%”@I

14
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Corollary 2.7.12. [ ® 0, = [e(iw+§6)"¥]a<ﬁce(inrCe)-%I@a(I ® O,ﬁg)ef(inr%)-%I@J

Corollary 2.7.13. Ota, = [e(iw—&-ge).»y]aS 5;e(iw-ﬁ-<e)~%U+o.+ﬂg e—(iw-i—cs)%znr

Corollary 2.7.14. 0_,_ = [e(i‘*’Jr“)'A’}a(ﬁge(i“”r“)'%”* J_gce*(i‘*”r“)'%”*

/BN, ’
2.7.8 Constant tensors oo %%, 0 4 ", 040 5", 04 q P

Corollary 2.7.15.
Corollary 2.7.16.
Corollary 2.7.17.

Corollary 2.7.18.

2.7.9 Constant tensors (o, ik), ", (04,ik)ar
Corollary 2.7.19.
Corollary 2.7.20.
Corollary 2.7.21.

Corollary 2.7.22.

; . Bs  (iw- . —(iw- .
Opa, = [eliWHs)), TeliwBtsel)y ; e=(iwft<el) 5 Constant tensor: o4 %"

jw—ce)y] B (iw R—ceL —(iwR—ce-L "y
Otar = [e(“*’ s€) 'V]aé s gliw R—ce )o_wée (iw-R=seL) _y Constant tensor: O yar s

; . Bs (i . —(i .
Ota, = [elWHs)], Teliwts) By, 5 e=(wtse) B 5 Constant tensor: o4 P

iw—ce)- Bl (iw—ce)- —(iw—ce)- It
Otar = [e(“" s€) 'V}aé s gliw=ce) Roq_ﬁée (iw=se) R _y Constant tensor: O yar s

(0'+, ’Lk)ag
(U+, Z.k)cv’c
(0'+, ’ik)aq

(U+a ik)a’c

a by PeNs pen.

,(O'_;,_,’L-k)a( ,(0'+,7:k)a/<

= [e(iw+§6)'R]aqﬂ§e(iw-R+§E-L) (a'_i_,ik),gge*(iw‘RJr“'L) — Constant tensor: (O'_;,_,ik)aga‘bq
= [e(iw—“)'R]a;5‘e(i“‘R_<6'L) (U+,z’k)ﬁée—(iW'R—s‘e~L) — Constant tensor: (0+,ik)a;a§b*

= [e(iw+§e)~R]a§ﬁ<e(iw+<e)-R(J+’Z'k)ﬁqef(iw+<e)-3 — Constant tensor: (U+,ik)a<p(n§

= [e(i“’_ge)'R]aéB‘e(i“_ge)'R(a+,ik)ﬁée_(i“’_“)'R — Constant tensor: (04,1k)a; o

al bl

e
2.7.10 Constant tensors o_,_% s,U_aéafb:a_agf’”%,a_aépg’k

Corollary 2.7.23.
Corollary 2.7.24.
Corollary 2.7.25.

Corollary 2.7.26.

0. = [eHs9)7] PegliwRseL) g, o=(iwR=seL) Ly Constant tensor: o_ . *
Qg Qg Bs Qg

i —ce)- BL (i . _(iw- .
O ot = [e(iw=se) W]QQ s gliw-Rce L)a,gée (iw-Rtsel) _y Constant tensor: J,QQ“S‘b*‘

O—a.

_ [e(iw—i-gs)-'y}a B<€(iw+<e)-R

—(iw+se)-

o_g.¢e R — Constant tensor: o_q_Ps"s

!
. r. . ’or
O oy = [e(w_“)”]a;ﬁ“e(lw_“)'RU,gée_(w_“)'R — Constant tensor: oo P

2.7.11 Constant tensors (U,,ik:)ag“ébé7(J,,ik)a;a‘b‘, (0 ik)o. ™, (a,,ik)agpzné

Corollary 2.7.27.
Corollary 2.7.28.
Corollary 2.7.29.

Corollary 2.7.30.

(0—.ik)a,
(0, ik)ar
(0-ik)a,
(-, ik)ar

= [e(iwﬂe)ﬂ]ag5§e(i“"R_“'L) (0—,ik)g e~ wE=<el) 5 Constant tensor: (U,,ik)agagblg
= [@(iwfce)R]agﬁce(iw-RJrge-L)(0_’ik)ﬁéef(iw-R+ce~L) — Constant tensor: (o_, ik)ag asbg
= [e(“ﬂr“)ﬂ]agB‘e("“"k“)'R(a_,ik;)lgge_(i“’*‘“)'lzé — Constant tensor: (o_,ik)q "™

= [e(i‘”*“)'R]aéﬁ<e(i“”“)'R(U,,ik)gée*(i“”“)'R — Constant tensor: (J,,ik)aépiné

2.7.12 Constant tensors Raqp*"k,Ra/f:”é

Corollary 2.7.31. R, = [e(i‘”*“)”]ag5‘e(i“+§€)'RRB§e’(iw+<€)'R — Constant tensor: Ry """

Corollary 2.7.32. Ry = [e(i“’_“)”]aéﬂ‘e(i“’_“)‘RRBée_(i“’_“)'R — Constant tensor: Raépéné

2.7.13 Constant tensors
Corollary 2.7.33.

Corollary 2.7.34.

(R, ik)afcn(, (R, ’Lk)aépéné

(R,ik)o, = [e(i“’Jr“)'R}agB<e(i‘*’+“)'R(R, ik)gcef(i‘”*“)'R — Constant tensor: (R,ik)a‘;p‘nq

(R.ik)ar

= [e(iw_“)‘R]a/gﬁ‘e(i‘“_“)‘R(R7 ik)gée_(i“’_“)‘R — Constant tensor: (R, ik:)a/gpi'né
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2.7.14 Constant tensors Lagp‘"ﬂLagpé":’

Corollary 2.7.35. L, = [e(i“"““)”]agﬁge(i“"*‘“)'RL/gge_(w“‘ge)'R — Constant tensor: Ly P<"

8.

Corollary 2.7.36. L, = [e(i‘*’f“)'ﬂaé e(i‘*’f“)'RL@éef(i‘*”“)'R — Constant tensor: Laép;né

2.7.15 Constant tensors (L,ik), ", (LJ'k)aépL"2

Corollary 2.7.37. (L,ik),, = [6(i“’+§6)'R]a<ﬁge(i‘*’*“)'R(L,ik:)gce*(Wr“)'R — Constant tensor: (L,ik)q """

B

Corollary 2.7.38. (L, ik)q = [e@™5) R, "= B(L ik)g e~ (W) R — Constant tensor: (L,ikz)aépgné

2.8 Fundamental Theorem Three and its relevant constant tensors

2.8.1 Fundamental Theorem Three
In any N+1 dimensional spacetime, there is a following theorem.

c d 1g9ef . _1lgef .
Theorem 2.8.1. Ty, = [€7], [€?] €27 " TesToge 29" Ter 0, = —pq

Aad [Fabv ch] = 5adec - 5acrbd + 5chad - 5bdrac

Proof: 'y, = [eﬁ]ac[eﬁ]bde%ﬁefrﬂfche*%ﬁefref,Vﬂef
& Dap = [0+ 940" + 91 (1 + 399 Tep)Tea(l — 399 Tey),¥9, — 0
& 0=10,Tc — 9 Tga — 39°Cap, Teq), V9 — 0
& 0T, Tea) = 2(06Tep — 9" Tag), V94 — 0
& 9 Cap, Tea) = 94 (6aalbe — 0aclba + Opelad — Opalac), V94 — 0
& [Cap, Cea]l = 8adl've — 6aclba + belaa — 0palac O

2.8.2 Spin constant tensors MUS,, 4, S, 5

d e e .
Corollary 2.8.1. Sy, = [eﬁ]ac[eﬁ]b 30 Ses S.ge~2Y fSEf,I9 =iw- R+ ¢e- L — Constant tensor: SabAB

’ C/ ’ d' 1 /e'f' _1 /e’f’ . ’
Corollary 2.8.2. Sqy = [€7 ]y [€7 ]y e2?" " S5 S, pe39"" " Sersr 9 = jw- R—e- L — Constant tensor: Sqy™ 5

2.8.3 Spin constant tensors Sy, B.(5,9), SabAéBé (s,—¢)

Corollary 2.8.3. Sg(s,¢) = [eﬂ]ac[e’ﬁ]bde%'ﬁefsff(s’<)Scd(s,g)e_%'ﬁefsff(s’<)
0 a-(s) _o-y(s) —s04(s)
9=iw-R+¢e-L.S ( .| —o.(s) 0 ox(s) —coy(s) . Ac
= , Sab(8,6) > 1 00(5) —oa(s) 0 —con(s) | Constant tensor: Say™* p_(8,5)
<0u(s) oy(s) sou(s) 0

Corollary 2.8.4. Sy(s,—¢) = [619}ac[eﬂ]bde%ﬂefsﬂf(sv‘g)Scd(s, —q)e_%ﬁefSEf(51_§) — Constant tensor: SabAéBé (s,—9)

2.8.4 Spin constant tensors Sa/b/AéB; (s,g)(s,c),Sa/b/AcBg(s, —5)

’
c ’

d, /C/ / /C/ ’
Corollary 2.8.5. Sy (s,6) = [eﬂ/]a/ [(319 o e3? Se’f’(s’g)Sc/d,(s,g)e*%0 P Serpr(s56)

0 ouls) —oy(s) —sou(s)
¥ =iw-R—¢€-L,Sap(s,5) =i ;TZ(S) —ag(s) azéS) :Engg — Constant tensor: Sa/b/AéB: (5,6)(s,5)
cox(s) soy(s) soz(s) O

/! d/ el ! el !
Corollary 2.8.6. Sa’b’ (S, _g) — [eﬂ/]alc [eﬁ/]b/ e%ﬂ/ ! Se/f/(s,—§)sc,d/ (S, _g)e—%ﬂ/ ! Se/f/(s,—§)

— Constant tensor: Sa/b/A<B§(s, =

2.8.5 Spin constant tensors S,;," 5 (g),SabAéBé(—c)

<

d 1ae , . ,
Corollary 2.8.7. Suy(s) = [¢?]a[¢"]s e3? fsef(s)gcd(g)e—%ﬂ I Ser (<)
0 o —0y —GCOg
9 =iw-R+e L Sup(s) = & LU ) 0 —eqr | — Constant tensor: Su™ p (<)
S0y <oy <o 0

Corollary 2.8.8. Sy,(—¢) = [eﬁ]ac[eﬂ]bde%ﬁefsef(_C)Scd(—g)e_%ﬂefsef(_c) — Constant tensor: SabAgBé(—c)
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2.8.6 Spin constant tensors Sa/b/Ag B, (g),Sa/b/A*'Bg(—g)

’ < 1od 1 grel f! _1gref!
Corollary 2.8.9. Sy (s) = [eﬂ Jar [eﬂ Jor ez Sery ()G, (<)e 20" 8 41(s)
0 0, —0y —GOg
— i | —0. 0 o0, —co . B’
V'=iw-R—€- LSy ()= 5| o) —gn 0 —co. | — Constant tensor: Sarpy a1+ (<)
SOz SO0y sor O

d’

Corollary 2.8.10. Sa(—<) = [e”]a" [¢”]y" 2" ! Ser g1 (=) 8 g (—)e 37 'Se41(=9) 5 Constant tensor: Sarp ™ 5 (=)

2.9 Fundamental Theorem Four and its relevant constant tensors

2.9.1 Fundamental Theorem Four
In any N+1 dimensional spacetime, there is a following theorem.
Theorem 2.9.1. T, = [e7],"e}?"'SeaTye= 150,y = 1T, Tu] 5 [T Tal, Tl = Ty

Proof: T, = [¢”], 37" Sealye— 39" Sea
& Ty = (1+0) (14 30°98,9)Th(1 — 29295,
& 0="19,"Ty + $0°1[S.q,T]
& 0= —59T(ba)a + 30°[Scd, ol
& [Sea: Ta] = Ledyja
& §l[Ce.Ta], Ta] = Tieduja .

Proposition 2.9.1. [[I'.,T4],T,] = %({Pc; {Ta,Ta}} — {{Ta, T}, Ta})

2.9.2 Constant tensors 7 v, A<, (¢),v5%, (), 6% .

Definiton 2.9.1. 75(<) = V()Y ()72 ()Vx (), Sav(e, <) = 2[7a(<), 1(<)]

Definiton 2.9.2. *s ~ 6%ﬁabsab(e’g)au< ~ e~ 30" Sap(e)

Definiton 2.9.3. A special representation: [74(s),75(s)] = [(6 ® 0y,sI ® 03),sI ® 0]

91,039 Sealess) —39°Sealess

Corollary 2.9.1. v,(s) = [e ) — Constant tensor: v, ,_(s)

M(<)e

39" Sab

Corollary 2.9.2. 75(c) = e? (@) 5 ()e~ 30" Sav(e:) 5 Constant tensor: Y52 1 (S)

Corollary 2.9.3. [, = eéﬂabsab(e‘)146*%19”5“5(“) — Constant tensor: 6)‘<M§

2.10 Fundamental Theorem Five and its relevant constant tensors
2.10.1 Fundamental Theorem Five

B

Theorem 2.10.1. T, = [¢/ ], e T Te " & [T, Ts] = ifap’ Ty

Proof: T, = [emfw}aﬁeimT”Tﬁe’ahT”,Vm

& Ty = (6," + 07 £,.°) (1 +i0T,)T5(1 — i07T,), ¥ — 0

& 0=0"(fa"Ts +i[T,,T,]),¥0" — 0

0= f,a"Ts + [T, Ta)

& [To, Ts] = ifap’ Ty H

Obviously, Fundamental Theorem Two is a special case of this theorem. (fo5” = €ap?, 107 = iw + se)

2.11 Fundamental Theorem Six and its relevant constant tensors

2.11.1 Fundamental Theorem Six

Theorem 2.11.1. T' = (W Ftse-L)pe—(iwR—sel) o [R T]=0,{L,T} =0
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Proof: I' = eliw FteeL)Pe—(iw R—ce:L) v, e
eT'=[14(iw-R+ce-L)T'[l - (iw- R—ce- L)],Yw — 0,¥e — 0
0= (iw-R+ge- L)' =T (iw-R—ce-L),Yw — 0,Ve = 0
< 0=iw-[R,T]+ce-{L,T},Vw — 0,Ve = 0
< [RT]=0,{L,T}=0 O

Corollary 2.11.1. 7 = eliw fitse L) pe—(iwR—cel) p diag(1,1,1,—1) — Constant tensor: ns, < n“b,,na/b,n“b 1
2.12 Various acquiring methods of new constant tensors

First method: € <> —¢

Second method: ¢ < —¢

Third method: Matrices operations, such as conjugate, transpose, similarity transformation, representation transfor-
mation etc.

Fourth method: Operations, such as direct product, direct sum, shrinkage and addition, subtraction, multiplication,
division etc.

In addition, the above methods have been applied to get all kinds of constant tensors in six fundamental theorems
and their corollaries. The proofs of various corollaries are basically obvious. And in order to compact the contents,

the proofs processes are omitted.
2.13 A review of six fundamental theorems

There are no special limits about transformation parameters w, €, 9%°, 8¢ in mathematical proofs of six basic theorems.
They can take any complex numbers. So the obtained constant tensors have a lot of mathematical universality. For
specific physical system, the parameters of internal gauge transformation can still take complex numbers. However,
for external spacetime transformation, the transformation must satisfy Lorenz representation due to physical self
consistent requirement 19, So the transform matrices and transform parameters are limited. And w, e can only take
the real numbers. In particular, it is pointed out that Fundamental Theorems Three and Fundamental Theorems
Four are not only established in the four-dimensional spacetime, but also in any N+1 dimensional spacetime. This
provides a mathematical analysis tool for physical research of high and low dimensional spacetime. The proofs from six
fundamental theorems can also be obtained as follows: The commutation and anticommutation relationships between
matrices mean the existence of the corresponding constant tensors. On the contrary, a constant tensor means the
existence of corresponding commutation and anticommutation relationships. From this line of thought, we can find
more meaningful constant tensors. From above it can also be easy to know that the commutation and anticommutation
relationships of maxtrices mean themselves covariant. Namely, the commutation and anticommutation relationships
of maxtrices themselves imply their establishment in any reference frame. This is a very interesting and wonderful

mathematical characteristic. It leads us to endless aftertastes.
3 Properties of several important constant tensors

3.1 Relationships between constant tensors

/

! ’
SabAg B¢ (87 §) = _U?<ab0ag As B¢ (Sa §) ~= Sa’b’Aé B (S? §) = _U?Ca'b/aaéAé o <S7 §) (141)
’ 4 ’ . )
SabAé Bi(s,—¢) = _o'izabo-o‘éAé Bi(s,—¢) =< Sa/b/A*‘Bg(s, —) = —Jf}a,b,aagf‘* B. (s, —9) (1.42)
CacBere = i’ya;ﬂs'ﬁ ’ Ea/@Bé'Yé = nyalgﬁé’Yé (143)

18
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’

. . AN .
3.2 Properties of basic constant tensors 45 (g ic), "< (0, —ic)? ,, AL
S

3.2.1 Transpose properties

From the perspective of spinors:

(0i0)a ™ = (07 ic) ™ (0, =) a4 = (0T, =i6)" 4 s

(o, z’g)aAgA; — _ABALB. (o, _ig)aBg& (o, _ig)aAgAc = —eamean, (o, ig)aBng
£a.5,(0,1)a" " = —(0,~i6)a gy 4 N (0,i)a™ " ea; =~ P (0, ~i)ap .
P (0, ~iS)ap, 5, = (0, i)™ M ean, (0, =i 4 8 = —carm (o, i)’

From the perspective of matrices:

(0,i5)q = (07, —i5)qe = [e(0, —i¢)ae] T (0, —i5)q = (07 ,i5)qe = [(0,7¢)ae]
£(0,i¢)a = —(07, —i¢)ae (0,i¢)ae = —e(0T, —ic)q
(o, —i5)q = — (07 ,i¢)qe (0, —i5)qe = —e(07 i) a
3.2.2 Orthogonality properties
From the perspective of spinors:
(0,i)a (0, —i6)" 4y 4, = 204" (0i5) ™ (0, i), p, = 26% 6%
(0ic)a ™ (o) e = —2e e Peg AL (0, =i6)" a4, (0, =i)ay , = —264.B.E ;B
(0,i6)a™* "5 (0, i), . = 464 p, (0, —i6)" 4y (0 i6)a" P = 40,4, %
From the perspective of matrices:
tr[(o,i5)a(0, —iS)s] = 20ap tr[(o, —ic)a(a, is)s] = 204p
(0,i¢)a(0, —ic)* =4I (0,—1¢)%(0,i¢)y = 4I
3.3 Properties of basic constant tensors o,_“< B (s), O'OLQAQ K (s)
3.3.1 Preparation
=N 1 1
Use the formula: kz::l k* = gs(s + 5)(3 + Z)
1 2 1
trlo2(s)] = trlog(s)] = 1 ,; 2k(2s+1—k) = 58(8 + 5)(8 +1)
) 1 , 2 1
trlo?(s)] = ; kZ:l (25— 2k)* = Zs(s + 5)(s + 1)
tr1o3(5)] = trio(s)] = trlo?(s)] = 255 + 3)(s + 1)
3.3.2 Orthogonality properties
From the perspective of spinors:
70 5, ()55 4 (5) = 255+ 5)(5 + Vi Cai g (8)0C g (5) = s(s + )3,
O'a;AéBé (s)crﬁQB;Ai(s) = %s(s + %)(s +1)55s Ja;Agcé(s)aagq Bi(s) = s(s + 1)5,41,]3é
00 5, (5)0° B 4 (5) = 25(5 + 5)(5 + 1) 0" (5)0, M) = 2505+ )5+ 1)
From the perspective of matrices:
17100, ()75, (5)] = 5(s + 5)(s + 1, o(s) = s(s+ 1)
o ()% (9] = golo-+ o+ )=l 1)
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3.3.3 Non trace properties

a4 () =0 tr{oa.(s)] =0 o ar 4 (s)=0 trio®(s)] = 0 (1.64)
3.4 Properties of basic constant tensors O’agA‘ Bg,oaiAéBé

3.4.1 Orthogonality properties

From the perspective of spinors:

Ooa ACBQ 98, b Ao T 2008, Uoc;Ag C. s O B, = 35A<B< (1.65)
R G 04y ()0 o, P = 304, % (1.66)
From the perspective of spinors:

trioa.os.] = 204 s, o =3 (1.67)
trjo®” o] = 26 0% =3 (1.68)
3.4.2 Non trace properties

00, =0 trioa.] =0 aaéAéA/‘ =0 tr[o®] =0 (1.69)

. . A . ’ B/
3.5 Properties of extended constant tensors (o,ix)a. " 5 ,(0,iK)% 4, °
S S

3.5.1 Transpose properties

From the perspective of spinors:

A ’ B’ , B!
(0,iK)a. " . = (07 ik)a g (0,ir)% 4, * = (07, iR)™ ", (1.70)
!’ B, !’ ! ’ D,
(07 Z‘n)ac As B. = *EAngngcc (07 *i’i)aq o D, (Ja i’i)aq Al f= 7€A2Dé 5B§C§ (0—7 72”{)06§ C! ) (171)
! ’ ’ B{ ’ A,. ’ ’
EALC, (Uam)agaBg = —(o, _Z.K/)acccAgECqu e (o, i/‘ﬁ)agcé T =—(o, _i"f)agcé "gCe b (1.72)
;! ;!
(Uv iﬁ)ag A chchg = _‘EAgC{ (Ju _Z'H)ag Bs C. (07 i’i)ag AL CECQB; = —EALC! (07 _i’i)ag B! : (173)
From the perspective of spinors:
(0,iK)a, = E(O'T, —iKk)a.€ = [e(o, —m)acs]T (o, i/@)aé = E(JT, —ili)aé&? = [e(o, —in)aée]T (1.74)
£(0,iK)a. = — (0, —ik)a € e(o,ir) = (o7, —ir)*e (1.75)
0,1K)q € = —€(07, —1K)q O, 1K Lsz—so,—m : .
. . T . . -\« T « 1.76
3.5.2 Orthogonality properties
From the perspective of spinors:
! { ’ Al; ’ ’
(0,i8)a, ™ g (0, —ir) 5. % 4 = 2005, (0,i8) (0, i) %, = 20°05 (1.77)
’ C’ ’ ’
(o, m)af‘q (o, —z'/s)"‘*‘C‘Bq = 46A<B§ (a,z',‘-;)o‘s'Aé (o, _m)aécé Be — 4041 B (1.78)
(0,1K)a. As c. (0,ik)%s Cs B. = 204 B. (o, ifi)aé Al (o, 7;"’Q)ozg cr = 2(5,4/S B (1.79)
’ B’ ’ ’ ’
(0,ik)a, g (0, —iR)* S, =204 p 55 (0viR)% 4, (0, =iR)ar o, 7 = 264,765 (1.80)
(O’, ’i/@)ag qu (o, Z'/Q)O‘( Cng = —2<€A<C‘EB§D§ (o, Zfi)o‘i Al §(0'7 i’@)ag cr D5 = _QEAQCQEBQD; (1.81)
From the perspective of spinors:
tr((o, i) (0, —iK)p.] = 20a_p. tri(a, k) (o, —ir)] = 2695 (1.82)
(0,iK)a. (0, —ir)2s =4I (0,iK)* (0, —iK)ar =4I (1.83)
(0,iK)a. (0, ir) =21 (0,iK)* (0, iK)a; = 21 (1.84)

20



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

’

s s a o’ Q¢ X
3.6 Properties of basic constant tensors o ,,0% ,,0.5,0 %,

3.6.1 Orthogonality properties

From the perspective of spinors:

o Bab __ aB o _Bab _ o' B’ as _Beab _ acf
oL ol = =40, 0% ol T = —46 O gp0c " = —45%s
o _pBlab _ o _Bab _ ac _PBlab _
ol wol " =0,02 00" =0 Ocap0—c =10

The above orthogonality relationships can be summarized as a following more compact relationship.

e Brab __ agf
O apOn™ " = =40 077"

From the perspective of spinors:
tr(aiai) = 450‘6,”(03/0?,) — 459 tr(a?*‘af“) = 4§%Ps

tr(of’;af,) = O,tr(af/aﬂ) =0 tT(U?‘U% )=0

S

The above orthogonality relationships can be summarized as a following more compact relationship.

tr(a?*af”) = 46, 0% P

3.6.2 Duality properties

(23

— Qg
cab —

—Qq * Ugab

! ’
a e o @
U+ab = — %k U+ab7 O_ab = *0_gp g

’

3.7 Properties of extended constant tensors (o,ik)% ,, (0—,iK)* ,;
3.7.1 Orthogonality properties

From the perspective of spinors:

’

(04,iK)% (04, 1K) = —46°P (o_,ir)™ (o, i/i)ﬂ/“b = —45%F

The above orthogonality relationships can be summarized as a following more compact relationship.

(05, iK)% ab(0§a i’i)ﬁgab = —45%Fs
From the perspective of spinors:

tr[(o4,ir)* (o4, —ir)’] = 46°8 tr[(o_,ir)* (o_, —ir)P ] = 46%'7

The above orthogonality relationships can be summarized as a following more compact relationship.

tr((os, ik)* (o, _Z.’i)&] = 45

3.7.2 Identity properties

’ ’

“ (0—7 Z)a ab — (U+?i)aba

(04, =0)% 4 = (0, =)t
’

(U—ca K)a“ ab — (Um ig)abag

Qg

(O'cv *ig)acab = (U—ca *Z.g)ab

’

3.8 Properties of spin constant tensors S, 5 (s,9), SabA;B<(s, —)

<

3.8.1 Compound properties
A A B! O B
Sab (Bc (57 §) = _U?Gabaas' ng (S) SabA’g q(s’ —§) = _U_z'abaaéAé C(S)

’
Ta. Ang (5) — ZO-CO[g abSabAng (37§) gaéAgB< (S) = iafgaéabsabA’ng (57 —g)
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3.8.2 Orthogonality properties

Sav™ 5. (5,5)Sea A (s:5) = 35(s + 3)(5 + 1)oy0ca cd

SabAgB‘(S» _§>SchéA§(Sa —<) = %5(3 + %)(5 +1

Sap™ 5 (5,6)S% 5 4 (5,6) = —8s(s + L)(s + 1)

<

’
Yo o
—cab?—salcd

Sabar P (8, —<) 5% 5, (5, —¢) = —8s(s + ) (s + 1)

Sap™ 0. (5,6)9% p_(s,6) = —4s(s + 1)5% p_

/ B!
S’abAéq(s, —c)S“bcé “(s,—¢) = —4s(s + 1)(5,423

’
<

o?(s) = —i b(5,6)8%(s,¢) = —% (5, =) S (s, —¢) = s(s + 1)

3.8.3 Duality properties

Sap™ p_(5,6) = —¢ * Sup™ 5_(5,)

3.9 Properties of spin constant tensors Sapd

3.9.1 Compound properties

1
Sab™ B, = Sav™ B_(s) = Sap™™ Bq(ia S)

Qg Ag
s 9°s ab% e B

A 1 ab A
Oag gBS = ias‘ag Sab *B.

3.9.2 Orthogonality properties

A B «
Sab (Bs.Scd ‘A= iaggbas‘awd

<
B a1 o
SabarSedpr " = 50—2ab0—<a;cd
A abCs A
Sab™ . 8" g, = 30" B,

Sab(s)S(S) = Sap(—) S (=) = —0* = =3
3.9.3 Duality properties

Ag A
Sab ° B, = —¢* Sap ‘B,

SabAéBé (s,=¢) =cx SabAgBé (s,=<)

B/
“BerOabar

3.9.4 Relationships between basic constant tensors

L AA . A A
(07 ’L§)a ¢ G(Ua _Zg)bAéBc - 6(11)6 CB< + QSab CBg
A 1, 0 A )
Sab ‘p. = 1(J, ’Lg)[a (o, —K)b]Ang
. . A B’ B’ B’
(0,=iS)aara (0,95)p """ = dapdar ¢ +2Sap.ar " ¢
B/

1 . )
Sapar s = 1(07 —iS)[aar A, (0,1S)y

Relationships between basic constant tensors:

AB!

. A A’ . N A,
(0,19) (""" (0, —1S)par B, = —207° , 0a, ‘B.

Better and more uniform writing:

A, 1, aa ' )
Sab SB< = 1(0’, ’Lg)[a < (5Aé <((T, 7Z§)b]BéBg
B’ 1 . A . B.B!
Sabar”s 21(0, —iS)[aar A, €7 B (0, 0S)p

B, _ B! _ B’
Sabar” = Sapar s (=<) = Sapar ‘(5,*<)
B’ o 1 o’ B’
Sapag ™ = “57 a0l gy
Bl oy _ L ab B
UagAé (s) = 5‘7—:&2 SabAg :
A abBs
Sab §B<S A — —6
’ A’
SabAgB‘SabB; *=—6
¢! qab B B!
Sabar <8¢t ==30a,"5
B! B’
SabAg C=Gox SabA; N
1 ’7
A SN AAL )
0apd B, = 5(0’, ’L§){a (o, _Zg)b}AéB<

7 1 . . A ’
6ab5AéB‘ = 5(0, —iS) {aar A, (0,9)p} <P

7

A A

1 . ' .
(Sab?Ach = 5((I, Z§){a <5A,§B<(o', *Z<)b}BéB<

_ B 1 . A . B.B’
JapEay s = 50, ~i6) {anra e B (0,1)py 7
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3.10 Properties of compound constant tensors o,_“<?

3.10.1 Definition

Ta AP (s) = 0a M ()P (s) Ta AP (5) = [oa, (5)E(s)] 4P

0% 4,8,(s) = €a,0, ()0 “ B (5) 0% a5, (5) = [e(s)0™ (s)]a, B,

0% a5, (5) = 0 4, " (5)Ecy 3, (5) 0% a3, (5) = [0 (5)(s) a1

oy 4B (5) = e (s) 0w o <(s) Tar 4B (5) = [e(8)Tar (5)] AT
3.10.2 Symmetry and antisymmetry properties

0o AP (5) = (~1)2F o, e () 0 gy () = (~D)* 0% pya (5)

UQ‘A<B§(S) - (—I)QS—HUQ(BCAc (s) UQQALBQ(S) — (_1)284_10’05232142(8)
3.10.3 Orthogonality properties

0% a1y (8) 00 A BE (s) = (—1)%F125(s +

{U%&Bc(s)oamg&(s) = (—1)2+125(s + 1)(s + 1)

Oa A<C< (8)o®<CsBs(s) = s(s + 1) Bs () U%chg(s)aaga Bg(s) =s(s+1)ea B (s)

s(s 4+ 1)eA<B(s)

C,
O’O‘/c Al ° (S)O'QICCZB; (8) S(S + 1)5,4/(32 (S) O-Otch;Cé (S)Jaé c! ° (S)

s(s), UO‘;AgBé (8),0% a.B.(5), 00 A(B] (s)

(1.120)

(1.121)

(1.122)

(1.123)

(1.124)

(1.125)

(1.126)

3.11 Properties of spin constant tensors S,,"< " (s,9), S’“bAgBé(s, =), 5% 4 _p_(s,5), SabAéB:'(s, —)

3.11.1 Definition
C/
Sap P (5,6) = Sap™ ¢ (58,)F7 P4 (s) 5% A (s,—¢) = 84 (s, —<)Ecr B (5)
C¢ %Y 7 ’
S 4 _(5,6) =ea.c(5)S™ " p_(s,5) Sap™ 5B (5, —¢) = e (S)SabCéBq (s,—¢)

3.11.2 Corollary

. 1

Sap P (5,5) = =500 70 N (9 5 a3y (=) = =50 M0 a0 ()
1 ! ! 1 /‘

S 4 g (s,6) = —50—%“1’0”“&&(8) Sap s Bs (5, —¢) = _§a?s ws0ar 2B (5)

3.11.3 Symmetry and antisymmetry properties
Sap P (s,6) = (=1)?7 150 5 (s,¢) S a1y (s, =) = (=1)**15% gy 4 (5, )

S4B, (5,6) = (-1)*T15%p 4 (5,¢) Sap <P (5, —¢) = (1) 15,7 (s, )
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3.11.4 Orthogonality properties

Sap P (5,6)9a B (5,6) = (=1)* 1 2s(s + §)(s + 105,000,

S 401 (8, —5)Seca Bi(s,—¢) = (—1)% 1 2s(s+ 3)(s + 1)a,§aé“boiicd
Sap P4 (5,6)S% 4_p_(5,6) = (—1)®*8s(s + L)(s + 1)

S ;3 (5, =) Sap P (5, =¢) = (=1)28s(s + §)(s + 1)

Sap™ % (5,6)8% ¢ p_(s,5) = —4s(s + 1)0% p_

S yrci (s, —¢)Sap 0B (5, —¢) = —4s(s + 1), %

3.11.5 Duality properties

A.B A¢B,
Sap™ 7 (5,6) = = # Sap" 70 (5,9) 5% i (8, —<) = ¢ % S 41/ (5, =)
b b ALB! A' B’
S%a.B.(8,6) = =< x84 B (5,9) Sap P (8,—¢) = ¢ * Sap s Ps (5, —)
3.12 Properties of spi tant t S,y A Be Gab Sab S, ACB
. p pin constant tensors S S A B, S 4 B, Sab

3.12.1 Definition
AB, — ¢ A, =C.B b _ qab Ol
Sap™ 7 = Sap 0 B0 SParp =8%a “Ecip

/

b _ bCs ‘B _ _A.C! B
S%a.B. =€a.c. S "B Sap™s7s =T Sapor

<

3.12.2 Corollary
1

SabAng _ _ioggabaagAng SabAéBé _ _Zagaéabo_aé ALB
5% B, = _Zo—iagabo'agAng SapsBs = —iafééabgaéA;B;
3.12.3 Symmetry and antisymmetry properties

S, B = g, BeAs SabAéBé _ SabBéAé

S 4 5 = Sy 4 S, ABL — g BLAL

3.12.4 Orthogonality properties

S, A B Schng _ 50_?;bo_gaccd SabAéBé SCdAQBé _ %0_m2 abaiicd
Sy B84 p. = —6 SabAé_BéSabA;B; =—6

SabAQC'g SangBc _ _35.»4S B. SabAéCéSabC;B; _ _35.42 B!
3.12.5 Duality properties

Sap P = —¢ % Syt Bs S®arp =¢S5 p:

S aB, = —c* 8" ap, Sap ™5 = ¢ 5 S P

3.12.6 Relationships between constant tensors

AB 1, 4 .\ B.B _A.B 1, A .\ B.B!
Sap 7 :Z(Jvzc)[a eearp(0,ic)y e dabe e =§(O,Z<){a Teearpr(0,iS)yy
1 1
ab _ - \[a A.B - \b ab—= _ . a A.B - \b
S arp = Z(U’ —ic)! ara &7 (o, —is) ]B[,B< 0"Ea By = 5(07 —ic)! aga g (0, i) }BéBc
ap L, oA .\ B.B _ap L, A .\ B.B
Sap™s7s ZZ(UJC)[G N gEAng(UJC)b] ce OqpE s =§(Ual<){a N *EAng(U,K)b} fe
b : A B! . \b b 1 , AL B! . \b
5%ac, = (0, =)l 4 4 NP (0, i) . 024, = 5 (0, —i) 1 gy 4 P (0, i)
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. . ’ ’ ’
3.13 Normalization of compound constant tensors o, 45 (s),0% 4/ p/ (5),0% 4 B (5), 0ar A<5P<(s)

3.13.1 Definition

8 1
K(s) = [(=D)*5s(s + 5)(s + 1]~ 2 (1.153)
~  A.B. ~ o
70 (5) = K{s)ow AP (s) 7" 4y (5) = k()0 4y 5) (1.154)
—~0 a — ALB; _ Y '
0 " a.B.(5) = k()0 a B (s) Tay * " (8) = k(s)oa, <P (s)
3.13.2 Symmetry and antisymmetry properties
~ A(B¢ ~ B¢A¢ ~al ~al
Oa. (s) = (=1)**loq, (s) o “arp(s)=(=1)*%o “pra(s)
—~a 241 =% ~ A.B! 26412 B!l A! (1155)
o A (s) = (=1)*"1o "p.a(s) oot (s) = (=1)*F oo, T (s)
3.13.3 Orthogonality properties
~ A¢Bq ~Be¢ . ~ AcBg ~Qq
Ta. (s)o " aB.(s) = 7%5%55 Ta. (s)o " a.B.(s) = —%
» B / » e (1.156)
~%s - s s 1sa —~%¢ - s 3
o “ap(s)og T (s) = —50%p o ap(s)oa T C(s)=—3
~ ACs ~Qg 3(—1)2°
Oag (S) CsBg (S) = 4523—&)-1) 5A§B<
; o (1.157)
~o — Ach . 3(_1)256 B’
o “arp(8)0ar T 7 (5) = qagmyOar
~ A ~aC¢ B 3(—1)%° _ —~ -~ O 3(—1)%°
Oa. C. (S)O' (S) = 4E2$-&)-1) EA(BC (5) Oa AC: (S)U(lc B, (S) = ﬁsAcBg (S) (1 158)
’ C, I Al ’ B/ °
~a < — 3(—=1)2° _ ~a AC] ~ar < 3(—=1)2 ey
o (5)oacrpy(s) = TmenEan(s) O ()% cr (3) = Taame ™ ()
3.14 Properties of compound constant tensor ZﬁjB’BSJ (s,8")
3.14.1 Definition
~ A.B.
k(8)Sap P (s,6) = =302 o0 (s),s >0
DEIOE T (1.159)
k(—=8)Sabar (=8, —¢) = —50¢ gabaaéAéBé(—s), s<0
k(s)S%? 4 g s,gz—laa“bganB s),s>0
ENOE ) AB( )= a0 ~ ;g( Ang (1.160)
k(—s)8e7 7 (=5, —¢) = —30c0 Y0 (—s),s <0
258 1 -1
k(s) =[(-1) gs(s + 5)(5 +1)]2 (1.161)
Definition: Zﬁzsl%: (s, s = 2;41:53;5 (3)2%1 5., (8) (1.162)
For convenience let’s omit the symbol ¢, then get Ef‘leBﬁ/ (s,8') = Zflst (5)8% 5 (s (1.163)
3.14.2 Transfer properties
AT (5500, (8" = 24 (5 ) (1.164)
3.14.3 Symmetry and antisymmetry properties
S4B, (5.8) = (CDPTIERTE (5. 8) 24, (5.8) = (CDPHSE (s, (1.165)
2415, (508) = (FDPOTIEE (s, (1.166)

3.15 Properties of vector spin tensors S,;.q and antisymmetric tensors c,pcq

Proposition 3.15.1. S, pcq = —%(Ugab(f_alcd + O.iabo-'f‘a(id) = 04c0bd — 0adOpe = 5a[c5d]b = 6c[a6b]d

’
Proposition 3.15.2. c4p0q = —%(aiabma/cd - O—?f_a(,o—+acd)

25
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The above two propositions are unfolded by different situations. Then they can be proved.

{S(*ab)(*cd) = Sabed {S(*ab)cd = Sab(xed) = Eabed

€ (xab)(xcd) = €abed E(xab)ed = €ab(xcd) = Sabed

Sabcd = Scdab; Sabcd = _Sbacda Sabcd = Sabdc; Sabcd = §Sabef‘s’efcd7'l9ab = §Sabcd196d

O—g/abo——oz’cd = *(Sabcd + sabcd) = (*Jacébd + 5ad§bc - sabcd)
0% b0 +acd = —(Sabed — €abed) = (—0acObd + daddbe + Eabed)
U?;bo-qacd = _(Sabcd - ggabcd) = (_6a66bd + 6ad6bc + gEabcd)

3.16 Properties of spin tensors S,;(¢)

1 1 . . 1 . .
Sap(<) = —502‘211,0&; = Z(U’ i) a0, —iS)p)  Oap = 5(07 i) {a (0, —i<)py

{[sab(cx 8ea($)] = BufeSap(S) + Safe(€)dap = ~GefaSi1a(s) — Sefa ($)di1a
{Sab(<): Sea(€)} = 30¢ay0cacd = 5(SEabea — Saved)
Eabed = $2tr[Sap(<)Sea(s) — Sap(—¢)Sea(—<)] San(<) = —¢ * Sap(<)
{QSab(c)(a, i§)e = (0,16) [a0pjc + SEabed(, )"

2(0, —i<)eSab (<) = Ocfa (0, —i<)p) — Eabea(0, —ic)?

3.17 Properties of Dirac spin tensors Sg(e, <) 24

[Va(6),75(c)] = [(0 ® 0y, I R 04), 6] @ 0]
Sunler5) = 161 ()] = San(6) & Su(—5) Bus = £ {1a(6). (<))

{[Sab(€7§)7 Sca(e,<)] = dafeSap(e; ) + Saje(e;$)dap = —0cjaSpja(€;s) — Serale, )b
{Sab(e;6), Seale, )} = 505m0cared © 50°% 00 —cared = 5[75(5)eabea — Sabed]
[Sab(€,9),7e()] = Vabbje  {Sab(€:6),7e(S)} = Eabea¥s(s)1%(s)

Sap(€,6) = —75(<) * San(e, <)

3.18 Relationships between constant tensors ¢pcq, 7a(s) 24

Eabea ()7 ()7 ()7 (s) = 2475()
eabed’ (€)1 ()7 (6) = —675(¢)7a <)
7H(s) = —475()Sap e )
V5 (){Va ()1 (<) 7e(€) = [dapve(<) + Via(S)de)e]}
Eabed = V5(){7a($)V6(S)Ve(S)vals)
— [0abbed = OafcOapp + 20abSeale, ) + 2Sap(€,6)dca + 20aicSap(e;s) + 2Sajc(e;$)dap]}

e

)

()
Eabed V" (S)
(<) =

Eabed”Y

3.19 Relationships between constant tensors c,pcd, (0,0),

Eavea(0,05)* (0, —ic)* (0, 1<) (o, —ic)? = 24¢

Eabed(0,15)0 (0, —i5) (0, i5)* = —65(0,ic)"

Eabed(0,75) (0, —is)* = —46Sap(S)

Eabed(0,i6)" = ¢{(0,i)a (0, —i5)p(0,95)e — [ab(0, i) + (0,1S) [ Opjc] }

(
Eabed = ${(0,i6)a (0, —i)p (0, i<) (0, —iS)a
— [0abded = afcdajp + 20abSca(s) + 25ab(<)dea + 20a[cSdajp (<) + 284(c(<)dapp] }
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3.20 Relationships between constant tensors c,_g . ,0q,

60‘s’ Bss = 60‘< Bsvs4

Eaceve = ~i(0a 080y — 05y Oa; + 0y 08, = bacp Ov)

€acBin 0 = —i(0a,08, = bacp,) = —%i[%u%]

Eacgg%oﬁﬂr% = 2i0q, Eaggg%ao*aﬁ‘ovc = 61
250,807, = Ola 98]y, t1€apr, 20, Sag e = Onlag T8, + 1€ac B
[Sacer Tv] = Ola a1, {Sa.s.,0v.} = i€a s,

3.21 Relationships between constant tensors ¢, g 4 ;€abed

CagBevs = EagPeved

EacpoyedAL = ea g At

Ea.pocdF = e py (F74 — FY5)

Eabed " = o g (HPH — HP W 4 HYPw)

Eabed R = 4 gy (RSP — ROSPAY 4 RosABe _ RAoshe)
3.22 Relationships between constant tensors c4_p_,ca 3.,
€AB. = €A.B.3

514<B<»y<14’yS = 5A§B<A3

aAggngﬁwg =caB. (FB§3 _ F3B<)

Vs — AcB:3 A.3B 3A.B
(‘,_:agBC’YCHOchx’Yx :€A<B§(H sbBeo . A< <+H S §)

27
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3.23 Special constant tensors
3.23.1 Introducing constant matrices N(s),N(s)
B 1 1 B
N(s)=1a®( ®Iss—1) ®1,N* (s) = 5(5) ®e(s — §)N(s)a(s) (1.207)
[1 0 0 0 0] 10 0 0
1000 01000 0 1 00
1 00] o100l lo1o000 0 1 00
1 0ol (o1 o0l {0100 (00100 0 0 0 0
N(s) = ) ; ; s (1.208)
0 1/'lo 1 o] lo o1 0/'|l0 01 0 0 0 0 0 0
001 (001 o0 00010 000 1 0
000 1] [0 0010 000 1 0
00 0 0 1} 000 0 1
(4 0 0 000 0 0
300000
20 0 0 01300000
_ 1 0] 1 11012 00 0f 1
N(s) = =101 1 0],5 ,~100 02 20 0 0 (1.209)
0 1| 2 310 00210
00 0 2 00000310
00000 3
00 00 0 0 0 4]
) 100 00 000
) 100000 .
ol 2% o1 000 000000
T(g) = = - sl 2 - 11 1.210
N()2[011,20110,2000110,200022000 (1.210)
000 3 > ) 00000 % 10
000001 )
0000000 1%
tr[N(s)N(s)] = tr[N(s)N(s)] = 2s + 1, tr[N(s)N(s)] = tr[N(s)N(s)] = 1 (1.211)

3.23.2 Constant tensors properties of matrices (o ® Ias,i<)q, (00 ® Iag, —i<),

Corollary 3.23.1. (U ® Ly, —i§)a — e(iw—%)-o(%) ® e(iw+qe)~o(s—%)(o. Q Lo, _ig)ae—(iw-i-(e)-a(%) ® e—(iw-l—ce).a(s—%)

Corollary 3.23.2. (0- ® I, _ig)a = 6(iw7§5)-0(%) ® e(iwfge)-a(s—%)(a. ® I, _ig)aef(iw+ce)-o(%) ® ef(iw7§5).a(sfé)

Corollary 3.23.3. ((7 ® I2s>i§)a _ e(iw-‘r@'e)'o’(%) ® e(iw-i—g'e)‘o(s—%)(a_ ® I, ig)ae—(iw—§€)~0(%) ® e—(iw-&-ce)‘a(s—%)

Corollary 3.23.4. (cr ® Izs,lf)a _ 6(iw+§e)~a(%) ® e(iw7§e)-a(57%)(g ® 1287i§)a67(iw7<e)-a(%) ® ef(iwfge)ﬁ(sf%

3.23.3 Constant matrices N(s), N(s)

Lemma 3.23.1. N(s)N(s) = Ios11,N(s)N(s) # kI, 0(s,¢) = N(s)N(s)1(s, <)

Lemma 3.23.2. [0(3) ® Ios + I ® 0(s — 3)IN(s) = N(s)o(s),N(s)[0(3) @ Ios + I @ o (s —

Corollary 3.23.5. [0(1)® Ly + I ® (s — 1),N(s)N(s)] = 0
Lemma 3.23.3. N(s)o(3) ® I2,N(s) = 5-0(s)

Corollary 3.23.6. N(s)[o(3) ® Ios + I ® o(s — 3)]N(s) = o(s)
Corollary 3.23.7. N(s)I ® o(s — )N(s) = (1 — 5-)o(s)

Corollary 3.23.8. (0 ® Ias, —is)*N(s)sN(s)(0 @ Ios,i5)q = (25 + 1) 145
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3.23.4 Constant tensors properties of matrices N(s),N(s)

Theorem 3.23.1. N(s) = eliwtse)o(3) @ e(iw"'“)'a(s_%)N(S)e_(iw"‘“)'o(s)

Proof: [0’(%) R+ I®o(s— %)]N(s) = N(s)o(s)
< 0= [(iw + ce) - U(%) ® Ios—1 + (iw+ce) - I ®o(s— %)]N(s) — (iw +s€) - N(s)o(s)
o N(S) _ e(iw—i—{e)ﬂ(%) ® e(iw-l—ge)'a(s—%)N(s)e—(iw+<e)~0(s)

Theorem 3.23.2. N(s) = e(i“”r“)'U(S)N(S)ef(i“&“)'”(%) ® e~ (iwtse)o(s—3)

Proof: N(s)[o(3) ® Ios + I @ o(s — )] = o(s)N(s)
& 0 = (iw + se) - o(s)N(s) = N(s)[(iw + s€) - 0(3) @ T2s—1 + (iw +c€) - [ @ 0(s — 3)]

& N(s) = eliwtsoo(s)N(g)e (1w tse)-o(3) g o (iwtee)-o(s—3)
3.23.5 Introducing constant tensors Z,(s,s), Z4(s,<)
Definiton 3.23.1. Z,(s,5) = sN(8)(0 @ I2s,%5)a, Za(5,5) = (0 @ Las, —i6)aN(s), 27 (5,6) = (0 @ Iz, —i5) o N (8)
Corollary 3.23.9. Z,(s,<)Zy}(s,<) = 25I25410ab, Za(5,$) Za(5,5) # klas

Corollary 3.23.10. Z,(s,6)Z%(s,s) = (25 + 1)1y

3.23.6 Constant tensors N,,(1),N,,(1),Z,(1,¢)m, Za(1,5) in electromagnetic representation

Definiton 3.23.2. N,,,(1) = S,,(1)N(1)S%, (s ) = Sem()N(1)S;,(1)
1 00
Lo 010 I3 0
Corollary 3.23.11. Nm(l): 01 0 of,N,(1 7Nm(1)Nm(1): ’ aim(l)Nm(l):k
0 0 1 0 0
0 010
0 00
Definiton 3.23.3. Z,(1,¢)m = Sim(1)Za(1,6)5% . (¢) = N, (1) (0_c,i¢)a

Za(1,6)m = Sem(5)Za(1,9)85,(1) = (0, —i¢)aNm (1)

3.23.7 Constant tensors N,,(2),N,,(2),Z4(2,)m, Za(2,5)m in electromagnetic representation

Definiton 3.23.4. N,,(2) = 5,,(2)N(2)S},(c) ® Sjm(g)(%),Nm(Q) =Sem(s) ® Sem(g)(%)N(Q)S;L(Q)
09000
2000000 0
. 0100100 0 00100
Corollary 3.23.12. N,,(2) = %lg 02o880y Nm(2)= 189800
0005002 0 99989
00000
2000000 0
0100100 0
B | 0020000 | _
N (2)Nm (2) = 2{8?88?88 0 | 'Nm(2)Nm(2) =I5
0000020 0
0005002 0
0000000 0
Corollary 3.23.13. Zy(2,¢)m = S

m(2)Za(2,6)85,(<) ® S5,()(3) = Nm(2)(0— ® I, ic)a
%

Za(27 $)m = Sem(S) @ Sem(S)( )Za(Q,g)S;L(Q) = (0-¢ ® I, —i6)aN;n(2)

&
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4 General theory of constant tensors

4.1 General definition of constant tensors

] = 20" Salk]

Definition: Lorentz transformation:A[L; [Y;] = 0% TalYs]

, Yang-Mills guage transformation:A

General definition of constant tensors:

In any reference frame C’F Y2 in is constant and equal, and satisfies the following transformation:
n , m ,
Y1Ys-- Ll Y1 Yy Yo
CL1L2 H ALL H L’ Lhe L,

ab yaled .
then C’E 2 }2” are constant tensors, L; ~ 29" Sap[Li] Y ~ 0" Ta[Y5]

Infinitesimal transformation:

m
’
— Y1Ye _ ab Y1Y2--Yy, o Yirp 1Y1Ye Y Yo ab a
0=0Cp 2T 19 ZsabL JCD T, +0° ) Tay)[LidCLy 0, V0", V8
Jj=1 '
i YY Y,
Y1Ys 1Yo m
A E :SabL CL1L2 Ly, = E: 0‘Y’ CrLilyp =0

4.2 Covariant derivative of all constant tensors is zero

!
Y1Ya- Yo Y1Yo:- ab Y1 Ys--- Yo Y1 Y] Yo,
DOy =0 CL1L2 I, T QWu ZSGbL ilCry SLLy, + Ay ZTay/ JCL L, L
i=1 Jj=1

D,CY 2 =040+0=0

Therefore the covariant derivative of all constant tensors is zero. This is a very good and convenient property.
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Chapter 2

Physical application of constant tensors

1 Applying constant tensors to define spinors of electromagnetic field 19
1.1 Integer spinorial description of electromagnetic field
0 B* -—-BY —iE"
) b —B* 0 B*  —ib,
Electromagnetic tensor: F'*° = (2.1)
BY —-B* 0 —iE*
iE*  {EY iE* 0
0 —iE* kY B*
—iB* 0 —iE* B
Dual tensor: * F% = Y (2.2)
—iEY  GE” 0 B~
-B* —-BY —-B* 0
s oo ] . s =1 s — — <
Definiton 1.1.1. Electromagnetic integer spinor: %< = 560 abFab = (F —isB)~
Corollary 1.1.1. Fab _ ¢ x b = —S0ca “bz/J‘“
Proof: F = —fbe
& Fop = 5SadcaF % Fay = $€qdcaF
= Fab — Q¢ * Fab = %(Sadcd - §€adcd)FCd
g Fab — Q% Fab = _J?;ba—gagchCd
= Fab —Cx Fab — 7g0<a< ab,(/}ag O
¢ — Ll a0 b
Corollary 1.1.2. ¢% = —god<  *x F*
Proof: F% — ¢ x Fab — —S0sa. abwo‘*
= 17[}04< = %gggcabFab = %G?( ab * Fab - %U?(abggﬂgabq/}ﬁ(
S = 1 ‘< b S
= = Jos 1 PO+ 257508
«— _la b
=YY = 508 kP O
Corollary 1.1.3. J?*’abFab = fcag*ab x Frab
Corollary 1.1.4. % = igof‘%'ab(F“b — % F“b)
Proof: 1% = t¢o% F oo = _Llgoc y pab
2°7¢ ab ’ 27¢ ab
= % = 1o, (Fap — < * Fap) O
Corollary 1.1.5. F —¢x F% = —J0, "o (F* —¢x F)
Proof: F — ¢ x Fab — —SOsa, abahrs h®s = %ca?‘ab(F“b — % F“b)
= [ _ ¢ x b = —iagagabU?*'cd(FCd—g*FCd) O

Corollary 1.1.6. F = %(a,a/abw“, — 01 oY), k0 = %(J,a/abvﬁa/ + 04a%Y)
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Proof: F® —¢x [ = —S0sa. abypers
= Fab o *Fab — 70,+aab1/}a7Fab + *Fab — O'_a/abqua/
PN Fab — %(0._ /abwo/ — 0o aabwa) *Fab — %(U_a/abwa/ 4 O.+aab,(/)o¢)

o Fab — %(0. ab,(/)oz —o, abwa)

o *Fab — %(U,a/ab'lﬁa 4 U+aabwa)
Corollary 1.1.7. F* = —F" & F* = 1(o_ s’ — gy g by),

Proof: F = —[be
= Fab —Cx Fab — 7g0<a< abwag
PN Fab — 1(0. abwa —o, abwa)
A
PN Fab — §C<a.7§a2abwoz§ — Ocan abwa<>

1.2 Half integer spinorial description of electromagnetic field (405

Definiton 1.2.1. FElectromagnetic spinor: B = ——gSabA «Bs pab _ _%%Bcccsab& C<Fab
Corollary 1.2.1. ¢4sBs = L g, ABogpas

72
Proof: wAng = _Lgs AcBs prab

o QZ}ACBg _ fggg I AQBgFab

= wAng _ %UQ<A ngaq

Corollary 1.2.2. ¢p4sBs = ¢pBsAs

Proof: Ua§A<B< = 0’a<B<A‘
= diga AsBeyes = Lo, Bedcpen

= pAsBs = ¢ BsAs
Corollary 1.2.3. % = %Uo‘g wA Bs

Proof: yAsBs = %UagAgB”/)ag
1 o A¢B¢ — 1 o 1 A¢Bq /B¢
© B0 ABY O AB 508
& 50 ap AP = 6% g P

& Yo = Loy p AP
Corollary 1.2.4. F® — ¢ x Fob = \[CSabA B, A Bs

Proof: F — ¢ x Fob = —GOcq, S“bw%
& Fab —G*Fab — _Cogaqab\lf a‘A B. wA B¢
o Fab _ g*Fab —_ \/§§SabA<B<wA B¢

Corollary 1.2.5. 4B = %SabA<B< % Frab

Proof: 1/)A<B< = %JQCA‘B<¢O‘<,1/)O‘< = —%J?*ab x [ab
= pAsBs = Q\IfaasA‘B? ol b*F‘lb
:>wA§B< _ %S bA <B¢ « Fab
Corollary 1.2.6. 45« = fﬁgsabAch (Fab — ¢ x Fab)
Proof: ¢A<B< = _L S A<B<}7‘ab’,¢A<Bq _ %SabAng % Fab
= wA§B< _ §Sab g(Fllb — % Fab)
Corollary 1.2.7. F® —¢x F* = 18, 5 Soq e Be(Fed — ¢ x Fed)
Proof: Fab — G Fab _ \/i(SabAngwA<B<,1/}A§B< _ _7§S A¢ B¢ (Fab Cx Fab)
= Fab —Cx Fab _ _%SabAquschng (ch —Cx ch)

32



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

Corollary 1.2.8. F% = —%(SabA/Bll/JA/B/ — SabAB1/JAB), xFrab — —(S“bA B’ Yarp + SabAB¢AB)

S

Proof: F — ¢ x Fab = fgS“bA B. hAsBs
o Fab _ ypab — fsab ,(/jAB’Fab + «ob — —ﬁSGbA/B/’QZJA/B/

o Fab — 7(5(11714 B’ Varp — SabAquAB)’ «Jab — 7T(SabA B’ Yap + SabABwAB)
= Fab — %( abA BlwA’B’ _ SabABwAB)
o g Fab — _%(SabA/B’wA,B, + SabABwAB)

Corollary 1.2.9. F = —Fbe o pab — fT(SabA B Yarp — SabABwAB)

Proof: [ = —[be

= Fab —Cx Fab = —GOca. aLb,(/}oz§

o Fab —Cx Fab — \/ﬁgsabAngwAcBg

PN Fab — _%(SabA B wA’B’ _ SabABwAB)
1.3 Half integer spinorial description of electromagnetic field source 45!
Definiton 1.3.1. Spinor of electromagnetic field source: JAQBS' = %(o, —i5)% 4 A§§A<B< Ja

Corollary 1.3.1. J, = %(0, ig)aA§A‘§A§B§JAQB“

Proof: JA/B" = %( —ic) ALA, g4s <J

’
Z5(oyic)a " <aA B Ja % = 3(0,i5)a ™M Ea b (0, —i5)" 4, 0, €9 P T,
<L

AL ,
& \%(U;ZC)a <A *eA B. JA/ f = %(a,zg) A<5A (o, _Zg)bA£C<Jb

. AcA
N %(U,K)a <A ‘sA B. JA' <= 3(0,i5)a "< (o, *K)bAéAch
& d(oyic) " “Eap B =0a"y

Al

& Jy = L(0ic), ™ ‘SAngJAQ&

2
2 Applying constant tensors to define spinors of gravitational field 14717
2.1 Preparation

Lemma 2.1.1. X7 = 1 % Xa, Xoyp = N “ 0o, " Xagvos Xy = Ua;a‘nbgb‘ﬁcgc‘X@@Q
Lemma 2.1.2. X} B = X, B, X7, Y0 = X, 3, Y0l X7y, VOO = X 0 YO0
2.2 Curvature tensor of gravitational field

Antisymmetry: Rabcd — _Rbacd, Rabcd _ _Rabdc

Symmetry: R = Redab

Alternate symmetry: Robed 4 Radbe . Racdb —

Definiton 2.2.1. Ricci tensor: R® = g.qR°*%® Curvature scalar: R = g, R = R
Definiton 2.2.2. (abed = Rabed 4 1ga[dRc] + lgb[cRd]a +1 1galegdb R

Corollary 2.2.1. C% = g.,C°% =

Corollary 2.2.2. Rebed — cabed _ %ga[dRc]b _ %gb[cRd]a _ %ga[cgd]bR

Corollary 2.2.3. Reb¢d 4 Radbe 4 Racdd — ( = g, Realxdb) = (

Proof: Rebed 4 Rpadbe | pacdb —
= €ebcd(Rade 4 Radbc + Racdb) =0
= Eopea R + €oqpe RC + 00 qp R4 = 0
= 3eebea R =0

= ngRca(*db) =90
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2.3 Yang-Mills [?) description of gravitational field

Definiton 2.3.1. Yang-Mills tensor of gravitational field: F®%s = %ga?<cdRade,
Yang-Mills tensor of Weyl tensor: C%% = %ga?* CdC“de

Corollary 2.3.1. Rebed — abed _ %ga[dRc]b _ %gb[cRd]a _ %ga[cgd]bR

_ pabas — (abag _ igg?CCd(ga[dRc]b + gbleRdla 4 %Rga[cgd]b)

- pabac _ cabag | %CJ?SaCRcb - %<0_ggbcRca _ %gaggabR
Corollary 2.3.2. Rabed _ gRab(*Cd) = —GO¢a, cd praboxg
Corollary 2.3.3. F®% = 7%0?<CdRab(*Cd)
Corollary 2.3.4. o< cdR“de = —cos CdRab(*Cd)
Corollary 2.3.5. Fab% = iga?‘ cd(Rade — GRab(xed))
Corollary 2.3.6. R4 — ¢Rab(xed) — — 200 ol (Rabef gRab(ef))
Corollary 2.3.7. Rabcd — %(o.ia/chaba/ _ U+aCdFaba> Rab(*cd) _ %( o chabo/ + O.+achaboz)
Corollary 2.3.8. R = %(fFa/cr_a/ + F%4)%,0 = %(FO‘O'_HX + F”‘/U_a/)ab
Corollary 2.3.9. R = ¢(F%o, )%, (F“éa,mé)ab = —(F%0¢ )"

Corollary 2.3.10. R = —co¢, 0 F,,%

2.4 Integer spinorial description of gravitational field
2.4.1 Integer spinor of gravitational field

i itati ; ; cahosBr = 1 abf, — 1 B abed
Definiton 2.4.1. Gravitational integer spinor: = g0, F §I€O’§ a0 calt

Weyl gravitational integer spinor: C%Pr = 1§00‘< C“bﬁﬁ = qfwg abaﬁmcdcabcd

Corollary 2.4.1. ¢*Px = CPr — Lckoos  ofre R + 1ckb,.0%P= R

ac
Proof: ¢%f~ = 1gaa< F“b'@"
= phPn = 2§0§ ab(C’“bB“ + naﬁ”a R — naﬁﬁb A — %HJE”“Z’R)
= )Pr = CBr — 2((7g b Ufj“"bcRm + §§H5<H5a<5“’
= pPr = CPrx — Scko®s | 0P R™ + 1ck0c. 0% < R

a
Corollary 2.4.2. ¢%<fs = 0B — %0?<acaf‘CbRab + %(5°‘<5‘R
Corollary 2.4.3. %P = C<fe — %5a‘ﬂ€R

Proof: ¢sfs = Qs _ Lgoc gfce Rab i LacBop

S ac
& pshls = CPs — 1(§9P5Gyp + ica gy, 00 ) R + 205 R
=N q!)acﬁ; — Ca<ﬁ§ _ %5“;5§R

Corollary 2.4.4. FabBe _ ¢ 4 FabBr — —S0sa. abz/)o‘*ﬂ“‘

Corollary 2.4.5. )%<Fs = —%02’“ ab X FabBx

Corollary 2.4.6. o< abF“bﬁ“ = —qog , * FabBr

Corollary 2.4.7. ¢p%Fr = iga?«ab(F“bﬂﬁ — ¢ * [abBx)

Corollary 2.4.8. FB« ¢ x [abBe — —iawcab & (FCdﬁ“ — ¢ x FedBe)

Corollary 2.4.9. F%8r = %(a,a/“bwo‘/ﬁh‘ — 0o pBr) x FbBr = %(U,a/“bwa/ﬁ” + 04 o B

Corollary 2.4.10. %P = §I<JU§ ab05~ dRade gag abaﬁ” Rab(xed)

_ iag“ abO—Bh R(*ab)(*cd) ZKU U’B” R(*ab Yed
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2.4.2 Properties of gravitational integer spinor 1)</«
Corollary 2.4.11. p®Pr = qpPras

Proof: R%cd = Redab

1l _« Br abed __ 1« Br cdab
= 4U§§abgf€ cdR - 4U<§abo—l€ cdR

= wacﬁm — wﬁmac

se sJs ze — _ 1
Corollary 2.4.12. %% qp¥s¥s op** = -2 R

e
Proof: 0 _;;,0ca.cd = —(Sabed — SEabed)
1 _« bed _ 1 bed
= 10 Tcacca R = — 3 (Sabed — SEabea) R*°
1 o bed _ 1 ab ab
= ZUQJjbO-COchRa 4 = _§(Rab - gR*ab )

= T YV i = (R — cRuay™)
ToTo Yels zeze — 1
= Tt g ¥t L apTt = —o R

Corollary 2.4.13. 1/10‘;5; = (z/)asﬂn)*

Proof: 1)®Fx = iog“aboé*’“cdﬁmbw

i !
_1 bed\x __ 1 & B o e d bed
& (PP = (0%, o8r JRYN) = 1000 ok wan® o0 yn® o gRO
! !’
acfBe\k 1 @ B abed
& (posbr)r = Jos ol R

& P = (o)

2.5 Spreading of gravitational field curvature tensor

Corollary 2.5.1. Rabcd — l(o._a/abo._ﬂ/cdwo/ﬁl B U+aabU—B/Cd¢aB, _ U_a/abo_+56dwa’ﬁ + U+aabg+56d¢a5)

4

Proof: R = 1(g_g Fabs’ _ g, yed pab)

o Rabcd — i[o—fﬁ/Cd(Jfa/ab’ll)a/B/ . 0_+aab,lpa[3’) . J+56d(o—fa/abwa/6 N O_+aa,b,¢)a5)}
1
4

(U_a/ab0_5/6d¢a B O’+aab0'_[—3/6d1,/}aﬁ - a._a/abo.+5cdwa B 4 O'+aab0+[36d1/}aﬁ)

PR Rabcd —

Corollary 2.5.2. Re(xcd) —

(=

Corollary 2.5.3. R(*ab)cd —

=

(O._a/abo._ﬂ/cdwa’ﬁ' _ 0+aabU—B/Cd¢aB, + U_a/aba.+ﬂcd1/)a’5 _ o.+aab0.+ﬂcdwozﬁ)

(aia,abo.iﬁlcdwa B + O.Jraaba.iﬂ,cdwaﬁ _ U,alabOLHng’(ﬂa B _ U+aabg+ﬁcdwaﬁ)

Corollary 2.5.4. R(*ab)(xcd) — %(J,a/“ba,ﬁ/c‘iwo‘/ﬁ/ + U+aabo,g/0d1/1a6/ + o,a/“ba+g6d¢o‘/’8 + U+a“bo+50dw°‘ﬂ)

Corollary 2.5.5. Rabcd + Rab(*cd) + R(*ab)cd + R(*ab)(*cd) — O._alaba._ﬁ/cdwafﬁl
Corollary 2.5.6. _Rabcd _ Rab(*cd) 4 R(*ab)cd + R(*ab)(*cd) — O.+aab0._ﬂ,cd,¢)a,3/
Corollary 2.5.7. _Rabcd =+ Rab(*cd) _ R(*ab)cd + R(*ab)(*cd) _ Ufo/ab0'+ﬁ6d’(/}°‘/18

Corollary 2.5.8. Rabed _ Rab(*cd) _ R(*ab)cd + R(*ab)(*cd) _ O_+aab0+ﬁcdwaﬁ

Corollary 2.5.9. —Re¢d — ¢Rablred) 4 cR(rab)ed 4 Rlrab)(xed) — g, abg_ g, cdqperhs

Corollary 2.5.10. Rabcd _ gRab(*cd) _ <1_%(>mb)cd + R(*ab)(*cd) _ o.gagaba.gﬂgcalwaw@’§

Corollary 2.5.11. CHRade o gRab(*Cd) o HR(*ab)Cd 4 R(*ab)(*cd) — U<a<abanﬁKCd7pa§BN

Definiton 2.5.1. Rab = 6CdRaCdb — _i(scd(a—alcaa—ﬁldbwa,ﬁ/—U+aaca—ﬂldbwaﬁ,—O'—o/aca—‘rﬂdbwalﬁ+U+aaca+ﬁdbwaﬁ)

Corollary 2.5.12. R = 16%R + L(0,,0_3)"¢F = 169 R + 5,45 4 5 SP ¢ prpABE P’

Proof: R = —i(a,azo,ﬂ/walﬁ/ — J+aa,5/1/)a5/ — 0-70‘/0'+ﬁw0/ﬂ + 000y h?P)eb

& R = 7%({0—0/7 U—ﬁ’}walﬁl —2{0+a, O——ﬁ’}qz[}aﬁ/ +{0+as U-‘rﬁ}d}aﬁ)ab
& R = L(=R - 200} )
o Rab — %&sz + %(UJran,B’)ab'(/Ja'B/ _ i(gabR + 6CdSaCABSdbC'D',(/JABC/D/
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Corollary 2.5.13. cof =0

Proof: (Cabed —

= 0= gpe Cabed — 1 (0._ dca’ﬂ’

B,

1 b drva’ B b
(o ®o_gtC B

’
U+aabU—B’deaB _ U_a,ab

= 0_0_ B/CO‘B —0’+a0' BICO‘H —o_ a/0+500‘/5+0+a0+500‘ﬂ =0

5O‘BI+ZEO/ ol Caﬁ —20,40_p"
B’y + B

CoP 4 (5°PT + i€apy0])C =0

= O ICY P =20, 0o 5 C 4 5,510 =0

= a_ma_ngo‘B, =0
= C =0

Cabcd —

Corollary 2.5.14. (U_a/aba_[gl‘:dc

1
1
Corollary 2.5.15.

!
wasﬁg — 10.015

Corollary 2.5.16. 50¢° ue *Cb

’

i (o a? )ab (0450 1)

Corollary 2.5.17.

C(*ab)cd — Cab(*cd) Cabcd —

“ R = %(0?50

o' B + O'+aab0'+56d0a6), CO‘,BI

C(*ab)(*cd)

< )abRab

N

_ 604/)55’0

A more general proof that it does not depend on the definition of various amounts.

Corollary 2.5.18. %% = %(J+U ) pR® < R = 1590R + %(U+ao,g/)“bwa5/
Proof: 9% = %(Uf‘f_afl)abRab

& 3(01a0-p) 0" = 30 400-) (0207 JeaR*

& 5(04a0-p) PP = 1(040%0_pre )(J-&-cfo— Pl

& 3(01a0—5) "0 = (o0 0s ) (0 pao? )R

& 3(01a0-5) %0 = 1(S9F — el )(Seppa + 6ebfd)Rcd

& H(opao_p)2 P = 1(269°5, + 26940, — §96%) R

& H(o4ao_p)" wacﬁ = 1(4R%, — 6%y R)

& R = 15%R 1 L(oiqo_p )0y

2.6 Ashtekar guage description of gravitational field curvature tensor 28l

Gravitational field curvature tensor: R,;°%

cd cd ce d
wh " — Opwa " + Wi “whe

Definiton 2.6.1. Introducing Ashtekar variable 28 . A % = 1<0<dea‘d

Corollary 2.6.1. [A,%]*

« ol c'd
Proof: [A,%]* = A}, % = 2§U§C YWt

!’ !’
= A% = g4,

!
1 Qg d al
§§na’a07g§cdwac = na’aAa ©

Corollary 2.6.2. [Fy ;% ]* = F;/b/a; = ﬁa'aﬁb/bFabai

et al 1 _a
Proof: [Fup ™" = I, % = —550 o0 Ry

Corollary 2.6.3. w[acewb]ed = %(E <,3/ (0ol

Proof: w[acewb]ed = WaCwpe — Wy Cwae®
<~ Wacewbed = Jef[%g(o'—cag CeAaalc
& Wi = §0es (0o o) dAa A =0
— 0o

o w[acewb]ed _

d (6(, 5/7%7 1% CdA ‘Ab

¢ AaB Ab’Y‘

= w[acewb]e

N NS x|

ﬁw[acewb]ed (8 Sﬁ' 10 —cal

Fup s =0, AbcéS Op

= 6aAba< — 81,Aa

Corollary 2.6.4.
Fabag

dd

o A a‘)][ s(o

. / /
(QZEQ 5/%0' <L CdA O‘cAb

o’ . !
S t+ice¥s gy Ag

’
1 b % cd
=5 My "0 _% g Rab

AP A % o 0ca, LA A)

,gﬁé]fdAaa‘ Ab

ceggﬁ(]fdAaaéAbB; + O.g[aqcea.gﬁ(]fdAaagAbﬁg)

B4 04 0 4 2igg_p. 70y 1AL ALP)
O’{’yg CdAaoéq Ab5<)
Aaﬁ‘Ab%)

+ €O‘< Bs B

ac cd
+evs Bss U§O¢<

A —ise® gy Al A

B Ab’vé
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—ep T A — o, fdAbﬁg)]

bO'+BCdCaB)

’
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Proof: Rade = awad - abwaCd + W[acewb]ed

& Rap® = 36(0_car W00 A — 0ca W00 Ay™) — 36(0_car “W0p A" — 0ca, 10y A.")
L (% 11 0—car “LAS A 4 % 5 Ten, A AYT)
& Rap™ = 60 qar “H(B1a Ay ™ + e g0y Ad™ Ap*) = Je00a, U0 Ay — ise™ 50 A A7)
& %g(ofga/deabaé — 0o “F% ) = %go,gaéCd(a[aAb]aé + igga/gﬁé,yéAaﬂéAb'Yé)
— 550, (Ol Ay —ice™ g Ad Ay
Fup™ = 0, Ap™ — Op A —ice® g, AP Ay

Fup™ = 0a Ay = p A" + i gy Aa < 4,7
Corollary 2.6.5. 1co® wi,“Cwy? = —ice® g A’ Ay
orollary z.6.0. 2§O'§ch[a Whle = —USE* By Ha b

. ’ ’ ’
Proof: wig “wic! = 5(Eay s 0oy A0 A + £a 57000, AL A
1__p ce d_ i __p ! cd g oL A B cd g ac A B
= 390eqWia“Whle” = §50Cca(Earp SO oy “CAT AV F €0 p T 00y A AF)
1__ps d _ . a B
At §gg§;dw[acewb]e =0~ ngacﬁc’ygépg’YgAa GAb :

o Feomtaa! = —ise gy A AL 0
Corollary 2.6.6. Fop % = 0,47 — Op A" — Z'CEOCCBg,ygAaB‘;z4b’Yg & Fop% = 0, 4% — Op A% + i(Ea:‘gé%Aaﬂ*‘Ab%

Proof: Fup™ = 0,4p™ — 0pAg™ —ise® g Ad Ay
S [Fap™ ] = Fy ™ = 00 Ap ™ — 9y A% +ice®™ gy A5 A7
’ ’ 7 ’ 7 7
& Fly® = 00 (0a Ap™s — Op A, +ice grpy Ag< A%)
’ ’ ’ ’ ! ’
& Fly™ = 0a " Fap®™ = 0wy (0aAp™s — 0y Ag™s + ice® g0 Ay’ A<)

& Fabaé = 85“41)04é — abAaaé + ZfEai‘ 5;7214@6:' Ab’Yé O]
Corollary 2.6.7. Rade = awad — 8bwa°'d + w[acewb]ed & Fop™ = 0,4p% — Oy Ay~ — ice™s Bere Aa’B< Aps
Corollary 2.6.8. Rade = awad — 8bwa°'d + w[acewb]ed = FabO/< = 6aAb“2 — 8bAaa:‘ + i{&‘a:‘gé% Aa’B< Ab’)’é

2.7 Half integer spinorial description of gravitational field (45l

,L/}AngC’ND,€ = 1

§<K‘SabA§B< SchNDK, Rabcd

Definiton 2.7.1. Gravitational spinor:

Weyl spinor: CAsBsCxDr = %g/ﬁSabAgB‘ S, Cr P Crabed

Corollary 2.7.1. pAsBsCeDn — %gagAc&aﬁKC’nD”/}agﬁ,{
Proof: ’l/}A§B§CNDI€ = égnsabAg'B; SCdCNDnRabcd

A¢Bg C¢D¢ Rabcd

A.B.C.D, _ 1 [} . Br
< 7’[} o - 8§U§cabga§ KOK™ cd9 B

= wA<B<C~D»: — %o-acAcho-BnanmwacBn O

Corollary 2.7.2. ¢*Px = Lg% 4 p o p pAsBCnDln

Corollary 2.7.3. 1)AsB<0sDs — CABCDs _ L ABza 0D
12 <

. SHS — §<_l SHS
Proof: 9®fs = 0P 6(S‘D‘BR

AcB.,C.D, _ AcB.C.D 1 A.B C.D
@’l/} < S S < _C S < S S _ﬁo—ag S So-ﬁc S S(saS/BgR

¢>QZ}A§B§C§D§ :OA§B§C§D§ 7%JQ<A§B§0'QGC§D§R D

Corollary 2.7.4. ¢A<B<CRDK — ngACCKDKWAqucKDK _ Z[}A;BCDKCK’#}AQBqC,{DK _ QZJC,{DNAqu
1/J1‘1§1§1<
¢1‘1‘1‘2‘ — ¢1‘1‘2‘1§ — ¢1‘2‘1‘1‘ — w2<1<1§1§

Corollary 2.7.5. ’lﬂacac = L/)Bdl‘ == w1<1<2<2< — 1/)2<2§1§1<7w1<2<1<2< e q/}1<2§2<1< = w2<1<1<2< — q/)2<1§2§1<

w1§2<2<2< — w2§1<2§2§ — w2§2<1<2< — w2§2<2§1§

¢2<2<2<2<
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Corollary 2.7.6. <5 AB. = ea.c.ep p pAsBCsDs = 9(ple2ele2e _ qplele2e2q)
Corollary 2.7.7. wA"BCAng = q_p s

Proof: Q/JA<B<C~D~ = lga§A<B<JBKC’,@meagﬂn

2
A.B 1 o B
= /IZJ ¢ gACBg - 50'04( §O'5(ACB<TZ) ore

A B¢ — sPs
= YA 4 p = Oap P

A.B

Corollary 2.7.8. ¢plsZele2¢ —qplele2e2c — —iR

Corollary 2.7.9. A<B<C<Ds s q full symmetric spinor. < P is a non trace symmetry tensor.
Nalmel:% wo‘(/gs' — wﬁco‘c’wxs'xc + w@ky( + wzczc =0

2.8 Integer spinorial description of gravitational field source

Definiton 2.8.1. Integer spinor of gravitational field source: J,* = %ga?ngaCd

Corollary 2.8.1. [J,*]* = J:;,a2 = na/“JaO‘é
Corollary 2.8.2. JGCd — G * J,ICd = _§U§a§CdJa0¢s

o 1 < cd
Corollary 2.8.3. J,°° = —507 _,*J,

Corollary 2.8.4. U?*‘CdJaCd = =G0 4 % J,

Corollary 2.8.5. J,% = lca?‘< Jac‘i — ¢ * JaCd)

4 cd(

Corollary 2.8.6. J,°% —¢x J,* = —%U§a§0d03<ef(g]a€f — ¢ x Jaef)

Corollary 2.8.7. J,¢ = %(U_Q/CdJaa, — 040, N %(U_Q/CdJaa’ + 040 T,)

Corollary 2.8.8. J,*/ = —J,% & J,% = L(o_ 0], — 0}, °0T,%),

2.9 Vector-spinor description of gravitational field source 45l

Definiton 2.9.1. Vector-spinor of gravitational field source: JaA‘B‘ = —\%qsch‘B‘ JaCd
Corollary 2.9.1. JaA<B*' = %Gag AsBg s

Corollary 2.9.2. JABe = J Beds

Corollary 2.9.3. J,% = %U%Ag& JaA‘Bq

Corollary 2.9.4. J,* —¢ % .J,°% = ﬂ§SCdA<B< Sy B

Corollary 2.9.5. J B = %SchqB‘ e J, o4

Corollary 2.9.6. J, 4B = —ﬁQgch*Bg (JaCd — G * JGCd)

Corollary 2.9.7. J,°% — ¢ % J,* = —%SCdA<B§ SefA‘B‘ (Jaef —¢x Jaef)

Corollary 2.9.8. JaCd = —%(SCdA/B/JaA/B/ — SCdABJaAB)7*JaCd = —%(SCdA/B/JaA/BI + SCdABJaAB)
Corollary 2.9.9. JaCd = —Jadc & JaCd = —%(SCdA,BIJaA/B’ — SCdABJaAB)
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2.10 Half integer spinorial description of gravitational field source 45l

Definiton 2.10.1. Spinor of gravitational field source: Ja; BsCuDr = —%K(U, —ig)“A,AgéA*'B‘; SOl g, cd

Corollary 2.10.1. JAIQB‘C"D” = %CFC(O’, —Z()GAQACE_A*Bg J,CrPr

Corollary 2.10.2. JaC“D” = %Qﬁ(d, ig)aAgAqFfAcB(JAéBgC”D“

Corollary 2.10.3. JAQ BsCrDr — %glﬁ(a, —ig)aA, A§§A<B<UQNC“"D“JQ(“
S

’
Corollary 2.10.4. J,** = Lew(0,ic), 24 p 0% ¢, p, Ja, PP

Corollary 2.10.5. JAQB‘C"D” = %CH(U, —15)% 4/ AgS_A‘B‘SCdC"D” * JaCd
<

Corollary 2.10.6. Ja/ BiCuDr — Jar BDxCr

Corollary 2.10.7. JaCd — Q% JaCd = K(Jv ig)aAgAchng—SCdC,iDﬁ JA/c B

B.C.D. _ 1 - AB._ C.D. 7«
Corollary 2.10.8. Ja, 77 <7¢ = 5(0, _Zg)aAgAf ST oq TS
. A AL _ )
Corollary 2.10.9. J,% = %(0’, iS)a”* “€A.B.OYC.D. JAQ B.CsDg

Jp, Lelele
<

J /1§1§2< — J /lczcls J /2§1§2; — J /2<2s1;
1L 1L y J1L 17

Corollary 2.10.10. J4 BsC<Ds = J,, BeDC o
s s Joolele2e — g 1e2le 7 2162 _ 7 2216
2/ 2/ y J2r 2/

2§ 2§ 2§
Jgi

§J T J 2 _ J Ye §J Yo — J Te __ J ES §J S — J Yo _ J Tg
Corollary 2.10.11. Ju %P5 = J,, 20Ps 5 8777 Y =T ¢ o ¢ Y
Jo® 4 JY 4 I =0

Proof: JA; L2eDs — JAQZ‘lng
1 : \a A 2.Dc 7 ac _ 1 : \a =
& 5(0, —is) ara S 0q 2P0 = Lo, —ic) e

: =2:1¢ 2:.D¢ (23 . =1:2¢ 1.D Q¢
& (0, 719)" a0, 851000 DS = (0,06)" %00 1P,

A2 Ou 1: D¢ Jaa<
S

< —(o, _Z‘C)QAQQC‘Torcng‘Jaag = (o, _Z‘C)aAglgUorclgD"JaO[g
& (0, ~i<) 00, Ela; 7 T =0
& [(0,—15)*0a E]Js" =0
S (midy¥ +id," +icT ™) - 0q + (—id," — Y —iJ.%) o
+ (1% — iV — iy ) oL+ (=7 + L =) I =0
&) s = Jy2< — TV oY = J% — T qd s = JY — Jyzc’Jxxc + Jyyc +J,5 =0
It = Jy = LY o Y = JT — I qd s = Y — J,

Corollary 2.10.12. [(0, —i5)%0, |J," =0 &
T4 T+ L =0

Corollary 2.10.13. JAéB‘CCD‘ is full symmetry for superscripts B.C;Ds. < [(0, —i<)%0a ] Ja™ =0

B.C.D

Corollary 2.10.14. Ja, s is full symmetry for superscripts B.C.D.. < [(0, —i¢)*Sea()]Jo = 0

3 Applying constant tensors to define spinors of Yang-Mills field [
3.1 Integer spinorial description of Yang-Mills field
Definiton 3.1.1. Yang-Mills integer spinor: %% = %ca* Fab = (E — icB)%°

S ab

Corollary 3.1.1. F7 — ¢ 5 Fabo — _gagagabwagg

< fr— —l S b
Corollary 3.1.2. ¢*7 = —50  * '
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Corollary 3.1.3. o< abFabU = —CJ?*ab x [rabo

Corollary 3.1.4. %7 = iga?‘@ Fab ¢ Fabg)

S ab(

Corollary 3.1.5. F%7 — ¢ x b0 — —iamgabao‘* Fedo ¢ x [edo)

S cd(
Corollary 3.1.6 Fabo' _ l( abwa'a _ ab, ) aoc Fabo’ _ 1 ab,)a’ o ab, oo
y o.1.0. = 3\0—a’ O+a () )7* - 2(0—7&’ (0 +O0ta (0 )

Corollary 3.1.7. F%7 = —Ftac & pabo — %(Jfa'abil)ala — 04",

3.2 Half integer spinorial description of Yang-Mills field (405l

Definiton 3.2.1. Yang-Mills spinor: yAsBs7 = —%gSabA*‘B“ Fabo — —%CEBS‘C‘ SabAgch“bU

Corollary 3.2.1. 457 = %JagAS‘B“wO‘*‘U

Corollary 3.2.2. 487 = ¢BAso

Corollary 3.2.3. %7 = %0“*‘,4{3{1/}‘4*‘3*”

Corollary 3.2.4. [Fabo _ ¢y pabo — \/§§S“bA§B§@/JA<B‘U

Corollary 3.2.5. @[1A<B<” = %SabA*‘B“ % Frabo

Corollary 3.2.6. 1/1A<B<‘7 = —ﬁcsabAgB‘ (F“b” — ¢ * F“ba)

Corollary 3.2.7. Fb7 — ¢ 5 Fobo — —%S“bAC& S B (FCd‘T — % FCda)

Corollary 3.2.8. Fabe — _%(SabA/Bl'wA’B’U _ SabABwABU)7 xrabe — _%(SabA/B/wA'B’U + SabABwABU)

Corollary 3.2.9. Faba _ _Fbaa o Faba _ _%(SabA/Bl'(ﬁA’B’U _ SabABwABU)

3.3 Half integer spinorial description of Yang-Mills field source 45l

Definiton 3.3.1. Spinor of Yang-Mills field source: JA;B‘U = %(a, —i5)% 4 A§§A<B< J°

A A o
a

Corollary 3.3.1. J,° = %(O’, )" ‘E_AgggJA/(B
3.4 Self review

In fact, both electromagnetic and gravitational fields can be attributed to Yang-Mills field cases. When o is empty, it
is an electromagnetic field. When o = j,, it is a gravitational field. When o is more than one letter, it can describe
more general cases. ¢ can be both internal and external indicators, and even a mixture of the two ones. So the

mathematical form of Yang-Mills field is a very general case.

4 Constant tensor and representation transformation

4.1 Full symmetry tensor and representation transformation of electromagnetic field

Definiton 4.1.1. U(1,¢) = [%, ¥, > )T h(1,6) = [plels, qple2s 22T

Definiton 4.1.2. W(L,6) = ¥(L,) = [0, 4%, %, 017, (1<) = §(L) = [plsls, yhs2 s, 22T
Proposition 4.1.1. % = Z20% 4 p 5 & U(1,¢) = Sern()P(1,6) & ¥(1,) = Spn(1,<)8(1,)
Proposition 4.1.2. 14«8 = %%«A‘B‘Wl‘ e P(1) =St ()T(1) © (1) = Si(1,¢)P(1)

Proposition 4.1.3. 14855 = pBeAs o (1<) = S.,0(1,¢)

Proposition 4.1.4. 1(1,¢) = St ()U(1) & U(1) = Sem($)(1) & V(1) = S, (1,6)1b(1) < (1) = St (1,6)T(1)
Proposition 4.1.5. W(1,¢) ~ ()7 o ¥(1,¢) ~ eliwtee i

& P(1,6) ~ WF5 50 @ o(iwhse) 50 oy (] ) m eliwtse) o (D)
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4.2 Quasi full symmetric tensor and representation transformation of electromagnetic field source
Definiton 4.2.1. J(1,¢) = J(1,¢) = [Jo, Jy, Lo, Jo|T, J(1,6) = J(1,6) = [Ji, ', Jo s, o, %<, Jo >]7

Corollary 4.2.1. J, = J5(0,i)a™ " ea . Jas* & T (1,6) = Sem(6) T (1,5)

Corollary 4.2.2. Ja, % = J5(0,—i<)" , 4 4P J, & J(1,6) = 5%, ()T (1,5)

4.3 Full symmetric tensor and representation transformation of Yang-Mills field

Definiton 4.3.1. W7 (1,¢) = [p%<7 ¥ <] T 9)7(1,¢) = [plslsT ople2co )220 T

Definiton 4.3.2. W7 (1,¢) = U7 (1,¢) = [)%7, %7 =7 0]T, )7 (1,¢) = 17 (1,¢) = [1h's1e7 4ple2:0 qple267 4220 T
Proposition 4.3.1. 7 = 0% 4 p 457 & W7(1,¢) = Sem ()97 (1,6) & W7 (L¢) = S (1,6)97 (1)
Proposition 4.3.2. Y457 = Jog, APyt o o (1) = SE,(0)U7(1) & 7 (1) = S5 (1,6) ¥ (1)

Proposition 4.3.3. QZ)AQBS'” = ¢B"A“U = 1/;0(1, §) = SezTZJU(l,C)

Proposition 4.3.4. ¢7(1,¢) = S (<)U7(1) & U7 (1) = Sem(¢)07 (1)
& (1) = Sm(L,0)7 (1) & ¥ (1) = S5 (L1,6) T (1)
4.4 Quasi full symmetric tensor and representation transformation of Yang-Mills field source
Definiton 4.4.1. J7(1,¢) = J7(1,¢) = [1,7, 1,7, 1.7, J.71T, J7(1,¢) = J7(1,¢) = [Ju, <7, Jar 17, J1, 7, Jo, >0 T
. AgA/ B . ~ _ ~

Corollary 4.4.1. J,° = %(a, S)a SEASBgt]A’CB 75 J(1,6) = Sem(s)J7(1,¢)
Corollary 4.4.2. JAQB*"’ = %(07 —iC)“AéA§§A<B< J.7 = J7(1,6) = 8t ()T (1,9)
4.5 Full symmetry tensor and representation transformation of gravitational field
Definiton 4.5.1. %8s = CBs pABCeDe — CABCeDs
Definiton 4.5.2. \I](27 §) = [wwcws"wy<x§’wz<7;§7¢ys’y<7r(/}Zs'yc]T, 1!;(27 §) = [wlcls‘lclg’w1<1<1<2<7/¢1<1§2<2< , w1<2<2§2<’w2<2§2<2<]T
Definiton 4.5.3. \ij( ) [ql)wclc prs‘@vs‘ wzs‘ms‘ 0 |1/}I<y§ r(/}ys‘ys‘ ¢Z§y< ]T

?/1( ¢) = [phlelelels qplelele2s gplolele2e plele2e2e gplele2e2e gle2e22 gle22:20 22227
Definiton 4.5.4. U(2,¢) = [()™s™, gptiss )% 0, [¢hTs¥s  qplstis, =s¥s 0, [yh™s s gh¥s=s, h%s%, 0,0, 0,0, 0]

P(2,6) = [plelelels gplelele2s gpledele2s gplele2e2e |plelele2e gplele2e2e gplels2e2e qpls2e2626 |

¢1<1<1§2<7w1<1<2<2<7w1<1§2§2< o222 |plele2e2e o222 g Le22e2e 92222 T

Proposition 4.5.1. 1)%F = 50% A_B. U’BSC D pAsBCeDs
A \I/( 16) = Sem(s) ® Sem( )¢(2» §) & U(2,6) = Sn(2)Y(2,5) & @(2»0 = Sem(s) ® Sem(%)ﬁ;(zg)

Proposition 4.5.2. 1)A4sBsCeDs — %ga A<B<gﬁ CsDs s s
& 9(2,6) = 55,(6) © SE()F(2,6) & ¥(2,6) = SH(2)W(2,6) & P(2,6) = 54,(5) @ S () T(2,6)

4.6 Quasi full symmetry tensor and representation transformation of gravitational field source

Definiton 4.6.1. J(2,) = [J,%, J,%, L5 Ju% | T J,Us TV T% [ T5 05 0.5 T2, [0,0,0,0)T

Definiton 4.6.2. j(?,g)
Jlé 1< <

1.1.1 1.1.1 2.1c1 2.1.1¢ 1.2¢1 1.2.1 2:2.1¢ 2:2.1¢
[Jl2 <<<’J22 <<<7J1£ c(c,J22 <<s,|J1,g <<<7J2£ <<<,J12 <<s,J22 s4g s7‘

1.1.2¢ 2.1.2¢ 2.1.2¢ 1.2.2¢ 1.2.2¢ 2:2:2¢ 2.2.20 1T
<7JQé sls *7J1/§ sls *7J2/§ sls SalJlé s4s *7J2/§ s4g *7J1/§ sZs S7J2/§ sZs <7]

HII

Definiton 4.6.3. J(2,¢) = [J.", J,™, J.7, Jo ™ [T Y, J, ¥, Vs, T vs] T

Definiton 4.6.4. J(2,§) = [JlélglglgvJ2/<1g1§1g’J121§1g2g’J221g1g2g,|J121g2g2g’J221g2g25,J122g2g2g,J222g2g2g:|T

7
aA‘A‘gA B, 0" c.p. Jar B:C<De

J(2,6) & T(2,9) = Sem(s) @ Sem(5)J(2,9)

Proposition 4.6.1. J,% = %(U 1S

<:>j(27<):‘9 ()®Sem(§

\/\_/

Proposition 4.6.2. JA/ BsCeDs — %(U ic)® ALA, g4<Bs g Cch Jo

& J(2,6) = S5,() ® SE,.(0) T (2, )@J(Q,C)ZS;*m(<)®S;*m(%)JN(27<)
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4.7 Full symmetric tensor and representation transformation of spin-s field

2s n

——f~
Definiton 4.7.1. 9)(s,5) = A @B @C@ D@+ \(n ¢) = op¥« @ @7 @+
2s+1

Definiton 4.7.2. ¥(s,s) = [p', %, - p2)s p@sHT
2s 2

2s s 2s 2s

= [/l/)lcls’"'1§1§7w1§1§"'1<2§7w1§1§ "'2§2<7 “ee ,1)[}1§2< "‘2§2§’¢2§2§"'2§2§]T

4s

Definiton 4.7.3. ¢(57 §) = ng ) ch ) ,(/]2( ) ng ’ wgca T ’(/)(2S)§ ) ,(/)(28% ) ¢(28+1)§]T

n 3 n
7 2
PrOpOSition 4.7.1. 'l/)aqﬁ;,yg = (%)n<0a§AcB( . G"B§C<D( . O-BgE}F( .. .)fl/)AiB§C§D§E§F§"'
2n n ’_n
= wA<B§C<D<E<F§"‘ — (%)”(UO‘ A¢ Bg . O-B C¢Ds . Uﬂ E F .. .)wa<ﬂ§7§"‘
n n 2n
———
Proposition 4.7.2. ¢a<5‘7‘ = (%)"(UO“AQBS, -Uﬁ‘cgps_ -Uﬁ‘EgFg ---)¢A<B‘C<D‘E‘F<”'
n
& U(1,6) = (Sem($) © Sem(s) ® Sem (<) - )h(n, <)
2n n n
‘A.B.C.D.E.F 1 AB C.D E_.F. -
Proposition 4.7.3. y@sPc@sPefelicr = (ﬁ)"(oﬁx< T .og. T o Tt ‘--~)¢°“5<7“"
n
< 1/)(”70 = (S:m(g) ® S:m(g) ® S;;n(g) o )\IJ(TL,';)
n

Proposition 4.7.4. \i/(n, §) = (Sem(S) @ Sem(s) ® Sem(s) - )lﬁ(n, <)

n

& 1h(n,6) = (S5,(s) ® 84, (6) ® SF,.(s) -+ ) (<)

4.8 Quasi full symmetric tensor and representation transformation of spin-s field source

2s—1 n—1
BeC.ob.® PP AP
. = . ® ,® ® ol ® ®...
Definiton 4.8.1. J(s,¢) = Ja g &7 ¥ 7" LT (n,6) = Jag®s ®Fs
4s

Definiton 4.8.2. J(s,¢) = [J's, J%, J3, ... J@s—Ds jls)qT

2s—1 2s—1 2s5—1 2s—1 2s—1 2s5—1 2s—1 2s—1

T 1.1 T 1.1 1. 1.2 .. L2 T...-2.2 1. 2.2 % 2.2, 7 2...-2.2
:[Jlés ss7J2,<s cc’Jléc ss7J2/(s s<7_,_7J1,<s cc’Jz,gc ss7J12s ss7J2,§s ss]
n—1 n—1 2n—1
——

oy . AA _ - E.F.---

Proposition 4.8.1. JaagﬁS = (%)"(U7 Z§)a CEAB. - ((T%Cgpg P E.F. " -)JA/CBSQD“ESFS
2n—1 n—1 n—1
B.C.D.E.F. - C.D E.F. 8
. Cee 1 , . _A.B. _ acfBe -
<:>JA2 cCelglighs — (ﬁ)”(g’ _Zg)aAi,Agg sbg .(O-a§ < s 0B, <l's "')Ja sPs
n—1 n—1 2n—1
——

o). acBe 1 \n . ALAL _ @ Be B.C.D.E_F.---

Proposition 4.8.2. J, %" = (%) (0,i)a” *"<Ea.p. - (0% c.p. - 0" E_F. o) Jag e e
n

Aad j(na §) = (Sem(g) ® Sem(g) ® Se’m(g) o )j(n7 C)

2n—1 n—1 n—1

—_— ~ —N—
Proposition 4.8.3. JALB‘C*'D*‘ES‘F*‘ = (\}5)"(0’ —i5)% 4, A(gAng (o §C<Ds . UﬁqEng .. .)Jaas‘/gc o
And j(n,() = (S:m(g) ® S:m(g) ® S:_m(g) t )j(’l’L,C)
Proposition 4.8.4. j(n, ¢) = (Sem(S) ® Sem(s) ® Sem(s) -+ )j(n, S)

& J(n,¢) = (55,(<) ® ST,.() ® ST,(¢) - )T (n,5)



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

4.9 Transformation relationships between spin-s particle field quantities
Theorem 4.9.1. ’(/)(S,C) ~ e(iw+§e)~a(s) o &(S,C) ~ e(iw+§e)~[a(%)®[+l®a(s—%)]

Proof: 1(s,¢) ~ eliwtse)-a(s)
& (s,6) = et o)y (s, ¢)
& N(5)9/(s,6) = N(s)elitsl o(s)y (s, )

)
) = el N5, )

) = liwtsO NN (3)RT+180(s= H)INEN() (1 ¢)
)

)

= eliwtso)[0()@I+I80(s— )IN(s)N(s)8 (s, )
= e(iw+<e)~[a(%)®l+l®a(s—5)11/3(8, S

o §(s,6) ~ eliwtsd [r(DEI+Ba(s—b)]
§) ~ e(iw+<e)»o’(%) ® 6(iw+ge)~o’(sfé)

—
»
ey
S~—
I
W
g
S
—
\EIJ
N
S~—
-
—
\EIJ
N
S~—
(S
—
»
ey
S~—
Il
W
3
)
S~—
<
~
®
ey
NG

& U(s,¢) = Sem (s, IN(8)1(s,6), U(s,<) = Sp(s)0(s, <)
= U(s,6) = Sem(s,6)N(5)S; (s)¥(s,5)

= U(s,¢) = Ny (5)¥(5,6), Ny (5) = Sem(s,s)N(s)S; (s)
= W(s,6) = Nyu(5)(s,6), N (s) = S5 (5,6)N(5) Sin(5)

Proposition 4.9.2. U(s5,¢) = S (5)0(s,5), U(s,s) = N, (s)¥(s,¢)
= \I/(S, g) = Sm(s)"/)(svg)v Sm(s) = Nm(s)sem(S)Nm(S)

5 Symmetry condition analysis

5.1 Symmetry condition analysis of field quantities

2n n n
—_— ———
Definiton 5.1.1. (pAsBsCeDeBFe - Ze — (i)”(a AsBe g, CsDs L gp BoFe .)ﬂ,aqﬁwg s s
i V2 Qg Bs Bs
n n 2n

—_———
Corollary 5.1.1. rl/}asB;'Y; e — ( )n(0a<A§B< . JB<C§D§ . O—ﬁg E.F. " ')wAgB;CSDgEgFg s Ze

o

2n

—_—
Proposition 5.1.1. ¢pAsBCDEF - Ze s fyll symmetry in () and between () for superscripts (A.B.), (C.D.), - - -

n

—N—
& OB Ze s full symmetry for superscripts o fBe - -

2n 2n n

—_——
Proposition 5.1.2. /l/)Ach’CchEch s Ze — ¢A§C<B§D§E§Fq s Zs = 5agﬁ</¢as’5c7c s Ze — 0

2n 2n

—_— —_—
PI‘OOf: wA§B§C§D§E§F§ e Z; — wA§C§B§D§E§F§ e Zc
2n

——P
,(/}A<B§C<D<E§F§ ERR A =0

< €B.C.
N n
A.B C.D E.F ——
@5B<C<(%)n(ga< P g Y gg BT .H)waqﬁgfyq...zq —0
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e Ze

n—2 n
—_————
PEN 0a§A<Cg O-ﬂgchc . (%)n(05<E<F< .. .)r(/)acﬂc’)’c
—_—
= UQ<A§CQ O.ﬂgch(,(/)(xgﬂgfyg v e =0
—_—
& 04 05, Y P Ze = ()
—_——

= o-aco-ﬂgwacﬁc'}’c s — 0

—_———
= 6a§6<¢acﬁ§7§ s Ze — 0

2n

2n n

r—/_-\[

) AB.C.D.E.F.---Z. _ ,JAcZ.C:D.E_F.---B - lZ] =
PI‘OpOSlthl‘l 5.1.3. w cbeCelUcliglig s _w cbcbolleluclic < <:>Ua<wa(ﬁc’yc <] =0

2n
N —
~

e — — ~
Proof: wAngqugEgFg e Ze ,L/)AngCngEgFg -+ B

2n

2n

—_—
N €B<Z<wA§B§C§D§E§F§~-Z§ —0
n

n

—_———
& ep,2.(J5)" (0 M0 05, P gp Bele oyt 2=
n—2 n
A 1 C.D E.F z
L G ) G e L
—_—
= O-acA(Z ¢a<ﬁc7c B A — O
—_—
= o ‘wacﬁs’k [z = 0
2n
e e
Proposition 5.1.4. (pA<BCDEFcZc s fyll symmetry for superscripts A B, - - -
/—:1% /—:1_\
& qp¥sBrs 2o s full symmetry for superscripts a f. - - - ,5a(/3<1/)a<5<7< o

2n

—_—F—
Proof: ¢pAsBsCeDeEF - Ze g fy]] symmetry for superscripts A B - -

2n

—_—
q/jAchchcE(Fc e

<~ 2n 2n

—_—— —_—
wASBQCgDSESFS---Zg :¢AgCngDgEgFg-~-Zs
n

—_——N—

& p@sBsrs 2o g full symmetry for superscript

n

—_———

) g
Sag/Bg... 75ac[3<wasﬁc7s e

Two important theorems about field quantities are obtained:

2n

—_—
Theorem 5.1.1. pAsBsCDeBF s full symmetry for superscripts.

—N—
= was‘ﬂc')’c ce

2n

——P—
Theorem 5.1.2. pAsBsCDEFe - Ze s full symmetry for superscripts.

—_——

& B Ze s full symmetry for superscripts o fBc -

2n

PR
18 full symmetry for superscripts, 6a§5§wo‘<ﬁ<% o

~

=0

n

—_———
, 5a<6§w0‘<5§’)’< ce

—_—
Proof: )pAsBsCeDeEcFs -+ Zs i fyll symmetry for superscripts.

2n
—_—
YABCDEF, -
=

2n

—_—— —_——
¢ACB<CCD<E<F< e Ze ¢A<Z<CCD<E<F< - B¢

2n

n

—_——t—

& pBrs Ze s full symmetry for superscripts o, - - -

*Zs is full symmetry for superscripts A B - -

n

—_——
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Z‘:O

"Zs is full symmetry in () and between () for superscripts (A.B.), (C.D.),- - -

0

n

—_———
Ze 0’ O’agwagﬁg’k (2] =0

n

—_——t—

750&-6 w("wgc’)’s""zc — O,O'a"l?baqﬁg’ygh'.[Z(] =0



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

5.2 Source symmetry condition analysis

2n—1 n—1 n—1
—_—N— —_——
Definiton 5.2.1. JAICB<C<D*’E<F< s = (%)”(o7 —ig)“AéACEAS‘B%‘ (00, OPs - gp BeFe ) 0P 2
n—1 n—1 2n—1
I AA
Corollary 5.2.1. J,*% % = (%)"(0’ i)a N ea, (0 c.p, 0P pp, ) a PO P A
2n—1
—_—N—
Proposition 5.2.1. JAQB<C<D<E<F< o Zs s full symmetry in () and between () for superscripts (C.D.), (E.F.),---
n—1
—_——
& J, P2 s full symmetry for superscripts acfBe---
2n—1 2n—1 n—1
AN——— N———— —_——

N S
Proposition 5.2.2. JAQBSCSD*E*Fg e = JAéCsBstEst s oy (o, —i§)a0acJaa‘ﬂ‘mZ* -0

2n—1 2n—1

e N
Proof: JA’ BCcDEF; - Zg — JA’ CcBDEF; - Z
S <

2n—1
—_—
& EBCC(JAéBgCgDQEQFg Tz _
n—1 -
e \—
= & (L)n(o- —1 )a éAng' . (U C.D. . o E.F. )J acfeZe _ 0
BC\y5) 9 ) A A o Be a —
n—1 L
or “Be 2
1 ) - o
- (ﬁ)n(aj _Zg)aAICCc : (Jag ST Uﬁg <hs L. ')Ja sHs S — O
n—2 o
o \—
& ()0, —ic)® 4 o 00 CsDs - (05, BsFs gy GHs Ly J 0B Ze =
V2 » ) arc Tag 5 5 :
n—1
et

C. D¢ Jaacﬁs‘ s 4 =0

= (%)n(aa —16)" 410, Ta

n—1

—N—
& (o, —ig)“oagéJao‘*‘B*‘ rZs =)
n—1
—_——
& (0,=16) 00, J " F =0
2n—1 2n—1

B.C.D N Z.C.D B
Proposition 5.2.3. Ja; <CeDeBeFe - Ze — Ja: <CeDeEFe - Be
2n—1 2n—1

~

— e ——
Proof: J4 BCeDEcFs - Zs _ Jar Z.C;D.E.F --- B¢
S S

2n—1
—_——
@€B§Z§JA23<C§D<E<F§MZ§ -0
n—1 n—1
f—/‘—-\Z
1 . =A.B C.;D E.F. agfe -
& ep,2.(J5)"(0, =) 4 4 ENFe - (00, O P o BoTE ) P e =0
n—1 n—1
—_——
1 \n : \a C.D E.F. acfe Lo _
& ()09 a7, - (00, P g FF P2
n—1
f—l;‘—-\z
1 \n i-\a Qagfg - —
(:)(ﬁ) (o, —1is) a7 Ja s —0
n—1
——
& (0,—ig)n, P % =g
2n—1

N —

Proposition 5.2.4. JALB<C<D<E*‘F*‘ s s full symmetry for superscripts B.C D E.F. - -
n—1 n—1

—_—— —_——
& J, 0P Zs s full symmetry for superscripts o fe - (0, =) 0q, J, B2 =

2n—1

——P—
Proof: Jy, BsCDsEsFe -+ Zs ig full symmetry for superscripts B.C.D.E.F_---
2n—1
—TN——
J gy BeOsDs Bl Zs ig full symmetry in () and between () for superscripts (C.D.), (E.F.),- - -
<:> : 2n—1 2n—1

o —
~

e e —
JA,B<C<D<E<F<"'Z< :JA,C§B<D<E<F§"'Z<
S S
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n—1

n—1
—— ——
& J, %P Zs g full symmetry for superscripts o fc - - -, (0, —i5)%0q, - J, B2 = O
Two important theorems about source are obtained:
2n—1
—NN—
Theorem 5.2.1. JAQB<C<D<E<F‘ s full symmetry for superscripts.
n—1 n—1
—_—— ——
& J, %P s full symmetry for superscripts, (0, —15)%0q, J, 0P =0
2n—1
Theorem 5.2.2. Jyu BeCsDEFs - Ze s pull symmetry for superscripts.
n—1
—_——
J 5P 2o g full symmetry for Greek alphabet.
= n—1 n—1
—_—— ——
(0, i) 00, Ja P 2 = 0, (0, —is) 2,0 P12 g
2n—1
—_——
Proof: Jy; BCeDeBoF - Ze g full symmetry for superscripts.
2n—1 2n—1 2n—1
e e e e e e
& JAQB<C<D‘E‘F‘ " Zs s full symmetry for superscripts B.C. D E.F. - - - s Jar BiODeBeFe - Ze — Jar ZsOs DB F - Be
n—1 n—1 n—1
—m —_—— N

& J, %P Z g full symmetry for Greek alphabet, (0, —i5)%0q, J,osBs 2 =, (o, fz'g)“Ja"*ﬂ‘ N 0
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Chapter 3

Spinorial equations of various particles

1 Yang-Mills theory %11

1.1 Matrix description of Yang-Mills theory

FuUUTo’ = a'uxAvU/I::T - avAuaTa + ig[Aupru A’UTTT]
Definiton 1.1.1.
[TP,TT} = iprUTU,C”TU =0&C7=0

Definiton 1.1.2. Gauge transformation:
Y= Uy
AT, - UAST,U + £(0,U0)U
Corollary 1.1.1. Dyp — UDyY, D, = 0, +igA,° Ty
Proof: D, = (0 +igA T, )Y — [0y + UigA L T,U L — (0,U)U(UY)
< Duw — [3u(U1/’) + UigAuU (71;[} - (auU)¢]

< Dytp = U0y, +1igA T, )0
<~ Duw — UDuwa D, =0, + igAugTo

Lemma 1.1.1. 9,(U1) = -U~19,(U)U!

Proof: 9,(UUY) = 9,(I)
S 0,(NU+Ud, (U =0
s U0, U Y) =-0,U)U!
& 0,(U Y =-U"1o,(U)U!

Corollary 1.1.2. F,,°T, = UF,,°T, U1

Proof: F,,"T, = 0,A,° Ty — 00A Ty +ig[AT,, Ay T ]
= 0u[UAT,U + L(0,U) U] = 8,[UAS T, U + £(8,U)U Y]
+iglUALT,U™ + L(8,U) U~ UA,TU + L(9,U)U ]
& Fu’Ty = U(04AS Ty — 0,A,° Ty +ig[ALT), AT U!
& Fu’Ty = UF, T,U!

Corollary 1.1.3. D F,,° Ty — UDyFu"T,UY, Dy = Vi +ig[Au" Ty, ]

Proof: D, Fy, Ty = Vi Fuo" Ty + ig[Aw’ Ty, Fuw' Ty
= Vu(UFW T,U™) +ig[lUAT,U " + L(0,U)U Y UF,, T,U ]
& DyFy"Ty — UV Fuo" Ty +ig[Au’ Ty, Fu T )U !
& DWFu’T, = UDyFu,,°T,U!

1.2 Components description of Yang-Mills theory
Proposition 1.2.1. F,,° T, = 0, A, T, — 0,4, Ty +ig[A T, AT, & Fuo” = 0, A7 — 0uAL" — 9fpr 7 A AT

Definiton 1.2.1. U(f) = 997>
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b = igf° Ty
§ALT = ighP(if,r ") Ay — 0,07

Corollary 1.2.1. Gauge transformation:

Corollary 1.2.2. §F,," =190 (ifyr" ) Fuy”

1.3 Introduction of Yang-Mills equation

Introducing Yang-Mills equation:

DYF,,° =—-J,°, D" x F,,° =0 (3.1)
1.4 Frame description of Yang-Mills equation

Definiton 1.4.1. F,;,° = e “ep" Fup®, Ad® = €% A7, 00 = €% 0

Corollary 1.4.1. F,7 = 0,47 — 0bAs" — gfpr " A" Ay™

Frame description of Yang-Mills equation:

DFop” = =7, D x Fpp” =0 (3.2)

2 Spinorial form of Yang-Mills equation
2.1 Integer spinorial form of Yang-Mills equation
Lemma 2.1.1. Dy(0¢o *9*<7) = cJ & (0_, —ig)“bagDa\i/"“"(l, S) =¢Jp?
Proof: Da(amcabwa‘a) =cJb
& Dyl(0g, —ic)a, T (1,6)] = ¢Jb7
& Da(0-g,—is)™, W7 (1,6)] = ¢.Jb
& (o, —ig)abacDa\i/‘W’(l,g) =cJb
A (U—cv *ig)abagDa\I}adj(la g) = ¢y’ O
Theorem 2.1.1. D°F,,° = —J,7, D** F,;,° =0 (o_c, —ig)“bagDa\i/O“"(l,g) =c¢y?, D% F,° =0
Proof: D®F,,° = —Jp,7, D* % F? =0
& D F7 = —Jb D« F%7 =0, D% F,” =0
= Da(FabU _ g*F'aba) — _Jba’Da " Fabo =0
o= Da(_gjga;abwaga) — —Jba,Da " Faba =0
& Do(0ca Pp*?) =¢J% D% F” =0
A (O'—O_ig)abagDa\ija(U(lag) :gjbgvDa*Fabg =0 O
Proposition 2.1.1. (0_, —i§)aba§Da\i/°‘<0(1,g) =¢’ & (0, —ig)aDa\if”(l,g) = gj"(l,g)
Corollary 2.1.1. D°F,;,° = —J,° . D* % F,,° =0 & (0_c, —i¢)* D, W7 (1,¢) = ¢J(1,5), D* x F,° =0
Corollary 2.1.2. (—0_,i)°DaW7(1,+) = —J°(1,+) & (04,9)*D,¥7 (1, ) = =J°(1, -)
2.2 Relationships between half integer and integer spinorial form of Yang-Mills equation
Theorem 2.2.1. (0, —i5)% 4, AL DyypAsBeo = gJAé Beo o (o—c, —i';)abagDa\I}O‘*"(l, §) =cJp?

Proof: (o, —i§)aA/A DyipAsBso = sJa; B

[ (0, i) 20 B, (0, i) g 4 Datb™ 7 = [ (0,i6)s Moz, p ] Tay BT
EB o l(0,i6), (o , —i0S)aAr A g]D’LwA Bso = ¢J,7
€B . [06a0% A, + 25" A JDpABT = ¢ ], 7
[\/55ba€BcA§ + V250 S5 4 | DY ABT = ¢ 7
& D*(V28apc a 04 P7) = =<7
& D(— \/§U§a<ab0' coa BTy = —c 7
& Dy(0ca. P7) = ¢ J¥°
< (0, —i§)anga‘i’“*a(1,§) =y’ O
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Proposition 2.2.1. (g, —i¢)% ,, AgDa1/JASB<U = gJAéB‘U S (o1, —i§)“Da1/~)U(1, ¢) = gj"(l, <)
Corollary 2.2.1. (c ® I, —ig)aD,ﬂ;"(l, Q) =¢J(1,¢) & (0_c, —i¢)* D, W7 (1,6) = ¢J°(1,5)

2.3 Half integer spinorial form of Yang-Mills equation 45l

Corollary 2.3.1. D°F,,° = —J,7, D% *x F,;,° =0 < (o, fig)“A,‘AgDal/JA*BQU = §JAQB*U, D% F,° =0
Corollary 2.3.2. DF,° = —J,7, D% % Fp” =06 (0 @ I, —i6)*Datp?(1,6) = ¢J7(1,5), D% % F,3° =0

2.4 Conjecture

Theorem 2.4.1. D"« F,,” =0 & F,,,° = 0,A4,7 — 0,A" — 9fp-"AL A & D¥x F,,” =0
Theorem 2.4.2. D"F,,,° = —J,”, D" % F,,°’ =0 D"F,,° = —J,7,Fu," = 0uA" — 0,A,7 — gfpr" A" A7

3 Spinorial form of electromagnetic field equation

The electromagnetic field equation can be regarded as a special case of Yang-Mills equation. Namely, o is empty case.

So there are the follwing quite similar conclusions.
3.1 Electromagnetic field equation
Electromagnetic field equation: D“F,,, = —J,, D" *x F,, =0

Its frame description: D*Fyp = —Jp, D % Fyp =0

3.2 Integer spinorial form of electromagnetic field equation
Theorem 3.2.1. D®F,, = —J,, D*x F,, =0 & (0_, —ig)“bacDa\ilo‘S‘(l,g) =¢Jp, D% Fup, =0
Corollary 3.2.1. D%F,, = —Jy, D% % Fopy = 0 < (0_¢, —i<)*Da¥(1,6) = ¢J(1,5), D* % Fy =0

Corollary 3.2.2. (—J,,i)“Da\iJ(l,—i—) = —j(L—l—) & (0+7i)aDa\il(l, -)==-J01,-)

3.3 Relationships between half integer and integer spinorial form of electromagnetic field

Theorem 3.3.1. (o, —ig)aA, ASD(ﬂﬁA‘B‘ = §JA/§ Bs o (o_q, —ig)abagDa\i’%(l, S)=cp
Proposition 3.3.1. (0, —i¢)% ,, A(Da¢A<B< =cJar Bs o (0@ I, —ic)*Datp(1,6) = ¢J(1,5)
Corollary 3.3.1. (0 ® I, —ic)*Daih(1,¢) = ¢J(1,6) & (0_c, —ic)*Da¥(1,5) = ¢ T (1,5)

3.4 Half integer spinorial form of electromagnetic equation %l

Corollary 3.4.1. D*Fp, = —Jy, D% % Fop, =0 & (0, —i5)% 4, AqDawAng = CJAQB‘,D“ xFyp =0
Corollary 3.4.2. D*F = —J,, D* % Fpy =0 (0 @ I, —ic)*Dah(1,6) = ¢J(1,5), D* % Fppy = 0

3.5 Conjecture

Theorem 3.5.1. D*x F, =0 Fyu, = 0,4y — OpAqg & D% F? =0
Theorem 3.5.2. D*Fy, = —J,, D+ Fppy =0 < D*Fpp = —Jy, Fup = 0, Ay — OpAq

4 Yang-Mills gauge theory explanation of gravitation 22732

4.1 Mathematical preparation

Definiton 4.1.1. 6% (¢) = $co059% = —¢(iw + ce)*
Corollary 4.1.1. 39S,,(s,¢) = —c0% 04 (s) = (iw + <€) - 7(s)
Corollary 4.1.2. %wu“bsab(s, §) = —cA, “oa(s)

Lemma 4.1.1. [qud(%SCd),wl,ef(%Sef)] = W[ucewv]ed(%scd)
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Proof: [qudSCd wvefSef] =w dev@f[Scd,Sef]
qudS dy Wy fSef] = Wy cd vef[§cfsde - 6cesdf + 5deScf - 5dece]

|
g [qudScd Wy fSef] - 4wu “Woe Scd
= [wu°dS dy Wy fSef] = 20.} ]edScd
A [wu ( ) (% ef )} _w[ucewv]ed(%scd) O]

Corollary 4.1.3. chd = 8quCd - kuCd + W[ucewu]ed
= Ru'u ( Scd) 6uwv0d(%scd> - avw’U«Cd(%SCd) + [wUCd(%SCd)’wvef(%Sef)]

Corollary 4.1.4. Rup® = 0wy — Opwy, 4 + w[ucewv]ed
o Ru’U<Cd> — auwv<cd> _ aku<cd> + [wu<cd>7wv<ef>]

Corollary 4.1.5. Rup® = 0wy — 0pw, 4 + w[ucewv]ed

= Rqud%Scd(&g) = aquCd%SCd(S, C) - a’uqud%Scd(S; §) + [Wqu%Scd(Sag)awvef%sef(syg)]

Corollary 4.1.6. Ry, % = 0yw,“? — Opw,“d + W[ucewu]ed
& Fup™ 00 (5) = 044,00 (5) — 0y Ay 00 (s) — g[zﬁluﬂgaﬁg (5), Ay 504 (5)]

Corollary 4.1.7. %w 8. (s,5) — U(G)Qwuabsab(s QUL(O) + [0.U(0)]UL(0)
& A, 04 (5) 5> UO)A, “0a (s)U1(0) —s[0,U0)]U ()

Corollary 4.1.8. [Sqs(s,<), Sca(s, )] = GaaSee(s, <) — acSpa(s,<) + 6bcSaa(s; §) — OpaSac(s, <)
& 00, (5),95. ()] = i€0ep, 00, (5

Proof: [Su,(8,5), Scd(s,9)] = 0adSpe(8,S) — 0acSpa(s, ) + 0peSad(s,S) — dpaSac(s; <)
g %Oqaga Ucﬁg [ (sa C) ( )] 160-§aS UcBS [6adsbc(57 §) - 6achd(57 §) + 5chad(57 §) - 5deac(57 §)]
d

& [00,(5),08,(5)] = 15060, 0ep. “0aaShe(5,6) = 8acSba(s,6) + OpeSad(s, <) — 6paSac(s, )]

& [0a,(5),08,(5)] = 10ca, T, “WaaShe(s, <)

& [00,(5),06,(5)] = §[0acp.0" + i€a 5.7 0, " (5)]Sbe(s, <)

& [oa,(8),08,(s)] = iea p, 7 0y (5) -

4.2 Matrix description of gravitational field’s Yang-Mills theory
Matrix description of gravitational field’s Yang-Mills theory:

Fu® 00, (5) = 0uAo™ 00, (5) = 0 Au™ 00 (5) = [Au 0 (5), A0y (5)]

(3.5)
05, (), ()] = i€, T (), C25 70 (5) = 0 &5 €2 =0
Gauge transformation:
Y(s,6) = U(0)h(s,5),U(0) = e 0" oac () (= 039" Sav(s,9) — eliwtse)a(s)) (36)

A o0 () 2 UO)A Y o0 (s)UHO) —<[0,U(0)]U(0)
The above is the Yang-Mills theory of g = i¢ and T' = o(s) case. So there are the following similar conclusions.
Corollary 4.2.1. Dy,1(s,s) = U(8)Dyt)(s,5), Dy = 0y — cA, 00 (s) = Oy — %afgdwuc‘jaag (s) = Oy + 3wuSea(s)
Corollary 4.2.2. F,,“04_(s) = U(0)Fy“0a (s)U1(0)
Corollary 4.2.3. Dy, F,,* 00 (s) = UDyFu“ 0o ($)UY, Dy = Vi — g[Ap* 00 (s), |

4.3 Matrix description of gravitational field’s Yang-Mills-like theory
Matrix description of gravitational field’s Yang-Mills-like theory:
Rqud%Scd(sa §) = auvad%Scd(& C) - akuCd%Scd(Sy g) + [Wqu%Scd(Sy §), W’uef% ef(57 C)]
[Sab(sa C), Scd(sa §)] = 5adSbc(sa C) - 5aCde(sa C) + 5chad(s> C) - 5bdsac(s7 <) (37)

c®Sap(5,6) = 0,c% = —¥ & ¢ =

50



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

Gauge transformation:
U(5,5) = U(O)(5,€), U(B) = A" (o) (= ¢s0" 00 6] — elivtrole))
%wu“bSab(s,g) — U(G)%wu“bSab(s,g)U* 0) + [0,U(U~L(9)
Corollary 4.3.1. Dy9(s,¢) = U(0)Dytb(s,<), Dy = Oy + %qudscd(S) =0y — A, 0q, (s) = 0y — %gggdqudgac (s)
Corollary 4.3.2. Rm,Cd%SCd(s,c) — U(0) Ry 15ca(s,)UL(0)
Corollary 4.3.3. Dy Ry“1504(5,6) = UDyRuy“LSea(s,6) U, Dy = Vi + [3wi®Sea(s), |
4.4 Matrix description of gravitational field’s general Yang-Mills-like theory
Matrix description of gravitational field’s general Yang-Mills-like theory:
Rqud%Scd = auvad%Scd - akuCd% ed T [qud%Scdywvef%Sef]
[Saba Scd] = 5adSbc - 6achd + 5chad - 6deac (39)
S, =0,c% = —cP* & =0
Gauge transformation:

w N U(Q)w7 U(e) — e—q@"<aa§(s){: e%ﬂ“bsab — e(iw-&-ge)'a(s)}

(3.10)
3wu*Sap = U(0) 3w, "*SapU~1(0) + [0,U ()]U(0)
Corollary 4.4.1. D, — U(0)D 4, D,, = 0, + %qudScd
Corollary 4.4.2. Rqud%SCd — U(Q)RUUCd%SCdU_l(Q)
Corollary 4.4.3. D,, Rqudlscd —UD,, RMCdl.SCdU L' Dy =V -|-[ wadSCd, ]
4.5 Components description of gravitational field’s Yang-Mills theory
Corollary 4.5.1. A, 0, _(s) = U(0)A,* 0q, (s)UL(0) — <[0,U(0)]U1(6)
& A, %00 (5) = U(—07) A% a0 (5)U(—0%) + [0, U (—07) U (—0*)
Theorem 4.5.1. A, 0,_(s) = U(§)A,* 0, (s)U=L(0) — <[0,U(0)]UL(6)
& 0A,Y = —chP (188~ )AL — 0y, 0%
Theorem 4.5.2. §A4,% = —c¢hP (teg 4. ¥ )AL — 0,0 & Swy ¥ = 199w, b — w,, 49 + 9,9
Proof: §A4,% = —¢hPs (1€ . )AL — 0y, 0%
& A" 0a (s) = U(0) A" 0a (s)UH(0) = <[0.U(0)]U(0)
& [=35wuSap(5,6)] = U(0)[=55wuSap(5,)IU 1 (8) = <[8.U (0)]U~(8)
& [3wu®Sap(s,9)] = U(0)[5w0u®Sa(s,9)]U(0) + [0.U ()]U(6)
= [%Wuabsab(sv §)] %( uab + auﬂab) ab(sa §) + %ﬂabwu } [Sab(57 C), Scd(87 §)]
& [%wu“bSab(s, g)] — %(wu“b + 0, 0%) Sap (5, 6) + %( Wy 9) S (s, 5)
o wuab N wuab + 790,60‘}“017 _ wuacﬁcb 4 au,ﬁab
= 5wuab — ,lgacwucb _ wuac’ﬂd’ 4 auﬂab O

0)(s,) = —cO%aqa_(s)1(s,<)

Corollary 4.5.2. Gauge transformation: , ) ) , )
§ALSS = —c0Ps (igp_ @) ALY — 0,0% & §A,% = c0*Fs (i€pryy <) AyTs — 0,07

Corollary 4.5.3. 0F,,% = —¢6% (1€~ ) Fuv ™, 0 Fyn [oc] = §95<7,g F,l 5F = (iw + <€) -WFUU[D“]

Corollary 4.5.4. 6w, = %((J,méab(s/luaé — Umg“b(;Aua*)
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4.6 Bianchi identity of gravitational field 1417l

Bianchi identity: Rebedie 4 Rabdeic 4 pabecid —
Corollary 4.6.1. Rebedie - Rabdeie 4 pabecid — () — R(*ab)Cd;a =0

Proof: Robedie 4 Rabdeic | pabecid — ()
= 5fcde(Rabcd;e + Rabde;c + Rabec;d) =0
= 35fcdeRabcd;e =0
= Rab(red) ;=0
= Rxabled, = ()

Corollary 4.6.2. Rabcd;e + Rabde;c + Rabec;d =0= Rabcd;a = _Rb[c;d]

Proof: Rabcd;e + Rabde;c 4 Rabec;d =0
= Rabed , _ Rbdic 4 Rbeid =
= Rabed , — Rbdic _ Rbeid
= Redbe, | = Rbledl
= Rade;a = *Rb[qd]

Corollary 4.6.3. Rebedie 4 Rabdeic 4 pabecid = () = (Reb — LgabR),, = 0

Proof: Rabcd;e + Rabde;c + Rabec;d =0
= Rabcd;a = _Rb[c;d]
= R, = R* — Ra<,,
= Rac;a = %R;c
(R — Lg"R), = 0

4.7 The identity of gravitational field Weyl tensor 17
Definiton 4.7.1. C%bcd = Rabed %ga[deb + %gb[cRd]a + %g“[cgd]bR

Corollary 4.7.1. Rebedie 4 Rabdeic 4 pabecid = () C’ade;a = 7%

Proof: Rabcd;e + Rabde;c +Rabec;d =0
= Rab0d~a = —Rb[C;d], Rba'a = %R;b
= Cade;a = Rade;a + %ga[dRc}b;a + %gb[CRd]“;a + %ga[cgd]bR;a
= C«abcd;a = _Rb[c;d] + %Rb[c;d] + %gb[cR;d] _ %gb[cR;d]
= Cabcd;a = _%Rb[c;d] + ngb[cR;d]

Corollary 4.7.2. C(*ab)ed = R(xabjed | %eabe[cRd]e + %EadeR

4.8 Gravitational field’s Yang-Mills gauge identity
Rabed  — Rb[c;d]

7a’:_

Corollary 4.8.1. Rabedie 4 pabdese 4 pabecid = ()
R(*ab)cd‘a =0

Lemma 4.8.1. DOF,,% = —J,% & DOF,,% = —J,%

Proof: DeF,,% = —J,%¢
& (DB = ()
a0 DMy Fa™) = —ny I,
S Ny DU (Fp™) = —ny VT
& DY (Fy%) = —J,%

Lemma 4.8.2. D% F,;® =0 < D% F,,% =0
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Proof: D% x F,;% =0
& (D% Fp™)* =0
& % Dy + Fup™) = 0
& D Fp® =0

’
& D% Fp® =0 ]
Rade;a = _Rb[c;d] DaFabag = _Jbag’ Jbozg = %go_?cngb[c;d]
Theorem 4.8.1. =4
Rxab)ed =0 D% Fp™ =0
o . Rade;a = _ Rblcd] - Rabcd;a = _Rb[c;d]
rooi:
R(*ab)cd;a =0 R*abcd;a =0
! . ’
- %C(O-—§()¢/<CdFaba< _ a.gagchabOéq),a = _%g( —qaé_Cdea< _ Uc(chCdea;)
%C(U,m/q s Fup® — 0o T x Fpp® )¢ =0
’ ’
PEN DeF 3% = —Jp*, DO Fops = —Jp "
’
D% x F,, % =0,D%x F ;" =0
DOF,% = — Jbas  jbas = Lg% pbled]
¢> a 9 2 gcd D
D% % Faba§ =0

5 Spinorial form of gravitational field’s Yang-Mills gauge identity
5.1 Gravitational field’s gauge identity
gravitational field’s Yang-Mills gauge identity:
DOF,% = —Jbos Jbas = Log®s Rblesd]
’ e (3.12)
D% x F % =0

The above gravitational Yang-Mills gauge identity can also be regarded as a special case of Yang-Mills equation.
Namely 0 = a. case. And all equal signs are replaced with identity sign. So there are the following completely similar
conclusions.

5.2 Integer spinorial form of gravitational field’s Yang-Mills gauge identity
Corollary 5.2.1. D*Fy”* = —J, %, D x Fop = 0 & (0, —ic)?,o Da¥*P(1,6) = ¢.J,", D x Fy™* = 0

Corollary 5.2.2. (0_, fig)abagDa\iJ%ﬁ”(l,g) = o (0_c,—is)* Dy UP=(1,5) = ¢ TP+ (1,5)
Corollary 5.2.3. D*F,,"» = —J,P* D*« F,’ =0 & (0_., —ic)* DU (1,6) = ¢JP*(1,5), D% % Fp’* = 0

5.3 Relationships between half integer and integer spinorial form of gravitational field’s gauge identity

Theorem 5.3.1. (o, fig)aA,‘AgDa¢A<B§ﬁ'< = gJA/gB‘B” & (o_q, fig)“bacDa\i’%B“(l,g) = ¢JyP"
Proposition 5.3.1. (o, —i¢)% ,, AcDa¢A<B<B~ =cJa: Bebr o (c®1, —ig)“Daz/;BW(Lg) = gjﬁﬂ(l,C)
Corollary 5.3.1. (0 ® I, —ic)*Dah? (1,5) = ¢.JP(1,¢) & (0_, —ic)* Dy ¥P*(1,¢) = ¢TP*(1,5)

5.4 Half integer and integer spinorial form of gravitational field’s gauge identity %/l

Corollary 5.4.1. DeF,P = —Jb’@”,D“ x« 0 =0 (o, —ig)“A,AgDaz/)"kBs'BN = gJAgB<BN’D“ x FPr =0
Corollary 5.4.2. DF, < = —J,%* Do« F. ' =0 (0 ® I, —ic)*Datp® (1,¢) = ¢JP*(1,¢), D* x Fp’ = 0

5.5 Half integer spinorial form of gravitational field’s gauge identity 45

Theorem 5.5.1. (0.’ _i§)aA2A( DawAng‘ﬂm = CJA/C BB = (0', _ig)aAgA( Daql}AngCan = gJAéBCCNDN
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Proof: (o, _iC)aAgAgDawA*B‘ﬁ” =Jar BB

_ . L B.fx

N %U,BKC“D“(U 7,Lg)aA/A WA BB = %UBECKD%JA2 B

ﬁ(ov_ig)A/ wABCDN_J B.C,.D, -
Corollary 5.5.1. D*F,;’» = —J,%* D%« F,’» =0 < (0, —ic)* arA D pAsBsCnDi = ¢ ]y, BCxPr Da s Ff = 0

Corollary 5.5.2. (o_, —ic)“bagDa\ilo“ﬁﬁ(l,g) =y’ < (o, —i()aAéAcDai/}A‘B‘C"D“ = gJAéB‘C“D“
Corollary 5.5.3. (0.7 7ig)aAéA<DaquB§B§ = §JA’( B B¢ = (O', 7Z'§)GA/‘A§ Da,l)Z)A;BqC;D; = CJAQ B.C.D

Corollary 5.5.4. (0_¢, —2'§)“ba<Da\ilo‘%ﬁg (1,6) = ¢ = (o, —ic)“AéA<Da¢ASB%C@DS = ¢ Jq, P Ps

6 Weyl spinorial form of gravitational field’s gauge identity

6.1 Weyl spinorial form of gravitational field’s gauge identity
Definiton 6.1.1. % (1,¢) = [CFs 05]

Theorem 6.1.1. (0_¢,—i¢)%,,, D, CosPs (L,¢) = (Rb[c idl 1 gble pidl)

Proof: D, (0.4, yo<he) = ngﬁ<, Js = %gafngblcﬂ
& Do(0c0, PCPs) = 1 Do(0ca, 08P R) + ¢JOP
& Do(040 ®CP) = Lo Seab R, 4 L0 Rl
& (0-c, —i5) % DaCPe(1,6) = Jols (R — Lgble pid]) O

Definiton 6.1.2. Jb*¢ = Rbled égb[CR;d],jb& = 1 B* Jde J B:OsDs = %( ,fig)bAgA§€A<B<05§C<D<jb6<

Corollary 6.1.1. (0_, —ig)abagDaC'agﬁ*(l,§) = CJbﬁ< < (o, —ig)aA,chDaC’A*BgCﬂDg = ng?§C<D<
Corollary 6.1.2. (o, —i()aAéAcDaCA*‘BS‘CS‘D“ = §jA€3‘C‘D§ = jff“’c‘legCgD§
Corollary 6.1.3. jA?‘CCD‘BgCng & [(0,—i5)%00 ], % =0 & [(0,—i5)*Sca(s)] ], 1 = 0
Theorem 6.1.2. R, = %Rm & (0+a0'_,@/)abDb¢o‘ﬁ/ = %R;“
Proof: R, = lRa
& [10R + §(U+a0—ﬁ')ab¢aﬂl];b =R
& (04a0—p) P Dyyp? = LR O

Corollary 6.1.4. Da(ogaqabwa*ﬁé) = —%Uf‘gcde[C;d]ﬂl)a“’Bé = %(UQ‘U y )abRab Rab;b =

<

R°

3
6.2 Similar electromagnetic field form I of gravitational field’s gauge identity
Corollary 6.2.1. (o, —i()“A/A D,CAsBsCsDs = §j BCDs

S (0_c ®1,—i¢)* D,V (2,¢) = ¢ J(2,6), ¥(2, c) C(2,¢)
The above second equation is formally equivalent to two electromagnetic field equations with both electric charge
and magnetic charge. And it satisfies Lorenz covariant. It characterizes non torsion gravitational fields. It has no
connection with establishing or not of Einstein equation. Therefore some analytical techniques of electromagnetic field

can be used here, so that some new gravitational properties can be obtained.

Definiton 6.2.1. Q(c) = ([ 0 0 ‘| ’ |ﬁ§y _Ucw‘| ’ lo —z])

—O¢y Oz 0 0 1 0
Corollary 6.2.2. @(27§) ~ e(iw+§€)~R®I4+(iw+§e).Q(C)

Proof: A[¥(2,6)] = Sem(s) ® Semn(3)elits0(3) @ eliwtsaa(3) 54 () @ St (3)
_ e(iw+§e)-[R®I4+Q(§)] _ e(iw+§e)»R®I4+(iw+§e)-Q(g) O

Corollary 6.2.3. j(2,§) ~ eliw-Ri—ce-L)@I4+(iw+tse)-Q(s)

Proof: A[j(z’g)] = Sem(s) ® Sem(%)e(iw—ce)'a(%) ® e(iw+€'€)‘a(%)5’:m(§) ® S:m(%)
_ e(iw~R7§6~L)®I4+(iw+§e)»ﬂ(§) O
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6.3 Similar electromagnetic field form II of gravitational field’s gauge identity

Corollary 6.3.1. (o_, —iC)“bagDaéWﬂ%‘(l,g) = gjb& & (7, —i5) 0. D, C¥Ps = ¢, As

After spreading, the corollary can be proved. The above covariant equation shows that (v, —ic), acts with a covariation
under some special condition. The general covariant equations are constructed with Pauli matrix. But here a complete

covariant equation is constructed with photon spin matrix. I've seen the special case first time.
7 Gravitational field’s Yang-Mills gauge physical equation

7.1 Einstein equation 14 and gravitational field’s Yang-Mills gauge equation

1
Einstein equation: R — ig“bR + Ag? = —8rGT (3.13)
Corollary 7.1.1. R — %gabR + Ag® = —87GT™ < T% 4 =0

Proof: R — %g“bR + Ag® = —8nGT*®
= (R® — 3g"°R+ Ag®); b = =87 GT**; b
= 0= —8rGT;b
=T%,=0 O

Corollary 7.1.2. R — 19" R+ Ag® = —87GT* & R = —8rG(T* — 1¢°T) + Ag™®

Proof: R — %gabR + Ag®™ = —87GT* — R = 87GT + 4A
& R — 1g®(87GT + 4A) + Ag*® = —87GT

& R = —87G (T — $9*°T) 4+ Ag®® — R = 87GT + 4A O

Rab _ %gabR + Agab — _ 87 GTab Rab _ %gabR + Agab = _’rGT

Corollary 7.1.3. =1
Rabcd;a = _Rb[c;d]7 R(*ab)cd;a =90 Rabcd;a _ 87TG(TI>[C;(1] _ %gb[cT;d]))R(*ab)cd;a =0
Rabcd_a — _chd DaFabOég — _Jb()tg

Corollary 7.1.4. R(*ab)Cd;a =0 S S DYx Fp* =0
chd = _871_G(Tb[c;d] _ %gb[cT;d]) JbozS = %go_?cgdjbcd’ chd = _871_G(Tb[c;d] _ %gb[cT;d])
Rab _ %g“bR 4 Agab _ —87TGTab Rade;a _ _chd DaFaba‘ — _Jbozg

Corollary 7.1.5. = RN
Rabcd;e + Rabde;c + Rabec;d =0 R(*ab)cd;a =0 D % Faba< =
DaFabag — _Jboz< DaFab[@c] — _Jb[ac]

Corollary 7.1.6. =4
D x F® =0 D x Fpll =0

7.2 Spinorial form of gravitational field’s Yang-Mills gauge equation

As long as Einstein equation R = —87G(T — %g“bT ) 4+ Ag? is put into the spinorial form of gravitational field’s
gauge identity and corresponding identity signs are replaced with equal sign, then we can get the spinorial form
of gravitational field’s Yang-Mills gauge equation. In form, it is completely consistent with the spinorial form of
gravitational field’s gauge identity. No longer repeat. In essence, the gravitational field’s Yang-Mills gauge equation
is just the identity of gravitational field. It has nothing to do with whether or not the establishment of Einstein
equation. But the real description of physics is Einstein equation. Only when Einstein equation is applied to the
source term of gravitational field’s gauge identity, the gravitational field’s Yang-Mills gauge equation really has a
physical gravitational source term. Then the gravitational field’s Yang-Mills gauge equation becomes a real physical
equation. So this is quite different from electromagnetic field and Yang-Mills field cases. The gauge equations of

electromagnetic field and Yang-Mills field are not only identities, but also describe the real physics directly.
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8 Equivalent matrix form of general relativistic Einstein equation 1477

8.1 Preparation

Corollary 8.1.1. R¥ = g(Fo*(fmc)“b, (Fo‘éa_mé)“b = f(Fo‘Camc)ab, F% = F,3,% R= fccrm(“bFaba‘
Corollary 8.1.2. R — %g“bR + Ag® = —81GT* & R = 871G (T — %g“bT) + Ag®

Definiton 8.1.1. T = 8xG(T" — 3¢g°*T) + Ag®*, T* = [I,*, T, T.*, T,*]"

Definiton 8.1.2. Fap = [Fap™, Fup?*, Fup™, 0¥ = Fip®), R = [R, 0]

Definiton 8.1.3. Aq(c) = [4,™, Ae%, 4,%, 04" = Agl*V(), Tu(6) = [Ja™, T, Ja*,0,]T = 7,1
Definiton 8.1.4. Fo, = [Fp™, Fup¥s, Fop™, —iTap] "

Corollary 8.1.3. F;% = 0,A4,% — 0p A~ — ige%gg,ygAaﬁ‘Ab%
& Fap(s) = 0aAb(s) — OpAa(s) + AL (QRAL(S) = [0a + 5 AL (Q)RIA(S) — [0h + 36AL (9)R]Aa(s)

8.2 Equivalent matrix form of Einstein equation
Corollary 8.2.1. R = —87G(T — 1¢"T) + Ag™ < (0_, —ic)o F* = T?

Proof: R® = —87G(T — $g®T) + Ag®®

& (Fo0.y, ) = —¢To

& (0cq FO)® = —¢Tab

& [(0¢, —i5)q F¥<]o = —¢T®

& (0¢, —ic)*  F?y = —T,°

& (05, =) (( FPa, =T,

& (0_¢,—iS)ea“ F, =cT,°

& (0_g, —i6)aF%(s) =T O

Self evaluation: Here gets a beautiful and concise spinorial equation. It’s equivalent to Einstein equation and very

interesting.
Corollary 8.2.2. (0_,—i5),F® =¢T? & (0_¢, —i5)F?(c) =0

Proof: (0_., —i¢)q F%(s) = ¢T?
& (05, —i9) % (( FPa, =T,
& (0¢, —ic)%  FPy —i56ea(—iT) =0
& (0, —i5)F¥(c) =0 O

Corollary 8.2.3. (0_, —i5),F%(s) = ¢T?, (0_¢, —i5)*Au(s) = 0(gauge condition)
& (0_¢, —i5)"[0a + SAL ()R] Ab(s) = Ty, (o—¢, —is)"Aa(s) =0

Approximate processing:

Corollary 8.2.4. (U_g, —ig)aaaAb(§) ~ §7_7n (0, —15)* Ag(s) =0
& (0-¢, =16) " DaAb(<) = To, (0, —ic) " Aa(<) = 0,0 Aa(c) = 56(0-¢,i<)"Ty

Proof: (0_, —is)0aAp(s) ~ Ty, (0, —is)*Au(s) = 0
& (0, —i6)* 0aAp(s) = Ty, (0, —i6)*Aa(s) = 0, (0, i5)" (0, —i5)*DaAb () = s(0-¢,75)" T
& (0_¢, —i6)0a Ap(s) = Ty, (0, —is)*Au(s) = 0, [26“1’ (0_c,i6)% (0, —15)°]0aAp(s) = s(0_c,i5)Ty
& (0_¢, —i6)% 00 Ap(s) ~ ¢Th, (-, —is)*Aa(s) = 0,0%Au(s) ~ 35(0_,i5)" Ty O

Corollary 8.2.5. (0_,—15)%0,Ap(s) = 0, (6_¢, —i5)*Au(s) =0
& (0_¢, —i5)*DaAp(s) = 0, (0_¢, —ic)*Aa(s) = 0,07 A,(s) ~ 0
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9 Analysis of Rarita-Schwinger equation 21

9.1 Preparation
Rarita-Schwinger Lagrangian: Lrs = —%€apeas(S)74(s)[DP + 2mb()]vc(e, <)

Lemma 9.1.1. Eabcd%(g)’yd(C)[Db + %m'y (g)] ( ) =0
Y () [1(s) D® — m][ve ()1 (e, )] + [1(s) D* + mltbale, s) — Ya(s) Detp®(e,6) — Dave(s)v(e,6)] = 0

Proof: £abea¥s(s)74(S)[D” + 5mA*(S)]¢ (e, 6) = 0
& €abed V5 ()74 () DY (e,) + gmeabears ()7 ()7 (v’ (e, ¢) = 0
Use formula: €apeays($)7(S) = 25ab(€,)7e(S) = V1a($)Tjes EabeaS (€,6) = —275(<) Sap(e: )
& [25a5(€,6)7e(s) = Y1 (6) 0] DP¢(e, ) — ms(s) San(e, )P (e,6) = 0
< () [1($)D® — m[7e()9° (e, )] + [ () D° + mvha(e, ) = Va(s)Dep®(e, ) — Dalve(s)¥e(e,6)] = 0 O
Lemma 9.1.2. €apcq75(S)74(s)[D° + 2mrb(c)]v(e,c) =0
N {mm<<>mm<<>wb<e,<>] — m[D*a(e,5)] = 0
2[7a () D] [y ()¥° (e, 6)] — 2[D*Ya (e, S)] — 3m[a(s) 1 (e, 6)] = 0
Proof: £44ca75(<)74(<)[D? + $mAP(<)]¢e(e, <) = 0
< 7a() () D" — m][re(<)¥e(e, )] + () D” +mltha(e, <) = va(s) Detp®(e, ) — Dalre(s)¥ (e,)] = 0
N {[va(g)D“][%(c)Db = m][ve()y(e; )] + (s )Db+m][D Ya(e, )] — [1a(€) DDt (e, ) — D*Dalre(s)ve(e,s)] = 0
Ay () D = mlve(§)pe(e, )] + [ () D® +m][y*(s)a(e, s)] — 4D (e, s) — [v*(S) Dallve(s)1e(e, )] = 0
" {mmwaw (e, )] — m{D*ae, )] =
2[7a () D[ ()9 (e, 6)] — [D%a(e )l = 3mfva(<)¥(e, <)) = 0
& 7a()Y"(e,6) = 0, Dath®(e,6) = O
m[ya () D[ ()¥* (e, 6)] — m[D*a(e, )] = 0
() D[ (6) ¥ (e, 6)] — 2[Dae, )] — 3m[ya(s)1* (e, )] = 0
@{ () (e,€) = 0, Dyt (e, <) = 0,m # 0
Dath*(e,5) = [Ya(s)D*][1()1" (e,6)] = 0,m = 0

Lemma 9.1.3. {
2[y

9.2 Equivalent form of Rarita-Schwinger equation with mass

Corollary 9.2.1. £4pca75(s)v4(s)[D? + %m’yb(g)}wc(e, $)=0,m=#0
& [ () D +mip®(e,s) = 0,7a(s)9(e,5) = 0, Dgtp®(e,5) = 0,m # 0

Proof: Sabcd75(§)’yd(§)[Db + %m’Yb(g)]q/)C( ,S) =
& 7a () () D’ — m][ye(s)v (e, )] + [ (s ) + m]Ya(S) = Val(s)Depe(e,s) — Dalye(s)ye(e, )] = 0
& [w() D + mlyp(e,5) = 0,7a(c)¥*(e,5) = 0, Datp(e,5) =0 O

Corollary 9.2.2. [v,(s)D? + m]v?(e,s) = 0,7a(s)v%(e,s) = 0, Datp®(e,¢) = 0,m # 0
< [w(S) D+ mli (e, <) = 0,74 ()9 (e,5) = 0,m # 0

Corollary 9.2.3. £aca7V5(5)74()[D? + 3mA°(6)]v(e,6) = 0,m # 0 = [15(s) D’ + m]y®(e, <) = 0,7a(s)v*(e,5) = 0
9.3 Equivalent form of Rarita-Schwinger equation without mass
Corollary 9.3.1. £a5ca5(<)7 () D*9°(e, <) = 0 & 7(<)[D*9 (e, <) =D’ (e, )] = 0, Datp?(e, <) = [Va(s) D [16(<)" (e, <)]

Proof: c4pca75(s)7(s) DP9 (e,5) =0
© Y4() () DY) [ve(s)vc (e, )] 4 [16(S) D®]1a(s) — Ya(S)DetpC (e, ) — Dalrve(s)vc(e,s)] = 0
& () [D*Y (e, 5) — D P’ (e, )] = 0, Datp(e,5) = [Ya($) D] [y()1* (e, )] O
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Corollary 9.3.2. ’Yb(§)[wa“(e,g) — Dad)b(E,C)] =0= D,v*(e,s) = [1a(s) D] ['7b(§)1/1b(ea S)l,

Corollary 9.3.3. 7;(c)[D¥%(e,s) — Db (e,5)] =
= [1() D)% (e, ) = D ($)1* (e, 6)]
= 7a() () D*¥(e,6) = [Ya () D] [y (s)¥" (e, 6)]
= 2006 — ()72 ()P (e, ) = [Ya(€) D][16(5) %" (e, 9)]
= Dot (e,5) = Val(s) D[ ()1 (e, )],

Corollary 9.3.4. 7,(s)[D%)%(e,s) — D4’ (e, )] = 0, Dap®(e,s) = [va(s) D[y (s)¥ (e, s)]
< (<) [DPy(e,s) — Db (e, )] =0

Corollary 9.3.5. £4pca¥5(5)1(s)D"¥°(e,5) = 0 & 7, (s)[D"¢% (e, ) — D Y’ (e, )] = 0
Corollary 9.3.6. 4pca75($)74(s) DP9 (e,5) = 0 7,(s)F%(e,6) = 0, F(e,s) = Db (e, <) — DP¢%(e, )

Corollary 9.3.7. €abcd’y5(§)’yd(§)Db¢c(€,§) = 077a(§)¢a(€>§) = O()
< () D% (e, <) = 0,74 (s)¥*(e,5) = 0

9.4 Equivalent form of Rarita-Schwinger equation of Weyl type
Corollary 9.4.1. £4pca(0, —is) " D*9°(c) = 0 % (0, —i<)p[D"¥? (<) =D ¢’ ()] = 0, Dap*(<) = [(0,is)a D] [(0, —i)s3"(<)]
Corollary 9.4.2. (0, —is)y[D*)*(c) — D*Y(s)] = 0 = Da9p(s) = [(0,i¢)a D] [(0, —is)s)*(s)]

Corollary 9.4.3. £apeq(0, —ic) D Ye(c) = 0 < (0, —ic)y[DP¢(s) — D b (s)] = 0

Corollary 9.4.4. £pcq(0, —ic) DPYe(s) = 0 & (0, —is) o F0(¢) = 0, F(¢) = Db (c) — DPep%(c)

Corollary 9.4.5. Fuy(s) = Dathi(s) — Dptba(s) < Fup(s) = 9atn(s) — pa(s) — 564" 00, P(s) + 36Ap% 00 Ya(s)
Corollary 9.4.6. £qpeq(0, —ic) DPC(s) = 0, (0, —ic) (<) = 0 & (0, —ic)p D Y% (s) = 0, (0, —ic)a®h®(s) = 0

10 Analysis of full symmetry Penrose equation with arbitrary spin %2l

10.1 Equivalent matrix form of full symmetric Penrose equation with arbitrary spin

2s 251
AN —_——

Convention : 1)AsBsCDs -+ i full symmetry for superscripts, .J AL BCeDs -+ ig full symmetry for superscripts

2s 2s5—1

Y — frm—— — R R
Theorem 10.1.1. (o, —ic)% 4, AL DgipAs BsCsDs - — gJAgB<O<Dq S (0@ Ipas—1, —i6) " Dath(s,6) = ¢ J(8,5)
The above theorem can be obtained by rewriting the components into a matrix.
Theorem 10.1.2. (0 ® Ipze—1, —ic)*Datp(s,6) = ¢J(5,¢) & (0 ® Lns, —i5)*Dat(s,<) = ¢.J (s,5)

The above theorem can be obtained by removing redundant equations.

2s 2s—1
P e —— e N _ _
Corollary 10.1.1. (o, —ic)“AéAgDawAcBﬂcgfl i =¢Ja. BeCiDs-+ o (0 ® Iss, —16)*Datp(s,s) = ¢J(s,¢)

Theorem 10.1.3. (0 ® Ipza—1, —ic)*Dath(n,¢) = cJ(n,¢) & (0_c ® Iyn—1, —ic)* Dy ¥ (n,<) = ¢J (n,)
The above theorem can be obtained by making a representation transformation.
Theorem 10.1.4. (0 @ Ian, —i)*Dath(n, <) = ¢J(n,¢) < (0_c @ I, —i<)* DU (n, <) = ¢ J (n,<)

For n = 1,2, the above theorem can be obtained by making a representation transformation.

For n > 2, it will be proved later.
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10.2 Equivalent integer spinorial form of full symmetric Penrose equation with arbitrary spin

Convention :
2n 2n—1
e e e e
YABCODEF, - 2 B.C.D.E.F. - Z

s is full symmetry for superscripts, Ja: s is full symmetry for superscripts

n n—1
—_——— ——
psBsvs - Ze g full symmetry for superscripts o 3. - - - L J 0B Ze g full symmetry for superscripts a.f; - - -
2n 2n—1

o —
~

e N —
Theorem 10.2.1. (o’, —ig)“A,A Da¢A<B<C<D<E<F< e Ze ngi B.C;DcEGF -+ Zs
<l

n n—1

n n—1 /—ﬂ’\‘ f—[;\“
—— —— J wag sYs "t s—O( )0- Jo‘< < <_0
. o agfB o
=N Tca. abDaql)O‘ch'Yq Zs — ngﬁg'\/g Zc’ cie . o
—N— ——

Uagwacﬁc'\/c e[Ze] = 07 (0—’ _ig)aJaacﬁc -[Zd] =0

2n 2n—1
N

—_— ——
Theorem 10.2.2. (U, 7i§)aA/A Da’l,Z}AngC;DqEch."Zg — g[]AéBngD;E;Fg---Zg
< s

n n—1
——— —_—
(O—_g’ 7iq)aba< D(L\Ija‘q@g’y§ i de = ngﬂc'Yc s Zg
—_— n—1
54 ~ f—"—\Z
5a§6§ \I/()‘<B§'7< s Zg = O’ (0’7 _i§)a(0', ig)% Jaoé(ﬁq i Zs _ g
X n—1
Z
(0’, _i§)a§\11a§’8<7< .. -[Zs‘] — 07 (0—’ _i§)a.]aa<ﬂ§ .. [ §] —0
2n 2n—1
’_/\— ’_/%
Theorem 10.2.3. (0, —ic)" , 4 Datp?sBeCsPsFele = cJAgB<C<D<E<F<
<
n n—1 n n—1
—_—— . e
& 0o DI = TP b g P =0, (0, —i6) 00, Ja T =0
2n 2n—1
P P
Theorem 10.2.4. (0, —i)* 4, 4 Doy PG PEL = c ]y, BC(D EGF, - -
<
n n—1
—— ——n
(0-—§7 _’L'§)aba§ Da\Ij(X(ﬁC’Yg U — ngﬁ<7< e
<:> ,—L n—1
~ PN,
Sorp, WP = 0, (0, —iS) (07, 05 ), JesBe

10.3 Equivalent form of Penrose type gravitino equation

Definiton 10.3.1. Fab(¢) = FablO] J () = J,[¢]

B.C 1

C AAL B.C o .
Corollary 10.3.1. J, © = \}»(0’ Z§) ‘6,4(3(JAIq ST & JAQ E— W(J, —ic)? ALA, gA<Bs . =

Corollary 10.3.2. JAQ O =4 /C B o (0,—i5)*Ju(s) =0

Proof: JAICB‘C‘ = JA/CC‘B*
sepoJa =0
& e, 5(0, =19 4y 4, gAB g, % =0
< (o, —iC)“A,A 54 CJCS =0
(0,=15)" s c, J =0
< (o, zg)aJa
(0, =ic)" Ja(<) =

Corollary 10.3.3. A B<Cs = —%cSGbA‘B“F“bC*

Corollary 10.3.4. ¢pA<B:Cc = pAC<Bs o (4,i¢) (0, —ic) s F(s) = 0

59



Restatement and Extension of Various Spin Particle Equations S.R. Shi November 10, 2016

Proof: ¢pA<B:Cc = A CcBs
= ngcchcBicc =0

1 AcB. pab
(:}_ﬁ%Bcsab PspabCs =

<:>€Bgcgsab D, gD Bs pabCs —
PN SabAgDc 6D CgFabCS =0

PN SabchgFang =0

~ i(av Z.g)[a(o'a _ig)b]Fab[Cq] =0

< (0,i9)q (U —ig)p FeblCd =

& (0,i5)a(0, —i5)p F(s) = 0 O
(0, =€) gy 4, Datp™ 55 = Ty o D Fp % = =y, D x Fy [T = 0
Corollary 10.3.5. o &
pABCs Ty P BC (0, —i5) o JUC) = 0, (0,i¢) 4 (0, —ic)p FPLC) = 0
o, —ic)® ,, D ,(/)ASBSC’g =cJa B.C
Corollary 10.3.6. ( ) AcAe )
PpABC s full symmetry, Jar BCs is symmetry for B.C.

D Fap(s) = —Ju(s), F*(s) = D*¢(s) — D*¢(s)
(0, —ic)a (<) = 0, (0,i¢)a (0, —ic)p F** (<) = 0

11 Comparative research of various field equations

11.1 Comparison between Einstein equation and guage equation of gravitational field

Einstein equation of gravitational field: (o_., —i¢),F(s) = ¢T?
Guage equation of gravitational field: D, F(¢) = —T°(c) (3.14)
Fab(s) = (80 — 364, Ra ) Ab(s) — (O — 364" Ra ) Aals)

In form it’s equal to (o_¢, —ig), <> Dy

11.2 Comparison between Weyl and Penrose type gravitino equation
Weyl type gravitino equation: (o, —ic) F(s) = 0
Penrose type gravitino equation: D,F%(s) = —J°(s) (3.15)
Fap(s) = (0 — 354" 00 )t (s) — (0 — 554" 00 )a(s)

In form it’s equal to (o, —i¢), > D,, Two forms are also very similar in gravitational field and gravitino case.

Gravitino equation: v4(¢)F% (e, <) = 0, F*(e, <) = D (e,s) — D’¢%(e, <) (3.16)
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11.3 Comparison between massless field equations after introducing gauge condition

{Einstein equation equation of gravitational field: (o_., —is)%[0, + s AL ()R]A(s) =T (3.17)

Gauge condition: (o_c, —i¢)%A,(s) =0

{Guage equation of gravitational field: D,F(s) = —J°(s) (3.18)
Gauge condition: D, A%() =0

{Weyl type gravitino equation: (o, —ic), D*%(s) = 0 (3.19)
Gauge condition: (o, —i¢)a¥*(s) =0

{Penrose type gravitino equation: D*F,(c) = —Ju(s), F%(s) = D (s) — DP42(c) (3.20)
Gauge condition: (o, —i¢)a¥*(s) = 0, D,1%(s) = 0, (0, —i¢)qJ%(s) =0

{Gravitino equation: v,(¢)F®(e,s) = 0, F%®(e,s) = D’ (e,s) — DP9%(e, <) (3.21)
Gauge condition: v4(s)¥*(s) =0
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Chapter 4

Spin equations of all kinds of particles

1 Construction of spin equation

1.1 A new particle equation constructed directly from the spin amounts

The following particle equation is directly constructed by the spin amounts.
[(S+¢)Da +SabDb]'¢) :Ja (41)

1) is a particle state spinor. s is the particle spin. Sy is the particle spin tensor. ¢ is a scalar field. J, is a spinorial
source. D, is the covariant derivative.

1.2 Properties of the new particle equation

Theorem 1.2.1. [(s + $)04 + Sup(5,6)°]h =0= ¢ =0 or ¢ = —(25s + 1) or o(s) - Vip = 0,0,1% =0

Proof: [(s+ $)d, + Sap(s,5)0%) =0
[(s + @) +i0:(5)0y —ioy(s)0: — icow(5)0x]Y) =
- [(s + 0)0y + i04(5)0: — i0:(5)00 — icoy(5)0x]Y) =
(s + ¢)0: +i0y ()0 — i04(5)0y — i (s)0x]t) =
(s + @) + i504(8)0y + isoy(5)0y + ico.(5)D. ] =
(
(

[(s + 1+ ¢)o(s)  V —ico?(s)0x]1) =
[(s+ ¢)0r +iso-V]p =0

(s+@)(s+1+¢)—s(s+1)]0- =0
Sop=0o0r¢dp=—(2s+1)oro(s) - Vi=0,0,v=0 O

{J(s) LV = i(s + ¢)Ox
=

Theorem 1.2.2. [s0, + Sabab]w =0= 0,0 =0

Proof: [sd, + Sabﬁb]il) =
= 0[50, + Sap0°)Y) = 0
& [80,0% + S0P = 0
< [$0,0°+ 0] =0
& 0,0 =0 O

Namely, this equation describes a massless particle.

When ¢ # 0,[(s + $)0a + San(5,5)9%%(s,6) = 0 has no plane wave solution.

Theorem 1.2.3.
When ¢ = 0,[(s + ¢)9a + Sap(s,5)0°|¥(s,6) = 0 has plane wave solutions.

Proof: Because this equation describes massless particles. The particle movement direction can always be selected as Z
Get p, = (0,0,p, ip), then
[(s + &)pa + Sav(s, )p’Jo(s,<) = 0
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[(s + @)pa + i0=(s)py — ioy(s)pz — isox(5)pxltb(s,6) =0

- [(s + @)py + i02(s)pz — i02(5)px — isoy(s5)Pr]Y0(s,¢) =0
[(s + @)p= + iy (8)pe — i04(s)py — iso=(s)p]th(s,¢) =0
[(s + @)pr + i5o2(8)ps + iSOy (8)py + iso2(8)p:]tb(s,6) =0
[—ioy (s)p- — isow(s)pa]tb(s,¢) =

- [i0%(s)p= — isoy(s)px]ib(s,¢) =0
[(s + @)p: — iso.(s)pa]t(5,6) =
[(s + @)pr + iso-(8)p:]t(s, <) =
[02(s) — icoy(s)lpY(s,6) =0 & Pm(s,q) =0m=s—1,---,—(s — 1)

[(s+ ¢) + s0=(5)lpt(s,5) = 0
Um(s,6) =0,m=s5—1,--- ,—(s—1),¢s
¢w—§s(s,§> =0

When ¢ # 0,¢(s,s) = 0, namely, all spin components are 0.

Namely, (—¢s) component may not be 0, the rest components are 0.

¢ #0,[(s+ )0 + San(5,6)0%]1(s,s) = 0 has no plane wave solution.

¢ =0,[(5s+ @) + Sap(5,6)0%]1(s,5) = 0 has plane wave solutions.

In this equation ¢ is like a switch.

Corollary 1.2.1. [s9,+Sa(5,$)0°]1(s,5) = 0 has a plane wave solution: (s, <) = [4(c—1)1s, 0,

1.3 Definition of spin equation

Definiton 1.3.1. [sD, + S, D’ = I, is called spin equation.

1.4 Definition of switch spin equation

A {When (b = 07¢(S’g) = [%(C - 1)w85 07 U 707 %(C + 1)w_3]T€ip'x

N\H

()Y

Definiton 1.4.1. [(s + ¢)Dy + Sy Dl = J, is called switch spin equation. ¢ is called switch scalar field.

2 Various particle spin equations

2.1 Neutrino ¥ spin equation

Theorem 2.1.1. [%Da + Sab(g)Db]w(%, §)=0< (o, —ig)aDaw(%,g) =0

Proof: [1D, + Su(<)D¥Je(%,¢) =0
(Dy +i0.Dy —ioyD, —iso, D ))(5,5) =0
(Dy +i04D. —i0.Dy — isoy De)p(,6) = 0
- (D. +ioyDy — ioy Dy —ico.Dr)tb(3,6) =0
(D + 504Dy + isoy Dy + iso. D )h(5,5) =0

04(Dy +i0.Dy — o, D, —iso, Dy)(3,6) = 0
0y(Dy + i, D. — i0. Dy — isa, Dp)(3,6) = 0

- 0.(D. +ioy D, —i0,Dy —iso. Dy )ih(3,6) =0
—i§(Dy 4 i50, Dy, +isoy Dy + iso. D, )Y (3,6) = 0
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(02Dy + 0y Dy + 0D, —isDr)ib(5,5) =0
" (02Dy +0yDy +0.D, —isD)Y(3,6) =0
(02Dy +0yDy +0.D, —isDy)Y(5,6) =0
(02Dz + 0Dy + 0D, — isDr)ih(3,6) =0
& (0, i) " Dat)(5,5) =0 -

A more concise, more analytical, but more abstract proof of the law is as follows:

N|—=
—
Q
~
2
~—
—_—
e
/\
s
2
~—
<>
-~
+
—
9Q
.
2
S~—
)
—
Q
|
~
2
S~—
=
>
<
—~
(SIS
)
S~—
|
o

0
0, ~i<)* Dath(5,5) = 0 O

This spin equation is completely equivalent to the neutrino equation. So It’s a spin description form of the neutrino
equation.

2.2 Electron |7 spin equation in arbitrary N+1 dimensional spacetime

Electron spin equation in arbitrary n=N+1 dimensional spacetime:
Theorem 2.2.1. [%(Da +mya) + S DY =0, S4p = i['ya,'yb} & (v*Dy +m)h =0

Proof: [3(Dg +m7a) + SapDPJth = 0, Sap = 1 [va, 7]
& [(28ab + 0ab) D® + vam]th = 0, Sap = §[Va, ]
& [5([Va> ] + {var 1} Dy + vamltp = 0
S Ya(WD’ +m)Y =0
S (v D+ m)yp =0
& (Y Do +m)p =0 O

Electron spin equations in 4 dimensional spacetime:

Corollary 2.2.1. {1[Dy + mya(s)] + Sas(e, <) D }eb(e,¢) = 0 < [¥*(5) Dy + mltp(e,c) =0

2.3 Spin equation of electromagnetic field [1°

Theorem 2.3.1. (D, + SabDb)&%\I/%(l,g) = —gaf<abe, Sap = =0 Vo
& (0, =is)" Da¥(1,5) = sJ (1,5)

Proof: o+ SabDb) v s (1,6) = fqalebjb, Sab = =03 Yo

Dy + i7.Dy — iy D; — iy D)%, 0 (1,5) = —cols |, J°

(D
(
(Dy + 172 D5 — i7. Dy — isyy Dy )P, 05 (1,6) = *ggcﬁqybjb
(D, + iy Dy — 5Dy — isy. D), W (1,6) = —gols_, J*
(

Dr + vz Dy + isyy Dy + iy D.)Ps, W% (1,¢) = —colfs_, J°
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(D, D, D. | [wm(1,9]
—-Dy D, —sD.| |¥¥%(1,c)
—D. <Dy D, | [¥*(1,9)]
[ D, -D, <D [w=@,¢)
L P Do e ()
—D; —D, D, | |¥*(1,)]
(D. —D, -D,| [w(1,9)
<Dr D, —D,| [¥¥%(1,9)
D, D, D.||¥=(1,9)]
iD-U(1,6) = ¢y VaW¥(l,¢)—J
1D;U(1,6) =isVg x U(1,6) —J
- Vg U(l,¢) = —iJ"
» iD-U(1,6) =¢y-Va¥(l,¢)—J

Vi U(l,¢) = —iJ"
& (0_¢,—i5)*Da¥(1,6) =T (1,5)

This spin equation is completely equivalent

electromagnetic field equation.

Lemma 2.3.1. v,]]aﬂg =—¢of Jt o

Sab

szc

To expand, it can be proved. The above spin equation is about a special source term.

term? See the following theorem.

2e _
szq =
u]]xyc —

_Jr
—J?

to electromagnetic field equation.

_Jzyg = _C;le‘g = —igJ”
_Jw2< = _gaH‘n'y( = _th]y
—Jy% = —=cI 7 = —icJ*

- q]Iyy§ - JZZ§ = *ZJTr

Theorem 2.3.2. (D, + SgpD%)% ., U (1,6) = I, Sap = =502, Ya.
& (0-¢, —i5)" DU (1,¢) = < T (1,6), I, = —cofs _, J"
Proof: (Dg + Sap D)%, B (1,6) = J™, Sap = =02, Va,
(Dy 4 i7. Dy — iy D, — icy, D)%, W< (1,5) = J, 5
- (Dy + iv, D, — iy, Dy — isyy D)%, W5 (1,6) = I,
(D +ivy Dy — iy Dy — ig’ysz) + U (1,6) = Jzﬁg
(Dr +is72 Da + sy Dy + isyD. )5, W (1,6) = I
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D, D, D, | |¥%(15) Jo " Va- ¥(1,6) = I,
—D, D, —sDp| |W¥%(1,0)| = [T | € { [Va x U(1,6)]* —¢Dr0%(1,¢) = J,%
-D. <D, D, | |9=(1,9)] [J.*] —[Va x U(1,Q)]¥ + D W¥ (1,¢) = J,*
(D, -D, D] fem o] 55 [S19ax WP DR (1,6) = T,
- D, D, D,| |9%(1,¢)| = |J,| < {Va-V(,5)=T,"%
~sD, -D. D, | |¥*(Lq)| [J,*] Vi X U(1,6)]" —¢Dr 0% (1,¢) = J,**
(D, —D, -D,| [wea,9] [1.2] [V x U(1,6)]% — cDr W% (1,¢) = J.°
¢Dr D, —Dy| |¥¥%(1,q)| = |I.Y| & —[Vax U(L,9)]* + DT (1,¢) = J,%
D, D, D.||v=(,9)]| [I.7] Va-U(1,6) =J.%
D,U(1,6) +icy-Va¥ =Jr & D, ¥(1,6) — Vg x ¥(1,6) = I
Iy = =0 = —<Jx" = —icJ”
.5 = =0 = =l = —icJ¥
J.¥ = -J,% = =™ = —icJ?
-~
L7 =1, = 1.5 = —iJ"
DrVU(1,¢) — ¢V x U(1,¢) =i
Vi -U(1,¢) = —iJ™
& (0, i) Da ¥ (1,6) = T (1,6),Jo* = —cols , J® -

This theorem shows that the source term of the spin equation is limited, and it is not arbitrary. The spin equation

has solutions only for the source term of the previous theorem case, and other cases have no solution.

Corollary 2.3.1. (D, + SabDb)&% U (1,6) = Jaﬁ‘,Sab = =G0 Voo
& (Do + SapD?)Pe W (1,6) = Jo™, Sap = =602 Yo Ja = =0l I

Corollary 2.3.2. (D, + SabDb)ﬁ&k U5 (1,6) = J.75 has solutions, Sap = —Sods o & J.5 = —§Uf<abe

2.4 Spin equation of Yang-Mills field [©)
Theorem 2.4.1. (D, + SabDb)ﬁS L U 7(1,6) = —CJC'BS abeU, Sap = =602 Vo
& (0, =i6)*Da ¥ (1,6) = T (1,5)

Proof: (D, + Sap D)5 A+ P9(1,6) = —ga'3< Jb“, Sap = =60 V.

Dy + i7.Dy — iy D, — ic7, D) 97 (1,5) = —cos , J*
7(1,¢) = —sals >
(1,

_ B b
)_ $O¢ zbJU

(D
( Dr)
(Dy + vz Dz — iy, Dy — isyy D) ¥
(D + iy Dy — 72Dy — isy. D)V
(

D +Z§7ID +Z§’ny +Z§PYZDZ)\IIU(]‘7§):_go-?gwabg
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[ D, D, D, ] \IIwSU(LQ __‘]Tw_
—Dy D, —sDn| [U%7(1,¢)| =1 |—¢J*
_—Dz <D, D, | \IJZ< (l,g i cJYe |
[ D, D, <D [ume0] [ s ]
D, D, D.| |71, =i|-J™
=
__gDﬂ- -D, Dy | \Ilzqg(la §) __gjra_
[ D. —<D, -D,| [w=o(1,9)] v
sDx D, —D,| |U%7(1,¢)| =i | cJ®
| D, Dy, D, | |[V*7(L)] =™
10,07 (1,6) = ¢y - Va¥7(1,5) — J°
10,07 (1,5) = isVy x U7 (1,¢) — .J
<~
vd . \I/U(l,C) — _,L'JTI'O'
00 =6y Vv (1,6) - 7

Vg 07(1,¢) = —iJ™®
& (0-¢, —i6)* D U7 (1,5) = <J7(1,5)

O

This spin equation is completely equivalent to Yang-Mills equation. So It’s a spin description form of Yang-Mills

equation.
J’yzga = _Jzyga - _Cijga = _7;§Jzo-
TeO _ T %0 _— __ Y0 — __ ;- JYo
= = = —icJ
Lemma 2.4.1. Jaﬂgg = —CO’?‘ beg & L Ja I N
a Yoo __ Too 2e0 . 20
Jz = _Jy = -l = —icd
mecg — Jyy§0 — Jzzc(f = 7,L'J7r0'

To expand, it can be proved. The above spin equation is about a special source term.

term? See the following theorem.

Theorem 2.4.2. (D, + Sy D)%, U7 (1,¢) = I,”7, 8o = —c02< _, 7a.
g (0—70 _/K)aDaqjo(]-vg) = gjtf(]_’g)“]]aﬁdf = _§U§BS abea

Proof: (D + Sap D)%, 077 (1,6) = 1,57, Sup = —505, Ya.
(Dy + iv2Dy — iy D, — icya Dy ) s ‘I”“’( ¢) = I
- (Dy + i72 D — 7. Dy — iy, D )P W7 (1,6) = T, %7
(D, + iy Dy — 7, Dy — isy. Dy )P, W77 (1,) =
(Dx + isy3 Dy + isyy Dy + isy. D) HJI’%U(va):JwﬁJ
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D, D, D. |[wmoq,q) Jo"7 Va ¥(1,¢) =J."7
—D, D, —sDp| |U%7(1,¢)| = |T.%7| € [Vax ¥(1,6)]* — D ¥ (1,6) = J,¥°
-D. <D, D, | [v%7(1,¢)] [J.*7] —[Va x U(1,6)]% + Dy W¥ (1,6) = J,*°
[ D, -D., <D, [emo1,9]  [1,57] ~[Va x U(1,¢)]* + <D0 (1,¢) = J,"°
- D, Dy, D,| |¥%7(Lq)| = [J,7| < §Va V(l,¢)=T,%7
|—<Dr —D. D, | |¥*7(1,¢)] |J,*"] [Va x ¥(1,6)]% — cDr ¥ (1,¢) = J,*°
(D. —Dx —D,| [wreo]  [rme] (Ve x RO - <D (1) = 5.7
sDr D, —D,| [¥%7(1,¢)| = |J.%7| © § —[Va x U(1,9)]* + DT (1,¢) = J,%°
' D, D, D.||¥%7(L¢)| [|I.*7] Va- (1) =J.%°
DU (1,6) +icy - VaPo(1,¢) = I,7 & D U(1,¢) — Vg x U7(1,¢) = J,°
J,50 = IV = I, = —icJ™®
J.%7 = =157 = ¢l = —icJV?
J7 = =1,%7 = =cJ.*7 = —icJ*
-~
1,557 = ], %7 = 1,57 = —iJ"
DrU7(1,6) — Vg x U7(1,¢) = iJ°
Vi 0o(1,6) = —iJ™
& (0_¢, —i6)* D U7 (1,¢) = ¢JT7(1,6),1.77 = —cals , J*” O

This theorem shows that the source term of the spin equation is limited, and it is not arbitrary. The spin equation
has solutions only for the source term of the previous theorem case, and other cases have no solution. From the above
we can see that the spin equation of electromagnetic field is a special case of Yang-Mills spin equation. Namely, o is

empty.

Corollary 2.4.1. (D, + SabDb)5< JUo(1, ) =Ja B“U, Sab = =603 Yo
<:> (Da + SabDb)’Bcfk \I/FYC ( ) Ja ab CU?‘ab'Yoegn]]aﬁgg - _gagcabjbg

Corollary 2.4.2. (D, + SabDb)&% U7 (1,¢) = J.%% has solutions, Sqp, = —S0& [ Vae & 7,057 = _gg§<abe"

S

2.5 Spin-s particle spin equation

2.5.1 Several important theorems about spin-s equations

0 0 o 0 0] 0 0 0 0 0
01 0 0 0 1 0 0 0 0
s—o(s)=10 0 --- 0 0|,0:(5) —ioy(s)=10 2 0 0
00 0 25—1 0 0 0 0 0
00 0 0  2s 0 0 0 25 0
Lemma 2.5.1. L - L g
25 0 0 0 0 0 2s 0 0 0
0 2s—1 0 0 0 0 0 (2s—1) 0 0
s+o.(5)= 10 0 e 0 0] ,0x(s)+ioy(s)=1(0 0 0 0
0 0 0 1 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0]

Theorem 2.5.1. [sDg + Sap(s,) D)1 (s,5) = ZasJ (5,5) < (0 @ Ins, —ic)*Dat(s, <) = ¢J (s,5)

Proof: [sDg + Sap(s,) DY) (s,<) = ZasJ (5,5)
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[sDy +i0.(s)Dy — i0y(s) D, — is04(5) Dalt0(s,5) = ZpsJ(5,5)
- [sDy 4 i0,(8)D, — i0,(8) Dy — isoy(s)Da|t(s,5) = ZysJ (5,5)
[sD, +i0,(s)Dy — i,(s) Dy — iso.(8)Dpltp(s,5) = Z.sJ(s,5)
[sDx + 50, (5) Dy + isoy(s) Dy + 50, (s)D.)1b(5,6) = ZrsJ(s,5)
{ls = 02(s)](Dz = iDy) + [02(s) — iy (s)|(Dz — isDr)}i(s, <) =
o Jloe(s) +ioy($)](De = iDy) + s + 0= ()I(D= = icDr)}(s,<) =
{[s + 0:(s)|(Ds +iDy) — [04(5) + ioy(s)|(D +isDr) }(s,<) =
{=loa(s) —ioy(s)](Dz +iDy) + [s — 0:(s)|(D= + icDx) }(s,<) =
(s P(s,)]
(0 —icsD, |V (5,9 _ G{ (5,<)
ERCDI N RACH)
(6, —ic)"D Vs 9| _ C{S(s, <)
[P (s,9)] [T (s:9))
N S
(0, —i5)*D R B
% (s,¢) ¢ J172(s, <)
(o, —iyp, | VO | )
¢25+1(S () §J4s(8,§)
& (0@ I, —i5)* Dot (s,6) = ¢J (s, <)
Lemma 2.5.2. Ju(s,¢) = Z(s,5)s.J(s,5)

T2 (5,9)
[JﬂﬂQ(svg) - in2(S,§)]
=102 (s,6) + il (s,9)

310:°(5,) —

L 2s—1

(5,5)
022 (s,6) + 1, (s,

To expand, it can be proved.

Theorem 2.5.2. [sD, + Say(s,5) Db (s,5) = Ja(s,5) & {

— i3, 2 (s,6)]]

1] ) [—
iJ,°(s,9)]
L 3.2(s,6) +140,%(s,9)]

1
2s

(0.1

2s—1

-

9l

| 2s—1

—iJy, (5,6) = 0,51 (s,6) +isTr ' (5,6) =0
S7§) - igv]]ﬂ'l<8,
[02(s,6) + isTx> (s,

1
2
1

[JZZS—I (S,
[ (s,
3.2

S)]
S)] |
[7.%(s,¢) — isJx2(s,9)]

—111.%(5,9) +isTx(5,9)] |

*(s,5) —iclx
_7i[v]] 2s+1(5 §)+Z§.,]] 28+1(5 C)]

Iz 2““(3 ) +iJ, > (s,6) =0, Jf““(s <) —icl >t (s,¢) =0

]

Ja(s,9)
Proof: [sD, + Say(s,5) Db (s,5) = Ja(s,<)
[sDy +i0.(5) Dy —ioy(s)D. —ico,(s)Dxlb(s,<) = Jx(s,<)
- [sDy +i04(s) D, — i0:(s) Dy — isoy(s) Dr]tp(s, <) = Jy(s,)
[sD, +ioy(s)Dy — i, (s) Dy — iso,(s) Dt (s,s) = J.(s,5)
[sDr +iso4(s) Dy + isoy(s) Dy + ico(s)D: (s, <) = Jx(s,<)
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¢) —icJ (s,
¢) +icl 25 (s, )]
(s,9)]

(U & 1287 77:§)a
- Za(sa

9l

(Zy —iZ,))sJ (5
(2, — igZﬂ)gj(s
(Zy +iZy)sJ (5,5)

,S)
,S)

(Z, + iy )5 (5,5)

§j4573(s, g)
_§j48—2(s7 ()
_gj4s—1 (S,

I §j4s(5,§ |

~ N

Dat(s,) = <J(s,5)

<)s (s,

S)
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{[s = o=(s)|(Dz — iDy) + [ 2(8) —ioy(s)|(Dz — icDr) }1(s,6) = Ja(s, <) — iy (s, <)
- {lox(s) +ioy(s)|(Ds — iDy) + [s + 0 (s)|(D> — icDx) }9p(s, <) = J.(s,5) —isIx(s,<)
{ls + 02(8)](Dz + iDy) — [02(s) +ioy(s)|(Dz + icDr) ¥ (s,<) = Ja(s,<) +iJy(s,<)
{=loa(s) —ioy(s)](Da +ZD y) +[s — 0=()|(D: +isDx) (s, <) = J=(s,6) +isTx(s,)
o —ieyD, 09| [ 3220 = i0,%s0) } _ [%wz (s5,6) — icT <s,<)}]
[V2(s,9)] [5sla' (5,9) +0, " (5:9) —[1.%(s,¢) +isTx > (s,9)]
o ea] ] im0 i3 s.0) ]_ [%l_lwﬂs,c)—mﬁ(s,cn]
(0, —ic)*D = =
|43 (s,5) 5ot (022 (s,6) + 3T, % (5,9))] —3[1.%(s,6) +isI>(s,5)]
PR
i, [P 9] _ [EBS 60 -0 60l [ 402 ) —id 0]
| v%(s,6) | | 33T il (9] | S a0 (s0) sl T ()]
oicyp, | P79 | L [FEIe0 -3 60l [ BR e -k 0l
(s, | | WP () i, (0] | [—a 0T (s 6) s T (s, 9]
[ [0.%(s,¢) — 0,2 (5,<)] ] - [;sw;(s,c) —icv]]ﬂl(s,c)]] _ —§j1<(s,§)]
=102 (s,6) + il (s,9)] - —[0.2(s,9) +icT2(s,9)] | 6T (s,5)
[ 00305, 6) — 0,5 (5.9)] } - {2; H0:2(s,) — isl2(s,)] | _ [§j3<(S,C)]
L 2(5,6) +i0,2(5,9)] | |~ 6) +isT (5,9 | s (s0)
N o o _
ot 1022 (5,6) — 40,57 (s, )] _ 2.7 (s,6) —isTR2(s,9)] _ cJHs=3)s(5,¢)
| AT+ | [ + il T s ] [T (s,
L2 (50 i, s 0l [ B9 il s | [ (s,9)]
i 3.2 (5,6) +iJ,** (5,6)] | - -0 25 (5,6) 4+ icT 25T (s, )] B i ¢ J )< (5,¢) |
(0 ® Ins, —i5)* Dath(s,6) = 6.J (5,6), J(5,6) = [J'(5,6), J* (5,6) - - - JU7Ds (s5,6), JU)s (5, )"
& (0 ® Iy, —is)* Dath(s,5) = 6J(5,5),Ja(s,5) = Za(s,5)sJ (5,5) O

This theorem shows that the source term of the spin equation is limited, and it is not arbitrary. The spin equation

has solutions only for the source term of the previous theorem case, and other cases have no solution.

[sDa + Sap(s,6)DP(s,6) = Ja(s, <)

Ja(5,6) = Za(s,)sJ(s,5)

Corollary 2.5.2. [sDg + Sap(s,5)DY)1(5,6) = Ja(s,5) < Ja(5,6) = Za(5,6)sJ(5,5),5J(5,5) = 25 (5,6)I%(s,5)

Corollary 2.5.1. [sDy + Sap(s,5)D?)1(s,<) = Ju(s,<) & {

Corollary 2.5.3. [sD, + Sap(s,6) D% = J, = o(s) - J+ic(s +1)J, =0

Proof: [sD, + Sau(s,<) D)y = I,
(8D, + i0,(s)Dy — icy(s)D, — ico,(s) Dyl = I,
[sDy +i0,(s)D, — i0.(s)Dy — icoy(s) Dy = I,
- [sD. +ioy(5)Dy — io4(s)Dy — ico.(s)Daltb = I,
(8D + 50, (8) Dy + isoy(s)Dy +ico,(s) D] = Jx

N {[(s +1)o(s) - Va — iso(s) Dyl = o - J
[sDy +iso - Vgl = I,

" {[(s +1)a(s) - Vg —iss(s + 1) Dyl = o(s) - I
[(s +1)o(s) - Va —ics(s + 1) D]t = —ic(s + 1)Jx
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=o(s)- J+ic(s+1)J, =0
Corollary 2.5.4. [sD, + Sab(s,§)Db]1/) = Za(8,§)§j(S,C) = [o(s),is(s + 1)]QN(S)(U ® 1257i§)aj(37§) =0
Corollary 2.5.5. [0(s),is(s + 1)]*Z4(s,5) =0

Proof: [0(s),is(s + 1)]*Zq(s,9)
o(s),is(s + 1)]*N(s) (0 @ Ias,i¢)a
N(s)[s0 @ I2s,i5(s + 1)]*N(s)N(s) (0 @ I2s,1¢)a
5)(0 ® Ias, —ic)*N(s)sN(s) (0 @ I, 76)as ] (5,5) — (25 + 1)N(s)]

= [N(
= [N(s)(2s + 1) 115 — (25 + 1)N(s)]
—0

Theorem 2.5.3. [sD, + Sap(s,5)D?]th(s,6) = Za(s,5)sJ (5,5)

21 21
—_——— ——
A [(s - l)Da + Sab(s - lﬂg)Db]wAng'”(s - l7§) = Za(s - lvg)CJAng (s - lvg)al =0, %a 1,--0ys
Theorem 2.5.4. [sDg + Sap(5,)m D) (s,¢) = Za(s,5)sT (5,5)
21 21
—— ——
& (s —=1)Dg + Sap(s — 1,5)DPJpAsBe (s — 1,6) = Zy(s — 1,5)sJABs (s = 1,6),1 = 0, %, 1,---,s

3 Switch spin equation
3.1 Switch neutrino spin equation without sources
Theorem 3.1.1. [(5 + @)D, + Sap(s)D*tp(3,5) =0
(0, =i6)*Dat)(5,5) = 0,6 =0
© 0D (5,9) = 0y Dy(3,6) = 0. D24 (5,) = —isDath(3,6), 6 = —2
w(%,g) = constant, ¢ # 0, —2
Proof: [(§ + ¢)Da + Sap(s) D]p(%,6) =0
& [3Da + Sap()DN(3,6) = =6Dat(5,)
& 04[3Da + Sap(s)DPY (3, <) = —(0, —i¢)adDatb (3, <)
& (0,-i5)" Dy (3,5) = —26(0, —is)aDath(5,5)
& (0, =) Datp(3,5) = —200:Datf(5,5) = =200, Dy(5,5) = —200.D9(3,5) = —26(—is) Dxt)(5, <)
(0, =i<)*Datp(5,¢) = 0,6 =0
© 4 02Dst(5.6) = 0y Dytb(3.5) = 0:D:9(5,<) = —isDatp(5,¢), ¢ = —2
Datp(5,6) = 0,0 # 0, -2
Corollary 3.1.1. [(3 + ¢)04 + Sab(<)0%]0(3,5) =0
(0, —i5)*Butp(5,6) = 0,6 =0
1 020:0(3,¢) = 0y0y1(3,¢) = 0.0:0(5,5) = —icOr(3,¢), ¢ = —2
1/)(%,() = constant, ¢ # 0, —2
Corollary 3.1.2. 0,9,%(3,¢) = 0,0,0(3,¢) = 0.9.9(%,<) = —ic0 (3, <)
= 9(4,¢) = (20, +yo, + 20, +ism)mo & YA (4,¢) = 2%(0,ic)aHemas
Above conclusion is just the Penrose twistor 26 projection relationship.
3.2 Switch electromagnetic field spin equation without sources
Theorem 3.2.1. [(1 4 ¢)Dg + Sap D*]%, W (1,¢) = 0, Sap = =<0, Va,
(0_¢, —i6)* D ¥(1,6) = 0,6 = 0
" {—Dy\ng = DU, =DV, ,~D.V, =D,V. =D,
-D,V, =D,V, =¢D,V, DV, =DV, =DV,

Da\I]bc =0,¢ 7é 0,3
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Proof: [(1+ ¢)Dy + SapD®)Ps., 075 (1,6) = 0, Sgp = =G0 Vo

& (Dg + SapDP)Ps, W5 (1,6) = —pD WP (1,)

& (0-¢,—i5)" DU (1,5) = ¢ J(1,5), =D VP (1,5) = —cols  J°
(0_c,—i5)*Da¥(1,5) = 0,6 =0

-D,¥, =D, ¥, =¢D,V, ,~D,V, =D, V, =¢D,¥,
& , =3 O
-D, Vv, =DV, =<D,V, DV, =DV, =D,V

-Da\:[’bg = 07¢7£ 073

Corollary 3.2.1. [(1+ ¢), + Sa0°)P<, W< (1,5) =0, Sap = —O& Vo
(05, =) *0a¥(1,6) = 0,6 =0
-0V, =0,V =¢0,V, ,-0,V, =0,V, =¢0,¥,
< =3
=0,V = 0y¥y =¢c0-¥, ,0,V, =0,¥, =0,V

VU, = constant, ¢ # 0,3

7811\1/,2: = az\ijc = gaﬂ\:[ll‘(a *az\I/xc = ax\:[lz< = (aﬂ\:[jy(
Corollary 3.2.2. = U%(1,5) = 2%  C°

ab
—0, 0, = 0,V, =0V, 0, U, =0,V, =00, )

3.3 Vector field spin equation and its switch spin equation without sources in arbitrary N+41 dimen-

sional spacetime

Vector field spin equation in arbitrary N+1 dimensional spacetime
Theorem 3.3.1. (Dadcd + SabcdDb)Ad = Xoe © Xop = DAy — DpAg + S DAC

Proof: (Dy6cq + SapeaD?) A% = X
& [Dabed + (8acObd — 6addpe) DP]AT = X
& DA+ 00cDyA* — D Ay = Xoc
< DAy — DyAg + dap DA = Xop
& Xap = Do Ap — DpAg + 6ap D AC -

Corollary 3.3.1. (Dy6cq + SapeaD?) A% =0 < DAy — DyA, =0, D, A% =0

The origin of the scalar field:

Corollary 3.3.2. (9,004 + Sabcdab)Ad =0& 0,Ap — A, =0,0,A =0 & 0%0,¢0 = 0, A, = 040
Vector field spin equation without source in arbitrary N+1 dimensional spacetime

DAy — DyA, =0,D,A* =0, =0

D, Ay + DyA, =0, = =2
Corollary 3.3.3. [(1 4+ ¢)Dabcq + Sapead®]Ad = 0 &
DaAbgéa = O)DJ,AJ, = DyAy = DzAz = DTFA7T7¢ =—4

DoAp = 0,6 #0,—-2,—4
Proof: [(1 + ¢)Da50d + SabcdDb]Ad =0
< (Da(scd + SabcdDb)Ad = _¢DaAc
= —¢DaAb = D Ay — DyA, + 64 D A€
= 7¢DaAa = DCAC, *Qb(DaAb;éa + DbAa?gb) =0, (2 + ¢)(DaAb — DbAa) =0
_d)DaAa = DcAca (4 + ¢)DaAa =0
—QS(DaAb;,ga + DbAa7,gb) = O7 (2 =+ ¢)(DaAb — DbAa) =0
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DoAy — DyAq = 0,DgA® = 0,6 =0

Do Ay + DyAqg = 0,¢ = —2

DoApsq =0,DyA, = DyA, = DA, = Dy Ay, ¢ = —4
DoAy=0,¢#0,-2,—4

0aAp — OpAq =0,0,A*=0,0=0

0aAp + Ay =0, = —2

O0gApza = 0,0, Ay = 0yAy = 0, A, = 0 Ar, 0 = —4
A, = constant, ¢ # 0, -2, -4

Corollary 3.3.4. [(1 4+ ¢)040ca + Sabcdab]Ad =0<

Corollary 3.3.5. 0, Aptq = 0,0, A, = 0yAy = 0, A, = 0 Ar = Aq = kx4

3.4 Switch electron spin equation without sources in arbitrary N+1 dimensional spacetime

Switch electron spin equation in arbitrary N+1 dimensional spacetime:
Theorem 3.4.1. [(3 + ¢)(Da + mYa) + SapDP1Y) = 0, Sap = 1[va, W] & (Y* Do + m)tp = —2¢v,Dytp

Proof: [(% + @) (Dg +mya) + Sap DY = 0, Sap, = i[%, Vo)
& [5(Da + mva) + Sap D) = —¢Da), Sap = 5[Va> ]
& [(28ab + 0ap) Dy + yamn]tp = —2¢Dath, Sap = §[Va, ]
& [5(ar W) + {Yar W} Do + Yoy = =26 Dt
& YWD’ +m)p = =20 Dyt
& (D" +m)y = —2¢7,Dat)

& (Y*Da +m)yY = —2¢7, Dyt

Corollary 3.4.1. (v°D, +m)Y = —2¢v Dy, # 0

b =0,6=—2m#0

- V1Du ) = Y2 Doyth = -+ = YDy, ) = —(n+2¢) " 'mih, ¢ # —5,m # 0
Y1 Doy =72 Dy = -+ =, Dy, b6 = —5,m =0
V1 Dp ) =2 Dgyh =+ =YDy, h = 0,0 # —5,m =0

Yp=0,0=—-5,m#0
$=0,6#—2,m#0
=" = —2m=0
Y = constant, ¢ # —5,m =0

Corollary 3.4.2. (v°*D, +m)Y = —2¢v,Dpt), ¢ # 0 =

3.5 Spin-s particle switch spin equation without sources

Corollary 3.5.1. [(s+ ¢)Dy + Sas(s, C)Db]¢(3a ¢)=0
= ﬂj(s,g), (o0 ® I, —i§)aDa1/~J(S, §) = Cj(87<)7 —¢DyY(s,5) = Za(s, g)gj(s, S)

Proposition 3.5.1. (0 ® Iy, —i5)*Dath(s,5) = ¢J(5,), —dDat)(s,5) = Za(s,5)sJ(5,5), 6 # 0
= ((b + 25 + 1)j(5,§) - O, _¢Daw(57§) = Za(87 g)gj(& §), ¢ # 0

(0 ® Ing, —i<)*Dai(s,5) = 0,6 = 0

Corollary 3.5.2. [(s+ ¢)D, + Sas(s,<)D%]h(s,¢) =0 < Dayp(s,<) = ﬁZa(S, g)gj(s, ), ¢=-(2s+1)
Da(s,6) = 0,6 #0,—(2s + 1)

Corollary 3.5.3. [~(s +1)Dq + Sab(s, ) D1 (s,<) = 0 & Dath(s,<) = 357 Za(5,)sJ (5,€), ¥ (5,6)

Corollary 3.5.4. [—(s+1)0a + Sap(s,6)0%]1b(s,6) = 0 = It has a solution: (s,<) = Tﬂ_lm“Za(s,g)Qj(s,c)
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Corollary 3.5.5. [(s + $)04 + Sap(5,6)9%]Y(s,6) =0
1. When ¢ = 0, (0 ® Iy, —i<)*dath(s,6) = 0

There are plane wave solutions, it has solutions of characterizing particles.

2. When ¢ = —(2s+ 1),%(s,¢) = Qslela:aZa(s,g)qj(s,g)

No plane wave solutions, it degenerates to solutions of characterizing spacetime.

3. When ¢ #0,—(2s + 1),9(s,s) = constant

Only constant solutions, it degenerates to solutions of characterizing the void.
Corollary 3.5.6. —$d,1(5,6) = Za(5,6)5J (5,5) <

et (s,6) — 10y (s,6) = 0,0:9"(5,6) + 50 (5,6) = 0

[ [0,0%(s,5) — i0,0%(5,9)] | [ &10:0"(5.6) — i60r"(5.)]

| 25 [029 (5,6) + iaywl(sx)]] - [—[8zw2(s,<) + 15071 (s, C)]]

[ 00005 (s.) — 0,0 (5,)] | [ gir[0:42(s, <) — ic0rt(s.)]

110092 (s, ) + 10,97 (s, <)}] B [ —5[0:9°(s,¢) + sz (s, ¢)] ]

[ 10:0%(5,6) — 0,02 (5,91 | [ 31042 (s5,6) — is0s02(s,9)] |
_ é[ 21 (s,) 4 i0,0%(5,9)] | |~ geg[0:0% (s, 6) + i1 (5, )]
L0 () — 0,0 (sl [ 0.0 — 0] ]

[0:9°%(5,) +i0, ¥ (s,9)] | | =5510:97F1(s,¢) + 00> (s,9)] |

Dup* T (s,¢) + 10, 1h?5 T (s,¢) = 0,0,0* T (s,¢) — icO 0> (s,6) = 0

3.6 Spin-s particle switch spin equation with sources
Corollary 3.6.1. [(s + ) Dy + Sap(s,6)DPIb(s,6) = Za(s,5)5J (5,5)
& 3J5(5,5): (0 ® Iag, —is) " Dath(s,) = [J(5,5) + Js(5,5)), —¢Dath(s,<) = Za(s,5)sJp(s, <)

Proposition 3.6.1. (0 ® I, —i)*0 @[NJ( ) = s[J(5,6) + Js(5,9)], —Dath(5,6) = Za(5,5)5T5(5,5), ¢ # 0
& (0425 +1)Jo(s,6) = —6J(s,5), <z>aaw<s $) = Za(s,5)5Js(5,6), 0 # 0
< (04 25+ 1)j¢(s,§) BJ(s,6),0(s,¢) = —[¢~ 1Za(s,§)§j¢(s,q)d:ca,¢ #£0
= Y(s,9) = f (¢ +2s+ 1) a(s,g)gJ(s,g)dx“, ¢#0,6# —(2s+ 1)

4 Synchronous representation transformation

4.1 Electromagnetic field synchronous representation transformation

Corollary 4.1.1. [Dy 4 Sap(1,$)Dbep(1,6) = Za(1,¢)sJ(1,¢) © [Da + Sap(1,¢)mDO1¥(1,6) = Za(1,¢)ms T (1,5)

Proof: [Dg + Sap(1,6) DPJh(1,6) = Za(1,)sJ (1, <)
& [Da+ Sm(1)Sab(1,6) S5 (1) D b]S (D(1,6) = Sm(1)Z (l,g)Sjm(C)Sem(g)cj(L{)
& [Da + Sap(1,6)m DPTU(L,6) = Zy(1,6)ms T (1,5) O

Corollary 4.1.2. (0 ® I, —ic)*Daih(1,<) = ¢J(1,6) & (0_c, —ic)*Da¥(1,5) = ¢ T (1,¢)

Proof: (o0 ® 1, —ig)“Da'lZJ(l, S) = §j(1, <)
g (Sem(g)a ® ISjm(g), 7i§)aDaSem(§)1/~J(1,§) = qSem(g)j(l,g)
& (0, —i6) Dy (1,6) = s T (1,5) -

Corollary 4.1.3. [Dg + Sap(1,6)m DY) (1,6) = Za(1,6)ms T (1,6) < (Dy + Sap(1,6)m Db, W (1,¢) = —sols Jb

A summary of electromagnetic field synchronous representation transformation:
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Corollary 4.1.4. [Dg + Sap(1,<) D0 (1,¢) = Za(1,¢)sJ(1,¢) < (0 ® I, —ic)*Daih(1,<) = <J(1,)
& Dy + Sap(1,6)mDUI¥(1,6) = Za(1,6)ms T (1,5) & (0_¢, —i5)* D ¥(1,5) = ¢ T (1,5)

(0 ® I, —ic)*Datp(1,5) = J(1,6) & (0—¢, —ic) D ¥(1,6) = T (1,5)

T(1,6) = Sem()P(1,5), T(1,6) = Sem(s)J(1,5)

(

j(l,g) ~ pliw—ce)-o(3) ® eliwtse)o(3) o j(l,() ~ eliw R—ceL)

Corollary 4.1.5.

—_

¢) ~ el o(d) @ et o(d) o (1, ) m eliwteo R

<

)

4.2 Gravitational field synchronous representation transformation

Definiton 4.2.1. Jb¢ = Rbled égb[CR@], JBs = %gafgdjbc‘i, JAQB‘C‘D‘ = (o, —ig)bAzAgéA‘&a,gcC‘D‘ jb’B‘
Corollary 4.2.1. (D, + SabDb)&ano“%(l,g) = —gaf<abjb"f< e (L —ig)“bagDaC'asﬂS‘ = gjbﬁ‘

Corollary 4.2.2. (0_, —iS)%q, DaCoF = qu“ & (0_c @ I, —i¢)*Da¥(2,¢) = ¢J(2,¢)

The components are written to a matrix, then it can be proved.

Corollary 4.2.3. (0_. @ Iy, —i<)*Da¥(2,¢) = <7 (2,¢) < (0 ® Is, —ic)*Dat)(2,¢) = ¢J(2,)

Proof: (0_. ® Iy, —ig)“Da\i/(Z7 ¢) = gj(2, <)
& 84.() ® St ()¢ ® Lty —i€)*Sem (<) ® Sem (<) DaS, (<) ® St ()W (2,6) = ¢S2,(¢) ® S2,() T (2,¢)
A (U ® Is, 7i§)aDa12](2a §) = gj(?, C)

Corollary 4.2.4. (0 ® Ig, —i¢)*Da1h(2,¢) = < J(2,6) © (0 @ Iy, —is)* Dath(2,5) = ¢.J(2,¢)
To expand and arrange, it can be proved.

Corollary 4.2.5. (0 ® Iy, —ig)“Daqﬁ(Z, §) = gj(Z, S) < [2Dg + San(2, g)Db}w(Z S) = Za(2, g)gj(2, <)

Corollary 4.2.6. [Dy + Sap(2,6)D)(2,6) = Za(2,6)5J(2,6) < [Da + Sap(2,)mDY]¥(2,6) = Za(2,¢)ms T (2,¢)

Proof: [2D, + Sap(2, §)Db]¢(2, S) = Zq(2, g)gj(Z, S)
~ [2Da + SM<2)Sab(27g)S;—z@)Db]Sm(Q)d’(?a g) = Sm(2>Za(2a §)S’2‘m(§) ® Sg_m(%)sem(g) ® Sem(%)gj(Q,g)
& 2D + Sap(2,€)m D1 (2,6) = Za(2,6)ms T (2,5)

Corollary 4.2.7. (0 ® Iy, —is)*Da)(2,5) = ¢J(2,6) & (0_c @ I, —ic)*Da¥(2,5) = ¢T(2,5)

Proof: (o ® Iy, —i5)*Dath(2,<) = ¢ J(2,¢)
& Sem($) ® Sem(5)(0 ® Lu, —i)*SF, () © S8, (5) DaSem () @ Sem (3)8(2,<)
= 6Sem(S) ® Sem(2)J(2,5)
& (0_c ®1,—i5)*Da¥(2,¢) = T (2,¢)

Corollary 4.2.8. [Dy + Sap(2,¢)mDP1¥(2,¢) = Za(2,$)ms T (2,¢) © (0_c @ I, —i5)* Dy ¥(2,6) = ¢J(2,5)
Corollary 4.2.9. (o_, —ig)“bacDaCA'%ﬁg = gjbﬁ‘ < (v, —i§)ala§DaCa<5< = gjl Bs
To expand and arrange, it can be proved. A summary of various equivalent forms of gravitational field identity:

Corollary 4.2.10. (D, + Sq,D?)Ps a % (1,¢) = —gaf‘abjb7<
< (0_q, —ig)abagDaCA’O‘s"8< = gij‘ < (7, =) %0, D, CPs = gjl Bs
& (0 @ L, —is)* Dy ¥ (2,6) = ¢ J(2,5) © (0@ Is, —ic)*Dath(2,6) = 6.J(2,5)
& [Dy + Sap(2,)DV1p(2,6) = Za(2,6)sJ(2,6) © (0 @ Lt, —is)*Dath(2,6) = ¢J(2,)
& [Da 4 Sab(2,6)mDPIU(2,6) = Za(2,6)ms T (2,5) & (0—c @ I, —i5)*Da¥(2,6) =T (2,5)
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Corollary 4.2.11.

—

:6) = Sem(S) @ Sem($)¥(2,6), T (2,6) = Sem(s) @ Sem(s)J(2,5)
[6) ~ eliwts)0(3) g pliwtse)o(3) g eliwts)o(}) g eliwtse)a(d)

o @,(2’ S) ~ eliwtse) R g o(iwtse) R

F(2,6) ~ eliw=50(3) @ (it 0(3) @ eliwtsa)o(}) g liwtse o))

(2,§) ~ e(iw~R—<e-L) ® e(iw+§e)~R

T
%)
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Chapter 5

Analysis of Bargmann-Wigner equation

1 Bargmann-Wigner equation

1.1 Bargmann-Wigner equation [2%24

2s 2s 2s 2s

[’Ya(g)Da + m]“s‘ Achs‘Ms"’]s&s‘ RN — J”s‘us‘ns‘fs‘ s G , wAs‘Ms"’]sﬁs‘ ce Cs" J’%N«ns‘fc s G K (51)

2 Complete expansion of second-order matrices
2.1 Complete Pauli basis expansion of second-order matrices
Complete Pauli basis of second-order matrices: T's(s) = {0, s}
Proposition 2.1.1. 2°T,(¢) =0=2%=0
Proof: z°T,(s) =0
= 2%(0,15)e =0
= {2%(0,¢)q, (0, —1¢)p} =0
= z¢ (25ab) =0
=z%=0 O

Corollary 2.1.1. z°T,(¢s)=0< 2% =0

Proposition 2.1.2. X = 2tr[['*(—¢)X|T4(s),VX € second-order matrices.

] T L e
0 0 0 0

0 0
0

0
Proof: X = X!

‘|_|_X22

] ,VX € second-order matrices.
1

X =3[ X1 +0.) + X2(0, +ioy) + X (0, —ioy) + X?*(I — 5.)],VX € second-order matrices.
& X =X+ XMoo, + L(X1? - X )o, + (X — X))o, —ic (X + X?2)icI,VX € second-order matrices.
& X = 3tr[[%(—¢)X|T4(s), VX € second-order matrices. O

Corollary 2.1.2. X = 2°T(c), 2% = tr[['*(—¢) X],VX € second-order matrices.

Properties of second-order matrices complete basis:

Orthogonality: T'o(—¢)Ty(s) = I, tr[Le(—5)T(s)] = 204 (5.2)
Linear independence: zT,(¢) =0< 2% =0 (5.3)
Completeness: X = z°T';,VX € second-order matrices. (5.4)
Expansion uniqueness: X = 2T, < 2% = %tr[Fa(—g)X],VX € second-order matrices. (5.5)

2.2 Symmetric and antisymmetric basis expansion of second-order matrices
Symmetric and antisymmetric basis of second-order matrices: T'(c)& = {0,is}&, [T (s)&]T = {0, —ic}e

o€ is a symmetric basis, i¢€ is an antisymmetric basis.
Proposition 2.2.1. z°T,(s)é=0< 2% =0

Proposition 2.2.2. X = 2tr[el'(—¢) X (s)&,VX € second-order matrices.
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Proof: Xe = %
& X = 2tr[I*(—¢)Xe|lu ()€, VX € second-order matrices.
& X = str[eel'(—¢) X ey (s)E, VX € second-order matrices.

tr[el®(—¢) X)Ta ()&, VX € second-order matrices.

trl'*(—¢)Xel'a(s), VX € second-order matrices.

3 Complete expansion of fourth-order matrices
3.1 Double Pauli basis expansion of fourth-order matrices
Proposition 3.1.1. X = 1tr[["*(—¢) ® I'(—¢) X|Ta(s) ® ['v(s), VX € fourth-order matrices.

tr[l*(—¢

Proof: X = % l ] ,VX € fourth-order matrices.

H , VX € fourth-order matrices.

tr[T(—=¢)X11] tr[l'*(—<)X12]
tr[T(—=¢)Xo1]  tr[l'*(—¢)Xa2]
X = 1tr[[(—s) @ T?(—¢) X|Ta(s) ® I'(s), VX € fourth-order matrices.

X = tr{I'*(—)

tr(—¢)X11] tr[0*(—¢)X12]

orollar 1.1 tr{T0(—
Corollary 3.1.1. tr{I"(—) LT[F‘I(C)XQH tr[l(=¢) Xaa]

3.2 Charge conjugate matrix C [%12]

Definiton 3.2.1. Charge conjugate matriz C < Cv,(s)C = —vI'(c),CT = -C,CT =C
Corollary 3.2.1. 7,(s)C = [v.(s)C]*

Proof: 74(s)C = CCn(¢)C = ~CAT(6) = €777 (6) = [rals) O

Corollary 3.2.2. C,(s) = [C7.(s)]F

Proof: C7,(¢) = C7a(s)CC = =71 (6)C = —[C*7a ()] = [Cra(s)]"

Corollary 3.2.3. Su(e,6)C = [Sup(e,s)0]F

Proof: Sab(e,C)C = *[ ( )’Yb( )_'Yb(§)7a(§)]c
= L[CC,(5)CC(5)C — CC(s)CCa(s)C]
= 1T (O () = W OV ()] = = 1CT () 7als) = Ya(S) ()T
= CTSZ;,( 7§) [ ab(eag)C]T

Corollary 3.2.4. CSab(e,§) = [cSab(€7§)]T

Proof: CSup(e,s) = 201a()(s) — 5(s)Vals)]
= 2[C7a()CCy(s)CC — Cyy(s)CCa(s)CC)
e O () =7 ()77 (9IC = =1 1()7a(s) = Yals)m()]"CT
= S2,(e,5)CT = [CSap(e, )"
Corollary 3.2.5. C_"y5(§)C = ’y?(()

Proof: C5(<)C = Cya(<) 1y ()z(S) 1= (s)C

= C72(s)CCy (s)CC2(s)CCx (<) C
= YLV )VE()VE(S) = [ ()72 ()Y ()12 ()] = 4T (<)

Corollary 3.2.6. C = —-CT,C =—-C7,

Corollary 3.2.7. 75(s)C = —[v5(s)C]T, Cvs(s) = —[C5(s)]T

78
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Corollary 3.2.8. v5(<)7a(s)C = —[')/5(g)’ya(§)C]T

Proof: 75(¢)7a(<)C = CCv5(s)CCa(s)C = —Ci (s)7X (<)
= CTT (VT () = [1a()15(s)CTT = —=[75(<)7a(s)C) T

Corollary 3.2.9. C”)%(Q’Ya(g) = *[0’75(§)’7a(§)]T

Proof: C5(5)7a(s) = C5(s)CCa(s)CC = =L ()7L (5)C
=73 ()72 ()T = [Ca($)75()]" = =[C5(s)va()]T

summary:

Symmetric basis: 7, (¢)C = [1a(s)C]T, Ca(s) = [Cya(s)]T, Sap(e,s)C = [Sab( ,6)O)T, CSaple,s) = [CSap(e,s)]T

Antisymmetric basis: C = —CT,C = —CT,v5(s)C = —[y5(s)C]T,, Cvs
5(6)7a()C = —[15()7a ()OI, Cy5()7a (<) = =[C5(5)7als

3.3 Dirac matrices under special representation [712]

Take Dirac matrices of special representation: [v4(<),v5(s)] = [(6 ® 0y, 5] ® 04),5I ® 0]

Expansion in detail:

[Ya(€):75(S)] = [(02 ® 0y, 0y @ 0y, 02 ® 0y, <] ® 02), 6] @ 0]

[Va(€), 15($)]5 (<) = is[(00 ® 00, 0y ® 04, 0. ® 04, —I @ 0y), —icI @ I

0 o, ®1 —0,®1 —co,®0,
i ol 0 0, Q1 —co,®0,

Sab(eag) = %[’Ya(g)f'}/b(g)} -3 !
oy ®1 -0, ®1 0 —G0, ® 0,

O, R0, CoyR®0, 0,Q0, 0

Charge conjugation matrix under special representation:
C=200.=c()m(),C=-C=e® 0= —7()7x(c)

3.4 Complete Dirac basis expansion of fourth-order matrices (%12

Complete Dirac basis of fourth-order matrices: T4 (s) = [a(s), —2iSas(e, <), —I1, =174 (s)V5(s), —¥5(s)]

Proposition 3.4.1. X = [imy,(s)A% — iSap(e, ) F] — [Lud + ima(s)v5(s) A% + v5(s) @], VX
{¢ — _lyx {imAa = Ltrjye(q) X

] (P = —itr[5% (e, <) X]
¢ =—3try°(0)X]  \imA® = jtrly* () () X]

Proof: X = +tr[['%(—¢) ® T*(—¢)X|Ta(s) ® I'v(s), VX
& X = [imya(s)A* — iSap(e, ) F] — [L4 + imrya(s)vs () A + 75(s) P, VX
imA' = Btr[[(—¢) @ T*(—¢) X] = 1tr[y*(<)¥°(¢) X]
imA™ = Ltr[[7(—¢) @ T%(—¢) X] = Ltr[y™(¢) X]
{imAi = Lir[Di(—¢) @ T¥ (=) X] = 1ir[yi(s)
imA™ = $tr[[™(—¢) @ TY(—¢) X] = 1tr[y"(<)7°(¢) X]
{F“T = —F™ = —$tr[[%(—<) @ [*(—<) X] = — & tr[S™ (e, ) X]

B = 407 (=) O T*(=)X] = ~}r*()X

X]

FY% = —F* = &[0 (—¢) @ I (=) X] = —
Fo = o2 = 1Y) @ T7(—¢) X] = —
(=) )

F* = —FY" = 547[0*(—¢) @ T™(—¢) X] =

¢ = Lr[I™(—¢) @ T™(—¢)X] = —1trX
& X = [imya(s) A% — iSap(e, ) F) — [Lyd + imya () v5(S) A% + 5(c) @], VX

{¢ = —lirx {z’mA“ = Jtr[y*(¢)X] Fab — _ig[Sab(e, o) X]
¢ =—jtr?(O)X]  LimA® = jtr[y* ()7 () X] 2
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Corollary 3.4.1. X = [im,(¢)A% — iSap(e, ) F%] — [I1¢ + im4(s)75()A® + 75(s) @], VX
& X = [im7a(S)A® — iSap(e, ) F®] = [1a¢ + im7a(6)v5 (6) A® + 75(5) ], VX
{d) =—itrX {imA“ = Ltr[ye(c)X]
’ 1
4

,Fb = — 1[5 (e, ) X]
® = —3tr[y°(¢) X]

3.5 Symmetric and antisymmetric basis expansion of fourth-order matrices

Symmetric and antisymmetric basis of second-order matrices: T'4(<) = [v4(s), —2iSap(e, <), |— 14,

=74 ()5 (), —v5(5)]C

Proposition 3.5.1. X = [imy,(s)CA® —iSu(e,s)CF®] — [Co + imya(c)75(s) CAL + 45(s)CP], VX

1mA® = %tr[é’va(g)X] ¢ = fftr[CX]

iF® = 1tr[CS (e, <) X], { - ;
imA® = —1tr[Cy*(¢)y° () X] ® = —1tr[Cy° () X]

Proof: XC = 1tr[['(—¢) @ T%(—¢) X T4 (s) ® T'y(s), ¥X
& XC = [imya(s) A% — iSap(e, ) F] — [ + ima(s)ys(S) A + v5(s) D]
{¢ = L [XC] {imA“ = Lir[yo(¢) X O
&= —LirP(9XC)  |imA” = Lir[y (677 ()X ]
& X = [imya(s)CA® = iSap(e, ) CF™] — [Co + ima(s)vs () CA®* + 75(c) CP]
imA® = 1tr[Cy(¢) X] ¢ =—1tr[CX]
imA® = —Ltr[Cye()y3(6)X] | @ = —Hr[Cy(6)X]

JFab = —%tr[S“b(e, $)XC)|

iR = 1tr[CS (e, ) X],

Corollary 3.5.1. X = [im,(¢<)CA® — iSap(e,s)OF?] — [Co + imrya(s)V5(s)CA® 4 v5(c)CP], VX

& X = [im7a()CA* —iSap(e, ) CF™] — [C¢ + ima(s)5(s) CA® + 75(c) O], VX
imA® = Ltr[Cro (<) X] {qs = 1 [CX]
©X]

iF® = 1tr[CS (e, <) X], -
imA® = —3tr[Cy*(5)7° © = —3tr[C° () X]

3.6 Expansion of symmetric fourth-order matrices

Fourth-order matrices symmetric basis:

Ta(S) = [1a(s), =2iSas(e,6)]C, Cra(s)C = =71 (c),CT = C = -C,C*(s) = C

Proposition 3.6.1. G = im~y,(c)CA* —iSy(e,s)CF® G = GT,iF® = tr[CS®»(e,5)G)],imA® = itr

Proof: G = [im,(¢)CA® —iSu(e,¢)CF®] — [Ch + ima(s)vs(s)CA® + v5(s)C D]

iF® = 1tr[CS%(e,6)G). G = GT, ~
imA® = —1tr[Cy ()75 (s

4 Spin-1 Bargmann-Wigner equation 20324
4.1 Analysis of spin-1 Bargmann-Wigner equation with mass

Lemma 4.1.1. [y¢(¢)D. + m][im~?()CA," — i8S (e,¢)CFy,7] = Jshslo,

imA® = L1tr[Cy(5)G] ¢=—3tr[CG] =0
G =0 | @=-1tr[C()G
& G = imya()CA® — iSe(e,s)CF®, G = GT iF® = Ltr[CS%(e,<)G], imA®* = Ltr[CHe

[Cy(s)G]

=0
]

{i(DbFabU + m2Aa‘7) — itr[érya(g)(][ﬁgl%]a]’Z-m[Faba _ (DaAbU _ DbAaa)] — %tr[c_vsab(e7g>J[ﬁgug]o]
=2

imD%*A,° = %tr[é’.ﬂ”‘"“]”],O = itr[é’f(g)ﬂ“““]"],iDb*FabU = itr[é’*y“(g)f(g),][““‘]”]

Proof: [v¢(¢)D. + m][imy?(¢)C A" —iS®(e,¢)CFy7] = Jlehslo,

& imA° ()74 () DeAa’ — i7°()S%(e,6) DeFap” + im?y%(5) Ay’ — imS® (e, ) Fpp® = JWehsloC

@Z’m[aca+2sca(6 §)]D A o _ ’L[ abcd,y5( ),.Yd( )_W[aéb]c}DcFabU

+im2y% () Ag? — imS™ (e, ) Fpp® = JWshsloC,
DR £ 25 DA] ()~ D F
+im2y%(¢) Ay — imS® (e, ¢)F,7 = Jlksrdlo O

& i(DFu” +m2A,7 )7 (s)C — zm[Fab — (Da Ay — DyAL))S%(e,6)C
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+imD*A,°C + iD % Fo,” v5 ()Y (s)C [ksncle

i(DPFp” +m2A,°%) = 1tr[ W($)J ["*“*]U] im[Fap’ — (Do Ay’ — DyAL°)) = %tr[C’S“b(e,<)J[“‘“<}”]
l
=1

imDaAaa E [CJ[”<N<]‘7] [C’Y ( ) [K<N<]‘7]7iDb*FabU — %tr[c_’fya(g)/ys(g)t][”<“<]a]

i(DP oy +m2A,7) = Ltr[Cry,(c) Jlrekslo]

im[Fu” — (DaAp” — DyAs")] = 3tr[CS% (e, ) JImerlo] = 0
imD*Ay” = qtr[CTH<17] = 0,0 = Jtr[Cr° (<) JIsHs)e]
iD"Fo” = tr[Cy(c)7°(¢)Jmsslo] = 0

Lemma 4.1.2.

DbFaba + mQAaU = Jaa,Db*Faba =0,F;° = D,Ay° — DyA°,D*A,° =0
=
Jlssnsle — _jJ.944(¢)C
(DY Fap” +m?A,7) = jtr[Crya(s) Jlsksle]
im[Fo” — (Do Ap” — DyA,%)] = 3tr[CS%(e,c) Jlrekelo] = 0

Proof: B B
imD@A," = Lr[CJlrnlo] = 0,0 = Ltr[CrP (c) Jlreksle]
iDPFu” = ftr[Cy™(e)y°(¢) Jlrr<l7] = 0
i(DPFop” +m2A,7) = 2tr[Cry,(s) JIFsHs)o], DPxF o7 = 0, F” = Do A" — DpA,”, D*A,7 =0
& 0 Js2]o B
Jlrsslo =  tr[Cy ()7 () Jlerle] = 0
J[2<1<]‘7 0
, _ 0 J,°T(5)&
i(DPFo” +m2A,7) = 2tr[Cry,(c) Jlrskslo], Jlrsnde =
& J°T(—¢)& 0
Db*Fabg = 0, FabU = DaAbU - DbAaU, DaAaU =0

DbFabU + m2AaU = JaU, Db*FabU =0, F,.° =D A — DbAaa, D*A,° =0
Jlrsndle = —iJ,7~7(c)C
Corollary 4.1.1. [Y(¢)D. + m][im~y?(s)C A, —iS%(e,q)CFu7] = —iJ,"v*(s)C
=4 DbFaba + mQAa” =-J,°, Db*FabU =0,F° = D, A’ — DyA°, D*A,° =0
Corollary 4.1.2. [Y°(¢)D. + m][im~y?(s)C A, —i5%(e,q)CFu°] = —iJ,"v(s)C
[v¢($)De + m][imy*(s)C + 2iS(e, ) C Dy Ay = —iJa"7*(s)C
F‘ab(7 = -DaxAb(7 - DbAaa

[Y¢(5)De 4+ m][imy?(s)C + 2iS% (e, ) CDy|Ay” = —iJ, " v (s)C

Faba = 1)111417(7 - DbAaa
= Dl71‘71,11,(I + m2Aa” = 7[]&0, Db*FabU =0, Faba = DaAb(I — DbAaU,DaAaU =0

Corollary 4.1.3.

[7°(6)0e + m][imy?(€)C + 2iS% (e, <) OO Au” = —iJa" " (s)C

Fabg = 80,14b(7 - 81)140,(7
& 8bFabg + m2AaJ = —Jaa, Fo° = 0,A,° — 8},14,16, 0°J,° =0

Corollary 4.1.4.

[7°(6) Do + mlpPsisle = —i 7,72 (c)C V() De + mlyplersle = —iJ, 7% (5)C
V() De +mlypPersls = —iJ, 7y (g

Corollary 4.1.5. & prspsle = [imy?(s)C + 2iS%(e,¢)C Dy| A
YRl = imy () C AL — iS™ (e, <) CFu”
Fl;r,b(7 = DaAbU - DbAaU
[(Y°($)De + m]ypPsksle = —iJ,7y(q)C [Y°($)De + m]ypPsksle = —iJ,7y(q)C
Corollary 4.1.6. =1
YPrsHsT = qhHs AT PYRrerle = [imy?(¢)C + 2i8% (e, 6)C Dy A”
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Corollary 4.1.7 [v¢(s)D. + m]q/;[&ug]o = —iJ,"v%()C
w)\dts'o' — ,(/)/tg)\go
DbFab‘7 + mQAaU = —Ja07Db*Faba —0,F,,7 = DyAy” — DyAL", DA% =0
w[AGNC]U — [Z'm,ya(g)cr + ZiSab(e,C)CDb]AaJ

€(¢)0e + mlypPsmslo = i g7~ () C
Corollary 4.1.8. () v ()
¢A§H§{r — w/k)\ga
8bFabg + ’ITLQA,IU =—J,7,0%J,° =0,F;° = 0, 4,7 — OpA°
PRerele = [imy2()C + 208 (e, ) C Oy Ay

4.2 Spin-1 Bargmann-Wigner equation with mass

(—8175‘1, +m?) A7 = —-J,°
()8, + m]yslrso = i J.74(c)C
Theorem 4.2.1. )2 v "7(6) < 04,7 =0,0*J,° =0
wAgl";‘T — rll).U';Ago'

Pk = [imy2(s)C + 2% (e, 6)COy Nt A,

4.3 Analysis of spin-1 Bargmann-Wigner equation without mass

Lemma 4.3.1. [Y°(¢)D. 4+ m][imy®(s)C A, —iS™(e,¢)CFy° | = Jlkskslo,
i(DPFo” + m?A,7) = 2tr[Cryo () JIFshs)o] im[Fo” — (Do A" — DpAo")] = 2tr[C S (e, c) Jreksle]
imD 4,7 = 3r(CJI<17),0 = dr(CryP(6)TIreI7) iDP s Foy” = 3r[Cy(5)y7(5)T 1717

Proof: 7°() D [imy*(s)CA," — iS5 (e,6)CFy] = Jlrsksle

& imA° ()74 () DA — iv°(s)S¥(e,§) DeFpp” = Jchlo O

5 mf5™ + 25 (e, )| DeAa” — HE s (6)vals) — 1] D Fuy” = JlereloC

& im[D*Ag” + 25 (e, <) DaAb?] = 5[e**5(<)va() — ") DeFoy” = JirsisloC

& iDPF 774 (5)C 4 im[(Da Ap® — DypA,7)]S%(e,6)C + imD* A" C + iD "+ F 7 v5(s)y4 () C = Jlsehele

- iDYF,° = itr[é%(g)ﬂ“d“]”], —im(Dy, Ay’ — DpA,°) = %tr[C_'S“b(e,g)J[”<"<]"] -
imD*A,° = Ltr[CJlEro] 0 = 1tr[CrO(¢) JWBero] iDVxF,p,7 = %tr[éy“(g)’yS(g)J[“M]”]

— 1 — 1
4.4 Spin-1 Bargmann-Wigner equation without mass

Proposition 4.4.1. v°(¢)D.[imy?(¢)C A, —iS%(e,5)CFu°] = —iJ,"v%(s)C
<~ DbFabU = —Jag, Db*FabU =0, DaAbU — DbAag = 0, DaAaU =0

Proof: 7°(s)D.[imy*(s)C A" —iS™(e,c)CF %] = —iJ,"v*(s)C
& iDPFp 774 (6)C + im(Dg Ay — DpAy”)S%(e,6)C 4+ imD®A,° C + iD * Fup,” 75 ()74 (6)C = —iJ,"v*(s)C
=4 l)bF'abt7 = —Jaa,Db*Fabo =0, DGA(,G — DbAaU =0, DaAaG =0 ]

Proposition 4.4.2. v°(¢)0.[imy%(s)CA, — iS%(e,¢)CFy) = —iJ, v (s)C
S OF, = —Jg, 0%« Fppy = 0,00, = 0, Aq = 00

In massless cases due to A, and F,;7 is each other completely independent, we can’t get a more concise and meaningful
conclusion. And there are redundant equations. It’s not simple enough. It can’t be naturally extended to high spin
cases. So Bargmann-Wigner equation seems not to be suitable for describing massless particles. Penrose spinorial

equation or Spin Equation is more suitable to describe massless particles.

5 Spin-2,2 Bargmann-Wigner equation 2%24
5.1 Analysis of spin-% Bargmann-Wigner equation with mass

Proposition 5.1.1. A7 = [imy2(¢)C + 2i5% (e, )C Dy sHs A, tr[Cypslunsle] = o
= [imy*(s) + 205 (e, ) Dy) A, ™17 = 0
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Proposition 5.1.2. ¢/l = [imy®()C + 2i8% (e, ) CDy M A7 tr[CP ()yrlienle] = 0

= [imy°(s) — 2iS%(e, g)Db}Aa[m]a -0

Proposition 5.1.3. /"% = [imy*(¢)C + 2i5% (e,)CDyMHs A7 tr[Cy*(<)y® (s)prslrsnsle] = o,

= [imy*($)7°(s) — 25 (e,)7°(s) Dy A ™17 = 0

w/\cuwga — [im’ya(c)C—i— 2Z'Sab(e,§)CDb]>‘<“<Aa"<U
tT[C_"lﬁ)\q[p"ng]o} = O7tr[c_'fy5(g)wA<[P‘<77<]U] =0

Corollary 5.1.1.

- w/\cﬂcma = [im’ya(g)c + 2iSab(6,§)CDb])‘<“<Aa’7<”
’Ya(§)Aa[m]U _ O,DaAa[m]a -0

Corollary 5.1.2. ) sHesT = qpAcTlcheo
= t’/’[élpA(['u“n‘]a] = O,tr[c’y‘B(g)w)‘c[#cnc]U] — 0,tT[C"ya(g)’y5(g)1/))‘<[”<’7<]”] -0

YA#T = [imy()C + 268 (e, ) O Dy Mt Ag™°

w&uwga = w)\gnguga

Corollary 5.1.3.

PA#s? = [imy@(§)C + 218 (e, ) O Dy sHs A, "7
h/b(g)Db + m}Aa[nJU =0, »ya(g)Aa[m]a =0

=

Corollary 5.1.4 Aam&g - [im’yb(g)C + QiSbZ(QC)Caz]m&Aaba
r}/a(g)Aa[n:]Egg =0
Aans&‘f = [im,yb(qc + 2iSbZ(e,<)Caz]n<5<Aab"

(Sabfqab(7 = 0; Aabo = Abaav aaAabg =0

54

Proof: A5 = [imA(¢)C + 2i5%%(e,¢)C.]™% Ay, 77 (¢) A ™15 = 0
A,157 = [imAt(5)C —I—QZSbZ( §)CO, "% Agy?

- m[6 425 (e, )] Aap” — 17 ()77 (6)e™% 40 Aap” + 177 (<) (0700, Agp” — 0 A427) = 0
A = [imAb(5)C + QZsz(e O)CD,]E Ay

N 8% Aap” = 0, Aap” — Apa” = 0, (6)e?? a0, Ap” = 0, (070, Aap” — 0*44.7) = 0

o J AT = m(6)C + 28 (e, 6) OO Aay®

6abAabU = 07 Aabg = Abaa7 aaAabo =0
5.2 Spin-% Bargmann-Wigner equation with mass in curved spacetime

Theorem 5.2.1. [’Y“(g)Da + m]ng&wp\g#g]ma = _Z'Jama'ya(dc
YA s full symmetry except o.
PAHsT = [imAy () C + 2i8% (e, ) O Dy sHs A,
& § DVE,% 4+ m2A,10 = —J, % DV%F"< = 0, Fip™% = Dy Ay — Dy A,"°

[ ()Db+m]A[ nslo —07()Aa[m]o:0

Proof: [Y%(s)Dgy + m]%s y pPstslnee = —j J 1574 (¢)C, i 57 is full symmetry except o.
[ ( )D + m]ﬁg)\ ¢>\sﬂs77<0' — _iJa77<o'/ya(§)C7¢>\cHs‘77co' — ¢N<A§77<0'

3

tr[Cy(s)y (g)¢A< u<n<]ﬂ] — O’tT[@yq[ucnq]ﬂ - 07tr[év5(g)¢k<[u<n<]d] =0

¥

tr[Cy ()75 () s iemslo) = 0, tr[Coprslsmslo] = 0, tr[CP () s [smelo] = 0

[Y4(6) D + m]fis \ hAsHss? = —i ], 0y (q) O, ypAHs™s? = [imy®(<)C + 2iS% (e, <) C' Dy|AHs A,

¥

(V2(<) Dy + m] Ao ™17 = 0,79(¢) 4,17 = 0, Da 4,717 = o
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YK = [imy () C + 208 (e, ) O Dy eHs A,

& DVF™T £ m2A, S = —J, " DVxFy % = 0, Fy = Dy Ay’s" — DyA,%, DO A, =0

[v*(s) Dy + m]Aa["‘]U _ O,v“(g)Aa[n‘]g =0, DaAa[Uc]U =0

P50 = [imAy?()C + 2iS% (e, ) O Dy sHs A,

S DVELST 4 m2 A, = —J57, DV Fgy ™7 = 0, Fay™% = Dy Ay™s” — DyAg"™” O
() Dy +m]Aa"17 = 0,7%() 417 = 0,4%(5) Lul"17 = 0

In curved spacetime, the equation can’t be further simplified. So it can’t get more concise and more meaningful

conclusions.

5.3 Source item requirement of spin-% Bargmann-Wigner equation with mass in flat spacetime

a S aa +m Hchq/,P\ch]mU = 77:Ja77§0' a IS C
Theorem 5.3.1. h ( ) ] 7 ( )
YA s full symmetry except o.
YK = [imAy () C + 2i8% (e, ) OOy sHs A7
A abFabnco— + mZAancG' =0, Janqa =0, Fabnqg = aaAbnca - 6bAan<a

(72 ()3 + m] Aa 717 = 0,79(¢) 4,717 = 0

Proof: [Y%(6)Ba + m]"s s pPshslne — i J nsoya(0)C
AP is full symmetry except o.
PA#ens0 = [imy@(§)C + 215 (e, ) Cdp| sts A, <7
S QS PFST +m2A,17 = —J, 7, P57 = 0, Fup™7 = 0, A7 — Oy Ay
V()8 + m]Aa™17 = 0,77(c) A1 = 0
YK = [im®(5)C + 2i8 (e, ) COpoHs Ay
& QOF" 7 + m2A,T = —J, " Fyp 7 = 0,47 — 0, A7
[V ()D + m] Ay ™17 = 0,~79(c) A7 = 0
PABNT = [imy(S)C + 205 (e, ) O] oHs A
© QOF" 7 +m?A1 7 =0,J,"7 =0, Fp7 = 0,47 — 0, A" -
[* ()0 + m]Aa["<]" =0, 7a<g>Aa[ng]<f -0

Comparing with curved spacetime case, the equation is further simplified. We get a more concise and more meaningful
conclusion. The equation itself also automatically requires that the source term must be zero.

5.4 Spin-2 Bargmann-Wigner equation with mass in flat spacetime (23

[,Ya(g)aa + m]d,[)\c]uqnca =0 ['Yb(g)ab + m]Aa[m]" _ O,’Ya(g)Aa[m]o -0
54
PP gs full symmetry except o. PAH0 = [imya(S)C + 2i5% (e, <) Cdp| sts A7

Theorem 5.4.1.

Proof: [Y*(5)0q 4+ m]pAslranse =
PreisnsT is full symmetry except o.

[Y%(¢)Dq + m]ypPslrense =

= 1/}>\<,ucn<0 — q/;l%)\cn;a

PASHST = pAsTs s T

(0% + m2) A" = 0,0°4,° =0

& { Preras? = [imy2(¢)C + 2iSP (e, §)COp) st A, <7

/l/))‘§/~l'§77§0 — q/,&m#cd
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(—0%0p +m2)A," = 0,094,° =0

& QP = [imy () C 4 2i5% (e, )OO Nets A7
V()8 + m]AlM17 = 0,47(c) Al = 0
(72 ()8 + m] Au 717 = 0,~9(¢) 4,717 = 0
PArsTee = [imA®(s)C + 205 (e, ¢) Chp|sts A7

5.5 Spin-2 Bargmann-Wigner equation with mass in curved spacetime

a S a +m [>\<]#<77<E<G — 0
Theorem 5.5.1. h ( ) ¢ ]1/’

zp*s“s"s&” is full symmetry except o.

(—828z + m2)AabU = O, 5abAath = 0, Aaba = Abag, 8‘1Aab" =0

PAsks8T = [imy?(s)C + 218 (e, ) OOy s [imA°(¢)C + 2i5%% (e, ) CO, ] Agp”

[2(<)0a + mipAslisnsése =

Proof:

w}«#ﬂk&d is full symmetry except o.
["}/a(g)aa =+ m]fl/)[)‘q]l"gncgca — 0
& wz\gucng&a is full symmetry except &.o.
¢>\<lt<n<§<0 — ,(/J)\C/ngqngg
[’Yb(§)3b + m]Aa[”<]5<" = o,ya(g)Aa[m]&a —0
E Q Prersnstse = [imy?()C + 215 (e, ) COp|sHs Ay 187
wA<N<77§§<U — ’(/}>‘§FL§5<77<0'
[’Yb(§)8b + m]Aa[n<]5<‘7 == ODAGTR&'O' _ Aaﬁqv]ga
= ya(g)Aa[m]&a =0
PAHTET = [imy(S)C 4 205 (e, §) OOy Hs A8
(=070, + m?)Ag” = 0,0°A° =0
AaﬂsisU = [im’)/b(QC + 2iSbZ(e,<)Caz]’7<f§Aab”

~
fy“(g)Aa[m]&‘” -0
PAsHssET = [imye(s)C + 2iSab(e,q)C’ab]A<“<Aa"<5‘”
(=070, + m2)Aw” = 0,0" A" =0

- A5 = [imAb()C + 218 (e,6) 0D, ]85 Ay’

6abAabU =0, Aab(7 = Abag7 aaAabU =0
YIRS = (i () + 205 (e, ) OO obs A, 14667

(_azaz + mg)Aaba = 07 (SabAAab(7 = 0; Aabo = Abaa; 6aAabg =0

PAHsE0 = [imy2(s)C + 205 (e, <) OO sHs [imA°(6)C + 2i5°% (e, ) CO,]"s& Ap”

6 Arbitrary spin Bargmann-Wigner equation in flat spacetime [2%24

6.1 Spin-n Bargmann-Wigner equation with mass in flat spacetime 29l

Definiton 6.1.1. X, = [im,(s) + 2iSa(e,5)0°%]C
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n
N

(_azaz +m2)Aabc~~o =0

2n n n

—— —— —N—
e QR mpDds e g At = 0,0,40 0 =
eorem 6.1.1. on
—_———— ——
e S Abe o s full symmetry except o.
2n n n

—N—
¢>\cu<77<5< e Ceo XGASM§ang€S . Aabc-~ -0

6.2 Spin-n—i—% Bargmann-Wigner equation with mass in flat spacetime 21!

n

——
77 (<)@s + m]Acbe: e — ¢

2n+1 n n
Y Y
[’ya(g)aa -+ m]d;[)\s]ugm&; e leo 0 6 Aabc ¢l — 0 Ya ( )Aabc ¢le — =0
Theorem 6.2.1. S =
y .
YXIHansSs - Cao g full symmetry except o. A“bc"'[cf]” is full symmetry except (.o.
2n+1 n n

1/)/\§Ng77;fg oo Xakcﬂs‘ Xb77<€§ . Aabc el

Using mathematical induction method and using s = % and s = 2 reasoning skills we can easily and strictly prove the
above two theorems. I won’t dwell on it.

6.3 Review of Bargmann-Wigner equation with mass

From the above we can know that Bargmann-Wigner equation is equivalent to Rarita-Schwinger equation 21 in
half integer spin cases in flat spacetime. It’s equivalent to Klein-Gordon equation 29 in integer spin cases in flat
spacetime. It reveals profound and rich physical connotations of Bargmann-Wigner equation. However, if the source

term is considered, the equivalent result can’t be obtained. Only satisfying certain conditions of the source term, it

can be established. And only for spin s = % or s = 1 cases it can take a source term. For spin s = % or above

cases, due to the intrinsic self requirement of the equation it must be zero. In curved spacetime due to the existence
of generalized covariant derivative term, this equivalence is no longer valid. This situation is not as good as Penrose
spinorial equation or spin equation. Generally speaking, Penrose spinorial equation or spin equation is more suitable

to describe particles without mass. Bargmann-Wigner equation is more suitable to describe particles with mass.

7 Antisymmetry Dirac equation |7

7.1 Analysis of antisymmetry Dirac equation with mass
Theorem 7.1.1. [1¢(¢)d, + m]FPsiel = J FAks = — Freds
[2imSap (e, 6) 07 A’ — 7, () (im2A® 4 07®)]C + [m(® + 10, A%) + my5(5)d — Ya(s)V5(5)09¢]|C = —75(5)J
=[¢ + imya()v5 () A + 75(<)@]C
Proof: [Y(¢)d, +m]FPil = J FAske = _reds
V()8 + m]FPed =
- { = —[¢ + im7a ()15 () A" + 75(<)@]C
{ 02 (6)0h + m][C + imya (s (s)CA® + 75(6)CB] = —J
F = —[¢+imya(<)vs(<) A" + 75(<)2]C
{h ()b + mllé + imra(s)s(5)A® +75(6)@] = ~JC
F = —[¢+imya(<)ys5 () A® + 75(5) 2]C
{mczﬁ +7a($)0%¢ + 1m0 () 16()75 () * AP + 70 ()15 () (imP A + @) + ()@ = —JC
= —[¢ + imya(c)¥5(c) A" + 75(<)2]C
{m¢ +7a(5)0%¢ + 2imSap(e, )15 () A’ + 74 ()15 (<) (1M A + 0°®) + m5(<)(P + 10, A%) = —JC
=1+ im7a ()75 () A” + 75(5)@]C
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- {m%@)(ﬁ — 74 ($)5(5)0%® + 2imSap (e, )09 AL — 74 (s) (im2 A% + 09®) + m(P + i0,A%) = —v5()JC

F = —[¢ + imva(s)75(s) A% + 75 () @]C

- {[QimSab(e, §)O AL — 7, (¢)(im2 A% 4+ 99®)|C + [m(P + 10, A%) + mY5()d — Ya($)V5(5)0*|C = —75(s)J

F = —[¢+imya(s)15(s) A% + 75 () @]C

7.2 Analysis of antisymmetry Dirac equation without mass
Theorem 7.2.1. v°(¢)0 FPsts] = J FAchs = — )
. { [2imSas(e, )0 A — 1 ()0 BIC + [imuAT — 1u(s)y5 ()9 ¢IC = —5(<)
F = —[¢+imv,()75() A +75(s)@]C
Proof: 7%(¢)0, FPt<l = J FActe = — e
() D FPersl =
{ = —[¢ + imya(s)v5(s) A + 75()2]C
{v"(<)3b (C) + ima ()5 ()OA® + 75 (6)C@) = —J
F = —[¢+imy,(s)r5(s)A® + 75 (5)@]C
{vb@)ab 6+ ima(€)15(6)A” +75(<)®] = —JC
F = —[¢+imy,(s)y5(s)A® + 75(s)@]C
{w)aw + iy (6)7(6)75 ()0 AL + 7a(6)5(c)0°® = —JC
F = —[¢+im,(s)r5(s)A? + 75(5)@]C
{%(c)aaaﬁ + 2imSap(e, $)v5($)0* AL 4 74 (¢)75()0*® + imrys (6) g A = —JC
F = —[¢+imv,(c)75() A" + 75(s)2]C
{—wa ()75()0°6 + 2imSap (e, )9 AL — 7, (6)0°® + imB, A® = —5(<)JC
F = —[¢+imy.(s)v5(s) A + 75(c)@|C
" {[mmsab(e, )P AL — 7,(€)0°DIC + [imD A® — 7a(s)75(€)0°GC = (<) ]
F = —[¢+imy,(<)ys(s)A® + 75 (s)@]C

7.3 Pseudo scalar field equation with mass

()0 + mlFPrd = Las()C {(aaaa +m2)d = —j

Theorem 7.3.1.
F = - [v"(s)0a — m]s(s)C®

F)‘cﬂc — _Fﬂc)‘c

proop d ()00 +mIFR] = ()0
) F)\SU’S — _FU’S)‘S

- {[2im5ab(e, §)0UAY — 7, (5)(im2 A% 4+ 99®)|C + [m(P® + i0,A%) + mY5(S)P — Ya($)V5(5)0%¢]C = —

F = —[¢+imy,(s)75()A® + 75(<)2]C
DUAY = QPAC (im2A% + 9°D) = 0,¢ = 0,0% = 0
S 4 m?(® + i9,A%) = —j
F = —[¢ 4+ imya(<)75(<) A 4+ 745(5)@|C
(=090, + m2)® = —j
&A= im 2099, ¢ = 0
F = 2[y%(¢)8y — m]y5(s)C®

{(—aaaa +m2)® = —j
=

F = L[y%(c)0a — m]ys(s)CP
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Corollary 7.3.1. [Y%(5)d, + m][Y*(s)0a — m]75(c)C® = jv5(c)C & (=00, + m?)® = —j

7.4 Pseudo scalar field equation without mass

Corollary 7.4.1. 7%(5)0a[7°(5)0y¥5(c)C®] = j15(s)C & ¥2()0a[Y2(6)0yC®] = jC = 090, P = j
Corollary 7.4.2. v,($)0%[5(s)CP] = 74 ($)v5(s)CI* < 44 (5)0%[CP] = 74, (c)CT* & 9*P = J*©

7.5 Pseudo vector field equation with mass

{%%)aa +m] PO = iy (0)3s(6) O {(abab FmAT = 0 9 AY = 0P AY
Theorem 7.5.1. =

FActs = —FHs)s F = i[0a — mya(<)]ys(s) CA®

Proo: {h%)aa Fm]FR] = i (s ()OI
FAshs — _ FisAs
- {[%mSab(e, $)O"AY — 4, (<) (im* A% + 0*®)|C + [m(P + 10, A”) + m5(5)d — Va($)V5(6)0*G|C = iva(s)CJ"
F=—[¢+imy,(c)ys(s)A® + 75(s)@]C
PIAL = AT, D = —i0,A%, ¢ = 0,09 = 0
& { (im2A% + 9°®) = —iJ°
F = —[¢+imy,(s)75()A® + 75(<)2]C
(—0%0y + m?)A® = —J°
& L 0*Ab = 9PA%, & = —i0,A% ¢ =0
F =i[0q — ma(<)]ys(s) CA®

(=00 + m?)A® = —J* 9°Ab = 9P A
=
F = i[0a — mya(s)]ys(s) CA"

Corollary 7.5.1. [Y5(5)0” + m][0s — m74(s)]75()CA® = 74(s)v5(s)C T & (=% + m?) A% = —J2, 92A> = 9° A
Proof: [v4()0" + m][0a — mYa(s)]75()CA® = v,4(s)y5(s)C T

& 2imSap(e, )0 A — iy, () (m2A® — 929y AL) = i, (s)J®

& —0%0, A + m2A* = —J* 9°Ab = 9P A

& (=00 + m2)A* = —J%, 99 AL = 9P A
7.6 Pseudo vector field equation without mass

Corollary 7.6.1. 7,(5)3°[0s — m74(6)]75(s)CA® = 7,(¢)v5(s)CJ* <= POy A® = J* A’ = 9* A%, 9,A* =0

Proof: 75(¢)0"[0a — m7a(s)]75 () CA® = 74(S)75(s)C T
& [2imSap(e, <)09AL + iy, ()00 AL] + imOy A® = i, (<) J®
& 0%0,AY = J* 0°Ab = 9P A%, 9,A% =0
& POAY = J* 0°Ab = 9P A, 9,A% =0

Corollary 7.6.2. 74(5)0%[75(<)COHAL] = 7,(5)75(s)CT® < 74 ()0 [COHAL] = 7,(s)C T <= 00 Ab = J*

Corollary 7.6.3. 7,(5)9°[Va(s)v5(s)CAY] = 45(s)[fC + J® Sy (e, <))
& ()" [1a () CAY] = jC + J**Sup(e, )
& 0%AY — QPAY = J?® 9,A% = j
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