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“It 1s the spirit that quickeneth; the flesh profiteth nothing: the words that I speak unto you, they are spirit, and they are
life.” - John 6:63.

ABSTRACT. In this paper, I demonstrate one infinite product for binomial coefficient, Euler’s
and Weierstrass’s infinite product for Pochhammer’s symbol, limit formula for Pochhammer’s
symbol, limit formula for exponential function, Euler’s and Weierstrass’s infinite product for
Newton’s binomial and exponential function.

1. INTRODUCTION

In 1729, Leonhard Euler (1707-1783) gave the infinite product expansion for gamma function

[1, p. 33] N
F(z)é]j[l <1+%>Z<1+§)_1 (1)

which is valid in C, except for z € {0, -1, -2, ...}.
In 1854, Karl Weierstrass (1815-1897) gave the infinte product expansion for gamma function
[1, p. 34-35]
Z .
I'(z)=ze"? 1+f>e_z/3, 2
@==e]] (143 @)

Jj=1

which is valid for all C.
The binomial coefficient may be defined by the finite product [2]

(i)

r=1

which is valid for /€ C —{0,—1,-2,...} and n €N, and [3]

n—1
(E)TL: H (€+T)a (4)
r=0
which is valid for /€ C and n € N3;.

The beta function may be defined by [4]

a—1(b—-1)!

when a, b are positive integers.
In this paper, I prove the infinite product representation for binomial coefficient given by

()L ()0 -5%)

Jj=1

the Pochhammer’s symbol is given by
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and
1 o n .
o " ),-n/j
=T (1 g )

the Newton’s binomial is given by

e (o o228) =)

j=1

s b 1 " :
—n _ ,29n —2n/j
(a+0b) e H[<1+—a+jb><1+—b+j—1)] e ,

j=1

and

the exponential function is given by

eimanfl(g):ﬁ (1 1)”[<1+jz2xiy2><1+mz+1j1)}:/2
[ 55) (=)

T 1 n
)
=1 CERLE [ CIE N e

5 [ (1 e ) (1 o)

and

among other things.

2. PRELIMINARY

Lemma 1. Ifa,beR and b#0, then

o0

H (a+7-1)(b+7)
(a+)b+5i—1)

Jj=1

Proof. I well-know the identity
a blla—1)! al(b—1)!

4. = , 6
b [b+(a—1)+1]! [a+(b—1)+1]! (6)
using the definition for beta function (4), I obtain
a _ B(a+1,b) (7)
b Bla,b+1)

On the other hand, the beta function have the following infinite product representation [5, p.
899]

oo

jla+b+j)
a+b+1)Bla+1,b+1)= (a 8
( )B( 1;[1 [CEDICESE (8)

valid for a,b#—1,—2, ... Setting a—a — 1 and b— b — 1, respectively, in both members of (6), I find

jla+b+j—1)
Bla,b+1)= +bH (atj-Db+5) ©)

and

jla+b+j—1)
Bla+1,b)= +bH CER (R (10)

Substituting (8) and (9) into the right hand side of (6), I get

a_a+byy jlatb+j—Da+j—1)(b+7)
boatb it (a+j)b+j—1jla+bt+j—1)




Eliminate the same terms in the numerator and denominator of the above equation, and

encounter
o0

II a4*]4*1 b‘Fj)
(a+7)(b+j—1)

=1
which is the desired result. 0

3. BiNOMIAL COEFFICIENT: THE INFINITE PRODUCT

3.1. Infinite Product Representation for Binomial Coefficient.

Theorem 2. If{eC—{-1,-2,...} and n€N, then

(0 )=IL(+5)(0 %)

j=1

where < f; ) denotes the binomial coefficient.

Proof. Setting a=¢+1—7r and b=r in both members of the Lemma 1, I obtain

£+1—r (L—r+j)(r+7)
_H C—r+j+0)(r+)—1) (11)

Substituting (11) into the right hand side of (3), I find

(Y T (0 —r+5)(r+j)
<n)_H H l—r+i+D)(r+j5-1)

r=1 j5=1
o0 n . .
“TI I (L=r+j4)(r+37)
Ll AL (C=rt g (r - 1)
0o (‘JFJ_) ';E— ) oo
-1 ¥ 7?(.]+€) Y11 <1+ﬁ.><1%),
U P j j
which is the desired result. ]

4. EULER’S AND WEIERSTRASS’S INFINITE PRODUCT REPRESENTATION FOR POCHHAMMER’S
SYMBOL

4.1. Euler’s Infinite Product Representation for Pochhammer’s Symbol.

Theorem 3. If e C—{0,—1,-2,...} and n€N, then

0) —ﬁ Y ()

where (£),, denotes the Pochhammer’s symbol.

Proof. Setting a=/¢+1r and b=1 in both members of the Lemma 1, I obtain

£+T*H £+r+]—1)(2+1).

Y4
Tr= C+r+7)7

(12)
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Substituting (12) into the right hand side of (4), I find

nol o0 (i1
o= I T
By E ) AR R
P (C+r+37)j
oo n . o0 n —1
L) s L 05) (o)
which is the desired result. g

4.2. Weierstrass’s Infinite Product Representation for Pochhammer’s Symbol.

Theorem 4. If (€ C and n € Nsg, then

1 o n .
— o —n/j
0, ¢ H<1+J’+f—1>e ’

j=1

where (£),, denotes the Pochhammer’s symbol, e® denotes the exponential function and -y denotes
the Euler-Mascheroni constant.

Proof. The inverse of the Theorem 3, give me

A1 (5) (i)

j=1

i (1Y i TT (122 (e
7m~>oo m m~>c>oj71 ] ] +£ —1

, 11 1 1 - n
_mlgnOo exp((l—1+§—§+...+E—E—lnm>n)n <1+m)

j=1

. 1 1 -n , —n —n\ T n
_mlgnOo exp((l +5+...+E—lnm>n>exp(T+T+...+W)l_[l <1+m)
j=

1 1 n /i
— 1 - - e —n/j
mhm exp((lJr 5 + ...+ lnm>n>j||1 <1+j €1>e

L 1 1 . Hm n .y
_mlgnoo<exp<<1+§+...+E—lnm)n))7r}£noo | <1+m)e J
—em Iool " \en/d

e <1+j+€_1>e ,

Jj=1

which is the desired result. O
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5.1. Limit Formula for Pochhammer’s symbol.
Lemma 5. If /€ R~y and n is a non-negative integer, then

o m" (O,
(O)n= mlfloo—(é Ry

where (£),, denotes the Pochhammer’s symbol.

Proof. Consider the Euler’s infinite product representation for Pochhammer’s symbol and let as

follows
- 1\" n -1
0, = li 1+— 1+—
(O)n mgnoojl:ll< +]>< +j+£1>
— i D Oy M Om
RS ey e /ey
which is the desired result. 0

Theorem 6. If |z| <1, then

a V4
1F1< b %)’
a

where 1F1< z | denotes the confluent hypergeometrid function of the first kind and

b
2F1< a,b

z) lim 2F1< a,b+m

m— o0 b

z) denotes the Gaussian (or ordinary) hypergeometric function.

Proof. The definition of hypergeometric series 1 F} is given by
a (@)n 2"
= E Ane
1F1< b Z) « (b)n n!’ (13)

n—=
valid for |z| <1. Put £=0 in Lemma 5, and substitute in (13)

a L 1 = (a)n(b+n)m 2"
1F1< b Z>ml£noo(b)mnzo mn n!
. 1 a,b+m | z
= lim —— o F ’ = 14
Jim ] 0o 07| 04)
= hm 2F1< a7b+m i)
m— oo b m

which is desired result. ]

Corollary 7. If z€ C, then
zZ\—m
e*= lim (1——) :
m

m— 00

where e* denotes the exponential function.

Proof. I know [6] that

1
e = 1F1< 1

). (15)

Using the Theorem 6 in the right hand side of (15), it follows that

¢*— lim 2F1< L1+m i): lim (1—i>‘("”+”: lim (1—1)_m,
m m— oo m m— 00 m

m— 00

1
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which is the desired result. O

6. THE POCHHAMMER’S SYMBOL, GAMMA, SINE AND COSINE AT RATIONAL ARGUMENT AS
FiniTE PrODUCT OF GAMMA FUNCTIONS

6.1. Pochhammer’s Symbol at Rational Argument.

Theorem 8. If p and q are positive integers and p< q, then

s " p n+s—1
<p) 11 r(;) | (TG
SR )
q q q

where (£),, denotes the Pochhammer’s symbol and T'(¢) denotes the gamma function.

Proof. Consider the Euler’s infinite product representation for Pochhammer’s symbol, let £=p/ g,
with p€Z and ¢ € N, and encounter

p st 1\" ngq -1
=) = I+ ) (1+———
<q>n Jll( ]) < ](J+pQ>

s 1 " nq -1
= 14— 14 "4
k_0< +k+1> ( +(k+1)Q+pQ)

- 1 " ngq -1
=11 <1+k+1> (Hkqﬂ)) '

k=0

Now, notice that for any a € Z and b € N, there exists unique ¢, d € Z, such that a=bc+ d and
0<d<b (division law in Z, see [7, Lemma 7, p. 4]). Hither, this means that any (k € Ny, ¢ € N)
uniquely determine the integer r and s, such that k= gr + s, where r=0,1,2,... and s=1,2, ...,
g — 1. Thereupon, it follows (by uniform convergence) that

p = 1 " ng !
Py _ +—— ) (14
(q)n H 1_[0< qr+s+1> < q2r+qs+p)

g

e V(g me )
gr+s+1 @Pr+qgs+p

q1<1 . >n r(1+24) ' r(zrers
(

r(1+5“) F(“f
q
s " pt+a(n+s—1)
AR R R N G
:H 1+=
I

gelwc =y
q q

using the identity I'(1 4 z) = 2I'(2) in previous equation, I have

(o) (o L) [)
o s/ \ (et J L p(etel=)
+




which is the desired result. O

Example 9. Put p=1, ¢=2 in previous Theorem, and let n to be a non-negative integer, thus
(3), =i+ 3)r(3+3)
(o
- (o))

Example 10. Put p=1, ¢=3 in previous Theorem, and let n to be a non-negative integer, thus

(;)n:3nr<%+§)r<

3

or

or

Example 11. Put p=2, ¢g=3 in previous Theorem, and let n to be a non-negative integer, thus

Example 12. Put p=1, ¢=4 in previous Theorem, and let n to be a non-negative integer, thus

Example 13. Put p=2, ¢=4 in previous Theorem, and let n to be a non-negative integer, thus

1 4m 1 n 3 n 5 n 7T n
(2) =5 (a3 (6+ 1) (5 3 r(5+5)

Example 14. Put p=3, ¢=4 in previous Theorem, and let n to be a non-negative integer, thus

6.2. Gamma Function at Rational Argument.
Theorem 15. If p and q are positive integers and p < q, then

o)ty [ FG) Tr(aes)
) e

s=1

where T'(¢) denotes the gamma function.
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Proof. Consider the Euler’s infinite product representation for gamma function, let z=p/q in
(1), with p € Z and g € N, and encounter

(5)-HIL(=5) ()

S () (o)

Now, notice that for any a € Z and b € N, there exists unique ¢, d € Z, such that a =bc+ d and
0 < d<b (division law in Z, see [7, Lemma 7, p. 4]). Hither, this means that any (k € Ny, ¢ € N)
uniquely determine the integer r and s, such that k= qr + s, where r=0,1,2,... and s=1,2, ...,
q — 1. Thereupon, it follows (by uniform convergence) that

) _atr 1 i p !
r(2)=4 14— ) f14+—P
<Q) pH H( +q7’+8+1) ( +q(qr+s+1>)

using the identity T'(1+4 z) =2T'(2) in previous equation, I obtain

which is the desired result. 0

Example 16. Put p=1, ¢ =3 in previous Theorem, thus

mr(%);(f))r(%),

Example 17. Put p=1, ¢=4 in previous Theorem, thus

T ONONE
®3  r(d)

3

or, using the identity I'(z + 1) = 2I'(2), I have



Example 18. Put p=1, ¢ =4 in previous Theorem, thus

or, using the identity I'(z + 1) = 2T'(z), I have

Example 20. Put p=1, ¢=5 in previous Theorem, thus
an® _ D(g) M50 () (5) (5)
557 r(z)
or, using the identity I'(z + 1) = 2T'(z), I have

2072 T()T(S) T (2)r(2)
Ve o) |

6.3. Sine Function at Rational Argument.

Theorem 21. If p and q are positive integers and p < q, then

where T'(€) denotes the gamma function and sin(z) denotes the sine function.

Proof. Consider the Euler’s infinite product representation for sine function [8, p. 321]

ST (0-5)

Let z=p/q in (16), with p € Z and ¢ € N, and encounter

. pT
qsm(—) i 2
Zo\Na)_ H 1--P
pr 52q2

j=1

11 (- ')

(16)
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Now, notice that for any a € Z and b € N, there exists unique ¢, d € Z, such that a =bc+ d and
0<d<b (division law in Z, see [7, Lemma 7, p. 4]). Hither, this means that any (k € Ny, ¢ € N)
uniquely determine the integer r and s, such that k= gr + s, where r=0,1,2,... and s=1,2, ...,
g — 1. Thereupon, it follows (by uniform convergence) that

qg—1 oo 2
H 1P
: (qgr+s+1)2¢?
q= F2(1+i1)
q

2
=q 3130 F('J(SJF?_”)F(Q(”?”)
q

q

sin(ﬂ) g-1 r2(1+ S“)
q q

which is the desired result. g
6.4. Cosine Function at Rational Argument.
Theorem 22. If p and q are positive integers and p < q, then
q FQ( 25 —1 )
q L 25 —1 + ya T 25 —1 _ D
s=1 2q q? 2q q?

where T'(€) denotes the gamma function and sin(z) denotes the sine function.

Proof. Consider the Euler’s infinite product representation for cosine function [8, p. 321]

cos(m):ﬁ (1(2;1—221)2) (17)

j=1

Let z=p/q in (17), with p € Z and ¢ € N, and encounter

)1 e



11

Now, notice that for any a € Z and b € N, there exists unique ¢, d € Z, such that a =bc+ d and
0 < d<b (division law in Z, see [7, Lemma 7, p. 4]). Hither, this means that any (k € Ny, ¢ € N)
uniquely determine the integer r and s, such that k= gr + s, where r=0,1,2,... and s=1,2, ...,
q — 1. Thereupon, it follows (by uniform convergence) that

pr oo qg—1 4])2

P _ 1—
COS( q ) 11 , ( (2qr+28+1)2q2)
11 ﬁ 1 4p?
N (2qr + 25+ 1)2g2

_ N 4p 2 2s+1
-1 (1 —(QSH)“)F (1+ )
1+ 224 2 )F(1+ ﬁ)

q l] q
(17 = )22)F2(1+ 571)

e F(14_252;1_’_(1 )F(1+25—1 %>’

using the identity I'(1 4+ z) = 2I'(2) in previous equation, I get

4p? )(2571)2 2(2571)
a (1 r
(25 —1)2¢g? 2q 2q
cos( ) H _‘__)(25—1 £>F(2s—1+£)r(2s—1_£)
' 2q q? 2q a2 2q q? 2¢q q?
2f 2s—1
. F( 2q )

which is the desired result. 0

7. EULER’S AND WEIERSTRASS’S INFINITE PRODUCT REPRESENTATION FOR NEWTON’S BINO-
MIAL
7.1. Euler’s Infinite Product Representation for Newton’s Binomial.

Theorem 23. Ifa,be C—{0,-1,-2,...} and n €N, then

o= ozt

Jj=1

Proof. Consider the Newton’s binomial
(1+x)"=<171””> . (18)

Set a=1+ 2 and b=1 in both members of the Lemma 1

1—11—:n:ﬁ (H_%)(H_x«lkj)l' (19)

Jj=1

Substitute the right hand side of (19) into the right hand side of (18)

(2 ()"

—~

(1+2)"=

yi=t
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Put 2 =a/b in both members of (20)

n __ noo 1 " b -
(a+b)"=b"]] <1+j) <1+a+jb) .

j=1

On the other hand, I get x=>— 1 in both members of (20)

ad 1\" 1 -n
b :H <1+3) <1+—b+j1> )

j=1
From (21) and (22), it follows that
o0
1 2n b 1 —n
b= 1+= 1+— ) 14+—
wror =TT (1+5) (v ) (=) |
which is the desired result.

7.2. Weierstrass’s Infinite Product Representation for Newton’s Binomial.

Theorem 24. Ifa,beC and n €N, then

H b 1 " :
—n 2yn —2n/j
atb)=e [(1 a+jb><1 b+j—1)] ‘ ’

Jj=1

where €” denotes the exponential function and v denotes the Euler-Mascheroni constant.

Proof. The inverse of the Theorem 23 give me

T 1\~ b 1 "
(@+9) :,1;[ (HF) [<1+a+jb><1+b+j1)]
. 1\ . 1 1\ 2" b 1 "
Jin () 1T (0+5) | (0 g )04y
) 1 2n M 1 —2n b 1 n
0 ) L C5) 0 )0 =)

= lim ”ﬁl 1—|—l —2nﬁ 1+ b 1+ 1 !
m—so | - j | a+ b btj—1

j=1 Jj=1
m b 1 n
— i —2n
= Jim §m=r]] [<1+a+jb><1+b+j—1>}

j=1

: 11 11 b 1

j=1

ZJEIIW{eXp((l +%+ +%—1nm)2n>exp< _12” + _5” +..+ _ni”) X

() (=)

L 1 1 - m b 1 n on/i
777}51100 exp<<1+2+...+m lnm)Qn). 1[<1+a+jb)<1+b+j1)} e

(22)

)

e LR im [ T b L\ em2wss
_mlgnoo<exp<<1+2+...+m 1nm)2n>>ml£noo H{(l—’—a—i—jb)(l—’—b—i—j—l)} e

i b 1 " ,
_.27m —2n/j
<1l KHaﬂb)(Hbﬂ—l)] ©

j=1
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which is the desired result. O

8. EULER’S AND WEIERSTRASS’S INFINITE PRODUCT REPRESENTATION FOR EXPONENTIAL
FuNcTION

8.1. Euler’s Infinite Product Representation for Exponential Function.

Theorem 25. If x,y€R and n€ N, then

2 1 ’ﬂ/2

Jintan (L) _ H <1+ ) (45 (=)
T 1 n )

=1 |:(1+J'I+iy>(1+z+j*1)]

where i=+/—1 and e* denotes the exponential function.

Proof. Let a=iy and b=z, in both members of the Theorem 23, and encounter

(z +iy)" ]:[<1+ ) Kl—i_jxf—iy)(l—i_x—i—;—l)}n' (24)

On the other hand, I know that the complex exponentiation satisfies [9]
(.Z‘ +iy)a+ib _ (.1'2 + y2)(a+ib)/2 % ei(a+ib)arg(z+iy)’ (25)

where arg(z) denotes the complex argument, which can be computed as arg(z + iy) = tan’l(%).
Set a =n and b=0 in both members of (25), and find

intan*l(%)

(¢ +iy)" = (2" +y*)"? xe (26)

Substitute the right hand side of (26) into the left hand side of (24), and obtain

emen ) = (224 ﬁ R —— (27)
y il jr+iy z+j—1 ’

Put a=y? b=22 and n— —n/2, in both members of the Theorem 23, and encounter

- )
1\ x? 1 n/2
2 2\—n/2 _ - e
(22 + 3?) H <1+j> _<1+jx2+y2)<1+z2+j1>} ) (28)

j=1

From (27) and (28), it follows that

r 22 1 n/2
pintan (L) _ <1+ ) _(1+jx2+y2>(1+z2+j1)]n , (29)
l;[ [(1+ja:j-iy)(1+w+;—1)}

which is the desired result. 0

8.2. Weierstrass’s Infinite Product Representation for Exponential Function.

Theorem 26. Ifx,y <€ C and n€ N, then

T 1 n
efi”tanil(%):e'ynﬁ [(1+jz+iy>(1+m+jfl>:| ,—n/j
n/2" ’
7=l [(1+Jw2+y )(1+$2+J )}

where e* denotes the exponential function and v denotes the Euler-Mascheroni constant.
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Proof. The inverse of the Theorem 25, give me

—intan—(%) _ i (1 1)—71 [(1+jxiiy> 1+z+;71)r
e E Jr] [(1+ﬁ2iy )(1+x2+1j_1) )
SIOEEY (GO e
m N
J

2 1 /2
J (1+ .If+y2)(1+z2+j,1ﬂ"

= lim <1 +%>nﬁ <1+l>"[({Sﬂﬁw))((ll:i

e )
— lim H<1+%> 11 AR A TYE
[ () (=)
n (12 (1 )]
— lim m—nH J Yy J

— 32 1 ’I’L/2
e Pt {(szuyz)(uxzﬂfl)]

= lim eXp<<11+ll+...+%%lnm) )ﬁ [ |:( iniy> 1+z+;*1)}n

U (e )]
zmli_r)noo{exp<<1+%+...+%—lnm) exp Tn T +_W)
- [(lJrjwj-iy)( x+g—1
le_[l [<1+Jr2iy )( z2 +J 1)
= lim exp<<1+1+ Jrilnm) )H [ Nily) zJ”*l)} se e~/ J
o i o () ()]
z

x2+j 1
= lim (eXp<<1+l+...+%lnm) )) lim ﬁ { [( Jm+1y>(1+z+;fl)}n e~ n/J

AT e ([ e gy
o0
) |:<1+Jzily)< +I+§*1>:| -n/j
L [y

which is the desired result. O

S | ——
[E—
3
~
()

8.3. A Simple Infinite Product Representation for Exponential Function.
Theorem 27. If x € C, then

o0

= H e/ (G+3%),

where e” denotes the exponential function.

Proof. Leonhard Euler (1707-1783) gave firstly the limit definition for exponential function as
follows

n
er= Tim (1+2)".

n— oo n
In Theorem 23, I put a =z and b=n in both members and encounter

(1+%)n=ﬁ <1+%>n<1+xfjn>n. (30)

Jj=1
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The letting n tends to infinity in both members of (30), give me

oo n —
. T\" . 1 n "
g (1+2) =11 [ (1+5) (1+555)

7= o

=t = H ew/(j+j2)7

Jj=1

which is the desired result. O

9. INFINITE PRODUCT REPRESENTATION FOR KRONECKER DELTA

9.1. A Simple Infinite Product Representation for Kronecker Delta.

I leave as easy exercise

Exercise 1. Prove that

where

denotes the Kronecker delta function.
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