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1. Introduction

In linear algebra and matrix theory, the determinant of a square matrix is very important. The basic formula to

compute the determinant of a square matrix of order n such as 4,, = [aij]nxn is equal to

D(An) = det(An) = |An| = Zjl,,,jnesn Sgn(il ]n) QAyj, - Anjy, -

+1 ,if ji . jn iS an even permutation

where sgn(j - jn) = {—1 ,if Ji - Jn is an odd permutation

There are some interesting methods to compute the determinant of a square matrix such as Dodgson’s condensation
method [1], Hajrizaj's method [2] and Salihu's method [3]. Now, in this article we will use of these methods to
obtain a new method, just to compute the determinant of a 4 x 4 matrix.

2. The main definitions and lemmas

First, we will establish the definition of duplex fraction or duplex division as follows:

. a a b b .
Definition 2. 1. Let 4, = [ai a;] and B, = [bll b“] are two square real matrices of order 2. If det(B,) #
21 22

0 and b;; # 0 (V i,j = 1,2), then the duplex fraction (or duplex division) of the determinant of A, on B, is defined
as:

a1 Q12
bi11 b1z
a a
a11 a12| az1  aze
|42] _ 2t 220 [bpy by €))
[B3| b1y b12| byy b12|'
bz1 by by1 by
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Definition 2. 2. Let B, = [bij]m be a square real matrix. The Dodgson’s condensation of matrix B, is a
(n — 1) x (n — 1) matrix that defined as:

bll b12
bZl b22

bl(n—l) bln
bz(n—l) bZn

DC(B,) = : (2)
br—tyimn-1 bm-1)n

bn(n—l) bnn

bn-11 bm-12
bnl an

(n-1)x(n—-1)
Using Definition 2.2, we have the following definition:

aq aqy Qa3 A14

. a a a a . , .
Definition 2. 3. Let A, = |2 22 *°* 2'|  be a real matrix of order 4. If the Dodgson’s condensation of
31 32 33 34

Q41 Q42 Qg3 Qagl,,,
the matrix A, be equal to

[|a11 a12| |a12 a13| |a13 a14|]

| az1 Ay Qazz Ays Az3 Qg |
DC(A,) = |a21 a22| |a22 a23| |a23 a24| 3)
4 az; Qs az; dass Q33 Q34
|a31 a32| |a32 a33| |a33 A3q
Au1 Q42 Qa2 Q43 Qg3 Qaqldy 5
then, the Twice Dodgson’s condensation of the matrix A, is defined as:
r |a11 a12| |a12 a13| |a12 a13| |a13 a14| 1
azy Az QAzz Qzs QAzz Q23 Qdz3 Qa4
|a21 a22| |a22 a23| |a22 a23| |a22 a23|
az; Qs Qaz; Qzs azy dzs Q33 Qzg
TDC(A,) = DC(DC(A = . 4
(44) ( ( 4)) |a21 a22| |a22 a23| |a22 a23| |a22 a23| (4)
az; Qs Qaz; Qzs azy dzs Q33 Qzg
|a31 a32| |a32 a33| |a32 a33| |a33 a34|
LHAg1 Qg2 Ayy  Qu3 Ayy  Qu3 Au3  Qyqlld, o

The Dodgson’s condensation for the first time is used to compute the determinant of an X n matrix by C. L.
Dodgson in 1866 [1].

To prove the main theorem we need the following lemmas.

a1 Q12 Qg3
Lemma 2. 1 (Dodgson’s condensation method). The determinant of matrix A; = |Az1 G2z Qdp3 , with
Qa31 Q32 0Q33l343
assuming a,, # 0, is equal to

|a11 a12| |a12 a13|
1 [laz1  dzp

1451 = o o ®)
3 az; [|%21 a22| |a22 a23| )
az; Az a3z Qzz

Proof. See Dodgson’s condensation method [1, 2].



Lemma 2. 2 (Salihu’s method). The determinant of matrix A; =

a;; Aapp
az1 Az
_ 1 az; 04z
|A4| — |az22 023| X Ay Ay
aszz ass
az; 04z
Ay Qg2
Qazz Q23
where | | # 0.
Qaz; dzz
Proof. See Salihu’s method [3].

3. Main Result

a;; Aapp
az1 Az

As1 Qg2

is equal to

Q43 Aga]gy4

Agq

(6)

In the following theorem we present a new method, just to compute the determinant of a 4 x 4 matrix.

a1
Theorem 3. 1. Given the real matrix 4, = Z;i

Q41
|Z§z Z§z| + 0. Then the determinant of matrix 4, is equal to

|As] = [Ty

. a a
Proof. Since |a§§ a§2| # 0, by Lemma 2. 2 we have

1 % asy
azz a23| azq

azz ass

|A4| =

|a11 a12| |
1 |1d1 Qg2
a2z |a21 a22| |
sl = o X | gt o
22 23| az;1 Ay
asz ass 1 |a31 a32| |
a3z |a31 a32| |
Ay1 Q4

Using Definition 2. 1, we can write

ass

(44l yny

such that

A2 Q13 Qg4
Azp Q23 Qpy

Azz Qz3 Ay

Qdzy Q33 Q3
Ayp  Qu3  QAgg

‘ “132 A3z Q34

a3
azs
azs
ass
azs
ass
Qss
QAy3

a3
azs
azz
ass
az,
ass
ass
QAu3

Qyy, 03,035, a33 + 0 and

()




|a11 0-12| aiz a13| aiz 0-13| |0-13 a14|
azi azz azz azsz azz Qazs az3z Qaza
|az1 0-22| azz 023| azz 0—23| |0—22 a23|
asi asz azz ass asz ass azz Qaza
azi azzl azz 023| azz 0—23| |0—22 a23|
azi asz azz ass azz ass aszz Qasg
|a31 asz asz 033| asz 0—33| |0—33 a34|
_ a41 Qg2 Q42 Q43 Q42 Q43 A43 Qg4
|A4| - |a22 azs3
azz ass
By Definition 2. 3, we know that
|a11 a12| |a12 a13| |a12 a13| |a13 a14|
Az Ay Qazz Q33 Qazz Q23 Qz3 Qa4
|a21 azzl |a22 a23| |a22 a23| |a22 a23|
_ az; Az a3z Qzz a3z Qzz Q33 Q34
ITDC(AL] = |a21 a22| |a22 a23| |a22 a23| |a22 a23|
az; ds; a3z Qzz a3z Qzz Q33 Q34
|a31 a32| |a32 a33| |a32 a33| |a33 a34|
Ay1 Qg2 Asy  Qu3 Asy Qg3 Ay3  Qgq
Therefore, we have
_ | TDC(A4) |
|A4| — Q22 a23| '
azz asz
The theorem is proved.
2 3 71
. . 4 .
Example. Given the matrix 4, = 6 g 120 00 . To compute the determinant of 4,, we have
5 4 3 2444
DC(A4) -2 -5 -10 TDC(A4) [—50 —200
—|—-18 =20 0 — ;
9 1 4 162 =80 15y,
3x3
=50 —200
5 10
—-50 -—-200 162 —80
| TDC(A4) | 162 —80 - 5
Ayl = = =2 l=74
| 4-|_ |5 10| - |5 10| - |5 10| -/
3 2 3 2 3 2

References

[1] Dodgson, C. L. (1866). Condensation of Determinants, Being a New and Brief Method for Computing their
Arithmetic Values. Proc. Roy. Soc. Ser. A 15, 150-155.

[2] Hajrizaj. D. (2009). New Method to Compute the Determinant of a 3 x 3 Matrix, International Journal of
Algebra, Vol. 3, No. 5, 211 - 219.

[3] Salihu. A. (2012). Method to Calculate Determinants of n x n(n > 3) Matrix, by Reducing Determinants to 2nd
Order, International Journal of Algebra, Vol. 6, No. 19, 913 — 917.



