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1. Introduction 

In linear algebra and matrix theory, the determinant of a square matrix is very important. The basic formula to 

compute the determinant of a square matrix of order 𝑛 such as  𝐴𝑛 = [𝑎𝑖𝑗]𝑛×𝑛 is equal to 

𝐷(𝐴𝑛) = 𝑑𝑒𝑡(𝐴𝑛) = |𝐴𝑛| = ∑ 𝑠𝑔𝑛(𝑗1…𝑗𝑛)
 
𝑗1…𝑗𝑛∈𝑠𝑛

𝑎1𝑗1 …𝑎𝑛𝑗𝑛 .  

where 𝑠𝑔𝑛(𝑗1… 𝑗𝑛) = {
+1
−1

  , 𝑖𝑓 𝑗1…𝑗𝑛 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛
, 𝑖𝑓 𝑗1… 𝑗𝑛 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛

  .  

There are some interesting methods to compute the determinant of a square matrix such as Dodgson’s condensation 

method [1], Hajrizaj's method [2] and Salihu's method [3]. Now, in this article we will use of these methods to 

obtain a new method, just to compute the determinant of a 4 × 4 matrix. 

 

2. The main definitions and lemmas 

First, we will establish the definition of  duplex fraction or duplex division as follows: 

Definition 2. 1. Let 𝐴2 = [
𝑎11 𝑎12
𝑎21 𝑎22

] and 𝐵2 = [
𝑏11 𝑏12
𝑏21 𝑏22

] are two square  real matrices of order 2. If 𝑑𝑒𝑡(𝐵2) ≠

0  and 𝑏𝑖𝑗 ≠ 0 (∀ 𝑖, 𝑗 = 1, 2), then the duplex fraction (or duplex division) of the determinant of  𝐴2 on 𝐵2 is defined 

as: 

|𝐴2|

|𝐵2|̅̅ ̅̅ ̅̅ =
|
𝑎11 𝑎12
𝑎21 𝑎22

|

|
𝑏11 𝑏12
𝑏21 𝑏22

|
=

|

𝑎11
𝑏11

𝑎12
𝑏12

𝑎21
𝑏21

𝑎22
𝑏22

|

|
𝑏11 𝑏12
𝑏21 𝑏22

|
 .                                                               (1)    

 

mailto:farhadian.reza@yahoo.com


2 
 

Definition 2. 2. Let  𝐵𝑛 = [𝑏𝑖𝑗]𝑛×𝑛  be a square real matrix. The Dodgson’s condensation of matrix 𝐵𝑛  is a         

 (𝑛 − 1 ) × ( 𝑛 − 1) matrix that defined as: 

𝐷𝐶(𝐵𝑛) =

[
 
 
 
 |

𝑏11 𝑏12
𝑏21 𝑏22

| ⋯ |
𝑏1(𝑛−1) 𝑏1𝑛
𝑏2(𝑛−1) 𝑏2𝑛

|

⋮ ⋱ ⋮

|
𝑏(𝑛−1)1 𝑏(𝑛−1)2
𝑏𝑛1 𝑏𝑛2

| ⋯ |
𝑏(𝑛−1)(𝑛−1) 𝑏(𝑛−1)𝑛
𝑏𝑛(𝑛−1) 𝑏𝑛𝑛

|
]
 
 
 
 

(𝑛−1)×(𝑛−1)

.                            (2)  

Using Definition 2.2, we have the following definition: 

Definition 2. 3. Let 𝐴4 = [

𝑎11 𝑎12 𝑎13 𝑎14
𝑎21 𝑎22 𝑎23 𝑎24
𝑎31
𝑎41

𝑎32
𝑎42

𝑎33
𝑎43

𝑎34
𝑎44

]

4×4

be a real matrix of order 4. If the Dodgson’s condensation of 

the matrix 𝐴4 be  equal to  

𝐷𝐶(𝐴4) =

[
 
 
 
 
 |
𝑎11 𝑎12
𝑎21 𝑎22

| |
𝑎12 𝑎13
𝑎22 𝑎23

| |
𝑎13 𝑎14
𝑎23 𝑎24

|

|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎23 𝑎24
𝑎33 𝑎34

|

|
𝑎31 𝑎32
𝑎41 𝑎42

| |
𝑎32 𝑎33
𝑎42 𝑎43

| |
𝑎33 𝑎34
𝑎43 𝑎44

|]
 
 
 
 
 

3×3

,                                          (3)  

then, the Twice Dodgson’s condensation of  the matrix 𝐴4 is defined as: 

𝑇𝐷𝐶(𝐴4) = 𝐷𝐶(𝐷𝐶(𝐴4)) =  

[
 
 
 
 
 
 
 
|
|
𝑎11 𝑎12
𝑎21 𝑎22

| |
𝑎12 𝑎13
𝑎22 𝑎23

|

|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|
| |

|
𝑎12 𝑎13
𝑎22 𝑎23

| |
𝑎13 𝑎14
𝑎23 𝑎24

|

|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|
|

|
|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|

|
𝑎31 𝑎32
𝑎41 𝑎42

| |
𝑎32 𝑎33
𝑎42 𝑎43

|
| |

|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|

|
𝑎32 𝑎33
𝑎42 𝑎43

| |
𝑎33 𝑎34
𝑎43 𝑎44

|
|

]
 
 
 
 
 
 
 

2×2

.                       (4)  

 

The Dodgson’s condensation for the first time is used to compute the determinant of a 𝑛 ×  𝑛 matrix by C. L. 

Dodgson in 1866 [1].  

To prove the main theorem we need the following lemmas. 

Lemma 2. 1 (Dodgson’s condensation method). The determinant of matrix 𝐴3 = [

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

]

3×3

 , with 

assuming 𝑎22 ≠ 0 , is equal to 

|𝐴3| =
1

𝑎22
|
|
𝑎11 𝑎12
𝑎21 𝑎22

| |
𝑎12 𝑎13
𝑎22 𝑎23

|

|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|
| .                                                                  (5)  

Proof. See Dodgson’s condensation method [1, 2].  
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Lemma 2. 2 (Salihu’s method). The determinant of matrix 𝐴3 = [

𝑎11 𝑎12 𝑎13 𝑎14
𝑎21 𝑎22 𝑎23 𝑎24
𝑎31
𝑎41

𝑎32
𝑎42

𝑎33
𝑎43

𝑎34
𝑎44

]

3×3

 is equal to 

|𝐴4| =
1

|
𝑎22 𝑎23
𝑎32 𝑎33

|
 ×
|

|
|

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

| |

𝑎12 𝑎13 𝑎14
𝑎22 𝑎23 𝑎24
𝑎32 𝑎33 𝑎34

|

|

𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33
𝑎41 𝑎42 𝑎43

| |

𝑎22 𝑎23 𝑎24
𝑎32 𝑎33 𝑎34
𝑎42 𝑎43 𝑎44

|
|

|
.                                                      (6)  

where |
𝑎22 𝑎23
𝑎32 𝑎33

| ≠ 0.  

Proof. See Salihu’s method [3].  

 

3. Main Result 

In the following theorem we present a new method, just to compute the determinant of a 4 × 4 matrix. 

Theorem 3. 1. Given the real matrix  𝐴4 = [

𝑎11 𝑎12 𝑎13 𝑎14
𝑎21 𝑎22 𝑎23 𝑎24
𝑎31
𝑎41

𝑎32
𝑎42

𝑎33
𝑎43

𝑎34
𝑎44

]

4×4

such that  𝑎22, 𝑎23, 𝑎32, 𝑎33 ≠ 0 and 

|
𝑎22 𝑎23
𝑎32 𝑎33

| ≠ 0. Then the determinant of matrix 𝐴4 is equal to 

|𝐴4| =
| 𝑇𝐷𝐶(𝐴4) |

|
𝑎22 𝑎23
𝑎32 𝑎33

|
.                                                                         (7)  

Proof. Since |
𝑎22 𝑎23
𝑎32 𝑎33

| ≠ 0, by Lemma 2. 2 we have  

|𝐴4| =
1

|
𝑎22 𝑎23
𝑎32 𝑎33

|
 ×
|

|
|

𝑎11 𝑎12 𝑎13
𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33

| |

𝑎12 𝑎13 𝑎14
𝑎22 𝑎23 𝑎24
𝑎32 𝑎33 𝑎34

|

|

𝑎21 𝑎22 𝑎23
𝑎31 𝑎32 𝑎33
𝑎41 𝑎42 𝑎43

| |

𝑎22 𝑎23 𝑎24
𝑎32 𝑎33 𝑎34
𝑎42 𝑎43 𝑎44

|
|

|
,  

Besides, we know that 𝑎22, 𝑎23, 𝑎32, 𝑎33 ≠ 0, hence using Lemma 2. 1 we have 

|𝐴4| =
1

|
𝑎22 𝑎23
𝑎32 𝑎33

|
 ×

|

|
1

𝑎22
|
|
𝑎11 𝑎12
𝑎21 𝑎22

| |
𝑎12 𝑎13
𝑎22 𝑎23

|

|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|
|

1

𝑎23
|
|
𝑎12 𝑎13
𝑎22 𝑎23

| |
𝑎13 𝑎14
𝑎23 𝑎24

|

|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|
|

1

𝑎32
|
|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|

|
𝑎31 𝑎32
𝑎41 𝑎42

| |
𝑎32 𝑎33
𝑎42 𝑎43

|
|

1

𝑎33
|
|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|

|
𝑎32 𝑎33
𝑎42 𝑎43

| |
𝑎33 𝑎34
𝑎43 𝑎44

|
||

|

,  

Using Definition 2. 1, we can write  
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|𝐴4| =

|

||
|
𝑎11 𝑎12
𝑎21 𝑎22

| |
𝑎12 𝑎13
𝑎22 𝑎23

|

|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|
| |

|
𝑎12 𝑎13
𝑎22 𝑎23

| |
𝑎13 𝑎14
𝑎23 𝑎24

|

|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|
|

|
|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|

|
𝑎31 𝑎32
𝑎41 𝑎42

| |
𝑎32 𝑎33
𝑎42 𝑎43

|
| |

|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|

|
𝑎32 𝑎33
𝑎42 𝑎43

| |
𝑎33 𝑎34
𝑎43 𝑎44

|
||

|

|
𝑎22 𝑎23
𝑎32 𝑎33

|
   

By Definition 2. 3, we know that   

|𝑇𝐷𝐶(𝐴4)| =  

|

||
|
𝑎11 𝑎12
𝑎21 𝑎22

| |
𝑎12 𝑎13
𝑎22 𝑎23

|

|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|
| |

|
𝑎12 𝑎13
𝑎22 𝑎23

| |
𝑎13 𝑎14
𝑎23 𝑎24

|

|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|
|

|
|
𝑎21 𝑎22
𝑎31 𝑎32

| |
𝑎22 𝑎23
𝑎32 𝑎33

|

|
𝑎31 𝑎32
𝑎41 𝑎42

| |
𝑎32 𝑎33
𝑎42 𝑎43

|
| |

|
𝑎22 𝑎23
𝑎32 𝑎33

| |
𝑎22 𝑎23
𝑎33 𝑎34

|

|
𝑎32 𝑎33
𝑎42 𝑎43

| |
𝑎33 𝑎34
𝑎43 𝑎44

|
||

|

  

Therefore, we have 

|𝐴4| =
| 𝑇𝐷𝐶(𝐴4) |

|
𝑎22 𝑎23
𝑎32 𝑎33

|
 . 

The theorem is proved. 

Example. Given the matrix 𝐴4 = [

2 3 7 1
4 5 10 0
6
5
3
4

2
3
0
2

]

4×4

. To compute the determinant of 𝐴4, we have  

𝐷𝐶(𝐴4)
→    [

−2 −5 −10
−18 −20 0
9 1 4

]

3×3

𝑇𝐷𝐶(𝐴4)
→     [

−50 −200
162 −80

]
2×2
;  

|𝐴4| =
| 𝑇𝐷𝐶(𝐴4) |

 |
5 10
3 2

|
=
| 
−50 −200
162 −80

 |

  |
5 10
3 2

|
=

|

−50

5

−200

10
162

3

−80

2

|

|
5 10
3 2

|
= −74.  
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