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1. Introduction

In linear algebra and matrix theory, the determinant of a square matrix is very important. The basic formula to
compute the determinant of a square matrix of order n, suchas A, = [aif]an’ is equal to

D(A) =det(4) = |A| = thjnesnsgn(j1 wfn) Qg o Ay

+1 ,if j1 . jn iS an even permutation

where sgn(j - jn) = {—1 ,if Ji - Jn is an odd permutation

There are many methods to compute the determinant of a square matrix. C. L. Dodgson in 1866 [1], and A. Salihu in
2012 [3], presented two methods for compute the determinant of square matrices of order n that we will use of their
methods to establish a new method in this article.

2. The main definitions and lemmas

First, we will establish a new definition related to the fraction of two matrices of order 2, that we have called this
definition by the name of duplex fraction or duplex division.

a1z _[P11 b1z :

] and B, = are two real matrices of order 2. If det(B,) # 0 and
az2 by1 by

bjj # 0 (Vi,j =1,2), then the duplex fraction (or duplex division) of the determinant of A, on B, is defined as
follows

Definition 2. 1. Let A, = [Zi

a1 aip
by1 b1z
aii a12| a1 az
ﬂ — 1021 Q22! — bzq1  baa (1)
[B] by b12| b1q b12|'
bz1 b2 bz1 by
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Definition 2. 2. Let B, = [bij]m be a square real matrix. The Dodgson’s condensation of matrix B, is a
(n — 1) x (n — 1) matrix that defined as follows

bl(n—l) bln
bz(n—l) bZn

bll b12
bZl b22

DC(B,) = : (2)
br—tyimn-1 bm-1)n

bn(n—l) bnn

bn-11 bm-12
bnl an

(n-1)x(n—-1)

aq aqy Qa3 A14
azq [05%) azs Az4

Definition 2. 3. Let 4, = A3y Qz; Q33 Qs

be a real matrix of order 4. If the Dodgson’s condensation of

Q41 Q42 Qg3 Qagl,,,
the matrix A, be equal to

[|a11 a12| |a12 a13| |a13 a14|]
az1 Ay Az2 Qs dz3 Ay
DC(4,) = ||a21 a22| |a22 a23| |a23 a24| | ' 3)
az; das; Qaz; dsz Q33 QAzg
l|a31 a32| |a32 a33| |a33 a34||
Qg1 Q42 Qa2 Q43 Ay3  Qgqlly 4

then, the Twice Dodgson’s condensation of the matrix A, is defined as follows

r |a11 a12| |a12 a13| |a12 a13| |a13 a14| 1
azy Az QAzz Qzs QAzz Q23 Qdz3 Qa4
|a21 a22| |a22 a23| |a22 a23| |a22 a23|
az; Qs Qaz; Qzs azy dzs Q33 Qzg

TDC(A4) = DC(DC(A4)) - |a21 a22| |a22 a23| |a22 a23| |a22 a23| (4)

az; Qs Qaz; Qzs azy dzs Q33 Qzg
|a31 a32| |a32 a33| |a32 a33| |a33 a34|

LHAg1 Qg2 Ayy  Qu3 Ayy  Qu3 Au3  Qyqlld, o

The Dodgson’s condensation for the first time used for compute the determinant of an X n matrix by C. L.
Dodgson in 1866 [1].

To prove the main theorem we need the following lemmas.
a1 Q12 Qg3

Lemma 2. 1 (Dodgson’s method). The determinant of matrix A; = |d21 G2z  dz3 , With assuming a,, # 0,
Qa31 Q32 (33l343

is equal to

|a11 a12| |a12 a13|

A, _ 1 |lGz1 Az azz  Az3 (5)
3 azy |a21 a22| |a22 a23| )
az; Az a3z Qzz

Proof. See Dodgson’s condensation method [1, 2].



Lemma 2. 2 (Salihu’s method). The determinant of matrix A; =

1 v asy
azz 0-23| azq

azz ass

Al =

azz Qzs

# 0.
as; a33|

were |

Proof. See Salihu’s method [3].

a1 aqy Qa3 A14

ayq [25%) azs Az4

is equal to

Q41 Q42 Au3 Qag g4

A1 Q13 Qg4

QAzz dz3 Ay

A3y Q33 Qzg (6)
QAzz Q23 Q|

A3y Q33 Q3

Aup Qg3 QAyq

3. A new method

In the following theorem we present a new method, just to compute the determinant of a 4 x 4 matrix.

a1
Theorem 3. 1. Given the real matrix 4, = Z;i

Q41
a a . . ]
| 22 23| # 0. Then the determinant of matrix A4, is equal to
a3z Q33

|A4| =

. a a
Proof. Since | 22 23| # 0, so by Lemma 2. 2 we have
az; 4szz

|A,| = X

azz ass

|a11 Qa2
1 [1d21 A2
az; |a21 azz

|A| — ﬁ % a31 a32

i

1 ]laz1 Az

az; [|431 432

|a41 A2

Using of the Definition 2. 1, we can write

1 asy
azz a23| azq

a22| |

| TDC(A4) |

ass

A14
QA4
a and let a,,, a,3,as,, a33 # 0and also let
Aaalyny
a23|' (7)
A2 Q13 Qg4
Azp Q23 Qpy
A3y Q33 Q3
Azz Q3 Ayl
Qdzy Q33 Q3
Ayp  Qu3  QAgg
|a12 a13| |a13 a14|
1 [lGz2 Q3 az3  Qzq
az3 |a22 a23| |a22 a23|
az; dzz Q33 Qzg
|a22 a23| |a22 a23| !
1 [lazz dszz A3z A3y
ass |a32 a33| |a33 a34|
Auz Q43 Ay3  Qyq




|a11 0-12| aiz a13| aiz 0-13| |0-13 a14|
azi azz azz azsz azz Qazs az3z Qaza
|az1 0-22| azz 023| azz 0—23| |0—22 a23|
asi asz azz ass asz ass azz Qaza
azi azzl azz 023| azz 0—23| |0—22 a23|
azi asz azz ass azz ass aszz Qasg
|a31 asz asz 033| asz 0—33| |0—33 a34|
a41 Qg2 Q42 Q43 Q42 Q43 A43 Qg4
|A4| = a2 dz3
|0-32 ass
By the Definition 2. 3, we know that
|a11 a12| |a12 a13| |a12 a13| |a13 a14|
Az Ay Qazz Q33 Qazz Q23 Qz3 Qa4
|a21 azzl |a22 a23| |a22 a23| |a22 a23|
_ az; Az a3z Qzz a3z Qzz Q33 Q34
ITDC(AL] = |a21 a22| |a22 a23| |a22 a23| |a22 a23|
az; ds; a3z Qzz a3z Qzz Q33 Q34
|a31 a32| |a32 a33| |a32 a33| |a33 a34|
Ay1 Qg2 Asy  Qu3 Asy Qg3 Ay3  Qgq
Therefore, we have
_ | TDC(A4) |
|A4| — Q22 a23| '
azz asz
And proof is complete.
2 3 71
. . 4 . .
Example. The determinant of matrix 4, = 6 g 120 00 is obtain as follows
5 4 3 24,4
DC(A4) -2 -5 -10 TDC(A4) [—50 —200
—|—-18 =20 0 — 162 —80 ;
9 1 4 3x3 2X2
—50 —200
5 10
-50 -200 162 —80
Al = |TDC(A) | 1162 -80 | |75 | 74
|Al = |5 10| - |5 10| E 10| -/t
3 2 3 2 3 2
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