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Abstract

The method of multiple scales is applied and the second order two-scale
approximation is calculated for a linear dispersive wave equation with a small
perturbation proportional to the amplitude cubed.

1. Introduction

Most of differential equations can’t be solved explicitly, i. e. using elementary
functions. For this reason, various approximate methods exist, including
perturbation methods that are used when the equation to be solved is close to a
solvable equation [1].

One of such methods is the method of multiple scales that comprises techniques
used to construct uniformly valid approximations to the solutions of perturbation
problems. This is done by introducing fast-scale and slow-scale variables for an
independent variable, and subsequently treating these variables, fast and slow, as if
they are independent [2].

2. The equation and the first order approximation

J. Murdock in [1] applies a two-scale method to get an approximated solution of the
following dispersive wave partial differential equation:

Upp — Uy + U+ U3 =0 (1)
with the initial conditions
u(x,0) = sin kx,

u;(x,0) = wcos kx

where

0 =VITRZ.
The solution is represented in the two-scale form as

u(x, t,e) =uyg(x, t,7) + euy(x, t, 7) + -+ (2),
where

T = gt.

The next usual differentiation rules are used:
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Itis found that

Uger — Ugpx T U = %sin 3 (kx + wt + 8%1) (4)

u,(x,0,0) =0, (5)

Uy (x, 0,0) = —up(x,0,0), (6)

and the first order approximation is
Uy (x, t, et) = sin (kx + wt + %T) = sin (kx + wt + %et). (7)

3. The second order approximation

As for higher order approximations, it is stated [1, part 5.3] that this strategy
requires solving certain differential equations that may not have explicit solutions,
and for this reason such calculations are not always possible in practice.

In this paper we will find the second order approximation for equation (1) that is
fully expressed in terms of elementary functions.

To find u,, we need also equations for u,. Substituting (2) to (1) and using (3), we
get:

e(ug + cuy + £%uy )3 + ugee + 28Uggr + E%Ugrr — Ugax T U
2 2 2
+ g(ultt + Zgulrt T E%Urr — Upxx T ul) t& (uZtt + ZSuZTt t E%Uzr — Upyx + uz)
+ &3 (Uzpr + 28Uszpp + €% Ugpp — Usyy + Uz) + ... = 0.
Provided
(ug + uy + £%u, ...)3 = ud + 3ug(euy)? + 3up(e?uy)? + 6uyeu, e2u,
+ 3ugeu, + 3ude?u, + 0(e3)
let us equate the coefficients of £2 members:
— 2
Upee = Ugxx + Uz = - (BUgUL + Ugrr + 2Uge). (8)
Designating
3
z=kx+wt+—1
8w
we get
Uy = sin z,

3
Ugr = —COSZ
(k3 8w )

and from (4), (5),(6)



Ugpr — Upyx T U = isin 3z , (9),
u,(x,0,0) =0, (10),
uq1:(x,0,0) = = —uy,(x,0,0) =—8iwcos kx (11)

From (9), (10), (11) with the additional condition that the right part of (8) does not
contain resonant members we can find u;.
We will search for a partial solution of (9) that is proportional to the right part:
i, =psin3z,
substituting this to (9) we get
—(Bw)?psin3z+ (3k)?psin3z + psin3z + isin 3z,

1
P="3"

!

| = —2>sin3z. (12)
Now we add solutions of the homogeneous equation. As it known, they are
cos(lx) [A cos(wt) + B sin(wt)],
sin(lx) [A cos(wt) + B sin(wt)]
that can be represented also as
Asinlx cos(wt + ),
B cos lx sin(wt + ),
forany A4, B,y ,land w = V1412,
The first solution that we add is
S1=Asin 3kx cos(wst + PY,1), (13)
where w3 = m
Its purpose is to compensate the effect of #i; on (10).
The second solution is
S2 = B cos 3kx sin(wst + Yp1), (14)

whose purpose is to fulfil (11).
Also we add solutions

Sz = K; cos kx sin(wt + ¢) +

+ K, sin kx cos(wt + @) +

+ K5 sin kx sin(wt + @) +

+ K, cos kx cos(wt + ¢), (15)
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where ¢ = .
These expressions are used to fulfil (11), because of (8) and especially of u3u, term.

K;, K, K3, K, ¥4, Yy can depend on 7. A and B also can depend on t, but at the end
they will be found to be constant. The phases in (13), (14) can depend on 7 in more
general way, but the linear dependency was found to be enough. The phases in (15)
are left like (7) because of interaction with uju, term.

Now

u=1Uy + S1+S2+S3 (16)
and by differentiation we get

Uq= — % - 3w cos 3z

—Aw; sin 3kx sin(wst + P,T)

+B w5 cos 3kx cos(wst + YpT)

+ K; w cos kx cos(wt + @) +

- K, w sinkx sin(wt + ¢) +

+K5 w sin kx cos(wt + @) +

- K, cos kx sin(wt + ¢) (17)
From (10) fort=17 =0 we get
1
A= v (18)
From (11), (17) fort=1 =0 we get
3w
T 3205 (19)

Differentiating (17) by 7, we get
27 .
Uy =5 Sin 3z
—AY w5 sin 3kx cos(wst + Y,7)
—BYpw; cos 3kx sin(wst + YpT)

—;Kl cos kx sin(wt + @)
+K/ w cos kx cos(wt + @)
—ZKZ sin kx cos(wt + @)
—K; w sin kx sin(wt + ¢)

3
— §K3 sin kx sin(wt + @)



+K; w sin kx cos(wt + ¢)

3
— §K4 cos kx cos(wt + @)

—K, w cos kx sin(wt + ¢).
Now we check all possible sources of resonant terms of kind / = 3k in the right part
of (8).

Transform
1—-cos 2z

u-3u 3cosZz u
2 17,71 7 1

3uiu;=3sin?z-u;=3-

The multiplication of (13), (14) with cos2z cannot produce resonant members
because these trigonometric functions are based on different values of / and hence
the coefficients of x and t are not proportional. Hence the only possible sources of

3
resonant terms are 2u,,; and S U1

Let’s sc be sin 3kx cos(wst + P 4T) and cs be cos 3kx sin(wst + PpT).

All resonant members are shown in the next table:

coefficient source SC cs
2 Uqe —AY, w3 —BYpw;
3 Uy A B
2
From this,

—24 03 +2A =0,

—2BYw; +>B =0,

3

Ya=Yp=—.

- 4-(1)3
As for i;, that was defined in (12), it can’t create terms of =3k type.
Now we will check (8) for I=k resonances to find K;, K, K3, K,.

Let’s sc be sin kx cos(wt + ¢) and we designate other similar expressions as sc, ss,
cc.

All resonant members of this type are shown in the next table:

Source Coefficient Resonant members
Interaction 31 (-sc-cs)K; | (-sc-cs) K, | (-cc +ss) K5 | (cc-ss) K,
of I=k 2 4




members
with cos2z
Eu 3 cs Ky sc K, ss K3 cc K,
2 ° 2
2Uq7t 2 Kiwcc —K,wss Kiwsc K,wcs
K 3 K 3 K 3 K 3
- —cs | — —sc | — —SS | — —ccC
1@ 8w 2w8a) 3w8w @ 8w
Uore 9 cs + sc
64w?
Interaction | 3 cs +sc
of i; with 2
cos2z (_ i) 1
32) 2
For checking interactions with cos2z we used identities like
sin a cos f= % [sin(a + B) + sin(a — B)]
and
sin(a + B)=sina cos f + cos a sin 8
and chose only potentially resonant members.
Now we separate members for cs, s, ss, cc.
3., 3 3 23 , 9 3
§K1+§K2+EK1 — ?Kl - 2K,w — it e 0 (for cs),
3., 3 3 23 , 3
§K1+§K2+EK2 — ?Kz + 2K;w — I RETT 0 (for sc),
—§K3+§K4+§K3 — 2K} w —%31(3= 0 (for ss),
ZK3 - %K4+§K4 + 2K{w —%K‘}: 0 (for cc),
From here
o _ 3 g 3
Ky = =165 K3 ~ o5 Ko
K} = +—Ks +—K
27 N0 3 160 ¥
o _ 2 g 3 g
Ky = - ke~ Ka b,
Kj=—K +—K,+b
¥ T 160 1 160 2 T
3 9 1
where b = (S-— =) —. (20)

Substituting (17) to (11) and equating like terms we find
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K1(0) = -

Bw?’
K5(0) =0,

and substituting (17) to (10) we find
K,(0) =0,
K,(0) = 0. (21)

Now (20), (21) is a system of 1st order linear equations with constant coefficients.

The solution of the system is:
3

Kl(T) = _B?P
KZ(T) = O,
3(w?-24
K3(7) =="'£§%g;;l;
3(w?-24
Ky(r) = ((:56(;)3)1-

Substituting (12), (13),(14),(15),(18),(19) to (16), we finally get
u(x, t,7)=— 312sin 3 (kx + wt + %T)
1. 3
+5;sin 3kx cos (a)3t + mr)

3w
+

. 3
cos 3kx sin (w3t + —r)
w3 4(1)3

3 : 3
- — cos kx sin (a)t + —T)
8w 8w

3(w?-24)t

. . 3
sin kx sin (a)t + — T)
256w3 8w

3(w?-24)T
256w3

cos kx cos (wt + ir) =
8w
1 . 3
=——sin3 (kx + wt+—r)
32 8w
1, 3
+ —sin 3kx cos (a)3t + —‘L’)
32 4'(1)3

3w
+

4w

cos 3kx sin (w3t + %T)

w3

3 : 3

- — cos kx sin (wt + —T)
8w 8w
3(w?-24)T

EIChntol

3
—— COS (kx + wt + —T),
256w 8w

where

w=vV1+k? w;=,1+(3k)?

and the full second order approximation according to (2) is



u(x, t, &) = uy(x, t, ) + eu (x, t, 7).
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