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Abstract

In the present discussion we study the grading of Quaternion algebra(H) and Lorentz algebra of O(3, 1) group.
Then we have made an attempt to make the whole Poincaré algebra of SO(3, 1) in terms of Quaternions. After this
the supersymmetrization of this group has been done in a consistent manner. Finally the dimensional reduction from
D = 4 to D = 2 has been studied.

1 Introduction

In order to unify the symmetry of Poincaré group with some internal group several attempts have been made, Coleman
and Mandula in[1] 1967 set a restriction to the incorporation of Poincaré symmetry to the internal symmetry group upto
which this unification is possible. But actually this doesn’t offer any unification of Poincaré group with internal symmetry
group. This theorem which is called no-go theorem of Coleman and Mandula based on the extension of symmetry of
S-matrix under the assumption of physical conditions of locality, causility, positivity of energy and for finite numbers of
particles. Wess and Zumino [2] realized that the unification of Poincaré group to internal symmetry group is possible by
introducing anticommutation relations of supersymmetric charges into the theory, which relate the fermions to bosons.
However it’s proof has been estabilished by Haag, Lapuszanski and Sohnius [3] . Thus Supersymmetric field theories
arises as the maximum symmetry of S-matrix that is possible. This is the largest extension of the Lie algebra of Poincaré
group and internal symmetry group. Which has not only commutators but also anticommutators of supercharges which
generate the supersymmetric transformation. Since this theory can be a possible answer for the most of the heirarchy
problems [4] of the standard model, unification of gravitation and dark matter and dark energy several attempts have
been made experimently in search of this symmetry. But still not confirmed yet. However it is always been a interesting
theory searched by the theoretical physicists in attempt to unify the fundamental forces of nature.

In the work of L. Brink and J. H. Schwarz it is argued that [5] the supersymmetry is only possible for the cases
of dimensions D = 2, 4, 6, 10 called critical dimensions. They show that the action is supersymmetric for D = 4, 6, 10

dimensions without the inclusion of further fields. It has shown previously that [6] nonabelian Yang–Mills fields with
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minimal coupling to massless spinors are supersymmetric if and only if the dimension of spacetime is 3, 4, 6 or 10. Before
this the realization between the Lorentz group in various dimensions and the division algebras [7] has been established
by Kugo-Townsend [8] which further extended and generalized by Jerzy Lukierski et. all. [9, 10] and many more authors
[11, 12, 13] previously. It is summarized that the algebras R,C,H,O can be useful for the description of supersymmetric
field theories in higher dimensions [6]-[13]. Also the compactification of higher dimensional supersymmetry to lower
dimensional supersymmetry theory has been studied by L. Brink et.all.[5] in a consistent manner.

Keeping in view the connection between the normed division algebras (R, C, H, O) and supersymmetric theories
in the present paper we made an explicit relation between the Poincaré group of SO(3, 1) and normed division algebra
of Quaternions, then supersymmetrization of this Poincaré group has been done in a consistent manner. Finally the
dimensional reduction of the supersymmetry in D = 4 to D = 2 dimensional space has been studied.

2 Quaternion Algebra

2.1 Quaternion algebra in matrix representation:

Quaternion algebra (H) [7] is described over the field of real numbers by

q =q0e0 + q1e1 + q2e2 + q3e3

where qj(∀j = 1, 2, 3) are the real numbers and the basis elements ei satisfying the following relations

eiej =− δij+ ∈ijk ek (i, j, k = 1 to 3) (1)

∈ijk is Levi-Civita tensor, which is a totally antisymmetric tensor and having value +1 for the permutation (ijk) =

(123), (231), (312). In 4× 4 real matrix representation the Quaternion elements [10] are

e1 =


0 1 0 0

−1 0 0 0

0 0 0 −1

0 0 1 0

 = iσ2 ⊗

(
I 0

0 −I

)

e2 =


0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0

 = I ⊗

(
0 I

−I 0

)

e3 =


0 0 0 1

0 0 −1 0

0 1 0 0

−1 0 0 0

 = iσ2 ⊗

(
0 I

I 0

)
(2)

These basis elements satify the following commutator bracket relations

[ei, ej ] =2 ∈ijk ek (∀i, j, k = 1 to 3) (3)
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by substituting τi = ei
2 for these basis elements we have the Lie algebra of Quaternion as

[τi, τj ] = ∈ijk τk (∀i, j, k = 1 to 3) (4)

and the ∈ijk is the structure element of the Lie algebra of quaternion. Since there is a correspondence between the
Pauli matrices and quaternion basis elements [7] as ei → −iσi(∀i = 1, 2, 3).

2.2 Grading of Quaternion algebra

The Z2-graded algebra [14] L is the direct sum of two algebras L0 ⊕ L1having the following properties
(i) L0 is an even lie algebra with degree g(L0) = 0 and L0 × L0 → L0

(ii) L1is odd Lie algebra with degree g(L1) = 1 and L0 × L1 → L0 , L1 × L1 → L0

(iii) Representation of L0 in dimL1 × dimL1

taking the 4x4 dimensional representation of algebra L0 of quaternion we have

L0 ={τi ∈ L0, [τi, τj ] =∈ijk τk, (∀i, j, k = 1 to 3)}

L1 ={Qa ∈ L1, (∀a = 1 to 4) [Qa, τi] = (τi)abQb ∈ L1,

and {Qa, Qb} = (κi)abτi ∈ L0 (∀i = 1 to 3,∀a, b = 1 to 4)}. (5)

The κi’s must be symmetric. By the generalized Jacobbi identity we have

[τi, {Qa, Qb}] + {Qb, [τi, Qa]}+ {Qa, [Qb, τi]} =0 (6)

which reduces to the equation

τiκj + (τiκj)
T = ∈ijk κk (7)

by which the matrices κi’s evaluated as

κ1 =
1

2
σ3 ⊗

[
0 I

I 0

]
=

1

2


0 0 1 0

0 0 0 −1

1 0 0 0

0 −1 0 0



κ2 =− 1

2
σ1 ⊗

[
I 0

0 I

]
= −1

2


0 1 0 0

1 0 0 0

0 0 0 1

0 0 1 0



κ3 =− 1

2
σ3 ⊗

[
I 0

0 −I

]
= −1

2


1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 1

 (8)
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These κ′is matrices are symmetric matrices which are not closed in a sence that

[κi, κj ] =− ∈ijk τk (9)

however together with matrices of (2) they span the gradded lie algebra space of quaternion. Similarly the other generalized
Jacobbi’s identity is satisfied also

{Qa, {Qb, Qc}}+ {Qb, {Qc, Qa}}+ {Qc, {Qa, Qb}} =0 (10)

So the superalgebra of Quaternion(H) has:-
Z2-graded algebra L is the direct sum of two algebras L0 ⊕ L1

The matrix representations of (2) and (8) together form a real representation of the group O(3, 1). So by gradding of
quaternion algebra may be extend the rotaion group of to the Lorentz group of O(3, 1) group.

3 Lorentz Group and Poincare Algebra in D = 4 space:

The Lie algebra of quaternion

[τi, τj ] = ∈ijk τk (11)

satisfy the Lie algebra of O(3) group where the τi’s are the generators of the rotation group O(3). Similarly the κi’s follow
the commutators relations

[κi, κj ] =− ∈ijk τk
[κi, τj ] = ∈ijk κk. (12)

As may be seen by the commutator algebra relations of (11) κi satisfy the relations of the commutator relations of the
generators of Lorentz boost. They form the real matrices representation of Lorentz boost generators. Further we may
construct the Hermitian matrices of Angular momentum [14]

Ji =iτi, J†i = Ji (13)

and anti-Hermitian matrices for the generators of Lorentz boost

Ki =iκi, K†i = −Ki (14)

The generators of Lorentz group follow the following commutation relations
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[Ji, Jj ] =i ∈ijk Jk
[Ki,Kj ] =− i ∈ijk Jk
[Ki, Jj ] =i ∈ijk Kk (15)

The above generators of Lorentz group make O(3, 1) noncompact group of four dimensional rotation. These relations can
be combined into an explicit form by writing

∈ijk Mlm =Ji

M0n =−Kn (16)

The Mµν ’s are the generators of lorenz group O(3, 1) satisfy the relation

[Mµν ,Mρσ] =− i(ηµρMνσ + ηνσMµρ − ηµσMνρ − ηνρMµσ) (17)

Poincare Algebra contain the elements of Generators of four dimensional rotation and the generators of translation
(linear momentum operator) which satisfy these commutation rules:

[Pµ, Pν ] =0

[Mµν , Pρ] =i(ηνρPµ − ηµρPν)

[Mµν ,Mρσ] =− i(ηµρMνσ + ηνσMµρ − ηµσMνρ − ηνρMµσ) (18)

3.1 Quaternionic realization of Poincare group in SO(3, 1) group:

The 2× 2 dimensional quaternionic Γ-matrices in Weyl representation can be written as

Γ1 =

(
0 e1

−e1 0

)
, Γ2 =

(
0 e2

−e2 0

)
, Γ3 =

(
0 e3

−e3 0

)
,Γ0 = i

(
0 1

1 0

)
, (19)

which satisfy the relation of clifford algebra as

ΓµΓν + ΓνΓµ =2ηµνI2 (20)

where ηµν = {−1, 1, 1, 1}. Then we can form second rank tensor quantity Σµν as

Σµν =
i

4
[ΓµΓν − ΓνΓµ]. (21)
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Which satisfy the folowing commutation relations

[Σµν ,Σρσ] =− i(ηµρΣνσ − ηµσΣνρ − ηνρΣµσ + ηνσΣµρ)

[Σµν ,Γσ] =i(ηνσΓµ − ηµσΓν) (22)

The 4× 4 Dirac γ-matrices in Weyl represantation may be written in quaternionic realization as

γµ =

(
0 Γµ

Γµ 0

)
(∀µ = 0 to 3). (23)

the generators of Lorentz group are defined as

Ξµν =
i

4
[γµγν − γνγµ] =

(
Σµν 0

0 Σµν

)
(∀µ, ν = 0 to 3) (24)

The generators of translation or linear momentum may be written as

pµ =

{(
0 0

Γµ 0

)}
(∀µ, ν = 0 to 3) (25)

Which together with Σµν satisfy the following commutation rules

[pµ, pν ] =0

[Ξµν , pρ] =− i(ηµρpν − ηνρpµ)

[Ξµν ,Ξρσ] =− i(ηµρΞνσ − ηµσΞνρ − ηνρΞµσ + ηνσΞµρ) (26)

3.2 Quaternionic realization of Casimir Invariants of the Poincare Group in SO(3, 1):

The algebra of SO(3, 1) is non-compact group. However we know that SO(4) group is it’s compact group which is
homomorphic to the SU(2)⊗ SU(2) group [14] so there are two Casimir operator for the Poincare Algebra for SO(3, 1).

Since the matrix realization of generators of translation Pµis such that

Pµ =pµ (27)

The matrix realization of P ν and Mµν is such that

P ν →p†µ
Mµν → Σ†µν

Where † is transpose of quaternionic conjugate of matrices. So we define the scalar product PµPµby

PµPµ =
1

4
Tr(pµp

†
µ + p†µpµ) (28)
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where the Trace of quaternion matrices is define as the real trace of the matices.The PµPµis the first casimir operator of
Poincare algebra of SO(4). The second one is constructed by the Pauli-Ljubanski polarization vector[14]. In this case we
construct this vector by writing

Wµ =
1

2
εµνρσP

νMρσ (29)

Then second casimir operator is defined as WµW
µ which commute with every element of the Poincare algebra of SO(3, 1).

4 Supersymmetrization of Poincare Group:

The supersymmetrization [14] of the Poincaré algebra in SO(3, 1) may be done in the following manner
L = L0 ⊕ L1with

(i)L0 : (Poincaré algebra in SO(3, 1))
(ii)L1 :(Qa,∀a = 1 to 4) Qaare 4 dimensional two component spinor as

Qa =

(
Qα

Q .
α

)
, (∀α = 1 to 2) (30)

Qαis 2 dimensional spinor. For the z2 grading of the Poincaré algebra in SO(3, 1) we define :
Defining the composition rule ? in L such as

? : L× L→L

A ? B =AB − (−1)g(Lr)g(Ls)AB (∀i, j = 0, 1) (31)

where AεLr BεLsand A ? BεLr+smod 2.g(Lr), g(Ls) are the order of grading for the sub -algebras Lr and Ls defined as

g(Lr) =
0, (for bosons)

1, (for fermions) (∀r = 0, 1)
(32)

So, g(L0) = 0 and g(L1) = 1. Taking these considerations we get the commutation relations as

1. : L0 × L0 → L0 whose commutation rules are obtained in equation .

2. : L0 × L1 → L1 which enables the following commutation rules

[Pµ, Qa] =0

[Mµν , Qa] =− (Ξµν)abQb, {∀a, b = 1 to 4, and ∀µ, ν = 0 to 3} (33)

3. :L1 × L1 → L0 gives rise the following anti commutation relations for spinors

{Qa, Qb}εLo
{Qa, Q̄b}εLo.
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As such, the L0 contain the generators of Poincare algebra of D = 6 space. So, there must be

{Qa, Qb} =αµPµ + βµνMµν (34)

where αµ = −2(ΥµC)ab and βµν = (ΞµνC)ab , C is charge conjugation matrix and Ξµν are the representations of Lorentz
algebra in D = 10 space. However, by the generalized Jacobi identity the second term βµν in equation vanishes and hence,
we get the anticommutator rule

{Qa, Qb} =− 2(γµC)abPµ. (35)

Multiplying both side of the above equation by C and imposing Majorana condition
{

(CQ)a = −Q̄a
}
, we get

{Qa, Q̄b} =2(γµ)abPµ (36)

In quaternionic 4x4 dim. representation:-
L0 : Lie algebra of Poincare group {Pµ,Mµν} in quaternionic representation
L1: Lie algebra of {Qa [a = 1 to 4]}
satisfy the following equations

[Mµν ,Mρσ] = −i(ηµρΞνσ − ηµσΞνρ − ηνρΞµσ + ηνσΞµρ)

[Mµν , Pρ] = −i(ηµρPν − ηνρPµ)

[Pµ, Pν ] = 0

[Pµ, Qa] = 0

[Mµν , Qa] = −(Ξµν)abQb

{Qa, Q̄b} = 2(γµ)abPµ

{Qa, Qb} = −2(γµC)abPµ

{Q̄a, Q̄b} = 2(C−1γµ)abPµ (37)

Where C = iγ2γ0

4.1 Quaternionic realization of Casimir invariants of Super-Poincare group of SO(3, 1):

Supersymmetric extension of Super-Poincare group involve the generators of Poincare group and anticommutating super
charges also, which generate the symmetry between the particle and their super patners. By the (36) we have

{Qa, Q̄b} =2(γµ)abPµ = 2

(
0 Γµ

Γµ 0

)
{(

Qα

Q .
α

)
,
(
Qβ Q .

β

)}
=2

(
0 (Γµ)

α
.

β

(Γµ) .
αβ 0

)
ab

Pµ (38)
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which yield {
Qα, Q̄ .

β

}
=2 (Γµ)

α
.

β
Pµ

{Qα, Qβ} =0,
{
Q̄α, Q̄β

}
= 0 (39)

The matrix representation can take the form in Graded 8× 8 matrix representation [10] for this group represented by

Ms
µν =


Mµν

... 0

· · ·
... · · ·

0
... 0

 , P sµ =


Pµ

... 0

· · ·
... · · ·

0
... 0

 , Qa =


0

... Qa

· · ·
... · · ·

0
... 0

 (40)

So one of the Casimir operator for this super group is still PµPµsince Str(pµp†µ + p†µpµ) = tr(pµp
†
µ + p†µpµ) is an identity

element of the supergroup

PµPµ =
1

4
tr(pµp

†
µ + p†µpµ) =


I

... 0

· · ·
... · · ·

0
... I

 (41)

Whereas WµW
µ = I2 is not a casimir operator since it remain not an identity element for the group

WµW
µ =


I2

... 0

· · ·
... · · ·

0
... 0

 . (42)

In this case the second Casimir operator of group is

C2 =CµνC
µν (43)

where Cµν is

Cµν =BµPν −BνPµ

Bµ =Wµ +
1

2
Q̄ΓµΓ5Q (44)

5 Dimensional reduction from 4 to 2 dimensions:

The supersymmetric gauge invariant Lagrangian for gauge supermultiplets [5, 15] in on-shell case is

L =− 1

4
F aµνF

aµν − Re (iχ̄aΓµDµχ
a) (45)
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Where

F aµν =∂µA
a
ν − ∂νAaµ + gfabcAbµA

c
µ

Dµχ
a =∂µχ

a + gfabcAbµχ
c (46)

Supersymmetric action

S =

ˆ
d4x

(
−1

4
F aµνF

aµν − Re (iχ̄aΓµDµχ
a)

)
(47)

Which is invariant under the supersymmetric transformation

δAaµ = i∈̄Γµχ
a, δχa = ΣµνF

µνa (48)

Where χa and ε are quaternionic spinors and Γµare 4-dimensional Dirac matrices in D = 4 space represented as

Γ1 =

(
0 e1

−e1 0

)
, Γ2 =

(
0 e2

−e2 0

)
, Γ3 =

(
0 e3

−e3 0

)
,Γ0 = i

(
0 1

1 0

)
, (49)

In D = 4 space the spinor is a 4-component spinor containing the structure of two 2-component Dirac spinors

χ =

(
φ

ψ

)
(50)

satisfying the Majorana condition[5]

χ =Cχ̄T (51)

where C is charge conjugation matrix C = iΓ2Γ0. By this condition we have

χ =

(
φ

φ̆

)
(52)

where φ̆ = e2φ = −iσ2φ.To reduce D = 4 into lower dimensional space D = 2 can be done by

∂0, ∂3 → 0, ∂µ =(∂1 → ∂t = ∂0′ , ∂2 → ∂1′) (53)

then the first term of the lagrangian reduces to

−1

4
F aµνF

aµν =− 1

4
F aµ′ν′F aµ

′ν′
− 1

2
(Dµ′Aa3)(Dµ′

A3a)− 1

2
(Dµ′Aa0)(Dµ′

A0a)− 1

2
(gfabcA0bA3c)2 (54)
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the second term reduces to

χ̄aΓµDµχ
a =φ̄aγµ

′
Dµ′φa + φ̄agfabcAb0φ

c + φ̄ae3φ
cAb3gf

abc (55)

Where the second term transform as a scalar and third term as a pseoscalar since e3 = −iσ3 = γ5

The supersymmetric invariant action can be written as

S =

ˆ
d2x[−1

4
F aµ′ν′F aµ

′ν′
− 1

2
(Dµ′Aa3)(Dµ′

A3a)− 1

2
(Dµ′Aa0)(Dµ′

A0a)− 1

2
(gfabcA0bA3c)2

+Re i(φ̄aγµ
′
Dµ′φa + iφ̄agfabcAb0φ

c + φ̄ae3φ
cAb3g)] (56)

Which is invariant under the supersymmetric transformation

δAaµ
′

=(φ̄aγµ
′
ε− ε̄γµ

′
φa)

δA3a =ε̄γ5φ
a − φ̄aγ5ε

δA0a =i(ε̄φa − φ̄aε)

δφa =(Σµ′ν′F aµ
′ν′

+ igfabcAb4A
c
0 + γµ

′
Dµ′A3agfabc − γµ

′
Dµ′A0agfabc)ε (57)

6 Conclusion:

The previous attempts of relating the division algebra to extradimensional space has been studied. In this present
discussion first we made an attept for grading of Quaternion algebra in matrix representation. Then a natural transition
from the grading of quaternion algebra to O(3, 1) Lorentz group has been developed. The Poincare algebra can be shown
to be expressed in a consist manner in terms of quaternion algebra. Then supersymmetrization of this group has been
done. Since it has been shown by earlier authers that the Poincare symmetry can be related to the internal symmetry
only through the maximum extension of S matrix via supersymmetry which relates fermion states to bosonic states.
Supersymmetry has potential to answer the hierarchy problem, dark matter, unification of fundamental interactions. Here
we tried to make a clear relation between the normed division algebra of Quaternions and supersymmetry of SO(3, 1)

group. At last we tried to compact this supersymmetry theory into D = 2 space. Where the potentials of compactified
dimensions become a scalar and pseudoscalar parts of potential.
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