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Abstract

Equation constituting the Beal conjecture is resgeal and squared, then rearranged
again and raised to power 4. The result, standsgraequivalent having the same
property, is emerging as a singular primitive Pgtirean equation with no solution.

So, the conjecture is proved. General line of prgvihe Pythagorean equation is
observed as a moving spirit.
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Intoduction
Originally, the Beal conjecture [1] states that if
A+ B’ =C* (1.1)
whereA, B, C, x, yandz are positive integers ang y andz are all greater than 2, thén B
andC must have a common prime factor;

Identically [1], [2], the conjecture statesitthere are no solutions to the equation

a*+b’=c* (1.2)
in positive integers, b, c, X, y, Zvith all of X, y, zbeing greater than 2 and witgh b, andc
being pairwise coprime.

The point can be seen as a generalizatiorythiaBorean issuex(= y= z=2) embracing
the Fermat last theorem as well.

Unmodern mathematical tools are used to prihes theorem (hitherto conjecture).
General line of proving the Pythagorean triple i8pbserved as a moving spirit. Generally,
original (1.1) and alike (1.2) statements concegrtime Bealian form refer to non-primitive
and primitive triple, respectively. So, trivial aron-trivial solutions are to be under
consideration. More, there is an unexplored paaéticonsecutive steps known from ancient
times, exploided barely now.

The alternative statements concerning the i&edorm (1.2), point to two sub-forms

indicated in the proof below. The known identititke 7° +13 = Pand 3 +11' = 122 and
elsel7’ + 76273 = 2106397t are in the bottom of a forethought about.

Proving the conjecture, we refere to divisypand parity of integers [3, chap. 2]. In
particular, there is
Lemma 1.If gcd(u,v)=1, then gcdf+v,u-V)=1 or 2; definitely it is 1 provided thatandv are
of different parity and it is 2 otherwise.

This is almost to the letter citation fromrakntary theory providing also a formal proof
[3, pp. 69;353]L[!

The lemma admits conversion:
Lemma 2. If gcd(u+v,u-V)=1, then gcdf,v)=1 or 2, and it is 1 whenu+v and u-v are of
different parity or it is 2 otherwise.

For most elementary demonstration in thgesmib supposel andv are integers. Then
gcd(u,v) dividesu andv, and hence dividas+v andu-v, and thence divides gad{v,u-\). So,
if gcd(u+v,u-V)=1 or 2, then gcd(\V)=1 or 2, and vice versal

The Lemmas leads to conclusions [3, p.353].



Corollary 1. If gcdUu,v)=1 and also gcdftv,u-V)=1, thenu andv are of opposite parity and
more there is an alternative fartv)/2 and (1-v)/2 to be either of different parity or odd, one
and the other.
Corollary 2. If u andv are odd and gcd(\)=1, then gcdf+v,u-y=2 and morey+v)/2 and
(u-w)/2 are of different parity.

The proof is arranged like the pages of elementaepry [3, pp.76-77] concerning the
Pythagorean triples, preserving moving spirit abal.e

The Beal theorem
The 3-tuple @,b,c) of positive integers with the property theb and c have no positive
common divisor other than unity will be referredas primitive.
In the Pythagorean spirit, the theorem @hdly restated.

The Beal theorem.If (a,b,c) is a primitive 3-tuple, wherg, y andz are positive integers
greater than 2, then there are no solutions intigesintegersa, b, c, X, y, zto the equation
(1.2).
Proof. If (a,b, c) is a primitive 3-tuple, then, b andc are coprime in pairs and so are their
powers. Ifa andb are even thenis even, a contradiction. #andb are odd thewr is even. If
c is odd then one o andb is even and the other is odd.clis even thera andb are both
either odd or even. Hence, there are at most twengially possible sub-forms of the Bealian
(1.2).

The firth case isa andb must be of different parity andlodd. Without loss of generality,
let a be even and be odd.

The second case ia andb must be odd andeven. Without loss of generality, l&ta..

The rearranged sub-forms are

8’ =c/ b/ (2.1)
or
c/=a +h’ (2.2)

where the subscriptsor o refer to parity of a positive integer involved.rkostance, whea
refers to a positive integer thepanda, refer to even and odd parity af respectively.

Supposition. In addition, for a proof by contradiction suppabe equation (1.2) is
satisfied.

The rearranged equivalent equations (2) ararsq



aGZX = (COZ _ boy)Z’ or CgZZ = (aox + boy)Z

then rearranged again and raised to pdwver

@) ="+~ £)/2)* (3.1)
or
@) =[(&g + - ¢)/2]" (3.2)
where
acc=w or gh’'= w respectivel
and
w=a‘c’ wherea® andc® are o« (4.1)
or
w=a't’ wherea andd’ are o« (4.2).
Sincec-a andc+a must be even, dr-a andb+a must be even, respectively, let
(c®+a")=2s and C*— a*)= 2 (5.1)
or
(bY+a“)=2s and EY— a )= 2 (5.2)
then
wW=¢g-+t (6)

wheres andt are relatively prime numbers, one of which is eaed the other odd (by the
Corollaries 1 and 2 above).
Specifying the powedsask=4 yields
2+ (wW?)?=¢s’ (7)
to be considered as a singular primitive Pythagoteale. For,s has to be odd andeven,
while w is odd as a product of odd integers. It followbstf@itt=2uv, w?=u*V?, s=tf+v* where
u andv are relatively prime numbers of opposite parignce,u-v and u+v must be of
different parity, in the virtue of Corollary 1 al® Sincen’=(u-v)(u+v) and gcdg-v, u+y)=1,
u-v andu+v must be perfect squares, say=f > andu+v=g®, where one of andg is even and
the other is odd. It folows that eqution (1.2) gsialent to
f*+g9*=2U*+ V%) (8),
when supposed to have the solution.
Left-hand side of the equation (8) is odd asum of integers of different parity, whereas
the right-hand side is visibly even, a contradictierminating the proof, for fallacy then lack

of solutions.[]
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