viXra.org

The geometrization of the electromagnetic
field

Ilija Baruk¢i¢ 1.2
! Internist, Horandstrasse, DE-26441 Jever, Germany
2 Email: Barukcic@t-online.de

Received Wednesday, October 12, 2016. Accepted; Published

Copyright © 2016 by llija Barukcic. Jever, Germany. All rights reserved.

Abstract

Einstein used the term ‘unified field theory’ in a title of a publication for the first time in 1925.
Somewhat paradoxically, an adequate historical, physical and philosophical understanding of the
dimension of Einstein’s unification program cannot be understood without fully acknowledging
one of Einstein’s philosophical principles. Despite many disappointments, without finding a solu-
tion besides of the many different approaches along the unified field theory program and in ever
increasing scientific isolation, Einstein insisted on the unity of objective reality as the foundation of
the unity of science. Einstein’s engagement along his unification program was burdened with a
number of difficulties and lastly in vain. Nevertheless, a successful geometrization of the gravita-
tional and the electromagnetic fields within the framework of the general theory of relativity is
possible. Thus far, it is a purpose of the present contribution to geometrize the electromagnetic
field within the framework of the general theory of relativity.
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1. Introduction

It is very easy to get lost in the many [1] and conceptually somewhat very different attempts at the unified field
theories. Lastly, the progress [2] at unification has been very slow. Therefore, in this paper in order to “geome-
trize” the electromagnetic field I will follow neither the scalar gravitational theory with electromagnetism and its
introduction of an additional (four spatial and one time dimension) space dimension (Nordstrom [3], Kaluza
[4]), nor Weyl’s trial for generalising Riemannian geometry and his concept of “gauging” (Weyl [5]), nor will I
use of an asymmetric Ricci tensor (Eddington [6] ), nor will I try to add an antisymmetric tensor to the metric
(Bach [7], Einstein [8]), nor will I use the framework of quantum field theory et cetera as the point of departure
to “geometrize” the electromagnetic field. Theoretically, it seems indeed possible to approach unification in the
framework of quantum field theory. Still, a satisfactory inclusion of gravitation into the scheme of quantum field
theory is not in sight. From this point of view, Finsler [9] geometry introduced by Randers [10], as a kind of a
generalization of Riemann geometry, is another and alternative approach to the geometrization of electromag-
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netism and gravitation. Taken all together, the point of departure for including the electromagnetic field into a
geometric setting will be general relativity. In this context, at least one point has to be considered. Taken Ein-
stein for granted, we must give up general relativity theory. Einstein himself in his hunt for progress at the uni-
fication went so far to force us to give up his own general theory of relativity and the successful geometrization
of the gravitational field. According to Einstein, we must go beyond the general theory of relativity. At the end,
a generalization of the theory of the gravitational field is necessary. In this context, Einstein’s position concern-
ing the unified field theory is very clear and strict.

“The theory we are looking for must therefore be a generalization of the theory of the gravitation-
al field. The first question is: What is the natural generalization of the symmetrical tensor field? ... What
generalization of the field is going to provide the most natural theoretical system? The answer ... is that
the symmetrical tensor field must be replaced by a non-symmetrical one. This means that the condition
gik = gk for the field components must be dropped. ““ [11]

Figure 1. Einstein and the problem of the unified field theory.

Anyhow, if we follow Einstein's proposal at this point to account for a classical unified field theory of the gravi-
tational and electromagnetic fields with the conceptual unification of the gravitational and electromagnetic field
into one single and unique Ayper-field [12], it appears to be necessary and justified on a foundational level to
concentrate at the heart of general relativity, the crucial mathematical concept of the metric tensor field g,,. The
following paper can be characterized as follows. The attempt to develop some new, basic and fundamental in-
sights is grounded on a deductive-hypothetical methodological approach. In the section material and methods
the basic mathematical objects and tensor calculus rules needed to achieve the “geometrization” of the electro-
magnetic field will be defined and described. In this context, physicists should be able to follow the technical
aspects of this paper without any problems, while reader without prior knowledge of general relativity or of the
mathematics of tensor calculus might gain an insight into the new methods and the scientific background in-
volved. In general, it is necessary to decrease the amount of notation needed. Thus far, I will restrict myself as
much as possible to contra-variant second rank tensors. I apologize for the shortcoming. Especially, to enable
the fusion of quantum theory and relativity theory into a new and single conceptual formalism the starting point
of all theorems in the section results is axiom I or +/ = +/ (lex identitatis). The same axiom I possess the stra-
tegic capacity serves as common ground for relativity and quantum theory with regard to unified field theory.
The section discussion examines some the consequences of the theorems proved. In this context, from the con-
ceptual point of view of the unified field theory, it is the purpose of this publication to in find a convincing for-
mulation of a geometrization of the electromagnetic fields within the framework of the general theory of relativ-

1ty.

2. Material and Methods

2.1. Definitions

Einstein’s general theory of relativity

Definition: Einstein’s field equations

Einstein field equations (EFE), originally [13] published [14] without the extra ‘cosmological’ term Axg,,

may be written in the form

R R 4x2xmTx
Guv +Axgpv :va _Exgpv +Axguv :va _(_Xgp.v _Axgpvj:—yxTuv (1)

2 cxexexe

where G, is the Einsteinian tensor, T, is the stress-energy tensor of matter (still a field devoid of any geomet-

O,



Ilija Baruk¢ic

rical significance), R, denotes the Ricci tensor (the curvature of space), R denotes the Ricci scalar (the trace of
the Ricci tensor), A denotes the cosmological “constant” and g,, denotes the metric tensor (a 4x4 matrix) and
where 7 is Archimedes' constant (7 = 3.1415926535897932384626433832795028841971693993751058209...),
v is Newton’s gravitational “constant” and the speed of light in vacuum is ¢ =299 792 458 [m/s] in S. . units.

Scholium.

The stress-energy tensor T, still a tensor devoid of any geometrical significance, contains all forms of energy
and momentum which includes all matter present but of course any electromagnetic radiation too. Originally,
Einstein’s universe was spatially closed and finite. In 1917, Albert Einstein modified his own field equations
and inserted the cosmological constant A (denoted by the Greek capital letter lambda) into his theory of general
relativity in order to force his field equations to predict a stationary universe.

“Ich komme nimlich zu der Meinung, daf die von
mir bisher vertretenen Feldgleichungen der Gravitation noch ei-
ner kleinen Modifikation bediirfen .7 15]

By the time, it became clear that the universe was expanding instead of being static and Einstein abandoned the
cosmological constant A. “Historically the term containing the ‘cosmological constant’ A was introduced into
the field equations in order to enable us to account theoretically for the existence of a finite mean density in a
static universe. It now appears that in the dynamical case this end can be reached without the introduction of A
[16] But lately, Einstein's cosmological constant is revived by scientists to explain a mysterious force counter-
acting gravity called dark energy. In this context it is important to note that neither Newton’s gravitational “con-
stant” big G [17], [18] nor Einstein’s cosmological constant A [19] is a constant.

Definition: General tensors

Independently of the tensors of the theory of general relativity, we introduce by definition the following covari-
ant second rank tensors of preliminary unknown structure whose properties we leave undetermined as well. We
define the following covariant second rank tensors of yet unknown structure as

A, B, C, D

uv 2 uv> R

U kU 0War o W e Wy 2)

uv? R=pv2 0 " 'pv2 0—pv> R

while the tensors A,,, B, C,y, D,, may equally denote something like the four basic fields of nature. Especial-
ly, the Ricci tensor R, itself can be decomposed in many different ways. In the following of this publication we
define the following relationships. We decompose the Ricci tensor R, by definition as

R,=A,+B,+C,+D,=U_ +;U

ny

W+, W, = W (3)

(Y [URRSTY (Y (Y

to assure that both gravitation and electromagnetism is geometrized simultaneously. Since everything is ex-
pressed in terms of curvature tensor, the electromagnetic field itself is completely geometrized from the begin-
ning. By the following definition, the electromagnetic stress energy tensor, denoted as B,,, appears as part of
Einstein’s stress-energy tensor T,,, while the tensor A, , also part of curvature, denotes the stress energy tensor
of ‘ordinary’ matter. Thus far, we obtain

rEn= A+ B, =.U,= “4)

Scholium. H "oexexexe W
By this definition, we are following Vranceanu in his claim that the energy tensor Ty, can be treated as the sum

of two tensors one of which is due to the electromagnetic field.
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“On peut aussi supposer que le tenseur d’énergie
Tu soit la somme de deux tenseurs dont un
da au champ électromagnétique ... 120]

In English:

“One can also assume that the energy tensor Ty be the sum of two tensors one of which is due to the electro-
magnetic field”

In other words, the stress-energy tensor of the electromagnetic field B, is equivalent to the portion of the
stress-energy tensor of energy T,, which is determined by the electromagnetic field. The table I may illustrate
this relationship in more detail.

Table 1. The relationship between ordinary matter A, and the electromagnetic field B,.

Awv Buv

(o) Ty

Einstein himself was demanding something similar.

“Wir unterscheiden im folgenden zwischen ‘Gravitationsfeld’
und ‘Materie’ in dem Sinne, daf3 alles auller
dem Gravitationsfeld als ‘Materie’ bezeichnet wird, also
nicht nur die ‘Materie’ im tiblichen Sinne, sondern
auch das elektromagnetische Feld.” [14]

To get an anti tensor |2] of Einstein’s stress energy tensor T, we define

R &)
REHV = va + Dpv = Rguv = Exgu\/ _Axg;,w
while Einsteinian tensor G, is represented by
G,= A+ C =W, =R, —ExgHV (6)

where A, is the known tensor of ordinary matter. One consequence of this definition is that the tensor of ordi-
nary matter A, is a joint tensor since the same tensor is a determining part of the Einstein’s stress energy tensor
T,y and equally of Einsteinian tensor G,,. In probability theory, such a tensor would represent a joint distribution

function. Finally, to obtain the anti-tensor G, of Einsteinian tensor G, , we define
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(7

Scholium.
The following 2x2 table (Table 2) may illustrate the basic relationships above

Table 2.The decomposition of the Ricci tensor Ry,y.

Curvature
yes no
Energy / yes A [ B [ R U“"
momentum o C " D " R g "
OWuV 0 wu\/ prv = R pv

The unified field under conditions of the general theory of relativity.

The tensors A, By, C,v, D,y may have different meanings depending upon circumstances. In our attempt to
reach a common representation of all four fundamental interactions, the unified field xW,, or the Ricci tensor
R,vis decomposed into several (sub-) fields A, By, Cyy, D,y in order to achieve unification between general
relativity theory and quantum (field) theory from the beginning. The unification of the fundamental interactions
is assured by the (sub-) fields Ay, By, C,v, D,w which denote the four basic fields of nature. Quantum field the-
ory itself is describing particles as a manifestation of an (abstract) field. In this context a particle a; can be asso-
ciated with the field A, the particle b; can be associated with the field B, the particle c; can be associated with
the field C,,, the particle d; can be associated with the field D,,. In the following, we can define something like
A,y = a; X pAy and By, = b; x B, and Cy, = ¢; x ;C,y and D, = d; x D, where the subscript ¢ can denote an in-
dividual particle field. Maxwell’s theory unified the electrical and the magnetic field into an electromagnetic
field. Meanwhile, the electromagnetic and weak nuclear forces have been bound together as an electroweak
force. The electroweak force and the strong interaction have been unified into the standard model of particle
physics. Such an approach has not enabled a coherent theoretical framework of physics which fully explains and
links together the today known physical aspects of objective reality. In contrast to quantum field theory, in this
paper, we will not link the electromagnetic and weak nuclear forces together into the electroweak force. On the
contrary, we link the strong interaction and the weak nuclear force into an ordinary force. In this sense, all but
the electromagnetic force is treated or defined as ordinary force. The ordinary force and the electromagnetic
force are or can be linked together into the standard model of particle physics. In our above setting, the ordinary
force is determined by the tensor A, while the electromagnetic force is determined by the tensor B,,,. Quantum
field theory itself focuses on the three known non-gravitational forces and has been experimentally confirmed
with tremendous accuracy under some appropriate domains of applicability while general relativity itself focuses
on gravity. Still, quantum field theory and general relativity, as they are currently formulated, are mutually in-
compatible. Lastly, only one of these two theories can be correct or be both are incorrect.

Definition: The stress energy tensor of the electro-magnetic field oE,v

We define the second rank anti tensor (E,, 2] of the tensor A, = ¢E, [2] as

B

pv

OE Oﬂuv (8)

(Y
Under conditions of general relativity, where A,, = (E,, is tensor of ordinary energy/matter, the electromagnetic
field is an anti tensor |2] of ordinary energy/matter. Under conditions of general relativity, the tensor of the
electromagnetic field is determined by an anti-symmetric second-order tensor known as the electromagnetic
field (Faraday) tensor F. In general, under conditions of general relativity, the second rank covariant tensor of
the electromagnetic field in the absence of ‘ordinary’ matter, which is different from the electromagnetic field

tensor F, can be derived as
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_ _ _ 1 c 1 dv
Buv = OEHV = OHHV =([4xnjx[(Fw xF, )—[4xgw xFy < F j)} )

where F is the electromagnetic field tensor and g, is the metric tensor.

Scholium.
The associated probability tensor [2] is determined as

(et

R

m

p(B..)=p(sEw)=p(H.)=

(10)

One possible theoretical geometric formulation of the stress-energy tensor of the electromagnetic field [2] fol-
lows as

[(4>1<7[jx((chXE;C)_(All-XgqudeXdejj]Ep(oEuV)me Ep(OHHV)mRW

p(BHV)me (11)

Definition: The tensor n(oEy)

We define the second rank tensor n(,E,,) as

(MXTV]—[ 1 ] (FCXFV[»)_(lgiXFdVXFWj
A OEI—W OHuv exexexe M 4x1 M 4 °om

n(OEHV)En(AW)E R’”E R = R = R (12)

where R denotes the Ricci scalar.

Definition: The tensor n(oE,v)

We define the second rank tensor n(oE,y) as

where R denotes the Ricci scalar.
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Definition: The tensor n(gE)

We define the second rank tensor n(gE,) as

(4 X2XTXy <T )
A, +B, \exexexe ™ (14)
n(REHV)En(AW)+n(BHV)E ”R B = R
where R denotes the Ricci scalar.
Definition: The tensor n(C,y)
We define the second rank tensor n(C,,) as
1 c 1 dv
c. i X (FMXF:/ )— ngwadvxF —(Axguv)
n(Cw)En(AHV)E R = R (15)
where R denotes the Ricci scalar.
Definition: The tensor n(Dw)
We define the second rank tensor n(D,) as
R 1 c 1 dv
(2xguvj—((4x”)x(<ﬁw xF, )— ngw xF, xF
H(Dw) = - (16)
where R denotes the Ricci scalar.
Definition: The tensor n(gE,v)
We define the second rank tensor n(zE,) as
4x2XxTXY R
C, +D, _ Ry _[ cxexexe XT“V) [Exgwj—(l\xgw) (17)

n(REuv)En(CMV)-HI(DPV)E R B R R

where R denotes the Ricci scalar.

O,
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Definition: The tensor n(Gy)

We define the second rank tensor n(G,,) as

R
Rf[*xgvj
AerCWE H 2 ow
R R

n(RG“v) = n(Aw)-i—n(C“v) =
where R denotes the Ricci scalar and G, is the Einsteinian tensor.

Definition: The tensor n(Gv)

We define the second rank tensor n(G,) as

R
B +D (Exg'”j
0(.6,)n (B, Jen(p, ) B L2

where R denotes the Ricci scalar and G, is the anti Einsteinian tensor.

Definition: The tensor n(E.v)

We define the second rank tensor n(E,,) as

n(«E.)=n(C. )+ (D) urm, 375 ) 140

R=uv R R

where R denotes the Ricci scalar and G, is the Einsteinian tensor.

Definition: The tensor n(R,y)

We define the second rank tensor n(R,,) as

where R denotes the Ricci scalar and R,,, denotes the Ricci tensor.

(18)

(19)

(20)

21
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Scholium.
The following 2x2 table 3 (Table 3) may illustrate the basic relationships above

Table 3.The decomposition of the Ricci tensor Ry,y.

Curvature
yes no
Energy / yes 1’1( A”" ) n ( BPW ) n( R EHV )
momentum o 1’1( C“V ) 1’1( Dw ) n( REHV )
n(Gy) | n(G.) | n(R.)

The unified field under conditions of the general theory of relativity.

Definition: The tensor g

The mathematics of general relativity are more or less complex. As a result, the curvature of space (represented
by the Einstein tensor G,,) is caused by the presence of matter and energy (represented by the stress—energy
tensor T,,) and vice versa. The curvature of space is the cause or determines how matter/energy has to move.
The Riemannian metric tensor for a curved space-time of general relativity theory, a kind of generalization of
the gravitational potential of Newtonian gravitation, is denoted as

S (22)

Scholium.

The metric tensor g, is a central object in general relativity and describes more or less the local geometry of
space-time while representing the gravitational potential. The metric tensor determines the invariant square of an
infinitesimal line element, denoted as ds and often referred to as an interval. In general, the generalization of the
standard measure of distance ds between two points in Euclidian space is defined as

ds’ =(d,xxdx)+(d,xxd,x+..+d xxd, x)=g, dx"dx" (23)
Under conditions, where
¢’ x, t* =(d,xxdx) 24)
itis
ds” =(c?x ot )+(d,x xd,x +...+d, xxd, x) = g, dx"dx" (25)

Dividing the equation before by the speed of the light squared, c?, it is

5 25 2 (26)
dizz(c x;) )+(d2XX2d2X)+...+ -
c c c c

LELE NENpN
C

O,
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The term ds*/c? yields the time squared or ds?/c? =dgt*> as do the other terms. We define the (metric) tensor of
time as gty = (1/¢*)xg,,. The (metric) tensor of time gt,, follows as

2

dt? E(0t2)+(d2txd2t)+...+(dntxdnt)E(Cl jxgwdx“dxv =, tdt'dt’ @)

The relationship between the tensor of the gravitational field rg,, and the tensor of time gt,, is determined [2] as
Rby™ e rEuv- Due to the relationship above, it is rt,,=(1/c*)xg,,. Under these assumptions, we obtain the equa-
tion gt,= c*x rEuy =(1/¢*)xg,,. At the end, it is g,,= cxe?x rEuy Where g, is the metric tensor of general relativ-
ity and rg,, is the tensor of the gravitational field. Under conditions, where rt,,= (R/2)xg,, -Axg,, and where
((R/2)-A)= (1/c?), the metric tensor g, is equivalent with the tensor of time gt,,. Finally, the metric tensor g, is
not identical with the tensor of the gravitational field rg,, but represents more or less the gravitational potential.

Definition: The metric tensor of the electromagnetic field gmg,.v

We define the second rank metric tensor of the electro-magnetic field gyg,, of preliminary unknown structure as

B (28)

_ W

M & Y

where Y denotes an unknown (scalar) parameter. Due to this definition, it is B, = Y gugyy.

Definition: The anti metric tensor of the electromagnetic field ogyv or cwguv

We define the second rank anti metric tensor of the electro-magnetic field gwg,, of preliminary unknown struc-
ture as

w8 = 8, = Y” (29)

where Y denotes an (scalar) parameter. Due to this definition, it is Dy, = YX gwgv.

Definition: The relationships between the metric tensors

In general, the metric tensor for a curved space-time of general relativity theory is equally determined as

gpv = gpv +0 = gpv - Gngv + GWguv = EMgpv + EMEW = EMgpv + Gngv (30)

where and gvguv = guv — Gwguw and gy denotes the second rank metric tensor of the electro-magnetic field
while -Gwg,y is the second rank anti metric tensor of the electro-magnetic field. Both tensors are still of unknown
structure. From this definition, it follows that

R R R R
Exgu\/ EEX(EMgHV + GWguv)55X EMguv +EX GWguv = Buv +D;,Lv (31)
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Scholium.

The true meaning of the metric tensor gwg,, is not clear at this moment. One is for sure, the same tensor is an
anti-tensor of the metric tensor of the electromagnetic field guvg,,. There is some theoretical possibility that the
tensor gwg,y s related to something like the metric tensor of the gravitational waves, therefore the abbreviation
GWguv-

2.2. Axioms.

2.2.1. Axiom L. (Lex identitatis. Principium identitatis. The identity law)

The foundation of all what may follow is the following axiom:

+1=+1. (32)
2.2.2. Axiom II.
o (33)
+0
2.2.3. Axiom III.
34
+0 =+1. G4
+0
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3. Results

3.1. Theorem. The unification of gravity and electromagnetism

Claim. (Theorem. Proposition. Statement.)
In general, the gravitational and the electromagnetic field can be joined into one single hyperfield which itself is
completely determined by the geometrical structure of the space-time. We obtain

2xC,, +(Axgw)=+Bw +C,,

(35)
Direct proof.
In general, using axiom I is it
+1=+1 (36)
Multiplying this equation by the stress-energy tensor of general relativity ((4><2><Tt><y)/(c4))><TuV, it is
4x2xmXYy 4x2xmxy
+lx[c—4XT“V =+1x C—4XT”V 37)

where 7 is Newton's gravitational ‘constant’ [17], [18] , c is the speed of light in vacuum and = , sometimes re-
ferred to as ‘Archimedes' constant’, is the ratio of a circle's circumference to its diameter. Due to Einstein’s gen-
eral relativity, the equation before is equivalent with

R 4x2xmxy
RHV—(;xguvj+(AXguv)=(c—4Xij (38)

R,y is the Ricci curvature tensor, R is the scalar curvature, g, is the metric tensor, A is the cosmological con-
stant and T, is the stress—energy tensor. By defining the Einstein tensor as G,,= R,,- (R/2) xg,,, it is possible to
write the Einstein field equations in a more compact as

4x2xmX
2RV x Tpv j (39

Gw+(Axgw)=( =

Due to our definition above it is G, = A,,, + C,,. Substituting this relationship into the equation before, we ob-
tain

4x2xmx
Risklaliah X Tpv j (40)

AHV+CHV+(AxgHV)=( 7

®
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Under these conditions, we recall our definition above where ((8><n><y)/(c4)) xTyuy = Ay T Byy. Substituting this
relationship into the equation before, we obtain

A, +CW+(A><guv):A“V+B”V @1

where A, denotes the stress energy tensor of ordinary matter and B, denotes the stress energy tensor of the
electromagnetic field. Simplifying equation, it is

+C,, + (A Xg., ) =+B,, “2)

where C,, denotes the gravitational field due to the stress energy tensor of ordinary matter A,,. We add the ten-
sor C,, on both sides of the equation before. The unification of gravity and electromagnetisms under conditions
of general relativity theory follows as

+C,, +C, + (A Xg., ) =+B,+C, 43)
or in general as
2xC,, +(Axg,, )=+B,, +C, )

Quod erat demonstrandum.
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3.2. Theorem. The anti Einsteinian tensor G,

Claim. (Theorem. Proposition. Statement.)
The anti Einsteinian tensor G, is determined as

R (45)
va = Bp.v + Dp.v = +[3jx gpv
Direct proof.
In general, using axiom [ is it
+1=+1 (46)
Multiplying this equation by the Ricci Tensor R, it is
+1><(R“V):+1><(R“V) (47)

Due to our definition above, it is A, + B, + C,, + D,y = Ry,. Substituting this relationship into the equation
before, we obtain

Auv + pr + Cuv + Duv = va (48)

The sum of the tensor G,, = B,y + D,y can be obtained as

=B _+D =R _-A -C

qu uv puv uv nv Y (49)

which can be simplified as

G, =B, +D, =R, —(A,+C,) (50)

Due to our definition, Einsteinian tensor G,,, is defined as G, = A, + C,,. Rearranging equation above, it is

~=uv pnv

=B, +D,, =R, —(G,,) (51)

Einstein’s tensor G,,, is defined as G, = R, — ((R/2) x g,). Substituting this relationship into the equation be-

fore, we obtain
_ R (52)
gpv = pr + Duv = Ruv _(Ruv _[(Ej x gpv )J
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Rearranging equation, we obtain
_ R (53)
QHV = pr + DHV = RHV _RHV + (ijguv

At the end, we obtain

_ R 54
gpv =BuV+DpV :+[?ngpv ( )

Quod erat demonstrandum.

3.3. Theorem. The determination of the unknown parameter Y

Claim. (Theorem. Proposition. Statement.)
The unknown parameter Y is determined as

v - [5) (55)
2

where R denotes the Ricci scalar.

Direct proof.
In general, using axiom [ is it

+1=+1 (56)

Multiplying this equation by the anti Einsteinian tensor Gy, it is
+1x(gw):+1x(gw) (57)

The same tensor was determined by the theorem before as By, + D, = G,,,. Substituting this relationship into the
equation before, we obtain

R
pr + Duv = gpv = (Ej x gHV (58)

Due to our definition above, it is as B,y = Y x gugu and Dy, =Y x gwg,,. Substituting this relationship into

the equation before, we obtain
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B, +D, E(YX EMg”V)+(Yx nguv):(%jxgw (59)

Due to our definition g,, = pmgyuv + GwEuw the equation before can be rearranged as

B,, +D,, = Y X( & + w8 ) = Yx(g, )= (%)xgw (60)

In other words, it is

R (61)
Y x(gw) = (Ej Xg,,
A further manipulation of the equation before yields the result that
y-[R (62)
2

Quod erat demonstrandum.
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3.4. Theorem. The geometrization of the electromagnetic field

Claim. (Theorem. Proposition. Statement.)
The geometrizsation of the electromagnetic field under conditions of general relativity follows as

R
B, = (?j X en Sy (63)

where R denotes the Ricci scalar and gyg,, denotes the metric tensor of the electromagnetic field.

Direct proof.
In general, using axiom [ is it

+1=+1 (64)
Multiplying this equation by the stress-energy tensor of the electromagnetic field, denoted as By, it is
+lx(BpV):+lx(Bw) (65)

Due to our definition above, the stress-energy tensor of the electromagnetic field was determined by the rela-
tionship B, =Y x pumg,, . Rearranging the equation before we obtain

B =YX pug (66)

According to the theorem before, the unknown parameter Y is determined as Y = R/2. The geometrizsation of
the electromagnetic field under conditions of general relativity follows as

R
Buv = (?j X EM gp.v (67)

Quod erat demonstrandum.

Scholium.

In a more far reaching development, at least since general relativity theory brought the geometry to the scenario
of physics, many attempts were made to extend general relativity's geometrization of gravitation to
non-gravitational fields. In particular, the geometrization of the electromagnetic field became a principal focus
and a cornerstone of physical interest and inquiry. The many geometric theories of the electromagnetism as pub-
lished meanwhile are still not consistent with the framework of the quantum theory or self-contradictory, despite
the fact that the electromagnetic theory as consolidated on the 19th century. The present theorem before de-
scribes the stress-energy tensor of the electro-magnetic field as directly related or determined by to the
space-time geometry or the metric tensor gyg,,. A unified field theory, in the sense of a completely geometrical
field theory of all fundamental interactions, is no longer only a theoretical desire.

®
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3.5. Theorem. The determination of the metric tensor of the electromagnetic field gmg,.v

Claim. (Theorem. Proposition. Statement.)
The metric tensor of the electromagnetic field gvg,, under conditions of general relativity is determined as

2 1 . 1 v 2
M :(EJX[(4X7TJX((FPC xF, )—(ngwadvde jD:(EjXBW (68)

where R denotes the Ricci scalar and gyg,,, denotes the metric tensor of the electromagnetic field.

Direct proof.
In general, using axiom [ is it

+1=+1 (69)

Multiplying this equation by the stress-energy tensor of the electromagnetic field, abbrivated as By, it is

+1x(B,, ) =+1x(B,,) (70)

Due to our theorem before, the geometrizsation of the electromagnetic field under conditions of general relativi-

ty is determined as
R
(E]X EMgp.v = Buv (71)

The stress-energy tensor of the electromagnetic field By, is determined in detail i. e. by the relationship

— — — 1 c 1 dv
B, =.E.=.H, =((4anx((ﬁw xF, )—[4><g,w xF, xF Dj (72)

where F is the electromagnetic field tensor and g, is the metric tensor. The equation before changes to

R 1 1
[ij M :[(4xn—jx((F“C x}?'vc)_(zxgw xF, XFdVJj]:BMV (73)

The metric tensor of the electromagnetic field gyvg,, under conditions of general relativity is determined as

2 1 o (1 v 2
EMg”V:(EjX[(4xnjx((FWXFV )—(ngwadvde jD:(EjXBW (74)

Quod erat demonstrandum.
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3.6. Theorem. The tensor of the ‘ordinary’ gravitational field

Claim. (Theorem. Proposition. Statement.)
The tensor of the ‘ordinary’ gravitational field denoted as C,, follows as

Co =B () =[5 et (A <) &

Direct proof.
In general, using axiom [ is it

+1=+1 (76)
Multiplying this equation by the stress-energy tensor of the electromagnetic field, denoted as By, it is
+1x(pr):+1X(pr) (77)

Due to our theorem before, the metric tensor of the electromagnetic field under conditions of general relativity is

determined as
R (78)
Buv = (?j x EM gpv

where R denotes the Ricci scalar and g, denotes the metric tensor of the electromagnetic field. Due to the an-
other theorem above, it is

R
+CMV + (A X guv) = +pr = (Ej X ep (79)

The tensor of the ‘ordinary’ gravitational field as C,,is determined by the stress energy tensor of the electro-
magnetic field B, as

C. =B, —(Axg, )= (%]X 8 —(Axg,) (80)

Quod erat demonstrandum.
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3.7. Theorem. The tensor of the hyperfield of gravitation and electromagnetism

Claim. (Theorem. Proposition. Statement.)
The geometrized form of the hyper-tensor of unification of gravitation and electromagnetism is determined as

Cu +B,, =Rx g, —(Axg,)

Direct proof.
In general, using axiom [ is it

+1=+1 (81)

Multiplying this equation by the stress-energy tensor of the electromagnetic field, denoted as By, it is

+1x(BpV):+lx(Bw) (82)

Due to our theorem before, the stress energy tensor of the electromagnetic field under conditions of general rela-
tivity is determined as
R (83)
Buv = ? x EM gpv

where R denotes the Ricci scalar and gyg,, denotes the metric tensor of the electromagnetic field. Due to a the-
orem before, it is

R
+CMV + (A X guv) = +pr = (Ej X ep (84)

The tensor of the ‘ordinary’ gravitational field as C,,is determined by the stress energy tensor of the electro-
magnetic field B, as

C, =B, -(Axg,)= (%]x o8 —(Axg,) (85)

Adding the stress-energy tensor of the electromagnetic field B, = (R/2)xgyg,., we obtain the geometrized form
of the hyper-tensor of gravitation and electromagnetism as

R R
va +Buv = (E]X EMguv +(5]X EMguv _(Axguv): RX EMgpv _(Axguv) (86)

Quod erat demonstrandum.
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3.8. Theorem. The tensor Dy

Claim. (Theorem. Proposition. Statement.)
The tensor D, is determined as

R
Dpv = (?j x GW guv (87)

Direct proof.
In general, using axiom [ is it

+1=+1 (88)

Multiplying this equation by the stress-energy tensor of the electromagnetic field, denoted as By, it is

+1x(B,, ) =+1x(B,,) (89)

Due to our theorem before, the stress energy tensor of the electromagnetic field under conditions of general rela-
tivity is determined as

R
Bp.v = (Ej x EM guv (90)

where R denotes the Ricci scalar and gvg,, denotes the metric tensor of the electromagnetic field. Adding the

tensor D,,, we obtain

R
B“V + Duv = (Ej X gm & F Duv o1
According to a theorem before, this relationship is equivalent with

R R
Buv + Dpv = (Ej x EM guv + Dpv = (5) x gpv (92)

Rearranging equation, the tensor D, is determined as

R R R R R
Duv= E Xguv_Buvz 5 X8 T E * em8uv T E X(gpv_EMgw)Z E " aw By ©3)

Quod erat demonstrandum.

®
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3.9. Theorem. The geometrization of ‘ordinary’ matter

Claim. (Theorem. Proposition. Statement.)

The geometrization of ‘ordinary’ matter follows as

%jx v +(Axg,,) (94)

Ap.v :va_RX EMgp.V_(

Direct proof.
In general, using axiom [ is it

+1=+1 95)
Multiplying this equation by the Ricci Tensor R, it is
+1><(R“V):+1><(R“V) (96)

Due to our definition above, it is A, + B, + C,, + D,y = R,,. Substituting this relationship into the equation
before, we obtain

Auv + pr + Cuv + Duv = va (97)

The tensor of ordinary matter A, follows as
A, =R, -B,—(C,+D,) (98)

The tensor B, itself was determined as B,, = (R/2)xgvg,y. The addition of the tensors D, plus C,, is deter-
mined as D, + C,, = (R/2)xg,, - Axg,, .The equation before changes to

R R
A, =R, - (5) X ot 8y — ([3) xg,, —(Axg, )j (99)

Rearranging equation before, we obtain

R R
A}lv = Ruv —[ij M —(ijguv +(A><gw) (100)

The tensor (R/2)xg,, is detrmined as (R/2)xg,, = (R/2)xgmgyu + (R/2)xcwg,w The equation can be simplified as

®
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R R R
Auv = Rp.v - (Ej X EM gp.V - (Ej x EM gp.v - (?j X GW gpv + (A x gpv )
The geometrization of ‘ordinary’ matter follows in general as

R
Ap.v :va _RX EMng _(E)x Gngv +(Axguv)

Quod erat demonstrandum.

3.10. Theorem. The probability tensor of the electromagnetic field p(B.v)

Claim. (Theorem. Proposition. Statement.)
The probability tensor p(B,,) of the electromagnetic field is determined as

R =

pv ny

1 1 4
x| (F xF )= —xg xF, xF%
1 uv ((4X”j (( o ) (4 S )J) B,
5 Xg Xpm8uw =

Direct proof.
In general, using axiom [ is it

+1=+1
it is

Multiplying this equation by the stress-energy tensor of the electromagnetic field, denoted as B,

+1x(B,, ) =+1x(B,,)

(101)

(102)

(103)

(104)

(105)

Due to our theorem before, the geometrizsation of the electromagnetic field under conditions of general relativi-

ty is determined as

R
(ij EM gp.v = Buv

The stress-energy tensor of the electromagnetic field was determined i.e. by the relationship

1 c 1 dv
Buv = OEH" = OHHV E((4xnjx{(Fuf ><Fv )_[4xguv XEJV xF j}]

(106)

(107)
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where F is the electromagnetic field tensor and g, is the metric tensor. The equation before changes to

R 1 1
(ij M By :((4)(7[))(((}7“6 xE/C)_(nguv xF, XFdVJj]:BHV (108)

The Ricci scalar R is defined as the contraction of the Ricci tensor R, or it is R = g"'R,,. The equation before
changes to

1 v 1 c 1 dv
(ijg“ waxEMgHV:((4Xﬂ)x((waFv )—(ngwadvxF nJ:BW (109)

A commutative division |2] by the Ricci tensor R, leads to the relationship

1 , 1 d
x| (F xF “)—| =x xF, xF% 110
1 u [(4X7l'j [( ne v ) [4 guv dv jj] B“V ( )
5 g Xgm8u = R =

uv uv
This equation is identical with the probability tensor p(B,,,) of the electromagnetic field. In general it is

(et M onmer)])

1 v
p(Bw)E(ijg” X emEuy = R R (111)

pv ny

Quod erat demonstrandum.

Scholium.
The probability tensor is determined by the metric. This is of principle importance.
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3.11. Theorem. The probability tensor is determined by the metric tensor

Claim. (Theorem. Proposition. Statement.)

We defined n(X,,)=X,/R where X,,, denotes a second rank co-variant tensor and R denotes the Ricci scalar, the
contraction of the Ricci tensor as R=g"R,,,. Further, p(X,,)=X,,/R,, denotes the probability tensor |2] of the
tensor X,,. In general, the probability tensor p(X,,) of a tensor X, is determined by the metric tensor as

— oMV
p(X,, )=g"xn(X,) (112)
Direct proof.
In general, using axiom [ is it
+1=+1 (113)
Multiplying this equation by the tensor X, it is
+1x(X,, ) =+1x(X,,) (114)

A commutative |2] division of the tensor X, by the Ricci tensor R, yields

K _ K (115)
Ruv Ruv
which is equivalent with
p(X )EXW _ K (116)
puv
Ruv Ruv
or with
X
_ D (117)
p (XHV ) = R
(1A%
Rearranging equation, we obtain
uv X pv X X
p(X”V) = gw x va = guv va (1 18)
g puv g X uv

Due to the relationship R=g"'R,, the equation before simplifies as

nvs

g X g8 xX. _g"xX, (119)
g R g xR, R

®
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and due to our definition n(X,,,)=X,/R it is

v Ry nv
_gt X, g xX, g xX, (120)
p(Xuv)= HVXRH - HV)(RH - R —=¢ Xn(XHV)
g nv g uv
or in general. The probability tensor of a tensor X, is determined by the (inverse) metric tensor as
p(X,, )=g"xn(X,) (121)

Quod erat demonstrandum.

Scholium.

Quantum physics (quantization) focuses on the probability (amplitudes) while general relativity theory relies on
geometry (tempo-spatial points). The definition of a probability tensor p(X,,) of a tensor X, marks a remarka-
ble degree of interaction between probability theory and high-dimensional theory of general relativity and a key
step to the unification of quantum physics and general relativity by probabilitizing general relativity’s geometric
background. The contradiction free transformation of a geometrical mathematical framework into a probabilistic
mathematical framework is possible in principle and vice versa. A geometrization of probability theory appears
to be possible too.

4. Discussion

A new approach to quantum gravity and the unified field theory developed by the author is already published
[2]. Besides of the misprint in this paper [2] in Eq. (76)

1
- —_w
prvzz},w mR nuvafuv =_h - v_AXgp_w) (76)
R
which should be changed to
=2 f — IHV ~(~ A
prvz pnv mR nuva (Y =_h v+ Xgp.v) (76)
R

one way how to geometrize the electromagnetic field is already provided. In this paper the geometrization of the
electromagnetic field under conditions of general relativity theory is developed in more (technical) detail. This
paper has answered the question about the geometrization of the electromagnetic field under conditions of gen-
eral theory of relativity. Still, this publication has not answered the question whether does geometrization ex-
cludes quantization and vice versa. In other words, is there a dualism between geometrization and quantization
in the sense either geometrization or quantization. In this context, the geometric entity ’line’ is determined by
points. But what is a point, something quantized? Thus far, can we find any geometry within a quantized ‘ob-
jects’ and vice versa? Is the geometry of space-time at the end determined by quantized ‘objects’? The answer to
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such questions may be considered for future work. In this paper, the tensor D, was derived in Eq. (78) as

R R R R R
Duv: E Xguv_Buv: E X8 T E oM By = E X(guv_EMgw): 3 * aw B 78

The concrete meaning of the tensor D, is not clear at this moment. The information carried by the tensor D, is
very different from the information as carried by the electromagnetic waves. The interaction between electro-
magnetic and gravitational waves and the transformation of one wave into another is already discussed [21] in
literature. In this context, the tensor D, is an anti-tensor of the stress-energy tensor of the electro-magentic field.
Thus far, it is possible and highly desirable that the metric tensor gwg, is determined by fuctuations of gravita-
tional fields and that the same tensor represents something like “ripples” in spacetime. Under these assumptions,
the tensor D, could represent the metric tensor of the gravitational waves. The assumption D, represents a
fourth until known unknown field, does not make any sense today.

5. Conclusions

In the 1940s, the theoretical framework of quantum electrodynamics consolidated electromagnetism with quan-
tum physics. It has also to be noted that the trial to geometrize the electromagnetic field within the theoretical
framework of general relativity has still not met with much success. In this publication, the electromagnetic field
has been geometrized under conditions of general relativity.
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