Inverse Polynomials for Nonzero Constant Jacobian

Dhananjay P. Mehendale
Sir Parashurambhau College, Tilak Road, Pune 411030
India

Abstract

The so called Jacobian problem [1] or Jacobian conjecture [2], [3] demands
the existence of inverse functions of polynomial nature when the Jacobian is
anonzero constant (=1). Bass, Connell, Wright in there paper [3] have
shown that it is enough to construct (or show the existence of) such inverse
polynomials for special type of cubic polynomials whose Jacobianisa
nonzero constant (=1).To settle Jacobian conjecture one needs to show the
existence of inverse polynomials for special type of cubic polynomials
whose Jacobian is a nonzero constant (=1) for all dimensions [3]. In this
paper we explicitly give these inverse polynomials for two and three
dimensions, i.e. for two and three variables cases. Any higher dimensional
cases are no different than these special cases and it is possible to obtain
such inverse polynomialsin any higher dimensional cases a so.

1. Introduction: Given n polynomias u = (Uy,U,,--+,U,,) in N variables

X = (X, X9, +,X,)and their Jacobian J, (U) = det(g%)

j
I, ] =12,---,n isanonzero constant in the ground field K of
characteristic zero. The problem called the Jacobian problem [1] or the
Jacobian conjecture [2], [3] isto show that the polynomial rings are
same, i.e., K[Xy, X5, -+, X,] = K[Uy,U,,---,U,]. In other words, one
needs to show that one can construct the so called n inverse

polynomials: X = (X, X,,-*+,X,) in N variables u = (U;,U,,---,U,).

The important result dueto H. Bass, E. H. Connell, and D. Wright in [3]
very much reduces the computational burden by their important
reduction in degree achieved for the Jacobian problem. According to
their result it is enough to settle the Jacobian problem for the special

homogeneous polynomials U = U(X) of the special cubic form, namely,
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U =u(x) =x—H(X), where H(tx) = t*H (X) for al t Ok and all

x O k", kbeing the ground field of characteristic zero. Their result
essentially isasfollows:

Theorem [BCW]: The Jacobian conjecture is true for polynomials u(x)

having every number of variables n, and for every degreeif and only if it
Istrue for polynomials having every number of variables n, and having
cubic degreei.e. having special kind of cubic-homogeneous form:

u(x) = x = H(x), where H(ax) = a>H (x) for every a 0K, the
ground field of characteristic zero.
L]

The Jacobian conjecture can now be stated in the light of the above
theorem[BCW] as follows:

Jacobian Conjecture: Given n polynomials, each one of having special
kind of cubic-homogeneous form: u(x) = x — H(X), where

H (ax) = a*H (X) for every a Kk, the ground field of characteristic
zero. Thus, U = (Ul, Us,---, un) are polynomials of special type
mentioned abovein N variables X = (Xl,Xz,' ",Xn)and their

au

Jacobian J, (u) = det[a J I, ] =12,---,n isanonzero constant
X

(=1) in the ground field Kk oJf characteristic zero then we get a polynomial
inverse for this system of polynomialsi.e. we get each X| as special
kind of cubic-homogeneous polynomial: X(U) =u—-H (U) , Where
H(au) = a®H(u) for every a [k, the ground field of characteristic
zero polynomial in N variables U = (Uy,U,,--+,U,).

[



2. Thelnverse Polynomialsfor two dimensions: We first deal below with
two dimensional case. We first take polynomialsin two variables, i.e.
polynomials T = (X, ¥) and 9 = 9(X,¥) such that their Jacobian,

Jo o (f,0)=det by =1#0
ot D= g g, )T

We find the inverse polynomials X=X(f,d) and Y =Y(f,0).

Quadratic Polynomials: Let f and g be following quadratic
polynomials:

f =ax+ayy+ azoX2 tapXy+ aozy2
g = byoX + by Y + byoX® + oy Xy + b,y

It is easy to verify that the required inverse polynomials are also
guadratic and they are:

1
X=byf-ay9+ 5(b01b_l.1 — 20y0p,) f 2+ (2a10bg, — apsby;) fg
1 2
+ 5 (Qp1241 — 2a90202)9
1
y=-bf +a,9+ E(blobll — 200p,0) 4 (2a910,9 — a4pby4) fg
1
+ 5(310311 - 2""016‘20)92

Cubic Polynomials of BCW form: As per the requirements of the
theorem [BCW] stated above it is enough to consider cubic polynomials

of special kind for inversion in the general case. So, let f and 9 be
following cubic polynomials of special [BCW] type:
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f =aX+ayy+a,X’ +a,X°y+a,xy’ +agy’
g=Db Xx+by,y+ bsox3 + b21x2y + b12Xy2 + bosy3

It is easy to verify that the required inverse polynomials aso turn out to
be cubic polynomials and they are also of special [BCW] type:

1
X= b =80+ (B0 ~ 20bighy, + 3h,)

+ (_b§1a21 + 2b01b10312 - 3blzoaoa) f 29
+ (a§1b21 - 2a01a10b12 + 3aizoboa) fg ’

1
+ 5 (_agla?l + 2a01a:LOafLZ - 3aizoaoa) 93

1
y=-b,f +a,g+ 3 (_3b§1b30 +20,b,b,, - bl.z()b.lZ) f
+ (3b§1a30 - 2b01b10321 + b120312) f Zg
+ (_3a§1Qo + 26‘016'1obn - a:L20b12) fgz
1
+ é (3851830 - 2a01a10a21 + a120812) 93

3. Thelnverse Polynomialsfor three dimensions. We now deal below
with three dimensional case. We now take polynomialsin three variables,

ie T=1T(Xy,2),9=09(X,¥,2) and N=h(X,V,2) suchthat

their Jacobian,

(f, f, f,]
Joyn(fi0,n)=dett g, g, g,[=1#0
h h, h



We find the inverse polynomials X=X(f,g,h) , y=y(f,g,h).
and Z=2(f,9,h).

Cubic Polynomials of BCW form: As per the requirements of the
theorem [BCW] stated above it is enough to consider cubic polynomials
of special kind for inversion in the general case. So, we directly deal with

general case, i.e.wetake T, g and h asfollowing cubic polynomials
of special [BCW] type:

Suppose we are given the following polynomials for which the Jacobian is a
nonzero constant (=1) as desired.

f=a100* x+a010* y+a001* z+a300* x*3+a210* x"2* y+a201* x"2* z+

al20* x* y"2+alll* x* y* z+al02* x* 2 2+a030* y*3+a021* y"2* z+a
012*y* z"2+a003* z*3

and

0=b100* x+b010* y+b001* z+b300* x3+b210* X 2* y+b201* x2* z
+b120* x* y"2+b111* x* y* z+b102* x* 2\ 2+b030* y*3+b021* y"2* z
+b012* y* 2" 2+b003* 23

and

h=c100* x+c010* y+c001* z+c300* x*3+¢c210* x"2* y+c201* x\2* z+
c120* x* y"2+c111* x* y* z+c102* x* z*2+c030* y*3+c021* y"2* z+c
012* y* z*2+c003* 23

aijk, bijk, cijk UK, thefield of characteristic zero.

We need to show that X, Y, Z (which we can express as power seriesin

variables f,g, h using the inverse function theorem) are actually

polynomials. Thisclaimistrueand it is easy to check that the required
inverse functions are actually polynomials and further they also turn out
to be cubic polynomials having of special [BCW] form as given below:
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X=(b010* c001- b001* c010)*f +(a001* c010-a010* c001)* g
+(a010* b001- a001* b010)* h

+1/3*[(b010"2* c001"2+b001"2* c010"2-

2* p010* b001* c010* c001)* (b010* c201+b210* c001-b001* c210-
b201* c010)+(-c100* c010* b001*2+b010* b001* c100* cO01-
b100* b010* c001"2+b100* b001* c001* c010)* (h010* c111+2* b12
0* c001-2* b001* c120-b111* c010)+(-c100* cO01* b010"2

+b010* b001* c010* c100 +b010* c010* cO01* b100-

b001* c010"2* b100)* (2* b010* c102+b111* c001-b001* c111-

2* p102* c010)+(b001"2* c100"2-2* c100* cO01* b100* b001
+c00172* b100"2)* (b010* c021+3* b030* c001-3* b001* cO30-
b021* c010)+(-c010* c001* b100"2+c100* b100* b001* c010-
c100"2* b001* b010+c100* c001* b100* b010)* (2* b010* cO12+2* b
021* c001-2* b001* c021-2* b012* c010)+(b010"2* c100"2-

2* p010* c100* c010* b100+c010"2* b100"2)* (3* b010* c003+b012
*010-b001* c012-3* b003* c010)]* 3

+1/2*[(-2* a001* b001* c010"2+2* a001* c010* c001* b010
+2*c010* c001* b0O1* a010-2* c001"2* b010* a010)* (b010* c201
+b210* c001-b001* c210-b201* c010) +(al00* c001*2* b010-
a100* b001* c001* c010-c100* c001* a001* b010

+c00172* a010* b100-c001* b100* a001* c010-

c100* c001* b001* a010+2* b001* c100* a001* c010)* (h010* c111+2
*p120* c001-2* b001* c120-b111* c010)+(-a100* b010* c010* cO01
+a100* b001* c010"2+2* b010* a010* c100* c001-

b010* a001* c100* c010-a010* b100* c010* cO01

+a001* b100* c010"2-a010* b001* c100* c010)* (2* b010* c102
+b111* c001-b001* c111-2* b102* c010)+(-2* a100* b100* c001"2
+2*a100* b001* c001* c100+2* c001* b100* a001* c100-

2* a001* c100"2* b001)* (b010* c021+3* b030* c001-3* b001* cO30-
b021* c010)+(-a100* b010* c100* c001+2* a100* c010* c001* b100-
a100* b001* c010* c100+b010* c100"2* a001-
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a010* c001* b100* c100+a010* bOO1* c1002-

b100* c010* a001* c100)* (2% b010* cO12+2* b021* cO01-

2% p001* c021-2* b012* c010)+(-2* a100* b100* cO10™2

+2* a100* b010* c100* cO10+2* a010* b100* c100* cO10-

2% p010* a010* c100"2)* (3* b010* c003+b012* c010-h001* cO12-
3*b003* cO10)]* A 2* g

+1/2* [(-2* 3001* cO01* b010"2+2* b010* bOOL* 8001* cO10-

2* a010% b001/2* cO10+2* b010* a010* h0OL* c001)* (b010* c201+b2
10* c001-b001* c210-b201* c010)+(-a100* b010* b0O1* 001
+a100* b001"2* cO10+2* b010* cO01* a001* b100-

b010* b001* a001* ¢100-a010* b001* c001* b100-

a001* b001* cO10* b100+a010% b001/2* c100)* (b010* c111+2* b120
* c001-2* b001* c120-b111* c010)+(al00* b010"2* cO01-

a100* b010* b001* c010+b010"2* a001* c100-

b010* 3010* b100* c001-b010* a010* bOO1* c100-

b010* a001* b100* c010+2* a010* h100* b0O1* cO10)* (2* b010* c102
+b111* c001-b001* c111-2* b102* cO10)+(-2* al00* c100* b001A2
+2* a100* b100* b0O1* cO01-2* b100"2* cO0L* 8001

+2* ¢100* b100* b001* 8001)* (b010* c021+3* b030* cO01-

3*h001* c030-b021* c010)-+(-a100* b010* cO01* b100

+2* 2100* b010* c100* b001-a100* b001* cO10* b100-

b100* b010* c100* a001+a010* cO01* b100/2+b100"2* cO10* a001-
a010* b100* c100* b0O1)* (2* b010* c012+2* b021* cO01-

2% H001* c021-2* b012* c010)+(2* al00* b100* b010* cO10-

2* a100* b010"2* c100-2* a010* b100"2* 010

+2* h010* a010* b100* c100)* (3* b010* cO03+b012* cO10-

b001* c012-3* b003* cO10)]*FA2* h

+[(c001"2* a010"2-2* a001* c010* c001* a010

+a00172* c010"2)* (b010* c201+b210* c001-b001* c210-

b201* c010)+(-a100* a010* c001"2+al100* a001* c010* cO01
+a010* a001* c100* c001-c100* c010* aD0172)* (h010* c111
+2*b120* c001-2* b001* c120-b111*c010)

+(a100* a010* c010* c001-a100* a001* c010*2-c100* c001* a010"2
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+a010* a001* c100* c010)* (2* b010* c102+b111* c001-b001* c111-
2* p102* c010)+(c001"2* a100"2-2* c100* c001* a001* al100
+c100"2* a001"2)* (b010* c021+3* b030* c001-3* b001* cO30-
b021* c010)+(-c010* c001* a100"2+al00* a010* c100* cO01

+a100* a001* c100* c010-a010* a001* c100"2)* (2* b010* c012
+2*p021* c001-2* b001* c021-2* b012* c010)+(c010"2* al00"2-

2* c100* c010* a010* a100+c100"2* a01072)* (3* b010* c003+b012*
c010-b001* c012-3* b003* c010)]* f*g"2

+[(-2* b001* cO01* 801072+2* a010* a001* b010* cO01

+2* a010* a001* b001* c010-2* h010* cO10* a001/2)* (b010

* c2+0210* c001-b001* c210-b201* c010)

+(-a100* a001* b010* c001+2* a100* 3010* cO01* b0O1-

al00* a001* c010* b001+a001/2* b010* c100-

a010* a001* c001* b100+c010* 3001/ 2* h100-

a010* a001* c100* b001)* (bO10* c111+2* b120* cO01-

2% p001* c120-b111* c010)+(-a100* 3010* cO01* b010

+2* 2100* a001* cO10* b010-a100* a010* b001* cO10-

a010* a001* c100* b010+c001* a010"2* h100+a01072* bOO1* c100-
a010* b100* a001* cO10)* (2* b010* c102+b111* cO01-b001* c111-
2*n102* c010)+(-2* b0O1* cO01* a100"2

+2* 2100* a001* b001* c100+2* a100* a001* b100* cO01-

2* a001/2* b100* c100)* (b010* c021+3* b030* cO01-3* b001* c030-
b021* c010)+(a100"2* b010* cO01+a100"2* h001* cO10-

al00* a001* b010* c100-a100* a010* b100* c001-

al00* a010* b001* c100-a100* a001* b100* c010

+2* 3010* b100* a001* c100)* (2* b010* c012+2* h021* cO01-

2% H001* c021-2* b012* c010)+(-2* b010* cO10* a100"2

+2* a100* a010* b100* c010+2* a100* a010* b010* c100-

2+ ¢100* b100* a010°2)* (3* b010* c003+b012* c010-h001* cOL2-
3*D003* c010)]*f*g* h

+[(b00172* a010"2-2* b010* b001* aD01* a010
+b010"2* a00172)* (b010* c201+b210* c001-b001* c210-
b201* c010)+(a100* b010* b001* a001-a100* a010* b001"2-
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b100* b010* a001"2+a010* b100* a001* b001)* (h010* c111+2* b12
0* c001-2* b001* c120-b111* c010)+(-a100* a001* b010"2

+a100* a010* b010* b001+a010* b100* a001* b010-

b100* b001* a010"2)* (2* b010* c102+b111* c001-b001* c111-

2* p102* c010)+(b001"2* a100"2-2* a001* b100* b001* a100
+b100"2* a00172)* (b010* c021+3* b030* cO01-3* b001* cO30-
p021* c010)+(-b010* bOO1* a100*2+a100* a001* b100* b010
+a100* a010* b100* b001-a010* a001* b100"2)* (2* b010* c012
+2*p021* c001-2* b001* c021-2* b012* c010)+(b010"2* a100"2-

2* b010* a010* b100* a100+b100"2* a01072)* (3* b010* c003+b012
*c010-b001* c012-3* b003* c010)]* f* "2

+1/3*[(c001"2* a010"2-

2* a001* c010* c001* a010+a001"2* c010"2)* (a001* c210+a201* cO
10-a010* c201-a210* c001)+(-a100* a010* c001"2

+a100* a001* c010* c001+a010* a001* c100* cO01-

c100* c010* a001"2)* (2* a001* c120+al111* c010-a010* c111-

2* a120* c001)+(al00* a010* c010* c001-a100* a001* c010"2-
c100* c001* a010"2+a010* a001* c100* c010)* (a001* c111+2* a102
*010-2* a010* c102-a111* c001)+(c001"2* a100"2-

2* c100* c001* a001* a100+c100"2* aD01/2)* (3* aD01* c030+aD21*
c010-a010* c021-3* a030* c001)+(-c010* c001* a100"2

+a100* a010* c100* c001+a100* a001* c100* c010-

a010* a001* c100"2)* (2* a001* c021+2* aD12* c010-2* a010* c012-
2* a021* c001)+(c010"2* a100"2-2* ¢100* c010* a010* a100
+c100"2* a010"2)* (a001* c012+3+a003* c010-3* a010* c003-
a012*c001)]*g"3

+1/2*[(-2* b001* c001* a010"2+2* a010* a001* b010* cO01
+2*a010* a001* b001* c010-2* b010* c010* a00172)* (a001* c210
+a201* c010-a010* c201-a210* c001)+(-a100* a001* b010* cO01
+2*a100* a010* c001* b001-a100* a001* c010* b001

+a00172* b010* c100-a010* a001* c001* b100+c010* a001"2* b100-
a010* a001* c100* b001)* (2* a001* c120+al111* c010-a010* c111-
2* a120* c001)+(-a100* a010* c001* b010
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+2* 2100* a001* cO10* b010-a100* a010* b001* cO10-

a010* a001* c100* b010+c001* a010"2* h100+a01072* bOO1* c100-
a010* b100* a001* cO10)* (a001* c111+2* al02* cO10-2* a010* c102-
al11* c001)+(-2* b001* cO01* a100"2+2* al00* a001* b001* c100
+2* a100* a001* b100* c001-2* a001/2* h100* c100)* (3* a001* cO30
+a021* c010-a010* c021-3* a30* c001)+(al00"2* b010* c001
+a100"2* b001* c010-a100* a001* b010* c100-

al00* a010* b100* c001-a100* a010* b001* c100-

al00* a001* b100* c010+2* a010* b100* a001* c100)* (2* a001* c021
+2* a012* c010-2* aD10* cO12-2* a021* c001)

+(2* b010* cO10* al00"2+2* a100* a010* b100* cO10+2* a100* a010
*P010* c100-2* c100* b100* 2010/ 2)* (a001* c012+3+a003* cO10-
3* a010* c003-a012* cO01)]* g2 h

+[(b001/2* 801072-2* b010* b001* a001* 2010

+b010"2* a001/2)* (a001* c210+a201* c010-a010* c201-

a210* c001)+(a100* b010* b0O1* 3001-al00* a010* bO01 2-

b100* b010* a001/2+a010* b100* a001* b001)* (2* a001* c120+al1l
*£010-a010* c111-2* a120* c001)+(-a100* a001* b010"2

+a100* a010* b010* b001+a010* b100* a001* b010-

b100* b001* a010"'2)* (a001* c111+2* a102* cO10-2* a010* c102-
al11* c001)+(b001/2* a100"2-2* a001* b100* b001* a100

+b100"2* a001/2)* (3* a001* c030+a021* c010-a010* c021-

3* a030* c001)+(-b010* b0O1* a100"2+a100* a001* b100* b010
+a100* a010* b100* b001-a010* a001* h100/2)* (2* a001* c021

+2* a012* c010-2* aD10* cO12-2* a021* c001)+(h010"2* al002-
2*p010* a010* h100* al00+h100"2* a010"2)* (a001* cO12+3+a003*
c010-3* a010* c003-a012* c001)]* g* 2

+1/3* [ (b001/2* a01072-2* h010* b0O1* a001* 2010

+b010"2* a001/2)* (2010* b201+a210* b010-a001* b210-

a201* b010)+(al00* b010* b001* a001-a100* a010* b0012-

b100* b010* a001/2+a010* b100* 3001* b001)* (a010* b111+2* a120
*001-2* a001* b120-a111* b010)+(-al00* a001* b010"2

+a100* a010* b010* b001+a010* b100* a001* b010-
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b100* b001* a010"2)* (2* a010* b102+a111* b001-a001* b111-

2* a102* b010)+(b001"2* a100"2-2* a001* b100* b001* a100
+b100"2* a001"2)* (a010* b021+3* a030* b001-3* a001* b030-
a021* b010)+(-b010* bOO1* a100"2+a100* a001* b100* b010
+a100* a010* b100* b001-a010* a001* b100"2)* (2* a010* b012
+2+a021* b001-2* a001* b021-2* a012* b010)+(b010"2* a100"2-

2* b010* a010* b100* a100+b100"2* a010"2)* (3* a010* b003+a012*
b001-a001* b012-3* a003* b010)]* h"3

and

y=(b001*c100- b100* cO01)*f +(al00* c001- a001* c100)* g
+(a001* b100- a100* b001)* h

+1/3* [ (b010"2* cO01/2+b001/2* cO1072-
2% p010* h0OL* cO10* c001)* (3* h00L* c300+h201* c100-
b100* c201-3* b300* c001)+(-c100* cO10* b001/2
+b010* b001* c100* c001-b100* bO10* cO01/2
+b100* b001* cO01* c010)* (2* h0OL* c210+h111* c100-b100* c111-
2*p210* c001)+(-c100* cO01* b010"2+b010* b0O1* cO10* c100
+b010* c010* cO01* b100-b001* 010" 2* b100)* (2* b0O1* c201
+2* 102* ¢100-2* h100* c102-2% b201* cO01)+(b001/2* c100™2-
2* ¢100* cO01* b100* h001+c001/2* h100/2)* (h00L* c120+h021* c1
00-b100* c021-b120* c001)+(-c010* cO01* h100/2
+¢100* b100* b001* c010-c100"2* b001* b010
+¢100* c001* b100* b010)* (b001* c111+2* b012* c100-
2*p100* c012-b111* c001)+(b010"2* c100/2-
2*p010* c100* cO10* h100+c010"2* b100°2)* (h00L* c102+3* 003
* ¢100-3* b100* c003-b102* cOO1)]* A3

+1/2*[ (-2* a001* b001* c010"2+2* a001* c010* c001* b010
+2*c010* c001* b001* a010-2* c001"2* b010* a010)* (3* b001* c300
+b201* c100-b100* c201-3* b300* c001)+(al00* c001*2* b010-
a100* b001* c001* c010-c100* c001* a001* b010

+c00172* a010* b100-c001* b100* a001* c010-

11



c100* cO01* b001* a010+2* bOO1* c100* a001* c010)* (2% b001* c210
+b111* c100-b100* c111-2* b210* c001)+(-a100* b010* cO10* c001
+a100* b001* c010"2+2* b010* 3010* c100* cO01-

b010* a001* c100* c010-a010* b100* c010* c001

+a001* b100* c010"2-a010* b001* c100* c010)* (2* b001* c201

+2* h102* c100-2* h100* c102-2* b201* c001)

+(-2* a100* b100* c001/2+2* a100* b001* cO01* c100

+2* c001* b100* a001* c100-2* a001* c100"2* b0O1)* (b0O1* 120
+b021* c100-b100* c021-b120* cO01)

+(-a100* b010* c100* c001+2* a100* cO10* c001* h100-

al00* b001* cO10* c100+h010* c100°2* a001-

a010* c001* b100* c100+a010* b001* c10072-

b100* cO10* a001* c100)* (b001* c111+2* b012* c100-

2*p100* c012-b111* cO01)+(-2* al00* b100* cO10"2

+2* 3100* b010* c100* c010+2* 3010* b100* c100* cO10-

2% p010* 3010* c100"2)* (h001* c102+3* b003* c100-3* b100* cO03-
b102* cO0L)]*fA2* g

+1/2*[(-2* a001* c001* b010"2+2* b010* b0O01* a001* cO10-

2* a010* b001"2* c010+2* b010* a010* b001* c001)* (3* bOO1* c300+
b201* c100-b100* c201-3* b300* c001)+(-a100* b010* bOO1* cO01
+a100* b001"2* c010+2* b010* cO01* a001* b100-

b010* b001* a001* c100-a010* b001* cO01* b100-

a001* b001* c010* b100+a010* b001"2* c100)* (2* b001* c210+b111
*100-b100* c111-2* b210* c001)+(a100* b010*2* cO01-

a100* b010* b001* c010+b010"2* a001* c100-

b010* a010* b100* c001-b010* a010* bOO1* c100-

b010* a001* b100* c010+2* a010* b100* b001* c010)* (2* bO01* c201
+2*p102* c100-2* b100* c102-2* b201* c001)

+(-2* a100* c100* b001"2+2* a100* b100* b001* cO01-

2* b100"2* c001* a001+2* c100* b100* b001* a001)* (b001* c120+b0
21* ¢c100-b100* c021-b120* c001)+(-a100* b010* c001* b100
+2*a100* b010* c100* b001-a100* b001* c010* b100-

b100* b010* c100* a001+a010* c001* b100"2+b100"2* c010* aD01-
a010* b100* c100* b001)* (b001* c111+2* b012* c100-
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2*n100* c012-b111* c001)+(2* a100* b100* b010* cO10-
2* a100* b010"2* c100-2* a010* b100"2* 010

+2* h010* a010* b100* c100)* (b0OL* c102+3* b003* c100-
3*100* c003-b102* cO01)]*FA2* h

+[(c00172* 20107 2-2* 3001* cO10* cO01* 3010

+a001/2* cO1072)* (3* b0O1* c300+b201* c100-b100* c201-
3*b300* c001)+(-al00* a010* cO01/2+a100* a001* cO10* cO01
+a010* a001* c100* c001-c100* cO10* a001/2)* (2* b001* c210
+b111* c100-b100* c111-2* b210* c001)+(al00* 3010* cO10* cO01-
al00* a001* c0102-c100* c001* a010/2

+a010* a001* c100* c010)* (2* b001* c201+2* b102* c100-

2% p100* c102-2* b201* c001)+(cO01"2* al00™2-

2* ¢100* cO01* a001* a100+c10072* a001/2)* (b001* c120+b021* c1
00-b100* c021-b120* c001)+(-c010* cO01* a100"2

+a100* a010* c100* c001+a100* a001* c100* cO10-

a010* a001* c100"2)* (h001* c111+2* b012* c100-2* b100* c012-
b111* c001)+(cO10"2* a100"2-2* c100* c010* 3010* a100
+¢10072* a01072)* (b001* c102+3* b003* c100-3* b100* c003-
b102* cO0L)]*f* g2

+[ (-2*b001* c001* a010"2+2* a010* a001* b010* cO01

+2*a010* a001* b001* c010-2* b010* c010* a00172)* (3* b001* c300
+b201* c100-b100* c201-3* b300* c001)+(-a100* a001* b010* cO01
+2*a100* a010* c001* b001-a100* a001* c010* b001

+a00172* b010* c100-a010* a001* c001* b100+c010* a001"2* b100-
a010* a001* c100* b001)* (2* b001* c210+b111* c100-b100* c111-
2* b210* c001)+(-a100* a010* c001* b010

+2*a100* a001* c010* b010-a100* a010* b001* c010-

a010* a001* c100* b010+c001* a010"2* b100+a010"2* b001* c100-
a010* b100* a001* c010)* (2* b001* c201+2* b102* c100-

2* p100* c102-2* b201* c001)+(-2* b001* cO01* a100"2

+2*a100* a001* b001* c100+2* a100* a001* b100* cO01-

2* a00172* b100* c100)* (b001* c120+b021* c100-b100* c021-
b120* c001)+(a100"2* b010* c001+al00™2* b001* cO10-
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al00* 3001* b010* c100-a100* a010* b100* cO01-

a100* 3010* b001* ¢100-a100* a001* b100* c010

+2* a010* b100* a001* c100)* (b00L* c111+2* b012* c100-

2* h100* c012-b111* c001)+(-2* b010* cO10* a100/2

+2* a100* 3010* b100* cO10+2* a100* a010* b010* c100-

2* c100* b100* 80102)* (b00L* c102+3* b003* ¢100-3* b100* c003-
b102* cO01)]*f*g*h

+[(b001"2* a010"2-2* b010* b001* a001* a010

+b010"2* a00172)* (3* b001* c300+b201* c100-b100* c201-
3*b300* c001)+(a100* b010* b001* a001-a100* a010* b001"2-
b100* b010* a001"2+a010* b100* a001* b001)* (2* b001* c210+b11
1* c100-b100* c111-2* b210* c001)+(-a100* a001* b010"2

+a100* a010* b010* b001+a010* b100* a001* b010-

b100* b001* a010"2)* (2* b001* c201+2* b102* c100-2* b100* c102-
2* b201* c001)+(b001"2* a100"2-2* a001* b100* b001* a100
+b100"2* a001"2)* (b001* c120+b021* c100-b100* c021-

b120* c001)+(-b010* b001* a100*2+al00* a001* b100* b010
+a100* a010* b100* b001-a010* a001* b100"2)* (b001* c111
+2*p012* c100-2* b100* c012-b111* c001)+(b010"2* a100"2-

2* b010* a010* b100* a100+b100"2* a01072)* (b001* c102+3* b003
*¢100-3* b100* c003-b102* c001)]* f* "2

+1/3*[(CO01/2* 2010 2-

2+ a001* cO10* cO0L* a010+a001/2* cO10"2)* (al00* c201+3* a300*
c001-3* a001* c300-a201* ¢100) +(-al00* a010* c001/2

+a100* a001* c010* c001+a010* aD01* c100* cO01-

c100* c010* a001/2)* (a100* c111+2* a210* cO01-2* a001* c210-
al11*c100)+(a100* a010* cO10* cO01-al00* a001* cO10M2-

c100* c001* 2010 2+a010* a001* c100* cO10)* (2* a100* c102+2* a2
01* c001-2* a001* c201-2* a102* c100)+(c001/2* al002-

2* ¢100* cO01* a001* al00+c100"2* a01/2)* (al00* c021+a120* cO
01-a001* ¢120-a021* c100)+(-c010* cO01* a100"2

+a100* a010* c100* c001+a100* a001* c100* cO10-

a010* a001* c100"2)* (2* al00* c012+al11* c001-a001* c111-
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2* a012* ¢100)+(c010"2* a100"2-2* c100* c010* a010* al00
+¢10072* a010"2)* (3* al00* c003+a102* c001-a001* c102-
3*a003* c100)]* g3

+1/2*[ (-2* bOO1* cO01* 8010/ 2+2* a010* a001* b010* c001

+2* 3010* a001* b0O1* cO10-2* b010* cO10* a0012)* (al00* c201
+3* a300* c001-3* a001* c300-a201* c100)

+(-a100* a001* b010* cO01+2* a100* a010* cO0L* b001-

al00* a001* c010* b001+a0012* b010* c100-

a010* a001* cO01* b100+c010* a0012* h100-

a010* a001* c100* b001)* (a100* c111+2* a210* cO01-2* a001* c210-
al11* c100)+(-a100* a010* cO01* b010+2* a100* a001* c010* b010-
al00* a010* b001* c010-a010* a001* c100* b010

+c001* 8010"2* b100+3010"2* b001* c100-

a010* b100* a001* cO10)* (2* al00* c102+2* a201* cO01-

2* 3001* c201-2* a102* c100)+(-2* b0O1* cO01* a100"2

+2* a100* a001* bOO1* c100+2* a100* a001* b100* cO01-

2* a001°2* b100* c100)* (a100* c021+a120* c001-a001* c120-
a021* ¢100)+(al00"2* b010* c001+a100"2* b001* cO10-

al00* a001* b010* c100-a100* a010* b100* cO01-

al00* a010* b001* c100-a100* a001* b100* cO10

+2* 3010* b100* a001* c100)* (2* al00* c012+a111* c001-

a001* c111-2* a012* c100)+(-2* b010* cO10* a100"2

+2* a100* a010* b100* cO10+2* a100* a010* b010* c100-

2* ¢100* b100* 8010"2)* (3* al00* c003+al02* c001-a001* c102-
3*a003* c100)]*g*2* h

+[(b00172* a010"2-2* b010* b001* aD01* a010
+b010"2* a001"2)* (a100* c201+3* a300* c001-3* a001* c300-
a201* c100)+(a100* b010* b001* a001-a100* a010* b001"2-
b100* b010* a001"2+a010* b100* aD01* b001)* (al00* c111+2* a210
*c001-2* a001* c210-a111* c100)+(-a100* a001* b010"2
+a100* a010* b010* b001+a010* b100* a001* b010-
b100* b001* a010"2)* (2* al00* c102+2* a201* c001-2* a001* c201-
2* a102* c100)+(b00172* a100"2-2* a001* b100* b001* 100
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+b100"2* a00172)* (a100* c021+a120* c001-ab01* c120-

a021* c100)+(-b010* b0O1* a100"2+a100* a001* b100* b010
+a100* a010* b100* b001-a010* a001* b100"2)* (2* a100* c012
+al11*c001-a001* c111-2* a012* ¢100)+(b010"2* a100"2-

2* pb010* a010* b100* a100+b100"2* a010"2)* (3* a100* cO03+al02*
c001-a001* c102-3* a003* c100)]* g* "2

+1/3*[(b001"2* a010"2-2* b010* b001* a001* a010

+b010"2* a00172)* (3* a001* b300+a201* b100-a100* b201-
3*a300* b001)+(a100* b010* b001* a001-a100* a010* b0012-
b100* b010* a001"2+a010* b100* a001* b001)* (2* a001* b210+alll
*p100-a100* b111-2* a210* b001)+(-a100* a001* b010"2

+a100* a010* b010* b001+a010* b100* a001* b010-

b100* b001* a010"2)* (2* a001* b201+2* a102* b100-2* a100* b102-
2* a201* b001)+(b001"2* a100"2-2* a001* b100* b001* a100
+b100"2* a00172)* (a001* b120+a021* b100-a100* b021-

al20* b001)+(-b010* b001* a100"2+a100* a001* b100* b010
+a100* a010* b100* b001-a010* a001* b100"2)* (a001* b111
+2*a012* b100-2* a100* b012-a111* b001)+(b010"2* a100"2-

2* pb010* a010* b100* a100+b100"2* a010"2)* (a001* b102+3* a003*
b100-3* a100* b003-a102* b001)]* h"3

and

z=(b100* c010- b010* c100)* f +(a010* c100- al00* cO10)* g
+(al00* b010- a010*b100)* h

+1/3*[(b010"2* c001"2+b001"2* 010 2-

2* p010* b001* c010* c001)* (b100* c210+3* b300* cO10-
3*b010* c300-b210* c100)+(-c100* c010* 001”2

+b010* b001* c100* c001-b100* b010* cO01"2

+b100* b001* c001* c010)* (2* b100* c120+2* b210* cO10-

2* b010* c210-2* b120* c100)+(-c100* c001* b010"2

+b010* b001* c010* c100+b010* c010* cO01* b100-

b001* c010"2* b100)* (b100* c111+2* b201* c010-2* b010* c201-
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b111* c100)+(b001/2* c10072-2* c100* c001* h100* b001

+c001/2* h10072)* (3* b100* c030+b120* c010-b010* c120-

3* b030* c100)+(-c010* cO01* b100"2+¢100* b100* b0O1* cO10-
¢1002* b001* b010+c100* c001* b100* b010)* (2* b100* c021+b11
1* c010-b010* c111-2* b021* c100)+(b010"2* c100"2-

2*p010* c100* cO10* h100+c010"2* h10072)* (h100* cO12+h102* cO
10-b010* c102-b012* c100)]*F13

+1/2* [(-2* 3001* b0O1* cO10"2+2* 3001* cO10* cO01* b010

+2* c010* cO01* b001* a010-2* cO01/2* h010* a010)* (b100* 210
+3*h300* c010-3* h010* c300-b210* c100)+(aL00* cO01/2* b010-
al00* b001* cO01* c010-c100* cO01* a001* b010

+0001/2* 3010* b100-c001* b100* a001* c010-

c100* c001* b001* 8010+2* b0O1* c100* a001* cO10)* (2* b100* c120
+2*h210* c010-2* h010* c210-2* b120* c100)

+(al00* b010* c010* c001+a100* b001* cO10"2

+2* h010* a010* c100* c001-b010* a001* c100* cO10-

a010* b100* cO10* cO01+a001* b100* cO10"2-

a010* b001* c100* c010)* (b100* c111+2* b201* cO10-

2% p010* c201-b111* c100)+(-2* al00* b100* cO01"2

+2* 2100* b001* c001* c100+2* cO01* h100* a001* c100-

2+ a001* c10072* b001)* (3* b100* c030+b120* c010-h010* c120-
3*b030* c100)+(-a100* b010* c100* c001

+2* 2100* cO10* cO01* b100-a100* b001* c010* c100

+b010* c100"2* a001-a010* cO01* b100* c100+a010* h0O1* 100 2-
b100* cO10* a001* c100)* (2* b100* c021+b111* c010-b010* c111-
2+ p021* c100)+(-2* al00* b100* cO10"2

+2* a100* b010* c100* c010+2* a010* h100* c100* cO10-

2% p010* a010* c100°2)* (h100* cO12+h102* c010-b010* c102-
b012* c100)]* 2% g

+1/2*[ (-2*a001* c001* b010"2+2* b010* bOO1* a001* cO10-

2* a010* b001"2* c010+2* b010* a010* b001* c001)* (b100* c210+3*
b300* c010-3* b010* c300-b210* c100)

+(a100* b010* b001* c001+a100* b001"2* c010
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+2*b010* c001* a001* b100-b010* b001* a001* c100-

a010* b001* c001* b100-a001* b001* c010* b100

+a010* b001"2* c100)* (2* b100* c120+2* b210* c010-

2* b010* c210-2* b120* c100)+(al00* b010"2* cO01-

a100* b010* b001* c010+b010"2* a001* c100-

b010* a010* b100* c001-b010* a010* bOO1* c100-

b010* a001* b100* c010+2* a010* b100* b001* c010)* (b100* c111+
2* b201* c010-2* b010* c201-b111* c100)

+(-2* a100* c100* b001"2+2* a100* b100* b0O1* cO01-

2* p100"2* c001* a001+2* c100* b100* b001* a001)* (3* b100* cO30+
b120* c010-b010* c120-3* b030* c100)

+(-a100* b010* c001* b100+2* a100* b010* c100* b001-

a100* b001* c010* b100-b100* b010* c100* a001

+a010* c001* b100"2+b100"2* c010* a001-

a010* b100* c100* b001)* (2* b100* c021+b111* c010-b010* c111-
2* b021* ¢100)+(2* a100* b100* b010* c010-2* a100* b010"2* c100-
2* a010* b100"2* c010+2* b010* a010* b100* c100)* (b100* c012
+b102* c010-b010* c102-b012* c100)]*f*2*h

+[(c00112* a010"2-2* a001* cO10* cO01* 8010

+a001/2* c010"2)* (b100* c210+3* b300* c010-3* b010* c300-
b210* c100)+(-a100* a010* cO0112

+a100* a001* c010* c001+a010* a001* c100* cO01-

c100* c010* a001/2)* (2* b100* c120+2* h210* c010-2* b010* c210-
2*n120* c100)+(a100* a010* cO10* cO01-a100* a001* cO10M2-
c100* c001* 2010 2+a010* a001* c100* c010)* (b100* c111+2* b201
*C010-2* b010* c201-b111* c100)+(cO01/2* a1002-

2* c100* cO0L* a001* al00+c100"2* aD01/2)* (3* b100* c030+h120*
c010-b010* c120-3* b030* ¢100) +(-c010* cO01* a100"2

+a100* a010* c100* c001+a100* a001* c100* cO10-

a010* a001* c100°2)* (2* b100* c021+b111* c010-b010* c111-

2% p021* c100)+(c010"2* al00"2-2* c100* cO10* a010* al00
+¢1002* 3010"2)* (b100* c012+b102* c010-b010* c102-

b012* c100)]* F* g2
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+[(-2* bOO1* cO0L* 8010/ 2+2* a010* a001* b010* cO01
+2* a010* 3001* b0O1* cO10-2* b010* cO10* a00112)* (b100* c210
+3*b300* c010-3* b010* c300-b210* c100)

+(-aL00* a001* b010* c001+2* a100* 8010* c001* b0O1-

a100* a001* cO10* b001+a001/2* b010* c100-

a010* 3001* cO01* b100+c010* 80017 2* h100-

a010* 3001* c100* bOO1)* (2* b100* c120+2* b210* cO10-

2* h010* c210-2* b120* c100)+(-a100* a010* c001* b010

+2* a100* 3001* c010* b010-a100* a010* b0O1* cO10-

a010* 3001* c100* b010+c001* 20107 2* b100+a010"2* b0O1* c100-
a010* b100* a001* c010)* (b100* c111+2* h201* cO10-

2* h010* c201-b111* c100)+(-2* b0O1* cO01* a1002

+2* a100* 3001* b001* c100+2* a100* a001* b100* c001-

2* 3001°2* h100* c100)* (3* b100* c030+b120* c010-b010* c120-
3* b030* c100)+(al00*2* b010* c001+a100"2* b0O1* cO10-
al00* 3001* b010* c100-a100* a010* b100* cO01-

a100* 3010* b001* ¢100-a100* a001* b100* c010

+2* a010* b100* a001* c100)* (2* b100* c021+b111* cO10-

b010* c111-2* b021* c100)+(-2* b010* cO10* a100/2

+2* a100* 3010* b100* cO10+2* a100* a010* b010* c100-

2* c100* b100* 20102)* (b100* c012+b102* c010-b010* c102-
b012* c100)]*f*g*h

+[(b001/2* 801072-2* b010* b001* a001* 2010

+b010"2* a001/2)* (b100* c210+3* h300* c010-3* h010* c300-
b210* ¢100)+(al00* b010* b001* a001-a100* 3010* b001/2-
b100* b010* a001/2+a010* b100* a001* b0O1)* (2* b100* c120+2* b
210* c010-2* b010* c210-2* b120* c100)+(-al00* a001* b010"2
+a100* a010* b010* b001+a010* b100* a001* b010-

b100* b001* a01072)* (b100* c111+2* h201* c010-2* b010* c201-
b111* c100)+(b001/2* a100"2-2* a001* b100* b001* a100
+b100"2* a001/2)* (3* b100* c030+b120* c010-b010* c120-

3* b030* c100)+(-b010* bOO1* 210072

+a100* a001* b100* b010+a100* a010* b100* b001-

a010* 3001* b10072)* (2* h100* c021+b111* c010-b010* c111-
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2* h021* ¢100)+(h010"2* 2100 2-2* h010* a010* b100* a100
+h10072* a01072)* (b100* c012+b102* c010-b010* c102-
b012* c100)]* f* "2

+1/3*[(c001"2* a010"2-2* a001* c010* c001* a010

+a001"2* c010"2)* (3* a010* c300+a210* c100-a100* c210-
3*a300* c010)+(-a100* a010* c001"2

+a100* a001* c010* c001+a010* a001* c100* cO01-

c100* c010* a001"2)* (2* a010* c210+2* a120* c100-2* a100* c120-
2* a210* c010)+(a100* a010* c010* c001-a100* a001* c010"2-
c100* c001* a010"2+a010* a001* c100* c010)* (2* a010* c201+alll
*100-a100* c111-2* a201* c010)+(c001"2* a100"2-

2* c100* c001* a001* a100+c100"2* aD012)* (a010* c120+3* aD30*
c100-3* a100* c030-a120* c010)+(-c010* c001* a100"2

+a100* a010* c100* c001+a100* a001* c100* c010-

a010* a001* c100"2)* (a010* c111+2* a021* c100-2* a100* c021-
all1*c010)+(c010"2* a100"2-2* c100* c010* aD10* a100

+c100"2* a010"2)* (a010* c102+a012* c100-a100* c012-
al02*c010)]*g"3

+1/2*[(-2* b001* c001* a010"2+2* a010* a001* b010* cO01
+2*a010* a001* b001* c010-2* b010* c010* a00172)* (3* a010* c300
+a210* c100-a100* c210-3* a300* c010)+(-a100* a001* b010* cO01
+2*a100* a010* c001* b001-a100* a001* c010* b001
+a00172* b010* c100-a010* a001* c001* b100+c010* a001"2* b100-
a010* a001* c100* b001)* (2* a010* c210+2* a120* c100-
2* a100* c120-2* a210* c010)
+(-a100* a010* c001* b010+2* a100* a001* c010* b010-
a100* a010* b001* c010-a010* a0b01* c100* b010
+c001* a010"2* b100+a010"2* b001* c100-
a010* b100* a001* c010)* (2* a010* c201+al11* c100-a100* c111-
2* a201* c010)+(-2* b001* c001* a100"2
+2*a100* a001* b001* c100+2* a100* a001* b100* cO01-
2* a00172* b100* c100)* (a010* c120+3* a030* c100-3* a100* c030-
al20* c010)+(a100"2* b010* c001+a100"2* b001* c010-
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al00* a001* b010* c100-a100* a010* b100* c001-

al00* a010* b001* c100-a100* a001* b100* c010

+2* a010* b100* a001* c100)* (a010* c111+2* a021* c100-

2* a100* c021-a111* c010)+(-2* b010* cO10* al00"2

+2* a100* a010* b100* c010+2* a100* a010* b010* c100-

2* ¢100* b100* a010°2)* (a010* c102+a012* c100-a100* cO12-
al02*c010)]*g"2*h

+[(b001/2* 8010"2-2* b010* b001* a001* 2010

+b010"2* a001/2)* (3* a010* c300+a210* c100-al00* c210-

3* a300* c010)+(al00* b010* b001* a001-a100* a010* b001/2-
b100* b010* a0012+a010* b100* a001* b001)* (2* a010* c210+2* al
20* ¢100-2* a100* c120-2* a210* c010)+(-a100* a001* b010/2
+a100* a010* b010* b001+a010* b100* a001* b010-

b100* b001* a010/2)* (2* a010* c201+al11* c100-al00* c111-
2* a201* c010)+(b001/2* al00"2-2* a001* b100* b0O1* a100
+b100"2* a001/2)* (a010* c120+3* a030* c100-3* a100* cO30-
al20* c010)+(-b010* b0O1* a100"2

+a100* a001* b100* b010+a100* 2010* b100* b001-

a010* a001* b100"2)* (a010* c111+2* a021* c100-2* a100* c021-
al11* c010)+(b010"2* a100"2-2* b010* 3010* b100* a100
+b100"2* a010"2)* (a010* c102+a012* c100-a100* c012-

al02* c010)]* g* 2

+1/3* [ (b001/2* a01072-2* h010* b0O1* a001* 2010

+b010"2* a001/2)* (al00* b210+3* a300* b010-3* 3010* b300-
a210* b100)+(al00* b010* b001* a001-a100* a010* h001/2-
b100* b010* a001/2+a010* b100* 3001* b001)* (2* a100* h120+2* a2
10* b010-2* 3010* b210-2* a120* b100)+(-a100* a001* b010"2
+a100* a010* b010* b001+a010* b100* a001* b010-

b100* b001* a010/2)* (al00* b111+2* a201* b010-2* 3010* b201-
al11* b100)+(b001/2* a100"2-2* a001* h100* b001* a100
+b100"2* a001/2)* (3* a100* b030+al20* h010-a010* b120-

3* a030* b100)+(-b010* b0O1* a100"2

+a100* a001* b100* b010+a100* 8010* b100* b0O1-
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a010* a001* b100"2)* (2* a100* b021+a111* b010-a010* b111-
2* a021* b100)+(b010"2* a100"2-2* b010* 3010* b100* a100
+b100"2* a010"2)* (al00* b012+a102* b010-a010* b102-
a012* b100)]* h"3

4. Thelnverse Polynomialsfor moredimensions: It isactually possible
to construct the inverse polynomials (and thus to directly verify the fact
that the inverse functions are actually polynomials and not power series)
for any higher dimensional cases, i.e. for four, five, Six, ...... variables
cases also .
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