LAURICELLA HYPERGEOMETRIC SERIES OVER FINITE FIELDS

BING HE

ABsTrACT. In this paper we give a finite field analogue of the Lauricella hypergeomet-
ric series and obtain some transformation and reduction formulae and several generating
functions for the Lauricella hypergeometric series over finite fields. These generalize some
known results of Li et al as well as several other well-known results.

1. INTRODUCTION

Let ¢ be a power of a prime. Then F, and FZ are denoted the finite field of ¢ elements and
the group of multiplicative characters of Iy respectively. Setting x(0) = 0 for all characters,
we extend the domain of all characters x of F to Fy. Let X and € denote the inverse of x
and the trivial character respectively. See [2] and [7, Chapter 8] for more information about
characters.

Following [1], we define the generalized hypergeometric function as

> _ i (a0)k(an)k -~ (an)r 1

ag, a1, ..., 0n
n FTL 9
+ < bi,....by |* K00k - (be)s

where (2)j is the Pochhammer symbol given by
(2)o=1, ) =2(z+1)---(z+k—1) for k > 1.

It was Greene who in [6] developed the theory of hypergeometric functions over finite fields
and established a number of transformation and summation identities for hypergeomet-
ric series over finite fields which are analogues to those in the classical case. Greene, in
particular, introduced the notation

G — R —
o1 (4Ple) =@ PO Y mBea - A - a)

for A,B,C € @q and x € Fg, that is a finite field analogue of the integral representation of
Gauss hypergeometric series [1]:

a,b _& ! b1 _ p\e=brq l‘_ai
F( x>_r(b)r(c—b)/ot(1 DT =)y
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and defined the finite field analogue of the binomial coefficient as
A\Y B(-1) ., —
= A, B
<B) q J( ) )7
where J(x, A) is the Jacobi sum given by

ZX A1 — ).

For more details about the finite field analogue of the generalized hypergeometric functions,
please see [4] [5, [10].

In this paper, for the sake of simplicity, we define the finite field analogue of the binomial
coefficient and the classic Gauss hypergeometric series by

@) - q@)c = B(-1)J(A,B).
L (A,CB

A B
33) =q- 2F1 ( C
respectively.

There are many interesting double hypergeometric functions in the field of hypergeometric
functions. Among these functions, the Appell series F; may be one of the most important
functions:

and

G
r) = el@)BOCN) Y BO)BC( - (1 - o)
Yy

m nbmb/n
Fy(a;b,bcmy) = Y (@)m4n(E)m (©) ™yt ol <1yl < 1.

o m!n!(¢)min

See [1 3, 12] for more material about the Appell series.

Inspired by Greene’s work, Li et al [9] gave a finite field analogue of the Appell series Fj
and established some transformation and reduction formulas and the generating functions
for the function over finite fields. In that paper, the finite field analogue of the Appell series
Iy was given by

Fi(A;B,B';C; z,y) = e(xy) AC(— ZA JAC(1 —u)B(1 — uz)B'(1 — uy).

The Lauricella hypergeometric series F(n) is defined by [8]

FO) (aé buossbnl > Z Z m1+ +mn(bl)m1"'(bn)mnxvlm...xgn‘
¢ 0 Ot M1! !

x> = Fl()l) <a;cb

is an n-variable extension of the Appell series

It is clear that
b, b b,
Fl(a;b7b/;c;xay):Fl()2) <a'707 I‘,y) and2F1< Ca
(n)

so the Lauricella hypergeometric series F,
Fy and the hypergeometric function o F7.
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Motivated by the work of Greene [6] and Li et al [9], we give a finite field analogue of
the Lauricella hypergeometric series. Since the Lauricella hypergeometric series F](Dn) has a

integral representation
by . b F(C) 1 ua—l(l . u)c—a—l
gl (@b bl o / d
D ( I T Rl e —a) Jo (1= au) - (1 —zgu)bn

c
we give the finite field analogue of the Lauricella hypergeometric series in the following

form:
A;By,---,B
Fl(vn)< 10 "fv1,-~,xn>
=e(x1 -+ 2n)AC(=1) > A(u)AC(1 — u)By(1 — z1u) - - Bp(1 — zpu),
u
where A, By,---,B,,C1,---,C, € ﬁq, x1, - ,%, € Fy and the sum ranges over all the

elements of IF,. In the above definition, the factor % is dropped to obtain simpler

results. We choose the factor e(z1---x,)AC(—1) to get a better expression in terms of
binomial coefficients. From the definition of the Lauricella hypergeometric series over finite
A:; B, B’

fields, we know that
A,B B; A
c x,y) and2F1( ’C 'x>:Fg)( ’C m)

Then the Lauricella hypergeometric series over finite fields can be regarded as an n-variable
extension of the finite field analogues of the Appell series I and the hypergeometric function
2F1.

The following theorem gives another expression for the Lauricella hypergeometric series
over finite fields.

Fy(A; B, B';C;2,y) = F})) (

Theorem 1.1. For any characters A,B1,--- ,B,,C € @q and x1,--- ,x, € Fq, we have
ng) <A7 Bl7é’ -, Bn Tl >xn>

1 Axp - 'Xn) (B1><1> <Ban)
[ — P €T PN n xn s
(g—1)» Xl;m (CX1 e Xn X1 Xn xa(@1)--xn(@n)

where each sum ranges over all multiplicative characters of IFy.

From the definition of the Lauricella hypergeometric series over finite fields, we can easily
deduce the following result.

Proposition 1.1. For any characters A, By, -+ ,B,,C € ﬁq and x1,--- ,xp—1 € Fy, we
have

A;By,---,B -1 (A;By,--- ,By_
Fl()n) ( 1 o n i, - 75571—171) - Bn(_l)Fgl 1) ( 1§nc n—1 T, uxn—l) '

In addition, the Lauricella hypergeometric series over finite fields

n A;Bf"aBn
Fé)< IC :Ela"'a‘rn)
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is invariant under permutation of the subscripts 1,2,--- ,n, namely, it is invariant under
permutation of the B’s and x's together.

The aim of this paper is to give several transformation and reduction formulas and the
generating functions for the Lauricella hypergeometric series over finite fields. We know that
the Lauricella hypergeometric series over finite fields is an n-variable extension of the finite
field analogues of the Appell series F} and the hypergeometric function o F7. So most of the
results in this paper are generalizations of certain results in [9] and some other well-known
results. For example, [9, Theorem 1.3] and [6l Theorem 3.6] are special cases of Theorem
NIl

We will give our proof of Theorem in the next section. Several transformation and
reduction formulae for the Lauricella hypergeometric series over finite fields will be given
in Section 3. The last section is devoted to some generating functions for the Lauricella
hypergeometric series over finite fields.

2. PROOF OF THEOREM [L.1]

To carry out our study, we need some auxiliary results which will be used in the sequel.
The results in the following proposition follows readily from some properties of Jacobi
sums.

Proposition 2.1. If A, B € ﬁq, then

Q-G
PRGE
(2.3) (5> = <A> =—1+(¢—1)0(4),

where 6(x) is a function on characters given by

s00={ 5 S

1N

otherwise
The following result is also very important in the derivation of Theorem

Theorem 2.1. (Binomial theorem over finite fields, see [6, (2.10)]) For any character
A e, and x € Fy, we have

A=) =80 + 5 2 ()i

q—1 X

where the sum ranges over all multiplicative characters of Fq and §(x) is a function on Fy

given by
|1 ifz=0
5("3)_{ 0 ifz£0"
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We are now ready to prove Theorem
Proof of Theorem [1.1. From the binomial theorem over finite fields, we know that for
I<j<mn,

_ 1 Bjy;
Bj(1 — zju) = d(xju) + — Z ( ]X]>Xj(a:ju).
=25 NN

Then, by the fact that e(x;)d(xju)A(u) =0 for 1 < j <mn,

n) (A; B, , By
Fl())( 10 Ty, ,.%'n)
A

= c(a1 - 2a) AC(=1) > A(u)AC(1 — u)

. (5(:U1u) + qil > (B;‘1> Xl(m1u>> .. (5(%@ T qil 3 (B;:"> Xn(znu))
= S () (P e e A xwAC( - )

—_1\n
(q 1) Xl’”"X"l Xn

it () (v

which, by (2.1)), implies that
Ty, ,I‘n>

Fl()n) <A7317 7Bn
1 Axa- "Xn> <31X1> (Ban>
(¢—1)" X1,-Zx <CX1"‘Xn X1 Xn x1(@): - xn(n)

C

This completes the proof of Theorem L]

3. REDUCTION AND TRANSFORMATION FORMULAE

In this section we give some reduction and transformation formulae for the Lauricella
hypergeometric series over finite fields.

(n), we know that

T1, e ,xn_l).

From the definition of the Lauricella hypergeometric series F'
an) (a’ bl’ o ’bnil’o Ty, 73771) — an_l) (CL, bl? ’ C 7bn71

c
We now give a finite field analogue of the above identity.

Theorem 3.1. For any characters A,By1,--- ,B,_1,C € ﬁq and x1,--- ,x, € Fq, we have
Fén) <A7 Bla . "C’u Bn_l,E Ty, ;:En> _ €($n)Fén71) (A7 B17 C 7Bn—1 T, 71'711)

—e(x1+xy_1)B1- - Ba10(20)AC(1 — 2,)Bi(zp, — 71) -+ - Bu_1(7p — 2 1).



LAURICELLA HYPERGEOMETRIC SERIES OVER FINITE FIELDS 6

Proof. 1t is clear that the result holds for z;, = 0. We now consider the case # 0. From
[6, (3.11)] we know that for any A, B € F, and = € F,,

Gy % (Ax)xm — B0y (ABX>x<x> — (¢~ VB AB(1 - 2).

N Bx N X
Then
(3.2) Z(CXl._.an@c) (4= 10X+ Tor () AC(L — )

Xn

which, by (3.1)), implies that

Z <31X1> <B”‘1X”‘1>X1(x1) Xt (Ta1) Z <g§2 ;:)X"(x”)

X1s Xno1 X1 Xn—1 X
~ (0 00ACH - a) 3 (P () 3 (P v (2
X1 X1 Tn o Xn—1 T,

=(¢g—1)"e(z1 - 2n_1)B1 -+ Bn1C(2,)AC(1 — 2,) By (2, — 1) - Bp_1(Tn — Tn_1).

This, together with Theorem and ([2.3)), gives

Fén) (Aa Blv"'c'a Bn—lag zy,- ’:En>

w2 (enoan) o) () (ot aaten

X1 5Xn
1 BlX1> (Bn—an—1> (AXl ce Xn>
(q - 1)n le'gnl < X1 Xn—1 Xl( 1) Xn 1( " 1) o Cx1-Xn Xn( n)

1 Axy - 'Xn—l) (BIX1> <Bn—1X'rL—1>
+ T AN 1 e €T P (o
(g —1)n1 an <0X1"'Xn—1 Y1 Y1 X1(71) *+ Xn—1(Tn-1)
_ Fl()n_l) (A; By, -+, Bp_1 o ,xn_1)

—ée(wy2pn_1)B1- Bp10(xn)AC(1 — 2,) B1(xp, — 71) -+ - Bp_1(2p — Tp_1).

This finishes the proof of Theorem (3.1 U]

When n = 2, Theorem reduces to [9, Theorem 3.1]. When n = 1, Theorem
reduces to [6, Corollary 3.16, (i)].

It is easily seen from the definition of the Lauricella hypergeometric series F gl) that

28 <a; bi, -+, by

T, 7$n> — (1 _xl)fbl (1 _ $n)fbn.

We also deduce the finite field analogue of the above formula.
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Theorem 3.2. For any characters A, B1,--- , By, € ﬁq, T1, - Tp-1 € Fg and z, € Fy, we
have

A;By,--,B _ _
Fén)< 1A ”xl,---,xn> =—¢e(x1- xn)B1(1 — 1) - Bp(1 — )

— n—1) (A;B1, -+, Bp
+ Bu(~1)A(za)E ”( um,

ot ZInmt
A
Proof. 1t follows from Theorem [1.1} (2.3)), (2.2) and (3.1) that

n A,Ba’Bn

=, I ) () - (e oten

=—¢(z12n)B1(1 —21) - Bp(1 —2,) + Ba(=D)A(zn)

(¢—1)
Ax1 - Xn-1 Bix1 Bn-1Xn-1 T Tn—1
> 4z i (25) v
. nX1" " Xn—1 X1 Xn—1 Tn L,

=—¢(z1 - 2n)B1(1 —21) - Bp(1 —xy)
F(nfl) <A7 Bla e >Bn71

This concludes the proof of Theorem |3.2 L]

Setting n = 2, we obtain the following result relating F; over finite fields to the Gaussian

Xl"”?Xn
_ 1 Tn—1
+ Bn(*l)A(xn) D AEn ;, Ty Z ) .
n n
hypergeometric series o F.

Corollary 3.1. For any characters A, B, B’ € ﬁq, z € Fg and y € Fy, we have

B, A

RSB, B ) = ~<(an) B - 0B (1 - ) + B0 Aer (G

)

)

When n = 1, Theorem [3.2| reduces to [0, Corollary 3.16, (iv)].
From the integral representation for the Lauricella hypergeometric series Fl()n
easily obtain

n (I;bl,---’bn
Fl())< )
= (1_x1)—b1 ...(1_xn)—an£)n) (C—a;bb'-. by,

we can

C

X1 T
x1—1 ’‘x,—1)"°
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We give a transformation formula for the Lauricella hypergeometric series over finite fields
which can be regarded as the finite field analogue of the above identity.

Theorem 3.3. For any characters A, By, ,B,,C € @q and 1, ,x, € F \{1}, we

have
Fl()n) <A;Bl’“' B Ly ’xn>

C
. NP . = . (n) ZC;Bl,"',Bn x1 Tn
_C( 1)31(1 :L'l) Bn(l a?n)FD ( C xl—l’ 7:[,'”—1 .
Proof. The result follows from the definition of the Lauricella hypergeometric series over
finite fields and Making the substitution u =1 — v. L]

When n = 2, Theorem |3.3| reduces to [9, Theorem 3.2, (3.6)]. When n = 1, Theorem (3.3
reduces to [6, Theorem 4.4, (ii)] for = # 1.

Theorem 3.4. For any characters A,Bq,--- ,B,,C € ﬁq, 1, ,Tp—1 € Fy and xz, €
F,\{1}, we have

n A7B7aBn
e((xn—xl)...(%_%_l))Fg)< b

- A;By,--- ,B,_1,B1---B,Cl|lzn — 11 Tp — Tp-1  Tnp
= _A(1 — F(n) y D1, y Pn—1, D1 n n
e C Tn—1"""" =1 Ty —1
Proof. Making the substitution u = m in the the definition of the Lauricella hyper-

geometric series over finite fields, we have

n AaB7aBn
(o =) (on = e D EE) (HP00 B )

=ce(xr - xp(xn —21) - (Tn — Tn—1))AC(—1) ZA(U)ZC’(l —u)B1(1 — zqu) - Bp(1 — zpu)

— (1 wn(@n —21) - (20 — 2 1) AC(=DA(1 — )
3" A(w)AC(1 - v)B, (1 _In ) o Bn1 (1 - m”_x"l‘lv> By B,C <1 ~In 1v>

v
Ty — 1 Ty —

— A:By,--- .Bn,_1,B1- - B,Clxn — 21 Ty — Tyl T

— A1 = F(”) y D1, y Pn—1, L1 n n n n n
6(.%.1 xn 1) ( xn) D C :L'n - 1 ’ ’ xn - 1 ’ [Bn - 1 ’

from which we complete the proof of Theorem 0

From Theorem and Theorem we can easily obtain the following reduction formula
for the Lauricella hypergeometric series over finite fields.
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Corollary 3.2. For any characters A, B, -+, By, € ﬁq, 1, ,Tp—1 € Fy and z, €
F,\{1}, we have

-1) (A; By, -+, B
By B,

—e((zn — 1) -+ (¥ — 2p-1))B1(=21) - - Bu(—2n).
Actually, the formula in Corollary [3.2] can be considered as a finite field analogue of

the following reduction formula for the Lauricella hypergeometric series (see G. Mingari
Scarpello and D. Ritelli [11]):

(n) (@;bry b | _ 1 (n-1) (a;b1,- -+ ;bp—1
Fp <b1+~-+bn$1’ ’x“>_(1—xn)aFD by + -+ by

Tp — 1 Tp — Tn—1
-1 7 oz, -1

T1 — Tn Tp—1 — Tn
l—z, = 1-z,

When n = 2, Theorem reduces to [9, Theorem 3.2, (3.7) and (3.9)]. When n = 1,
Theorem [3.4] reduces to [6, Theorem 4.4, (iii)] for x # 1.

Theorem 3.5. For any characters A, By, -+ ,B,,C € @q, x1,- -, Tp1 € F\{1} and
Aa Blv"' aBn

xn € Fy, we have
s((xn—x1)~-(afn—ccn_1))Fl(>”)( c Ty, xn>

= E(xl cee xn_1)0<—1)ﬁn0(1 — $n>§1(1 — xl) ce -En_l(l — xn_l)

() AC;By,--- By 1,B1---B,C|Tp — 71 Ty — Tn_1
. D 5 DY y 7’ x
C 1—x 1l—z,1
Proof. Making another substitution u = 1:;;" in the the definition of the Lauricella

hypergeometric series over finite fields, we get

n A7B7aBn
(o =) (on = D EE) (P00 Bl )

=e(wy-wp(ry —21) - (T — 1)) AC(=1)AB,C(1 —2,)B1(1 —21) -+  Bp_1(1 — 2_1)

-ZZC’(U}A(l—v)El 1—xn_xlv -+ Bp_1 1—Mv Bi---B,C(1 — z,v)
" 1—1’1 1—.%'n_1

=&z 2p-1)C(-1)AB,C(1 —2,)B1(1 —21) -+ Bp—1(1 — x_1)

F(n) chBh 7Bn—1aBil"'BinC Ip — T1 Tn — Tn—1
D C 1— a2 ) T T 1 sbn ) -
This completes the proof of Theorem 0

Similarly, we can get another reduction formula.
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Corollary 3.3. For any characters A,B1,--- ,B, € ﬁq, x1,- -, Tp1 € F\{1} and z,, €
A; By, ,B

F,, we have
(o =) Gon = ) EE) (NP0 Pl )

= €({B1 . (L‘n)Bl cee Bn(—l)ZBl cee Bn_l(l - .’I,'n)El(l — 1‘1) N 'En—l(l — xn—l)

pn=1) (ABr-+Bpi By, Bpoa|@n — 21 Tn — Tpei
D BB, T

—e((xn = D(@n — 1)+ (¥n — @n-1)) Bi(=21) -+ Bu(—n).

When n = 2, Theorem reduces to [9, (3.8) and (3.10)]. When n = 1, Theorem
reduces to [6, Theorem 4.4, (iv)] for = # 1.

1 —2p

4. GENERATING FUNCTIONS

In this section, we establish several generating functions for the Lauricella hypergeometric
series over finite fields.

Theorem 4.1. For any characters A, B1,--- ,B,,C € @q,xl, <o xn €Fg and t € F\{1},

we have
ACH n) (A0;Bq,---, B,
Z( 9 >Fg)< 10 :vl,-'-,xn>9(t)

0
A1 — ™ A;By,-+- By v1
— (A - o) (g Bl )

t
—e(zy - 2p)AC(=t)B1(1 — 1) - - Bp(1 — ).

Proof. Making the substitution u = we have

lt’

e(txy -+ xn)AC(— ZA YAC(1 —u+ut)B1(1 — z1u) - - - Bp(1 — z,u)

u#l
=e(try -y ZA JAC(1 —u+ut)Bi(1 — z1u) - - Bp(1 — zpu)
—ée(xy - 2,)AC(—t)B (l —x1) - Bp(l —xy,)
= e(tzy - 2,) AC(~1)A(L — 1) Y A()AC(1 —v)B, (1 - 19”_1 tv) - Bn <1 - 1$jtv)

—&(zy - 2p)AC(—t)B1(1 — 21) - - Bp(1 — )

— n) (A;B1,---,B,| 21 Tn
_g(t)Au—t)F,g)( b 1_t,--~,1_t>

—e(wy - 2n)AC(=t)B1(1 — 21) - - Bp(1 — ).
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This combines the binomial theorem over finite fields to yield

Z ACH ) Af; By, , By
0 D C

0

1, xn> o(t)

=ce(xy - xpn)AC(—-1) Z <A§9>A(U)AC(1 —u)f(—ut)f(1 — u)B1(1 — xqu) - - Bp(1 — xpu)
0,u

= (w1 1) AC(-1) S AW AC(L — w)Br(1 - 1) - Bl — 2n) 3 <A09>9 ( ut >

i - 0 1—u
— — ut — —
=e(twy - x,)AC(-1) ZA(u)AC(l —u)AC (1 + T u) Bi(1 —ziu) -+ Bp(l — zpu)
u#l
=e(twy - x,)AC(-1) Z A(w)AC(1 —u+ut)B1(1 — zqu) - - - Bp(1 — zpu)
u#l
— A(1 (n) A;Bla"'aBn z1 In
=e(t)A(1 —t)Fp ( c - ’1—t>

—ée(zy - 2p)AC(—t)B1(1 — x1) - - - Bp(1 — @),
which ends the proof of Theorem

Theorem reduces to [9, Theorem 4.1] when n = 2.

Setting n = 1 in Theorem we get a generating function for the Gaussian hypergeo-
metric series 9 Fj.

O

Corollary 4.1. For any characters A, B,C € @q,x € F, and t € F,\{1}, we have

> (BQCH)?Fl <A’CBHI$> 0(t) = e(t)B(1 — t)2F1 (A’CB‘ ’ > —e(x)BO(—t)A(1 — z).

1—t
0
We also give another generating function for the Lauricella hypergeometric series over
finite fields.

Theorem 4.2. For any characters A,By,--- ,B,,C € @q,m,

...’an]an/nth]Fq\{l}a
we have
B,0 n (A; By, ,Bp_1, B0
3 () (4 P o
%
_ n A;Ba"'an—’Bn In
:<q—1>e<t>Bn<1—t>Fé)< e “”“H)

—(q—De(z1--2p1)Bn(—t)B1 -+ B 1C(2,)AC(1 — 2,) By (xr, — 1) -+ - Bt (T — 1) -

Proof. 1t is obvious that the result holds for x,, = 0. We now consider the case x,, # 0. It
follows from [0, Corollary 3.16, (iii)] that

> (50 (BeMow = -1 (<0Bx.0 -0 (P) - Bun).

0 Xn
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Then, by (32),

Bne (n) A;Bla o 7Bn—17Bn6
Z 0 Fp

C
9

x, ,:rn> 0(t)
e, 2, () ) (R e e
()R

e(t)Bn(1— 1)

B (q—1)n—1 Xl;}( <CX1 X Y1 Yn x1(21) - Xn—1(Tn—1)Xn

1-t¢
e N s

A\ Cx1 -+

C

DI () () () (52)

= (¢ — De(t)Bn(1 — t)F <A; By,--+,Bn-1,Bn

— (= 1De(a1 - n1)Bn(—t)C(zn)AC(1 — 2,,) By (1 - xl) - Ba (1 - "”“‘1) ,

from which the result follows. This finishes the proof of Theorem

When n = 2, Theorem 4.2 reduces to [9, Theorem 4.2].

Taking n = 1 in Theorem we can easily obtain another generating function for the
Gaussian hypergeometric series o F.

Corollary 4.2. For any characters A, B,C € @q,x € F, and t € F,\{1}, we have

£ (0)n (4

0

C |1-¢
— (¢ — 1)A(=t)C(z)BC(1 — z).

55> 0(t) = (¢ — De(t)A(1 — t)2Fy <A>B‘ r )

The following theorem involves another generating function for the Lauricella hypergeo-
metric series over finite fields.
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Theorem 4.3. For any characters A, By,--+ ,B,,C € ﬁq,svl, oo, xp € Fgandt € F\{—1},

we have
Z ACH 7 A; By, -, By,
n 0 D co

o, :c) (1)
— _ el (n) A;Bla"'aBn z1 Tn
— (0 DTy (B Bl )

— (¢ —1)AC(=t)e(x1 - 2p)B1(1 — 21) -+ Bp(1 — ).
Proof. Tt is easily seen from [6, Corollary 3.16, (iii)] and (2.1), (2.2)) that
ACH\ (CXy -+ Xn¥ Ax1- xn —
— 0(—t)=(¢g—1 AC(—1)e(t 1+t
S (%) (Moo =@ (@0 acenwen w0
— (¢ = DAC(1).
Combining , and the above identity, we obtain
ACH (n) (A;Bi,---,By

Z( 9 >FD < o X1, ,xn | O(t)

0

~an = () () ) (ot -t

X1 Xn
X155 Xn

= T o Xn\dn — 0(—t

(¢—1)r X;:M ( X1 ) < xn D)l )29: 6 aco )Y
_ 6(t)6(1 + t) <AX1 T Xn> <B1X1> (Ban> < x1 ) < Tn )
RSV X1;><n Cxa--xn) \ X1 xo )\TwE) T

AC(-t) <BlX1> <Ban)

(q— D! %: ) ; o )X
— — ol (n) AaBla aBn T Tn
— (0 DeC - org) (B0 Bl )
— (¢ —1)AC(-t)e(x1 - mp)B1(1 — x1) -+ Bp(1 — ).

This concludes the proof of Theorem 0

Putting n = 2 in Theorem we get the following result which is a generating function
for the finite field analogue of the Appell series F}.

Corollary 4.3. For any characters A,B,B',C € @q,az,y € F, and t € F\{—1}, we have

ACH _ — _ = .np.c " Yy
26: < 0 )Fl(A,B,B :CO;z,1)0(t) = (g — De(t)C(1 4+ t)Fy <A, BB C; T 1+t>
— (¢ —1)AC(—t)e(ay)B(1 — z)B'(1 — y).

Letting n = 1 in Theorem yields a generating function for the Gaussian hypergeo-
metric series o Fj.
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Corollary 4.4. For any characters A, B,C € @q,x €F, and t € F,\{—1}, we have

3 (359>2F1 (Ac’f x) 0(t) = (q — D)e(t)C(1 + t)o (A’CB ‘ z )

5 1+1¢

— (¢ —1)BC(~t)e(x)A(1 — ).
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