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If a vector basis is made up of matrices, the number of matrices must equal the dimension of the basis and they must be
linearly independent.

Thus, each of {( Lo )( 01 >} and {( Lo )( 0 - )} form a basis of dimenson 2.
01 1 0 01 1 0

Since the matrices of these bases are both 2-square, it is a simple matter to determine a transformation function between
the two representations of the same space.

Things are more complicated when the basis sets contain square matrices of differing sizes
(that is: n-square and m-square, m + n ).

Define the augmentation function on two matrices with the same number of columns as follows:

A
aug(A,B) = ; where A & B are block matrices of the resulting matrix:

B
A

= aug(A,B)
B

So, if A,B,C all have the same number of columns:
A

aug(aug(A,B),C) = B exists.
C

Thus, if aug(A,B) exists and B is a square matrix, then aug(A”,B) exists, and:

A
aug(A,B) = [~ | = aug(A",B) = (ATiB)
B
(since AT has the same number of rows as B).
Similarly:
If aug(A,B) exists and B is a square matrix, then aug(A”,B) exists, and:
A
aug(aug(A,B),C) = | B | = aug(aug(AT,B),CT) = (ATEBSCT>
C

Define: 0., as a m x n- zero matrix (with matrix entries all zero).
Define 0, asthe n-square zero (additive identity) matrix (with matrix entries all zero).
Define 1, asthe n-square (multiplicative) identity matrix (5¢)

Omn .
Thus, for n-square matrix A : aug(0,.;A) = ( A > = aug(0},;A) = (On,m:A)

Similarly:
Thus, if aug(A,B) exists and A is a square matrix, then aug(A,B”) exists, and:
A T
aug(AB)=| = | = aug(A,B") = (AiB")
B

(since B” has the same number of rows as A ).

Thus, for n-square matrix A : aug(A;0,,,) = ( > = aug(A,0;,,) = (A:0, )

m,n

Thus, the following matrices may always be formed:

0, .
aug(om,n;ln) = ( ’ ) 5 aug(oiz;l,n;ln) = <0n,m11n>

L,

I, .
aug(In;Om,,,) = ( ) ; aug(In’()??;,n) = <I": 0n,m>

Om,n

Theorem 1:
For n-square matrix basis {A;} & m-square matrix basis {B;} each of dimension M :
a relation exists between the components of bases {A;} and <{B,} .



proof :
Without loss of generality, let: n < m :
n<m= JkeN suchthat:n+k=m
Form the matrices (n+ 1)-square matrices:

01, )
aug(0y,;1,) = ( 11’ > & aug(0f,:1,) = (0,1,1 :In>;Vi,1 <i<n

n

L, )
aug(1,;0,,,) = ( 0 ) & aug(1,,07,) = (L:0,,);Vil <i<n

1,n

and the set:

{( OI"" >A,-(0n,l L) +< OI" >A,~<I,,50Lm>};w,l <i<n
n 1,n

This is a set of (n + 1)-square matrices; the first term of which has zeros appended
to the left column and top row of each A; , and the second term of which has zeros
appended to the right column and bottom row of each A; .

Applcation of this process k-times results in a set of (n + k)-square matrices; i.e. m-square matrices.
Whenever they form a M-dimensional basis a transformation exists relating the components of bases
{A,} and {B,} .

01, ) L, )
Since each of the sets {( Il’ >A,-<0n,1 :IJ} & {( 0 )A,-(I,,:Ol’m)};w,l <i<n
n 1.n

are each sets of m-square matrices and {B,;} is a basis of m-square matrices; then each may be expressed as a
linear combination of the base vector matrices of {B;} - yielding a relationship between {A;} and {B;} .
O

Examples:
example 1:

For n =2, usingthe 2 x2 SU(2) spin-% Pauli matrices [1], with M = 3:

01 0 -1 1 0
SI,Z = =0 , SZ,Z =1 =02 , S3’2 = = 03
1 0 1 O 0 -1

and the n =3 3 x3 spin-1 matrices [1], with M = 3:

010 0 -1 0 10 0
Sl,3:ﬁ 101 ,52,3=f 1 0 -1 , Saza=| 00 0
010 01 0 00 -1

Performing the theorem 1 operations on the S;, vyield:

//000\/000\/000\\
< oot | oo0-1 |f 01 0 |
\oto /) o1o J\oo-1/
((o10 (o010 100Y)
| 1oo0 [ 100 || 0-10 |
\ooo/J\ooo/\0oo0o0 )]
/010 0 -1 0 1 0 O
< 101 | 10 -1 || 000
010 01 0 00 -1
\\§
So:
/010 000 010
Sa=—=| 101 [=—=|| 001 [+ 100
ﬁ\o1o V2 010 000
(00 010 LY 100
- L 10 sl,2< >+ 01 Su( )
ﬁ_ o 00 1 - 010
1 0112
— % Z IZ Sl,z <02,1—h 312 02,h>
=0
0,2
0 -1 0 00 0 0 -120
_ L -1 |=-L -
82,3_\/5 1 0 -1 7 00 -1 +



010 1o
2% Sz,2<001>+ 01
0 0
. 01-n2
1 . .
= f % IZ S2’2 (02,1_}, :Iz : 02,h>
0,2
/10 00 0 10
S35 = 00 = 01 0 + 0 -1
\()o -1 00 -1 0 0
/()0 10
010
= 1 0 |Ss2 + 01 NED)
00 1
\()1 00
0152

1
- Z I2 Ss» <02,1—h ) 02,h>
=0

05

are transformation equations between spin-

Thus, for:

7 = Sl’zz% + 82’2Z2%
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D

- O O

,zzll + Sz’zzi + S3,2Z3l :| <
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’QZIL + SZ,ZZi + S3’2Z*1 i| (
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7]
»
)

1
2

+ S3,ZZ3L = 81’3Zi + Sng% + S3’3Z%
2
10
0 1()) ( 10
+ 01 Z
00
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010
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1 00
010

Soo (

0
0
0

1 00
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1 00
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)

)

and spin-1 bases.

0
0

)

)
)

00
010 0 1
Zi+] 1 0 [S22
0 01 2 00
01
010 ).,
Z5 +
001 2
1 0
1 00 1 0
Z\ + 1 |S22
010 2 01
0
IOOZi
010 2
1 0
010 / \ 1 0
001Z%+ OIS1,201
\ 00 )
010 /10\ 1 0
<001>Z2%+ 01 S2,2<01
\ 00 )
1 0
010 / \ 1 0
00123%-{— 0183,201
\ 00 )
(100
010 1 0
1,2001 + 0151,201
\ 00 )
1 0
010 / \ 10
001 )7L O 52l o
\ 00 )
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00
+ 10 S3,2<
01

010
001

>+

1 0
01
00

S3,2<

1 00
010

= S13V2Z + 8234273 + 85373 = S13Z} + 82373 + 85373
2 2 2

Zl = ,/Ezl%
= 73 = ﬁZZ%
VAR Z;
example 2:

)

ZS

L
2

For n =2, usingthe 2 x2 SU(2) spin-% Pauli matrices [1], with M = 3:

0 1 [0 -1 1 0
Sip = Lo =0'1,Sz,2=l1 =02 , S3p = 0 1 = 03

andthe n=4 4x4 spin-% matrices [1], with M = 3:

/oﬁo 0 0 -3 0 0
S_lﬁozo S__ﬁo-zo
T2l 0 2 003 |02 0 2 0 -3 |

\o 0 J3 0 0O 0 J3 0

/300 0

01 0 0
Ss5= % 00 -1 0

\000—3
Again, performing the theorem 1 operations on the S;, yield:
(Fooo0oN /000 N/ 000 \)
<l oo1 [if oo-1 |.] 010 >
\\010/\010/\00—1//

(Fo1 0N/ o0o-10N/100))

< 1too0 [ifi 1 oo [|.|] 0o-10 |>
\\000/\000/\000//
Performing them to these, yields:

(foo000) /0000 N/ 0000 \)
J 0000 || 0000 000 O §

0001 || oo00-1 1] o001 0
\\0010/\0010/\000—1//
(fo000N /000 0N/ 0000)\)

J 0010 || 00-10 01 0 0 §

0100 || o1 oo || 00-10
\\0000/\0000/\0000//
(o100 o0-100N/1000)\)

J 1000 | f 1000 0 -1 00 §

0000 |'| o000 || 0000
\\0000/\0000/\0000//
(Ffoo000N /000 0N/ 0000)\)

J 0010 || 00-10 01 0 0 §

0100 || o1 oo || 00-10
\\0000/\0000/\0000//

So: -
0 J3 0 0 0000 0100

1| B o2 0 1 0010 1000
Sl Y 2 0 3 212 o100 T 000

0 0 J3 0  \ 0000 0010

/00 10

3 00 0010 0 1 1000
) 10 Sl’2<0001>+ 00 Sl’2<01oo>

|\ 01 00




0100 0100
Sl,2 + Sl,2
0010 0010

02_;,,2 02—h,2
1 2
= Z ap I, Sl,z <02,2—h 12 02,h> + Z Ar—p I Sl,2 <02,2—h IZ 02,h>
P

\ 052 / 052
/ 0212 \ 0,2

1 1
= Zah I, Si2 <02,2—h 312 02,h> + Zah I, Si2 <02,h 12 02,2—h>
=0

\ 0,2 / 0212

+
[ |

o O = O

S = O O

o O = O

S = O O
[ |

0212 052
1
Si4 = Zah I Si» <02,2—h IZ 02,h> + I, Si» <02,h IZ 02,2—h>
=0
0,2 0212

an = %‘/(m DR+ 1) - (h+2)] , (he{0,1}) (e {1,2})

/300 0 [ /30 0 0 000 0\ |
1l 01 | 30 04 0 0
S3,4=§ 25 +
00 -1 0 3 00 -4 0
\000—3 0 0 0 -3 00 0 0
/10 0 0 00 0 0\ |
| 0 -10 0 01 0 0
=3 +4
2 0 01 0 00 -1 0
0 0 0 -1 00 0 0

So, this technique works; but the factors become different than the usual ones obtained from the commutation rules.
Thus, a better way is found via a generalization of the above techniques.
Any matrix may be constructed by appending n-tuples: a; = (aji,ap,...,aj,)

a)
az
aug(...(aug(aug(a,az),as),...),a,) =
a,
So:
(1,0)
1 0
0,.2 and i US B exist.
0 1
0,1)
and, so:
/30 0 /300 0 000 0\ |
TR | 000 0 01 0 0
S3,4 = = = = +
2 00 -1 0 2 000 0 00 -10
\000—3 000 -3 00 0 0
/100 0 000 0\ |
| 000 0 01 0 0
== 3 +
2 000 0 00 -10
000 -1 00 0 0
/1,00 (00 )
S3,4 = %< 3 02’2 S3’2 ( 0 >Ozz< 1 + I, S3,2<02,1 312202’1> >
L\ oD ) 1L\ 02 ) 1)
- . — 1
/ (1,0) \ / 012 \
e 1 0 ..
S34 = %< 3 02> S32 ( 0 >202’2 ( 1 + I, S3,2<02,1 512502’1> >
L\ @D J 1L\ 02 ) 1)




o —
(1,0)

1
= Zah 02—2h,2 SS,Z <02,h (1,0) 02,2_2;1 (0, 1) 02,}, >

h=0
0.1)
L\ O ) |

ap=s—nh . (he{0,1})

Note: s:%l@nzzwrl

example 3:
For n =2, usingthe 2 x2 SU(2) spin-% Pauli matrices [1], with M = 3:

01 {0 -1 1 0
Sip = =061 , Swpp=1i =02 , S3p =
1 0 1 0 0 -1

andthe n=6 6x6 spin-% matrices [1], with M = 3:
70 55 0 0 0 0
JS5 0 22 0 0 0
1 0 22 0 3 0 0
S92 0 0 3 0 27 o ’
0 0 0 22 0 J5
\o 0 0 0 ﬁo/
70 =55 0 0 0 0
J5 0 2/2 0 0 0
Spo = L 0 2/2 0 -3 0 0 ’
21 o0 o0 3 0 22 0
0 0 22 0 -5
\0 0 0 0o J5 0/
/5000 0 0 \
030 0 0
SM:% 001 0 0
000-10 0
000 0 -3 0
\00000—5/
So:
(/010000 ) 000000\ [
10000 0100
S=ld 3 00000 2/ 1000 3
2 00000 0001
000001 0010
\\000010/ \00000 / \

/ 002 \
(1,0)
- {5 002 (85200205 (10):0,,1(0.1)F 0,,) +
0,1)
\ 0‘(.).,2 /
/ 012 \

(1,0)

+2J2] 002 [S32(021:(1,0):0,,:(0,1): 0, )+
(0.1)

N

S O O O o O
S O = O O O
S O O O o O

S O O = O O




+3

N

Ss,z<02,2 :(1,0):0,,:(0,1): 0,, >}

S32(024:(1,0):0,,,:(0,1)1 0,, )

a = L[ DRGT D -G D] . (e {012} (e{l2))

S O O o o O

’ (100000 (00000 0) 00
00000 O 01000 0 00
S3’6:%<5000000 L3l 0000 00 0 1
00000 O 0000 0 0 00
00000 O 0000 -10 00
\\00000—1/ \000000/ 0 0
/ 002 \
(1,0)
- %{5 0.5 $35(050:(1,0)10,,1(0,1)F 0, ) +
(0‘,“1)
\ 0.(;;2 /
/ 0.2 \
(1,0)
+3 0;,2 S32(021:(1,0):0,,:(0,1): 0,, )+
©.1)
\ 0‘;,2 /
/ 022 \
(1,0)
+3 0.512 S32(022:(1,0):0,,:(0,1) 02’2)}
(0‘,“1)
\ 0;,2 /
_/ 052 \ ]
(1',”0)
= Zz’,ah 04:§h,2 S32(024:(1,0):0,,,,:(0,1): 0,, )
. (0.,”1)
AN |
an=s—h , (he{0,1,2})
example 4:

For n =2, usingthe 2 x2 SU(2) spin-% Pauli matrices [1] & I, , with M = 4:
01

0 -1
Sip = =01 , Swp=1i =02 ,
10 1 0
1 0 1 0
S3o = =03 , S4z = =L
0 -1 0 1

and the n = 4 4 x4 quaternion matrices [2], with M = 4:



F00 0 -1\ /0100
| 00 -1 0 | -10 0 0
Ta=1 01 0 o0 s o001 |’
\1000/ \00—10
700 -10 /1000
00 0 1 0100
STl o 00 |0 0010 |TM
\0—100/ \0001
So:
00 0 -1 0000 0001
| oo-10o | | 0000 0010
D=1 9100 | o100 | | 0000
100 0 1000 0000

0, ) I )
= - Jour(Ii0,) —| - |e1(0:iL,)
Iz 02
01 0 0 0-100 00
-1 0 0 0 1 00 00
94 = - B
00 0 1 00 00 000 -1
00 -10 00 00 001 0
I ) 0> )
= () <Iz : 02> - (o)) (02 i
02 IZ
00 -10 00 00 001 0
oo o1 | | 0000 000 -1
a4 1 0 00 1 0 00 000 0
0 -1 0 0 0 -100 000 0
0, ) I )
= - Jos(Ii0,) —| ~ |e3(0:iL,)
Iz 02
10 1000 0000
| o | oroo | | 0000
Qag = 24 00 0000 0010
0001 0000 0001
I ) 0> )
= | <12 : 02> + | <02 : Iz>
02 IZ

If a homomorphism is desired beyond the vector space isomorphism, a suitable m x m matrix linear transformation matrix
may be applied (see [3]).
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