Some Solution Strategies for Equations that

Arise in Geometric (Clifford) Algebra

Jim Smith
QueLaMateNoTeMate.webs.com
email: nitacl4b@yahoo.com
LinkedIn Group: Pre-University Geometric Algebra,

October 4, 2016

Abstract
Drawing mainly from Hestenes’s New Foundations for Classical Me-
chanics ([2]), this document presents, explains, and discusses common

solution strategies. Included are a list of formulas and a guide to nomen-
clature.

L

(a—0b),

“Find the point of intersection of the line (x —a) Au = 0 and the
plane (y —b) AB =10.”


http://quelamatenotemate.webs.com/
https://www.linkedin.com/groups/8278281

To clarify: When a vector a lies
within the plane defined by B,
aANB=0; .aB=a-B.In
that case, Ba = —aB because
B-a=—a- B. This is why (as
we'll see later) ia = —ai in 2D
GA.

1 Nomenclature and other comments

o Lower-case Greek letters (e.g, «, 3,7) represent scalars.

e Bold, lower-case Roman letters (a, b, ¢ etc.) represent vectors.
EXCEPTION: The bolded, lower-case “¢” is the unit bivector.

e Bold, capitalized Roman letters (B, C, D) represent bivectors.
EXCEPTION: The bolded, upper-case “I” is the pseudoscalar for the
dimensionality of GA in use. When necessary, it is subscripted with that

dimensionality. For example, I is the pseudoscalar for 4-dimensional GA.

However, “I,” is represented by the bolded, lower-case “¢”, and “I3” is

represented by the non-bolded, lower-case “i”.

e As noted above, the non-bolded, lower-case “i” represents the 3D GA
pseudoscalar.

e Upper-case, non-bolded Roman letters (A, B, C') represent multivectors.

2 GA formulas and identities

The Geometric Product, and Relations Derived from It

For any two vectors a and b,
a-b=b-a

bANa=-aAnb
ab=a-b+aNnb
ba=b-a+bANa=a-b—aANb

ab+ba=2a-b
ab—ba =2aNb
ab=2a-b+ba
ab=2aANb—ba

For a vector v and a bivector B,
aB=a-B+aNB
B-a=-a-B

BANa=aANB

For a vector v and the bivector a A b,
v-(aAnb)=(v-a)b—(v-b)a.
(anb)-v=(v-b)ja—(v-a)b.

For any bivector a A b,
[aAb]®> = (a-b)® —a%b? = —|laAb|2.

Definitions of Inner and Outer Products ([I] , p. 101.)

The inner product

The inner product of a j-vector A and a k-vector B is



A-B = (AB)y_;. Note that if j>k, then the inner product doesn’t exist.
However, in such a case B- A = (BA);_ does exist.

The outer product
The outer product of a j-vector A and a k-vector B is

Relations Involving the Outer Product and the Unit Bivector, i.

For any two vectors a and b lying within the plane of the bivector z,
ta = —at

aANb=][(ai) - bli=—[a-(bi)i=—-bAa.

See also the earlier comments regarding a - B = —B - a.

Some properties of the pseudoscalar I, ([I], p. 105)
In2 — (_1)n(n—1)/2 )

I, = (-2,

For vector v and pseudoscalar I,

ol, = (-1)""' I v.

Equality of Multivectors

For any two multivectors M and N,

M = N if and only if for all k, (M) = (N);.

Formulas Derived from Projections of Vectors
and Equality of Multivectors

Any two vectors a and b can be written in the form of “Fourier expansions”

with respect to a third vector, v:
a=(a-0)v+[a-(vi)]viand b= (b- )0+ [b- (vi)] vi.
Using these expansions,

ab={(a- )0+ [a- (9)] i} {(b- )0+ [b- (05)] ¥i}

Equating the scalar parts of both sides of that equation,
a-b=[a-9|[b-0]+[a- (0i)][b- (3)], and
anb={la-o][b- () — [a- (4)][b- (94)]} 3.

Also, a® = [a - 9> + [a - (99)]%, and b2 = [b- 0])° + [b- (03)]°.

Reflections of Vectors, Geometric Products, and Rotation operators
For any vector a, the product vav is the reflection of @ with respect to the
direction v.

For any two vectors a and b, ®ab® = ba, and vabv = v2ba. Therefore,
ve’d = e % and velv = v2e Y.

A useful relationship that is valid only in plane geometry: abc = cba.



An alternative solution for ay,,
starting from

(a+ apu) Av = (b+ Bpv) Av:

apuAv=(b—a)Av;

ap [(ui) -v]i = {[(b—a)i] - v}

o b-aiw
P (ui) -v
_ (b—a) - (vi)

Here is a brief proof:

abc={a-b+aAb}c
={a-b+[(ai) - bli}c
=(a-b)c+[(ai) - blic
=c(a-b)—c[(ai)-b]i
=c(a-b)+cla-(bi)]i
=c(b-a)+c[(bi)-a]i
=c{b-a+|[(bi)-a]i}
=c{b-a+bAa}

= cba.

3 The Equations, and Their Solutions

Unless stated otherwise, the unknown in each equation is x.

3.1 Find the point of intersection of the lines x = a + au
and y = b + [v.

We'll solve this problem by identifying the values of scalars a and g for the
vector p to the point of origin. First, we write

p=a-+o,u=>b+ 5y,

where o, and (3, are the values of o and /3 for the point of intersection p,
specifically . Next, we use the exterior product with v to eliminate the [ term,
so that we may solve for a,:

(a+apu)Av=(b+ B,v) Ao
ap =[(b—a)Av](unv)".

Similarly, we solve for 3, by using the exterior product with u to eliminate the
o term:

(a+apu) ANu=(b+ Fv) Au
By=[(a—b)Au](vAu)""
=[(b—a)Au](urv) ",

3.2 Solve the simultaneous equations a Ax = B,c-x = «a,
where c-a #0. ([2], p. 47, Prob. 1.5)

A straightforward solution method is to write @ as the linear combination x =
Aa + pe. From there, we use the given information to derive a pair of equations



for the scalars A and u:

T = \a + uc;
aANxz=B=_paAc

c-T=a=M\-a+ puc,

etc. A similar problem was treated at length in [3] as a vehicle for introducing
and examining several GA themes.

3.3 Equation: ax +a(x-b)=c ([2], p. 47, Prob. 1.3)

Our first impulse might be to obtain an expression for  Ab, in order to combine
it with «-b to form the geometric product xb. Instead, we’ll derive an expression
for @ - b, which we will then substitute into the given equation;

ax+a(x-b) =c
{ax+a(x-b)}-b=c-b;
ar-b+(a-b)(x-b)=>b-c
(a+a-b)xr-b=>b-c
b-c
e

Now, we substitute that expression for « - b into the original equation:

(wa)
art+a| —— | =¢
a+a-b

xr =

e (e

3.4 Equation: ax+x-B = a , where B is a bivector. ([2],
p. 47, Prob. 1.4)

Q| =

Following [2], p. 675, our strategy will be to obtain an expression for A B
in terms of known quantities, so that we may then add that expression to
z - B (=a— ax) to form an expression (again in terms of known quantities)
that is equal to the geometric product € B. The key to the solution is recognizing
that (x - B)AB = 0. One way to recognize this is by factoring B as the exterior
product of some two arbitrary vectors w and v that lie within the plane that it
defines:

[x-B]AB=[z-(uAv)]A(uAv)
=[(z-w)v—(r-v)ulAuAv

=(x-u)vAuAv —(z-v)uANuAv

For comparison, see the problem
axr+bxx=a,

in Section [3.5]



The equation to be solved:
ar+x-B=a.

—aB+aANB=—-a-B.

Here, we see a useful, common
maneuver: (a-B)A B =0, so

(a-B)-Bisin fact (a- B) B.
Similarly, when (a - B) - B =0,

(a-B)ABis (a-B)B.

Next, we make use of the relation we’ve just found (i.e., (z - B) A B = 0)
by “wedging” both sides of the given equation with B:

ar+x-B=a
(ax+x-B)AN B =aA B;
ar ANB+0=aA B,

", :B/\B:l(a/\B).
et

Now, we’ll return to the equation that we are to solve. By adding & A B to the
left-hand side, we’ll form the term x B.

1
ar+x-B+xzAB=a+ —(aAB);
&

=xA\B
aermB:aJrl(a/\B);
e
1
m(a+B):a+&(a/\B);
- 1 _
z(a+B)(a+B) ' = {a—ka(a/\B)} (a+B)™";

v {aa—%a/\B] [ a—B ];

a a? + || BJ|?
=(a+B)~!
_o’a—aaB+aaAB - (aNB)B
- a(a? + || B?)
_o*’a—oa-B—(aNB)B
B a(a? + || BJ?)

Checking that solution by substituting it into the given equation raises
some instructive points. We’ll begin by making the substitution, and some
initial simplifications:

2. X _ 24 _ . _
aa:+:c-B:a{aa aa - B (a/\B)B} {aa aa - B (aAB)B}.B

a(a?+|B|]?) a(a? +[|B?)
a*a—a?a-B-a(aANB)B+a’a-B—-a(a-B)-B-[(aAB)B]-B
B a(a® + | B?)
:a?’afa(a/\B)Bfa(a~B)~B7[(a/\B)B]~B (1)
a(a? +[|B?) '

Let’s look, now, at some of the terms in the numerator. First, the product
a - B is a vector. The geometric product of a vector v and bivector M is the
sum v- M +vA M. Therefore, the geometric product of the vector a- B and the
bivector B is (aB)-B = (a- B) - B+ (a- B) A B. We've already established
that (a - B)AB =0 . Thus, (a-B)-B = (a- B) B. Making this substitution



in Eq. ,

=a(anB)-B

—_——
a*a—a(aNnB)B—-a(a-B)B-|[(aNB)B]-B
ar+x-B= 5 5 .

a(a?+||BJ?)

Next, we note that

a(aAnB)B+a(a-B)B=a(a-B+aAB)B
=a(aB)B
= —aa|B|?.

Therefore,

o*a + aa||B|? - [(a A B) B]- B

axr+x-B =
a(a?+|B|?)

Finally, let’s look at the denominator’s term [(a A B) B]- B . The product
(a A B) B evaluates to a vector; specifically, it’s a scalar multiple of the com-
ponent of a that is normal to B. (In [2]’s words, of “a’s rejection from B”, p.
65.) Thus, [(a A B) B]- B is the inner product of the vector (a A B) B and the
bivector B. For that reason,

[(aAB)B|-B = ([(a A B) B] B),

=—||B|*
A=
= 32 <CL A B>1
=0.
Using that result, we can write

=0
——
oa+aa|B|?*-[(anNB)B]-B

ar+x-B =
a(a®+|BJ]?)

= a.

3.5 Equation: ax +bxx =a. ([2], p. 64, Prob. 3.10)

Even though the familiar cross product (“x”) is not part of GA, [I] and [2]  Note this problem's resemblance
spend considerable time on that product for contact with the literature that  to that presented in Section
uses conventional vector algebra. In GA terms, the product w x v (which (3-4).
evaluates to a vector) is said to be the “dual” of the bivector a A b, and is
related to it via

uUXv=—iuAv.

Therefore, the equation that we’re asked to solve can be rewritten as

ar—i(bAx)=a,or

ax+i(xAb)=a.



As [2] notes (p. 47), in such a problem we should try to eliminate one of the
terms that involves the unknown. How might we do that here? We know from
conventional vector algebra that bx @ evaluates to a vector that’s perpendicular
to both « and b. Therefore, [i (x A b)]-b should be zero. Let’s demonstrate that
via GA, bearing in mind that [i (@ A b)] - b is a dot product of the two vectors
i(xAb)and b:

i (xAb)]-b

(li (x A D) b)o

([i (b —x - b)] b)o
(ixb® — (- b)ib)g
0,

because the product of 7 with any vector evaluates to a vector. Now, using the
fact that [i (x A b)]-b = 0, we can obtain an expression for b from the original
equation:

ar+bxx=a

ar-b+bxzxz]-b=a-b

Whenever we can obtain an expression for « - b readily, we should consider
trying to obtain one for @ A b as well. In the problem on which we’re working,
we can obtain one from our “translation into GA” of the given equation:

ar+i(xAb)=a
i(xAb)=a—ax
—ii (x Ab) = —i(a — ax)

x ANb=aix —ia.

We may be concerned that the expression that we just obtained for & A b
contains x itself. That might be a problem, but let’s find out: let’s add our
expressions for x - b and A b, and see what happens.

-b
:1:~b+a:/\b:a—+aia:fia
o

a-b

b = — + aix — ia
o
. a-b |
b — aix = — — ia
o
. a - .
b — xai = — —ia.
o



In that last line, we used the fact that ix = xi. Proceeding,

=(b—ai)~?!
_(a-b)b+a(a-b)i—aiab+ a’a
B a(a? +b2)
_(a-b)b+ai(a-b)—ai(a-b+aAdb)+a’a
B a(a? +b?)
_(a-b)b—ai(aAb)+c’a
a(a? + b2)

3.6 Find the “directance” d from the line (x —a) Au =0
to the line (y — b) Av =0. ([2], p. 93, Prob. 6.7)

As [2], p. 93 tells us, “The directance from one point set to another can be
defined as the chord of minimum length between points in the two sets, provided
there is only one such chord.” Reference [2] solves the present problem from a
very “algebraic” point of view. In contrast, the solution presented here uses our
visual capacities to help us. First, we’ll look at two coplanar lines (Fig. [1)) that
have the directions u and v, and intersect in some point p.

Figure 1: £; and Ly are coplanar lines that have the directions u and v, re-
spectively, and intersect in some point p .

Now, let’s examine a parallel plane (Fig. [2)) through the point p’ (= p’ + d),
where d is a vector perpendicular to both planes. Through p, we’ve also drawn
the line L3, which is parallel to £5. We’d almost certainly conclude, intuitively,
that d is the directance from £ to L£3. However, let’s demonstrate that our
intuition is accurate, using GA.

Consider the distance between an arbitrary point g along £1, and an arbi-
trary point s along L£3. Writing those points as ¢ = p+ Au, and s = p+d+~v,

A reminder:

“2" is I, but “i" is I3.
For any vector v,

tv = —vt, but v = vr.

In this solution, we'll see many
places where the symbol for a
vector (for example, p) is used
ambiguously, to refer either to
the vector itself, or to its
endpoint. In each such instance,
we rely upon context to make
the intended meaning clear. On
a related theme, Hestenes's
observations (|2], p. 80) on the
correspondence between vectors
and physical space are highly
recommended reading.



Here, we use the fact that
(x —a) Au =0 if and only if
x — a is a scalar multiple of u.

Figure 2: The plane shown in Fig. plus a parallel plane that contains the
point p’ (= p+ d), where d is some vector perpendicular to both planes. The
line L3 is parallel to L2, and passes through the point p’. In the text, we show
that d is the directance from £ to L3.

the square of the distance between them is

I (P +d+7yv) = (p+ M) || = [|d+ (yo — du) |2
=d>—2d- (yv — \u) + (yv — \u)®.

Because d is perpendicular to both w and v, it is perpendicular to any linear
combination thereof. Therefore, the dot-product term is zero, making the square
of the distance between q and s equal to d? + (yv — )\u)Q. That quantity is
minimized when v = A = 0; that is, when the the points ¢ and s are p and p’.

Thus, the directance is, indeed, the vector d shown in Fig. Now, we
need to find out how we can determine d given that £1 = (x —a) Au =0 and
L3 =(y —b) Av =0. Let’s see what insights Fig. [3| might offer.

From that figure, we can see that d is the “rejection” (in the words of [2],
p. 65) of the vector b — a from the plane containing £1. That rejection is equal
to [(b —a) A B] B™!, where B can be any positive bivector that has the same
orientation as the plane. One such bivector, clearly, is u A v. Putting all of
these ideas together,

d=[b—a)A(uAv)](uAv) " .

3.7 Find the point of intersection of the line (x — a)A\u =0
and the plane (y — b) A B=0. ([2], p. 93, Prob. 6.6)

One simple way to solve this problem is to write the line’s equation as © =
a + Au. Now, let p = a 4+ A\,u be the point of intersection. Then, from the

10



Figure 3: The same lines and planes as in Fig. [2| plus a point a along £; and a
point b along L3. Given these points, we can now write that £, = (x — a)Au =
0 and L3 = (y —b) Av = 0. The text explains that d, the directance from £,
to L3, is the “rejection” of the vector b — a from the bivector u A v.

equation for the plane,
(a+Xu—b)AB=0,
from which

MpuAB=(b—a)AB,
A =[(b—a)AB](unB)",

andp:a—i—{[(b—a)/\B] (u/\B)fl}u.

That result probably reminds us of the one presented in Section [3.6] , so
let’s seek a geometric interpretation of our solution. For example, Fig. |4 .

From that figure, we can deduce that the “\,” in A, = [(b—a) A B] (u A B) ™"
must be the ratio (with appropriate algebraic sign) of the lengths of the vectors
(a —b), and u,. Let’s work with that idea a bit:

Apur =—(a—b),;
M (uAB)B ' =—[(a-bAB]|B™;
Ap (WA B) =[(b—a) A BJ;
Ap=[(b—a)AB](urB)",

which agrees with the answer that we obtained algebraically.

11

Why the negative sign? Because
the vertical displacement Au
from a to p is in the direction
contrary to (@ —b) | .



See also the problem presented
in 3.10]

Figure 4: Point p is the intersection of the line (x — a) A u = 0 and the plane
(y — b) A B = 0. The vector u, is perpendicular to that plane, and is equal to
(u A B)B™'. Similarly, (a —b), is equal to [(a —b) AB] B~ .

3.8 Solve for z: (a—x) ' (b—x) = X’ = 0. ([2], p. 96,
Prob. 6.22)

Here, the fact that (a — )" = (a — ) /||a — «||? is unhelpful. Instead, we
proceed as follows:

(@a—x) " (b—x) =\
b—z=M\(a-—x)e"
z e’ —x=Xa—b

x = (\a —b) ()\eei - 1)_1

= (\a—b) {2(?6—100519)]

3.9 Assuming that we know |vg||, but not vy’s direction,
1
determine t given that gAr =1 (g A vy) and r = §gt2 +
vot. ([2], p. 133, Prob. 2.1)

This problem is from [2]’s treatment of constant-force problems; specifically,
t is the time of flight of a projectile that will land at point r if fired at velocity
vo.

Because we know ||vg||, a reasonable first move is to make that quan-
tity appear, somehow, by manipulating the given equations. Perhaps counter-

12



intuitively, we’ll start from g A r =t (g A vo) rather than from r = %gt2 + vot:

(gAr)? = [t(g Avo))

2 2
(g-7) = g%% =% [(g - vo)” — g*uo”

Are we making progress? We’ve obtained a vg? term, but we’ve also intro-
duced an unwanted quantity: g-vo. However, using the other equation that we
were given, we can obtain an expression to substitute for g - vg:

g-r:g-[%gtz—kvot}
1

L9t

B t

a2 22 1444

(g-7)" —g’t’g -7 — g™t
t2 '

g - vy and

2
(g-vo)” =
Making the substitution, then simplifying, we arrive at the quadratic equa-
tion (in ¢?)
1 2,4 2 2 _
19 t* — (gor—i—vo )+r =0,
from which

=2 {u? gk (0 gom) -~ g7}, and

= ot gt [0t +g o) —gr?]}

3.10 Given a, ¢, ||b||, and 3, solve the equation ca+ b = c
for a.

We begin by squaring both sides of aa + 3b = ¢ to produce a ||b||? term:
o?a® 4+ 2apa - b+ B||b|]? = ¢,
Next, we “dot” both sides of aa + b = ¢ with a to produce an expression that
we can substitute for the unwanted quantity a - b:
a-(aa+pBb=c)=a-c
aa’®+Ba-b=a-c;

a-c—aa2

a-b= 3

After making the substitution, then simplifying, we obtain a quadratic in
a’a? — (2a-¢)a+c — B2 = 0;

a-ci\/(a-c)2+a2(62b2—cz)
5 .

o=

a

13

See also the problem presented
in[3:9] Extending these two
problems a bit, we can see that
if we had to solve for  in the
equation f = g + @, and knew
g and || f||, but not f's
direction, we might consider
forming the square of || f|| by
one of the following maneuvers:

o IfIP=FfFf=Flg+=);
o |fIP=(H=(@g+=)?%
o fIP=f f=f (g+a).



4 Additional Problems

Several problems are solved in multiple ways in [3]-[12].

References

1]

A. Macdonald, 2012, Linear and Geometric Algebra (First Edition) p.
126, CreateSpace Independent Publishing Platform (Lexington).

D. Hestenes, 1999, New Foundations for Classical Mechanics, (Second
Edition), Kluwer Academic Publishers (Dordrecht/Boston/London).

J.  Smith, 2015, “From two dot  products, determine
an  unknown vector using Geometric (Clifford)  Algebra”,
https://www.youtube.com/watch?v=2cqDVtHcCoE]| .

J.  Smith, 2016, “Rotations of Vectors Via Geometric Alge-
bra: Explanation, and Usage in Solving Classic Geometric ‘Con-
struction’ Problems” (Version of 11 February 2016). Available at
http://vixra.org/abs/1605.0232, .

J. Smith, 2016, “Solution of the Special Case ‘CLP’ of the Problem of
Apollonius via Vector Rotations using Geometric Algebra”. Available at
http://vixra.org/abs/1605.0314.

J. Smith, 2016,“The Problem of Apollonius as an Opportunity for
Teaching Students to Use Reflections and Rotations to Solve Ge-
ometry Problems via Geometric (Clifford) Algebra”. Available at
http://vixra.org/abs/1605.0233|

J. Smith, 2016,“A Very Brief Introduction to Reflections in 2D Geometric
Algebra, and their Use in Solving ‘Construction’ Problems”. Available at
http://vixra.org/abs/1606.0253.

J. Smith, 2016, “Three Solutions of the LLLP Limiting Case of the Problem
of Apollonius via Geometric Algebra, Using Reflections and Rotations”.
Available at http://vixra.org/abs/1607.0166.

J. Smith, 2016, “Simplified Solutions of the CLP and CCP Limiting Cases
of the Problem of Apollonius via Vector Rotations using Geometric Alge-
bra”. Available at http://vixra.org/abs/1608.0217.

J. Smith, 2016, “Additional Solutions of the Limiting Case ‘CLP’ of the
Problem of Apollonius via Vector Rotations using Geometric Algebra”.
Available at |http://vixra.org/abs/1608.0328.

J. Smith, “Geometric Algebra of Clifford, Grassman, and Hestenes”,
https://www.youtube.com/playlist?list=PL4P20REbUHvwZtd1tpuHkziU9rfgY 2xOu

14


https://www.youtube.com/watch?v=2cqDVtHcCoE
http://vixra.org/abs/1605.0232
http://vixra.org/abs/1605.0314
http://vixra.org/abs/1605.0233
http://vixra.org/abs/1606.0253
http://vixra.org/abs/1607.0166
http://vixra.org/abs/1608.0217
http://vixra.org/abs/1608.0328
https://www.youtube.com/playlist?list=PL4P20REbUHvwZtd1tpuHkziU9rfgY2xOu

[12] J. Smith, “Geometric Algebra (Clifford Algebra)”,
https://www.geogebra.org/m/qzDtMW2q#chapter/0.

15



	Nomenclature and other comments
	GA formulas and identities
	The Equations, and Their Solutions
	Find the point of intersection of the lines  bold0mu mumu xx[xxxx=bold0mu mumu aa[aaaa+bold0mu mumu uu[uuuu  and  bold0mu mumu yy[yyyy=bold0mu mumu bb[bbbb+bold0mu mumu vv[vvvv . 
	Solve the simultaneous equations  bold0mu mumu aa[aaaabold0mu mumu xx[xxxx = bold0mu mumu BB[BBBB, bold0mu mumu cc[ccccbold0mu mumu xx[xxxx=, where  bold0mu mumu cc[ccccbold0mu mumu aa[aaaa=0.  (Hestenes1999, p. 47, Prob. 1.5)
	Equation:  bold0mu mumu xxJSmith2015-1xxxx+ bold0mu mumu aaJSmith2015-1aaaa(bold0mu mumu xxJSmith2015-1xxxxbold0mu mumu bbJSmith2015-1bbbb) = bold0mu mumu ccJSmith2015-1cccc (Hestenes1999, p. 47, Prob. 1.3)
	Equation:  bold0mu mumu xxJSmith2015-1xxxx+ bold0mu mumu xxJSmith2015-1xxxxbold0mu mumu BBJSmith2015-1BBBB= bold0mu mumu aaJSmith2015-1aaaa, where  bold0mu mumu BBJSmith2015-1BBBB  is a bivector. (Hestenes1999, p. 47, Prob. 1.4)
	Equation:  bold0mu mumu xxHestenes1999xxxx+ bold0mu mumu bbHestenes1999bbbb bold0mu mumu xxHestenes1999xxxx= bold0mu mumu aaHestenes1999aaaa.  (Hestenes1999, p. 64, Prob. 3.10)
	Find the ``directance"  bold0mu mumu ddHestenes1999dddd from the line (bold0mu mumu xxHestenes1999xxxx-bold0mu mumu aaHestenes1999aaaa)bold0mu mumu uuHestenes1999uuuu=0  to the line  (bold0mu mumu yyHestenes1999yyyy-bold0mu mumu bbHestenes1999bbbb)bold0mu mumu vvHestenes1999vvvv=0 . (Hestenes1999, p. 93, Prob. 6.7) 
	Find the point of intersection of the line  (bold0mu mumu xxHestenes1999xxxx-bold0mu mumu aaHestenes1999aaaa)bold0mu mumu uuHestenes1999uuuu=0  and the plane  (bold0mu mumu yyHestenes1999yyyy-bold0mu mumu bbHestenes1999bbbb)bold0mu mumu BBHestenes1999BBBB=0 . (Hestenes1999, p. 93, Prob. 6.6) 
	Solve for  x :  (bold0mu mumu aaHestenes1999aaaa-bold0mu mumu xxHestenes1999xxxx)-1(bold0mu mumu bbHestenes1999bbbb - bold0mu mumu xxHestenes1999xxxx)= ebold0mu mumu iiHestenes1999iiii = 0. (Hestenes1999, p. 96, Prob. 6.22) 
	Assuming that we know  "026B30D  bold0mu mumu vvHestenes1999vvvv0"026B30D , but not  bold0mu mumu vvHestenes1999vvvv0 's direction, determine  t  given that  bold0mu mumu ggHestenes1999ggggbold0mu mumu rrHestenes1999rrrr=t(bold0mu mumu ggHestenes1999ggggbold0mu mumu vvHestenes1999vvvv0)  and  bold0mu mumu rrHestenes1999rrrr= "Fig 4"12 bold0mu mumu ggHestenes1999ggggt2 +bold0mu mumu vvHestenes1999vvvv0t . (Hestenes1999, p. 133, Prob. 2.1) 
	Given  bold0mu mumu aaHestenes1999aaaa ,  bold0mu mumu ccHestenes1999cccc ,  "026B30D bold0mu mumu bbHestenes1999bbbb "026B30D  , and  , solve the equation  bold0mu mumu aaHestenes1999aaaa + bold0mu mumu bbHestenes1999bbbb= bold0mu mumu ccHestenes1999cccc  for  .
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