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Abstract

Monte Carlo methods are essential tools for Bayesian inference. Gibbs sampling is a well-known Markov
chain Monte Carlo (MCMC) algorithm, extensively used in statistical signal processing, machine learning and
statistics, employed to draw samples from complicated high-dimensional posterior distributions. The key point
for the successful application of the Gibbs sampler is the ability to draw efficiently from the full-conditional pdfs.
In the general case, this is not possible and it requires the generation of auxiliary samples that are wasted, since
they are not used in the final estimators. In this work, we show that these auxiliary samples can be employed
within the Gibbs estimators, improving their efficiency with no extra cost. This novel scheme arises naturally
after pointing out the relationship between the Gibbs sampler and the chain rule used for sampling purpose.
Numerical simulations confirm the excellent performance of the novel scheme.

1 Introduction

Monte Carlo algorithms [27, 42] have become very popular over the last decades. Many practical problems in
statistical signal processing, machine learning and statistics, demand procedures for drawing from probability
distributions with non-standard forms. One of most popular Monte Carlo methods are the Markov chain Monte
Carlo (MCMC) algorithms [22, 8] and the particle filters [2, 6, 38]. The MCMC techniques generate a Markov
chain (i.e., a sequence of samples) with a target probability density function (pdf) as invariant density [27, 26].
The Gibbs sampling technique is a well-known MCMC algorithm, extensively used in literature in order
to generate samples from multivariate target densities, drawing each component of the samples from the full-
conditional densities [23, 25, 44, 40, 42].1 In order to draw from a multivariate target distribution, the key point
for the successful application of the standard Gibbs sampler is the ability to draw efficiently from the univariate
conditional pdfs [27, 42, 23]. The best scenario for Gibbs sampling occurs when specific direct samplers for each
full-conditional are available (e.g., inversion method or more in general some transformations of a random variable
[5, 42]). Otherwise, another Monte Carlo technique, like rejection sampling (RS) or an MH-type algorithm, is
typically used within the Gibbs sampler to draw from the complicated full-conditionals. The performance of the
resulting Gibbs sampler depends on the employed internal technique as pointed out, for instance, in [4, 12, 35, 36]).
With this purpose, some authors have suggested to use more steps of the MH method within the Gibbs sampler
[39, 10, 9]. Moreover, other different algorithms has been proposed as alternative to the MH technique [4, 23, 30, 45].
For instance, several automatic and self-tuning samplers have been designed to be used primarly within-Gibbs: the
adaptive rejection sampling (ARS) [11, 14], the griddy Gibbs sampler [41], the FUSS sampler [36], Adaptive
Rejection Metropolis Sampling (ARMS) [12, 13, 37, 47], Independent Doubly Adaptive Rejection Metropolis
Sampling (IA2RMS) [35], etc. Most of these solutions require to perform several steps of MCMC steps for each
full-conditional (in order to improve the performance, for instance allowing the adaptation of the parameters of the
method) although only one of them is considered to produce the resulting Markov chain (the rest of samples plays

n general these full-conditionals are univariate. However, blockwise Gibbs sampling approaches, where several random variables
are updated simultaneously, have been proposed to speed up the convergence of the Gibbs sampler [43]. However, unless direct sampling
from the multi-variate full-conditionals is feasible, these approaches result in an increased difficulty of drawing samples and a higher
computational cost per iteration. Furthermore, the performance of the overall algorithm can decrease if the blocks are not properly
chosen, especially when direct sampling from the multivariate full-conditionals is unfeasible [27, 26, 42]. The novel recycling scheme
can also be used in the block approach.



the role of auxiliary variables). Namely, they require an increase in the computational cost that is not completely
exploited: several samples are drawn from the full-conditionals, but only a subset of these generated samples is
employed in the final estimators.

In this work, we show that also the rest of generated samples can be incorporated within the corresponding Gibbs
estimator. We call this approach as recycling Gibbs sampling since the samples drawn from each full-conditional
can be used also in order to provide a better estimation instead of wasting them. The novel scheme allows to obtain
better performance without adding any extra computational cost.

The rest of the paper is organized as follows. Section 2 recall the problem statement and the Bayesian inference
approach. The chain rule for sampling purpose is recalled in Section 4. In the same section, we introduce an
alternative chain rule approach and highlight some connections with the Gibbs sampler. The novel technique is
described in Section 5. Sections 6 provides several numerical results. Finally, Section 7 contains some conclusions.

2 Bayesian inference

In many applications, the goal is to infer a variable of interest, x = [x1,...,2p] € D C RP, given a set of
observations or measurements, y € R”. In Bayesian inference all the statistical information is summarized by
means of the posterior pdf, i.e.,

tyx)g(x)

2y) W

where £(y|x) is the likelihood function, g(x) is the prior pdf and Z(y) is the Bayesian evidence (a.k.a., marginal
likelihood). In general, Z(y) is unknown, so we assume to be able to evaluate the unnormalized target function,

m(x) = y[x)g(x). (2)

The analytical study of the posterior density 7(x)  m(x) is often unfeasible. For instance, integrals involving 7 (x)
are typically intractable), and numerical approximations are required, e.g.,

m(x) = p(xly) =

I:/D]"(x)ﬁ'(x)dx7 (3)

where f(x) is a square integrable function. Our goal is to approximate this integral by a Monte Carlo quadrature

scheme. Namely, considering 7" independent samples from the posterior target pdf, x(V), ..., x(T) ~ 7(x), then we
can write
. 1 &
I~lp = Zf(x(t)), (4)
i=1
For the (weak) law of large numbers this estimator converges in probability to I (IAT D), ie,
Tlim Pr <|fT — I| > ¢) = 0. In general, a direct method for drawing independent samples from 7(x) is not available
— 00
and alternative approaches (e.g., MCMC algorithms) are needed. An MCMC method generate a Markov chain
with invariant density 7(x). Although, the generate samples, xM .. xT) are then correlated in this case,

Iy = T 23:1 f(x®) is still a valid consistent estimator.

Within the MCMC family of methods, we can consider a block approach, working directly in the space R”,
e.g., using a Metropolis-Hastings (MH) algorithm [26, 27]), or a component-wise approach working iteratively in
different unidimensional slices of the entire space, e.g., using a Gibbs sampler [27, 42].2 In many applications, for
different reasons, the component-wise approach is preferable. For instance, this is the case when the full-conditional
distributions are directly provided or since the probability of accepting a new state with a complete block approach
becomes negligible, as the dimension of the problem D grows. Below, we outline the standard Gibbs approach.

2There also exists intermediate strategies where same subset of variables are jointly updated (this is often called Blocked Gibbs
sampler).



3 Standard Gibbs (SG) sampling

Let us denote as

ma(ralr1, . %41, Tay1,---,Tp) = Ta(Talr1.a-1,%d+1:D), (5)

= ma(Talx-a), (6)

the unidimensional full-conditional pdf of the component z4 € R, d € {1,..., D}, given the rest of variables
(X—d = [%1,--++@d—1,Td+1,---,Zp]). The Gibbs algorithm for generate a sequence of T samples is formed by the

following steps:

Fort=1,...,T:
1. Ford=1,...,D:

(t-1)

t _ t
El) ~ Wd(xdmg:;—p xd+1,D)'

(a) Draw z

2. Set x() = [mgt), xét), ... 733(5)].

Note that the key point for the application of Gibbs sampling is being able to draw efficiently from these univariate
full-conditional pdfs ;. However, in general, we are not able to draw directly from some full-conditional pdfs.
Thus, another Monte Carlo technique is needed from drawing from all the 74 or some of them.

3.1 MCMC-within-SG schemes

In many cases, drawing directly from the full-conditional pdf is not possible. In some specific situations, rejection
samplers [3, 19, 21, 29, 46] and their adaptive versions, adaptive rejection samplers (ARS), are employed to generate
(one) sample from 74 [7, 14, 12, 15, 20, 17, 18, 31, 32, 33]. ARS are very appealing techniques since they construct
a non-parametric proposal in order to mimic the shape of the target pdf, yielding in general excellent performance
(i.e., independent samples from 74 with an high acceptance rate). However, their range of application is limited to
some specific classes of densities [14, 33].

More generally, it is impossible to draw from a full-conditional pdf 74 (neither a rejection sampler can be
applied), an additional MCMC sampler is required in order to draw from 74 [10]. Thus, in many practical
scenarios, we have an MCMC (e.g., an MH sampler) inside another MCMC scheme (i.e., the Gibbs sampler).
In the so-called MH-within-Gibbs approach, only one MH step is often performed within each Gibbs iteration, in
order to drawn from each complicated full-conditionals. This hybrid approach preserves the ergodicity of the Gibbs
sampler, and provide good performance in many cases. On the other hand, several authors have noticed that using
a single MH step for the internal MCMC is not always the best solution in terms of performance (cf. [1]). Other
approximated approaches has been also proposed, considering the application of the importance sampling within
the Gibbs sampler [24].

Using of a larger number of iterations for the MH algorithm, there is more probability of avoiding the burn-in
period so that the last sample be distributed as the full-conditional [39, 10, 9]. Thus, this case is closer to the ideal
situation, i.e., sampling directly from the full-conditional pdf. However, unless the proposal is very well tailored to
the target, a properly designed adaptive MCMC algorithm should provide less correlated samples than a standard
MH algorithm. Several more sophisticated (adaptive or not) MH schemes for the application “within-Gibbs” have
been proposed in literature [4, 12, 35, 36, 28, 37, 45, 47]. In general, these techniques employ a non-parametric
proposal pdf in the same fashion of the ARS schemes. It is important to remark that performing more steps of a
standard or adaptive MH within a Gibbs sampler can provide better performance than performing a longer Gibbs
chain applying only one MH step (see, e.g., [12, 34, 35]). Table 1 describe a generic MCMC-within-Gibbs samplers
considering to perform M iterations of the internal MCMC, at each Gibbs step.

Although, these algorithms are specifically designed to be applied “within-Gibbs” and provide very good
performance, they require an increase in the computational cost that is not completely exploited: several samples
are drawn from the full-conditionals and used (in some of these techniques, e.g., [12, 37, 35]) in order to adapt the
proposal pdf, but only a subset of these generated samples is employed within the final Gibbs estimator.



Table 1: Generic MCMC-within-SG sampler.

Choose x(0) = [xgo), e ,azg)].
1. Fort=1,...,T:

(a) Ford=1,...,D:
i. Perform M steps of an MCMC algorithm (like MH or a more advanced method) with target

p(d)f T4 (xd|x({%71, acg:ll’)D), yielding the sequence of samples vl(if)l, ... ,vfﬁw (with starting point
t t—1
Vgo = I((i ).

ii. Set x((f) = v((igw.
(b) Set x® = [\ 20 . 2.

2. Return {x®} fort =1,...,T.

In this work, we show that also the rest of generated samples can be incorporated within the corresponding
Gibbs estimator.

4 Chain rule and its connection with Gibbs sampling

For the sake of simplicity, let us consider a bivariate target pdf that can be factorized according to the chain rule,
(21, x9) = Ta(xa|z1)p1(z1) where we have denoted with p; the marginal pdf of z;. Clearly, if we are able to
draw from the marginal pdf p;(z1) and from the conditional pdf 7o(x2|21), we can draw samples from 7((x1, z2)
following the procedure below:

Forn=1,...,N

1. Draw xgn) ~ p1(x1).

2. Draw :Eé") ~ 7‘72(x2|x§")).

The N independent random vectors [xgn), xg")}, with n =1,..., N, are all distributed as 7(z1, z2).

4.1 Asymptotically equivalent formulation of a Gibbs sampler

Let us consider again the previous bivariate case where the target pdf is factorized as 7(x) = 7(z1, z2). Hence, the
standard Gibbs sampler consists of the following steps:

Fort=1,...,T:

1. Draw x;t)

2. Draw xgt) ~ 7’72(951|xét)).

~ 7oy (2ol ).

3. Set x® = [2{" 2],

After a certain number of iterations (the so-called “burn in” period [27, 42]), i.e., t > ¢, the chain converges so that

x(®) ~ 7(x). Moreover, each component of the vector x(*) = [xgt), xét)] is distributed as the corresponding marginal

pdf, i.e., xgt) ~ p1(z1) and :cgt) ~ pao(xq) for t > ty, for t > t; iterations. Therefore a procedure, asymptotically



equivalent for ¢ > t; to the Gibbs sampler above, is:

For t > t3, repeat:

1. Generate xgt) ~ p1(z1), and then draw a:(;) ~ T (mg\x?)) .

t)  (t
2. Set x® = [z 2],
Namely, after ¢, iterations, the standard Gibbs sampler can be interpreted as the application of the chain rule
procedure previously described.

4.2 Alternative chain rule procedure

The following alternative procedure, drawing M samples from the full conditional 7o (2z2]21) at each n-th iteration,
is also valid:

Forn=1,...,N

1. Draw xgn) ~ p1(x1).

2. Draw M samples x(;?n ~ ﬁz(x2|x§")), withm=1,....M.
All the NM vectors, [a:ﬁ"), J;én}n], withn=1,...,Nand m =1,..., M, are samples from 7(z1,x2). This scheme is

valid and, in some cases, can present some benefit w.r.t. the traditional scheme in terms of performance, depending
on the variances of the marginal pdfs p;(z1) and po(x2). Figure 1 depicts the graphical representation of the
standard chain rule sampling scheme (with N = 3, M = 1) and the alternative chain rule sampling procedure
(with N =3, M = 4), described above.

(1) 1 O (1)
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(a) Standard sampling. (b) Alternative sampling.

Figure 1: Graphical representation of the (a) standard chain rule sampling (M = 1) and (b) the alternative chain

rule sampling (M = 4). In both cases, N = 3. The total number of drawn vectors [asgn),a:g")

To(xa|z1)p1(z1) is NM = 3 and NM = 12, respectively.

] ~ T(21,22) =

,m

A question arises naturally: is it possible to design a Gibbs sampling scheme equivalent to the alternative chain
rule scheme described above? In the next section, we introduce the Recycling Gibbs scheme which corresponds to
the alternative chain rule procedure as summarized graphically in Figure 2.

5 The recycling Gibbs sampler

The previous considerations suggest that we can recycle some intermediate points, produced in the Gibbs procedure.
More specifically, let us consider the following recycling Gibbs (RG) procedure

Fort=1,...,T:
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Figure 2: Graphical representation of the relationships between chain rules and Gibbs schemes.

1. Ford=1,...,D:

(a) Draw :c((;) Nﬁd(xd|x§t) x&t)l,x&:f),.. :cg 1))
0 (-1 t—1
(b) Setxg) [mg),...,xg),xfﬂl)...,x% )].

The procedure above generate DT samples xg'), withd =1,...,D and t = 1,...,T, shown in Figure 3(b) with
circles and squares. Note that if we consider only the subset of generated vectors

xW t=1,....,T

)

setting d = D, we obtain the outputs of the standard Gibbs (SG) approach. Namely, the samples generated by a
SG procedure can be obtained by a subsampling of the samples obtained by RG. Figures 3(a) depicts with circles
T + 1 vectors (considering also the starting point) corresponding to a run of SG with T' = 4. Figures 3(b) shows
with squares the additional points used in RG. However, after a closer inspection, we can note that both estimators,
corresponding to SG and RG coincide?, i.e.,

R 1 T D
z~ﬁ22fm

t=1d=1

’ﬂ \

T
Z xp))- (7)
(t)

This is due to, in RG, each component x,,” is repeated exactly D times inside different consecutive samples in RG,
and we have D times more samples in RG than in a SG sampler. Hence, there are no advantages in using RG
w.r.t. a SG approach. However, we describe RG since it is a first theoretical step in order to design the Multiple
Recycling Gibbs (MRG) sampler (see the next section). Indeed, if we draw M different (conditionally) independent
samples from each full-conditionals, the resulting alternative MRG scheme presents interesting features and benefits,
especially for the application of an adaptive MCMC-within-Gibbs approach (where an adaptive MCMC is employed
in order to draw from the full-conditional pdfs).

5.1 The recycling Gibbs sampler with multiple points

Based on the previous considerations, we can design a more useful scheme called Multiple Recycling Gibbs (MRG)

sampler, drawing M samples from each full conditional pdfs, as in Table 2. Observe that in order to go forward with
& _ ()

the next iteration of the Gibbs sampler, we only consider the last generated component, i.e., we set z;” =z AM-
However, any other sample a:gi)m, with m € {1,..., M}, can be used. However, note that the last sample a:( ) is the

more convenient choice for an MCMC-within-Gibbs scheme. The final estimator (without removing any “burn in”
period) is formed by DMT samples,

1 T D M
T O 2 O FxD): (8)

t=1 d=1m=1

3Without removing any “burn-in” period.
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(a) Standard Gibbs (SG) scheme. (b) Simple Recycling Gibbs (RG) scheme. (c) Multiple Recycling Gibbs (MRG) scheme.

Figure 3: We consider T' = 4 iterations of a Gibbs sampler and M = 5 iterations of the MH for drawing from each
full-conditional pdfs.(a) With the circles we denote the T+ 1 points (considering the starting point) used in the
standard Gibbs estimators. (b) The vectors (denoted with circles and squares) used in the RG estimators. (c) he
vectors (denoted with circles, squares and rhombuses) used in the MRG estimators.

Note that with M = 1, we come back to the previous trivial RG scheme. MRG is particularly suitable when an
adaptive MCMC is employed within a Gibbs scheme (i.e., when several MCMC steps are performed for sampling
from each full-conditional). Indeed, we can employ all the sequence of samples generated by the internal MCMC
algorithm in the final estimator. Table 3 shows the detailed steps of an MCMC-within-MRG algorithm.
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(a) Points obtained with the SG. (b) Points obtained with MRG. (c) Histogram with MRG’s outputs.

Figure 4: (a) Outputs of one MH-within-Gibbs run with 7= 10% and M = 5, considering the target with contour
plot shown in Fig. 3.(b) Outputs of one MH-within-MRG run with 7' = 10% and M = 5. (c¢) Histograms obtained
using all the points in Figure (b), i.e., the MRG outputs with 7' = 10* and M = 5.

Figure 4(a) depicts the random vectors obtained with one run of an MH-within-Gibbs procedure, with T = 103
and M = 5. Figure 4(b) illustrates all the outputs of the previous run. Hence, these vectors are the samples
obtained with a MH-within-MRG approach. Note that Figure 4(b) can be misleading since the MH-within-MRG
scheme seems to collocate several points far from the two modes. However, The histogram of values reproduces
adequately the shape the target pdf as shown in Figure 4(c) (this histogram has been obtained with one run of
MH-within-MRG with 7' = 10* and M = 5).



Table 2: Multiple Recycling Gibbs (MRG) sampler.

0 0
L0 Lo

- Choose a starting point z(0) = [
1. Fort=1,...,T:
(a) Ford=1,...,D:

i. Form=1,..., M:

A Draw all, ~ maadl? .20, 50 ),
¢ t t t t—1 t—1
B. Set x{), = [+{7,..., 20 {0 2{mh L 2],

ii. Set zc(it) = mgi)IVI.4

2. Return {x&t)m} for all d, m and t.

Table 3: Generic MCMC-within-MRG sampler.

- Choose a starting point z(® = [2{” . 2.

1. Fort=1,...,T:

(a) Ford=1,...,D:

i. Perform M steps of an MCMC algorithm (as an MH scheme or a more advanced method)

with target pdf ﬁd(xd|x§21_1, ;vg;f)DL yielding the sequence of samples 955;,)17 . ,xgi)M (with

starting point a:gzz) = J;Sfl)).

ii. Set ngt,zn = [zit), cey zg‘il,ngin, Zc(ltll) ce zgfl)], form=1,...,M.

iii. Set 24 = 2},

2. Return {x{),} for all d, m and t.

6 Simulations

We test the new MRG scheme in a simple numerical simulation, easily reproducible by any practitioner. More
specifically, we consider a bi-dimensional target pdf

_ (#F —m)* (w2 — po)?
7T(.I‘1,.132) X exXp <_ ! 25% - 25%

with pup = 4, us = 1, 61 = \/g and d; = 1. Figure 3 shows the contour plot of T(x1,z2). Our goal is to

approximate via Monte Carlo the expected value, E[X] where X = [X;, X5] ~ 7(x1,22), and the variances of
component of X. We test different Gibbs techniques, more specifically we consider the MH [42] and TA2RMS [35]
algorithms within SG and within MRG schemes. For the MH method we use a Gaussian random walk proposal,

2O a0 2
q(xfﬁn) X exp <(dm‘“”1)) ford € {1,2},1 <m < M and 1 <t <T. We test different values of o. For

202

TA2RMS, we starts with the set of support points Sy = {—10, -6, —2,2,6,10} (see [35] for further details). When
we consider the standard Gibbs (SG) scheme we have M = 1, whereas for MRG we have M > 1. We perform 10°
independent runs for each Gibbs scheme. At each run and for each element of the expected value and the variances



(i.e., for 4 different values), we compute the error in estimation of the true values and calculate the Mean Square
Error (MSE) averaged over the 10° independent runs (then, we obtained an averaged MSE over the different 4
estimated values).

Figure 5 shows the MSE (in log-scale) of the MH-within-SG scheme as function of the standard deviation o of
the proposal pdf (we set M = 1 and T = 1000, in this case). We can observe that the performance of the Gibbs
samplers depends strongly on the choice of ¢ of the internal MH method. The optimal value is approximately
o0* ~ 3. The use of an adaptive proposal pdf is a possible solution (as shown in Figure 6(b)). Figure 6(a) depicts
the MSE (in log-scale) as function of T' with M =1 and M = 20 (for MH-within-SG we also show the case 0 =1
and o = 3). Again we observe that importance of using the optimal value 0* ~ 3 and, as a consequence, an the
use of an adaptive proposal pdf is recommended (e.g., see [16]). Moreover, the use M = 20 improves the results
even without employing all the points in the estimators (i.e., in a SG scheme) since, as M increases due to the
convergence of the internal chain, the last sample of the sequence becomes, roughly speaking, “statistically more
similar” to a sample distributed as the full-conditional pdf. Moreover, the MH-within-MRG technique, i.e., the
scheme where we recycle all the samples, provides the smallest MSE values. Namely, recycling the internal samples
provides more efficient estimators.

These considerations are confirmed in Figure 6(b) (represented in log-scale). Here we fix again T' = 1000 and
vary M. As M increases. the MSE becomes smaller and smaller when the MRG technique is employed. When
a standard Gibbs (SG) approach is used, the curves present an horizontal asymptote since after a certain value
M > M*, the internal chains converge and there is no benefit in increasing M (recall that in SG we do not
recycle the internal samples). Within a MRG scheme the increase of M always generates a decrease of the MSE
since we recycle the internal samples (recall that the figure is in log-scale). Clearly, the benefit of using MRG
w.r.t. SG increases as M grows. Figure 6(b) also shows the advantage of using an adaptive MCMC scheme (in
this case IA2RMS [35]). The benefit is clearer when the scheme are used within MRG. More specifically, since
for the MH method we have used the optimal scale o* ~ 3, Figure 6(b) illustrates the importance of a non-
parametric construction of the proposal pdf employed in IA2RMS. Indeed, the non-parametric construction allows
the adaptation of the entire shape of the proposal (which becomes closer and closer to the target). The performance
of TA2RMS and MH within Gibbs becomes more similar as M increases since, in this case, with a great enough
M, also the MH chain is able to exceed its “burn-in” period and then converges. Finally, note that the adaptation
speeds up the convergence of the chain generated by IA2RMS. The advantage of using the adaptation is more
evident for intermediate values of M, e.g., 10 < M < 30, where the difference with the use of a standard MH is
greater. As M increases and the chain generated by MH converges, the difference on the performance between
IA2RMS and MH becomes smaller.

0

10 ‘
—&- MH-within-SG
107}
-2
10 I I I
0 5 10 15 20

o

Figure 5: MSE (log-scale) as function of ¢ for MH-within-SG (M =1 and T = 1000).
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Figure 6: (a) MSE (log-scale) as function of T' for MH-within-SG and MH-within-MRG schemes. We have tested
M € {1,20} and o = {1, 3} (we recall that o = 3 is the optimal scale parameter for MH; see Figure 5). (b) MSE
(log-scale) as function of M for different MCMC-within-Gibbs schemes (we set T = 1000).

7 Conclusions

The Gibbs sampler is a well-known Markov chain Monte Carlo (MCMC) algorithm extensively applied in literature.
It is particularly useful to draw from complicated high-dimensional posterior distributions, by drawing from full-
conditional pdfs (i.e., in the standard case, the random vector is drawn component by component). Hence, the key
point for the successful application of the Gibbs sampler is the ability to draw efficiently from the full-conditional
pdfs. For this purpose, several algorithms has been proposed to be employed within the Gibbs sampler. Most of
them require the generation of auxiliary samples that are not included in the final estimators. In this work, we
have shown that these auxiliary samples can be re-used within the Gibbs estimators improving their efficiency.
Numerical simulations confirm the benefits of the novel scheme.
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