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abstract

This note presents a collection of mathematical formulas involving the mathematical constant pi :
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Recordamos algunas formulas integrales para pi :
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Notacion: z=x+iy €C, x=Re(z), y=Im(z), i=V-1.
Formulas
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formula 6.

formula 7.
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13vV3 Z( 85 ]"i( )( ] ( 14 1 ]
n=
98 o\ 588 o 2n+2k+1 2n+2k+3

n=|

formula 19.

( 1136445 219 )

= aZ( b)”Z( ) K

=0 2n+2k+1 2n+2k+3

4 57146 1

a= , b= , c=
522392 522392 57146

formula 20.

B |
24(3+v2 +3)
5(1+x/7)2(2+\/?)2
17:(\/——1)2+(2—\/3_)2
1

(\/7+1)2+(2+\/?)2

a=

c=

formula 21.

(\/_) (P +n+2k)
i 2\/—;(;;;” +n+2k+16(n’k_n)
(0, k +3)=—c(0, k +2) — c(0, k + 1) — (0, k), keNU {0}
c0,0)=1, c(0, 1)=—-1, ¢0,2) =
cn,0)=1, neN {0}
cmn+1,k)=cin k), 0sk=n+2, neNU{0}

cn+ 1, k)=cn,k)—cn+1,k—-n-3), k=n+3, neN{UJ{0}

formula 22.

1\t n 1 (m-2)k/2 1 3—m/2
r=2VE z[ ] [ ] [ ;

—o\3 2n+m-2)k+1 2n+m-2Dk+m+1

meN

formula 23.

_aZ( b)"ZZ( )( )c d" f(n, k, m)

k=0m=0

(64)

(65)

(66)

(67)

(68)

(69)

(70)

(71

(72)
(73)
(74)
(75)

(76)

(7n

(78)



formula 24.

formula 25.

Jformula 26.

formula 27.

formula 28.

formula 29.
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formula 31.
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formula 32.
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=6 Ztan‘1
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formula 35.
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formula 36.

formula 37.

formula 38.

formula 39.
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T=m tan"l(z) -mtan™'(x°) = m Z(—l)” (tan™" (x'"*1) + tan~! (x10"+))

X n=1

y= ilm(zn)
n=0

x= iRe(zn)
n=0

(_l)nx2n+li
Zn+l = Zn _1_ 1,Z()Zl
1 — i+l e+

1
{(m, x)} =56, — [, |8, V2 —1),(12,2-+V3
(o =)= (22-ve)

T=m tan’l(z) —mtan”(x) = m Z(_l)n (tan™" (x103) + tan™! (x'07+7))

X n=1

y=Im(z,)
n=0

X = iRe(zn)
n=0

(_1)n+l x2 n+2

Znpy =z ————————, zp=1
1+ (_l)n x}’l+1 in+1

{om, x)}={(8, V2 - ] (12, 32—\/?)}

T=4 Z:tan"l

n=1

(1 + Re(zp41)) Im(z,) — (1 + Re(z)) Im(zp41)
[(1 +Re(z,)) (1 + Re(z,41)) + Im(z,) lm(Zm)]

Zy=(—x+i(1-x)", neN
Zn+l = Z1 Zn s zi==x+i(l —x)

O<x<l1

& ((1 +Re(z,41)) Im(z,) — (1 + Re(z,)) Im(z,,1)

=06 Ztan’1

n=1

(1 +Re(zy)) (1 + Re(zp41)) + Im(z,) Im(z,4.1)
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formula 40.

formula 41.

formula 42.

formula 43.

-l<x<1/2

In2 z 22
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_+ _=Z In+l
4 =0

3n+1 3n+2 3n+3

1 V17 +1 V17 -1
z=—|=14+, — +i,| ——

2 2 2
In(4/3) X 1 z 272
+i_=zz3n+1 4 _

2 6 o 3n+1 3n+2 3n+3
1 V19/3 +1 V19/3 -1
z=—|=-l+, —— +i | ———
2 2 2

z 272
+ [
4 o 3n+1 3n+2 3n+3

1 a+2v2 -3 a-2V2 +3

z=—|-1+, | —————— +i
2 2 2

25-12vV2

ln(4—2\/?)+.ﬂ R
—_—ti—= ) —¢,
2 8 Zin+l

V3 @-b (a+b)

z +1
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V2 -1
a= s + - —18V2
\ 2
V2 -1 1 7
b= s - - —18V2
\ 2 6

Chs3 = —Cns2 — Cu» n €N {0}
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formula 44.

formula 45.

formula 46.

Im(z,,)
=28 tan_l(

Im(w,,) m-1
] +4 tan"l( ]
Re(zy)

Re(wn)

n=1

i

Zii =z (140377, zy=1+~, I<sn=m—1
i

w,,+1:wn(l+i7’"’l), wi=1l+—, 1l<n=m-1

meN - {1}

In(4/3)
2

b3 0 an+1 l'n+1
+i—=

Uy
6 =0 n+l

(4-2V72)
2

T oo bn+l l-n+1
+i—= Uy
8 o n+l

In(8 -4 V3 )

+i—=
2

u’l
12 & o+t

ps ) cn+l Z'n+]

1

@ +a=—, a=0.5339 ...
V3

l: \ \/3_+\/?5’\‘/\/3_+\/3_5\j/4\/?+...

BPS+b=vV2 -1, b=0.4035 ...

1 5/4
—=\5/x+xVx+x5\//4x+ ,x:ﬁ—l
b

St+e=2-vV3, c=02666...

1 5 5/4 B
—:\/x+x\/x+x\//4x+... R x=2-v3
c

Upi5 = —Upsq — Uy, neN U {O}

u():l, u1=—1, u2=1, u3=—1, u4—6

w (1) (an +b, x/?)
=4
= @2n+1)32l
apin =126 a,.1 — 8l a,, ag=6, a3 =702
bn3 =129 b,.0 —459b,,1 +243 b,

bp=-2, by =-402, b, =-50778
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formula 47.

0 (_l)n (an + bn ‘/3_)
=12y —— (149)
= @n+1)32ml

app =126 a,41 -8l a,, ap=-6, a; =-702 (150)
b3 =129b,,5 — 459 b,41 + 243 b, (151)
by=4, by =408, b, =50796 (152)

formula 48.
24 = (=1)" (a,l + b, \/7 + ¢y \/?)

= —Z (153)

5.5 2n+1
apea =20 a3 — 86 ayiy + 20 aye — ay (154)
ap=1, a =19, a; =321, a3 =4803 (155)
buya=6bp1 = by, bo=1,b1=5 (156)
Cpin=1dcuy1—cp, co=—-1,c=-15 (157)

formula 49.
o (<1 (ay+ b V2 +e,V3)

7r=24"§ - (158)
Apis =20a,,3 — 86 a0 + 204,41 — ay, (159)
ap=-3, a1 =-33, a, =—-403, a3 =-5281 (160)
b2 =6bys1 — by, bo=1,b=5 (161)
Cpn=14cp1—cy, co=1,c1 =15 (162)

formula 50.

u & Im((1 — i)
ﬂ:4tan"1(—]—42tan"l[ (163)
v = 2n+l _ Re((l _ l-)rH—l)
Z 1\ G n+)2
V= (=1)" (_] Im((l _ l-)n(3 n+1)/2) (164)
neZ 2
Z 1 n(3n+1)/2
"= -1y (_] Re((l —iy'@ n+1)/2) (165)
neZ 2
formula 51.
o (1) (an+ ba V2 )
r=8y (166)
=0 2n+1
Apya = apy3 + Bapy +yag +6a,, neNUJ {0} (167)
b,,+4=(¥b,,+3+ﬁbn+2 +’ybn+1 +6bn,neNU{0} (168)
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36303 106337 2031 1

a= B=- ¥ = S=-— (169)
18818 150544 75272 150544
66 5715082 3529127 6312433
a=—-——,aq1=—"_  ,Ad=— P == (170)
97 3550733 1410377 1702136
74 4200793 886645 7695878
bp=—, b = , by = , by = (171)
97 3650692 500957 2934721
formula 52.
24 © (=1
= Cn (172)
3a+4b+3aV2 +2bV3 mmo2n+1
c,,+2=(10—2\/7—4«/?)c,,+1+(—21+14x/?+12\/?—8x/?)cn (173)
co=a+b, c;=3a+7b-2aV2 —4bV3 (174)
a, beC
formula 53.
k k
k (=D
r=12 (EZ P (175)
- n+1
k=0n=0 @n+ (V3 +1)7"
k—n
o k —1F (V3 -1
n_4ZZ(k+") (176)
el k=n) Qn41)32n 3
k—n
oo k k
k -1 V2 -1
"=4ZZ( +”) (177)
e\ k=n) Qn+1)22n 2
k—n
w k D2 -v3
n=322(£+”)¥ (178)
om0 T 2n+1)2k
formula 54.
&1 &
=16 Cn (179)
%20 Ck el pmo 21+ 1
Cr2=6C1—Cp, co=1,¢c1=5 (180)
formula 55.
0 1 k (_1):1
=48 Cn (181)
k=0 Ck Ck+1 n=02n+1
Cir2=14cu1—cp, co=1,¢1=15 (182)
Jformula 56.
& 5 & e
r=5V5-2+5 1+2Z e (183)

k=1 Ck Cr+1 p=1 2n+1

2 =10¢c,41 =5¢4, c0=2,¢c1=20 (184)
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formula 57.

formula 58.

Jformula 59.

formula 60.

formula 61.

donde

Xp42 =

Xp42 =

712\/—2

0

P v

k=0

X1 =3, X1 =

1

3+ X041

X1 =3, Xpy1 =

1

3+ Xn+1

=4 itanl[
n=1

~Drm+k)! 2 3-mk

n
—, nelN
n'k! ;(m)2m+2k+l

( 1)k (n+k)' n (x2m+2k+l +y2m+2k+l)

o )

2m+2k+1

1 —x

neN, 0<x<l1, y=
l+x

on
3x,+6 ) k™
3+xn[ ! Z ]

lim x, =x

n—oo0
21+|
{6xn+1 =3 X, + Xy Xpy1 + 6 Z k’z], neN
k=27+1

X1=3,XQ=11/4

»
[3 x, + 12 Z(—l)k‘l k‘z], neN

+ X k=1

lim x,=m

n—co

6%t = 3% + X, X1 + 12 > (=D k

2n+]
- 2] ,neN
k=2"+1

X1=3, XZ=3

Im(z2 n+2 _ Z4 n+2 _ Z6n+4) ]

1+ Re(22 n+2 _ Z4 n+2 _ z()n+4)

z=x+iy,i=V-1, x,yeR

oty +4xy—4xy —1=0, ¥ +)* <1

Ejemplo: z= [

5+3 \/?]1/4
+
16 23/4(19+ 1 x/?)m

i
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(185)
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(193)

(194)
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formula 62.

formula 63.

formula 64.

donde

formula 65.

formula 66.

T

= lim

(n! ((n+ l)!)3a,,]
81 .2411—8 bn

n
2k ¥ 6n-6k
an:Z( k ) 2 ,neN

k=0

bn:l_[(4k+3),neN
k=1

n 1
tan(—) = ——=0.5773502 ...

oV
b= |, nen
V3

{k, :neN}y={5,57,577, 5773, 57735, ...}

3 S 10" (bt — 10 ky)
[ e 08
102»1+1 +kn kn+l

n=1

10° +5.57 10° +57-577

1 7-10 7-10?
_1(—] + 6 tan_l 7] + 6tan_1 —_— |+ ...
2

2 n+l 2
pao & Pq " (@1 — q° ay)
:6tan1(—]+62tanl[ ]
n

q =0 q4n+4 + pZ Ay Ayl
p.q €N

]3p2—q2|<q2

S 2k
a= Y0 )BR - ¢ nenU)
k=0

© 1
=8 Z:(—l)”"l tan"l(—]
n=1

P2n

P2 =2Ppp1+ pus p1=1,py=2

1
77:2+2f
0
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formula 67.

formula 68.

T=

T

9-6In2 3V3
= + f :
2vV3 2 Jo
8—-3In3
= +3«/?f
V3 7
1-6In2+3In3 7/9
————————+3J?j‘
V3 :
33 ©  ~rp
=— 12 f (cos x)" cos(nx)dx
2 /3

n=2
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formula 69.

sen((4 n-—2) tan"l(e"”/z))

cos((4 n—2)tan”! (e’”/z))
1

formula 70.
Seanc,, neNJ{0}, definidos por :

CDen-1) & (-1f 22k

c=1,c=1/2, ¢,= Cn—k
2n)! - 2!
se tiene :
”:4i Cn 2!
o 2n+1

a=cosa, a=0.73908513 ...
a@ = cos(cos(cos( ... cos(3/4))))
=) Cn

=6y

o 2n+1

B2 n+l

1
= ——cos B, B=0.50522058 ...

V3
ol o)
B =——cos| —— cos| —— cos| ... —— cos(1/2)
vi s Wy Uys
(&) Cn
=8 2n+l
g ;2n+17

y=(V2 =1)cosy, y=038404142 ..

= VE = V7 = o =)o (¥ 1))

00

=12

Cn

62n+1
o 2n+1

5= (2 - \/3_)c056, §=0.25901138 ...

5= (2= VT )eor{(2 = VE )cos{(2 - V3 )cos{ . (2= VF ) cost1 /4)

formula 71.

12
2 =121In(1 + ™) = 12 Lig(—e™!) - + 12f"efx7wm i
l+e 0
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(232)

(233)

(234)

(235)

(236)

237)

(238)

(239)

(240)

(241)

(242)

(243)



1

u=
l1+e!

u e
72 =121n(2)In(3/2) = 12 Lip(~1/2) —41n2 + 12f e T dx
0

2In2
u=

formula 72.

3 1 1—x+\/1+2x—3x2
= —f dx
2 Jo X

1
n=3\/7f,h/45+4x*1 -7 dx
0

ﬁfnx/2+7x+3\/x(4+5x) —\/2+7x—3\/x(4+5x) p
3 0

T= X

1-x

formula 73.

formula 74.

) X
71':24f — dx
0 ax*+12x%+12

a=1+\3/24v78 + 181 —\3/24\/78 - 181

formula 75.

o 4x2 n+l1
ﬂ:f 7] dx
0 (4x*+a,x>+4

2 2/2 n+1)
a,,=(n") ~8, neNU{0)

formula 76.

ol [ )
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(244)

(245)

(246)

(247)

(248)

(249)

(250)

@51)

(252)

(253)

(254)

(255)

(256)

(257)



o o )

donde o = 0.213239 ... y A =4.664380 ..., son los ceros reales de la funcion :

f(x)=2"-2ex
se tiene :
2[7‘
flo)=0=0=—
2e
In(2ed)
fA)=0=A= =log,(2ed)
In
El método del punto fijo :
20’,7
Opy1=—, 00=0, HENU{O} = 0,20
2e

AVH-I 210g2(2€/\") 5 /\0:13 }’IENU{O} :An_)k

A=log,(2elog,(2elog,(2e ...))

I'(x) es la funcién gamma usual.
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