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ABSTRACT

In this paper, we propose a new estimator for estimating the finite population mean using two
auxiliary variables. The expressions for the bias and mean square error of the suggested
estimator have been obtained to the first degree of approximation and some estimators are
shown to be a particular member of this estimator. Furthermore, comparison of the suggested
estimator with the usual unbiased estimator and other estimators considered in this paper is
carried out. In addition, an empirical study with two natural data from literature is used to

expound the performance of the proposed estimator with respect to others.

Keywords: Dual-to-ratio estimator; finite population mean; mean square error; multi-

auxiliary variable; percent relative efficiency; ratio-cum-product estimator

1. INTRODUCTION

It is well known that the use of auxiliary information in sample survey design results
in efficient estimate of population parameters (e.g. mean) under some realistic conditions.

This information may be used at the design stage (leading, for instance, to stratification,
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systematic or probability proportional to size sampling designs), at the estimation stage or at
both stages. The literature on survey sampling describes a great variety of techniques for
using auxiliary information by means of ratio, product and regression methods. Ratio and
product type estimators take advantage of the correlation between the auxiliary

variable, x and the study variable,y. For example, when information is available on the

auxiliary variable that is positively (high) correlated with the study variable, the ratio method
of estimation is a suitable estimator to estimate the population mean and when the correlation
is negative the product method of estimation as envisaged by Robson (1957) and Murthy
(1964) is appropriate.

Quite often information on many auxiliary variables is available in the survey which
can be utilized to increase the precision of the estimate. In this situation, Olkin (1958) was the
first author to deal with the problem of estimating the mean of a survey variable when
auxiliary variables are made available. He suggested the use of information on more than one
supplementary characteristic, positively correlated with the study variable, considering a
linear combination of ratio estimators based on each auxiliary variable separately. The
coefficients of the linear combination were determined so as to minimize the variance of the
estimator. Analogously to Olkin, Singh (1967) gave a multivariate expression of Murthy’s
(1964) product estimator, while Raj (1965) suggested a method for using multi-auxiliary
variables through a linear combination of single difference estimators. More recently, Abu-

Dayyeh et al. (2003), Kadilar and Cingi (2004, 2005), Perri (2004, 2005), Dianna and Perri

(2007), Malik and Singh (2012) among others have suggested estimators for Y using
information on several auxiliary variables.
Motivated by Srivenkataramana (1980), Bandyopadhyay (1980) and Singh et al. (2005)

and with the aim of providing a more efficient estimator; we propose, in this paper, a new

estimator for Y when two auxiliary variables are available.
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2. BACKGROUND TO THE SUGGESTED ESTIMATOR

Consider a finite population P=(P,P,,...,P,) of N units. Let a sample € of size n
be drawn from this population by simple random sampling without replacements (SRSWOR).
Let y, and (X, z ) represents the value of a response variable y and two auxiliary variables
(X, z) are available. The units of this finite population are identifiable in the sense that they
are uniquely labeled from 1 to N and the label on each unit is known. Further, suppose in a
survey problem, we are interested in estimating the population mean Y of Yy, assuming that

the population means ()7 Z )of (X, z) are known. The traditional ratio and product estimators

for Y are given as

Z X and Z= lz z, are the sample means of y, X

respectively, where y = lz Y., X= 1
n i=1 n i=1 n i=1

and zrespectively.

Singh (1969) improved the ratio and product method of estimation given above and

suggested the “ratio-cum-product” estimator for Y as YVs=VY

xI | X
N N

In literature, it has been shown by various authors; see for example, Reddy (1974) and
Srivenkataramana (1978) that the bias and the mean square error of the ratio estimator Y,
can be reduced with the application of transformation on the auxiliary variable X. Thus,
authors like, Srivenkataramana (1980), Bandyopadhyay (1980) Tracy et al. (1996), Singh et
al. (1998), Singh et al. (2005), Singh et al. (2007), Bartkus and Plikusas (2009) and Singh et
al. (2011) have improved on the ratio, product and ratio-cum-product method of estimation
using the transformation on the auxiliary information. We give below the transformations

employed by these authors:
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X' =(1+g)X—gx and Z =(1+9)Z -9z, for i =1,2,...,N, (1)

where g = N .
-n

Then clearly, X* = (1+ @)X —gXand z* = (1+g)Z — gZ are also unbiased estimate of

X and Z respectively and Corr ()7, X" ): -p., and Corr ()7, 2*): —p,, . It is to be noted that

yX

by using the transformation above, the construction of the estimators for Y requires the
knowledge of unknown parameters, which restrict the applicability of these estimators. To
overcome this restriction, in practice, information on these parameters can be obtained

approximately from either past experience or pilot sample survey, inexpensively.

The following estimators Y, Y,and Y are referred to as dual to ratio, product and

ratio-cum-product estimators and are due to Srivenkataramana (1980), Bandyopadhyay

(1980) and Singh et al. (2005) respectively. They are as presented: Y, = V%, Yo = )7_5
Z
—x Z
and \Y; = _T_
y$ y x z?k

It is well known that the variance of the simple mean estimator Yy, under SRSWOR design is
V(y)=1s;
and to the first order of approximation, the Mean Square Errors (MSE) of V5, V5, Vs, Yr»
Y-and Vg are, respectively, given by
MSE(V,)= A(S? + RS2 —2RS,, )
MSE(Y,)=A(S} + R2S +2R,S,,)
MSE(V,) = A[S2 -2D +C]
MSE(y;)= A(S? + g°R*S? —20R S,
MSE(Y; )= A(S] + 9°RIS] +20R S,,)
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MSE(Vg ) = /I(Sj + gzc—ng)

1 = 1 & > -
A=——, f=—, Sizﬁg(yi_Y)za SWZNZ(yi_YXXi_X)’ pyx:—yxa

RI:%, Rzz%, C=R’S;-2RRS,+RS;, D=RS,-RS, and S for

yX yz J

(] = XY, 2) represents the variances of X, Yy and Zrespectively; while S, S, and S,
denote the covariance between Yy and X, Yy and z and 2z and X respectively. Note that
Pyrs P S, S, S,, and S, are defined analogously and respective to the subscripts used.

More recently, Sharma and Tailor (2010) proposed a new ratio-cum-dual to ratio
estimator of finite population mean in simple random sampling, their estimator with its MSE

are respectively given as,

e f{ g

MSE (Vs )= 4S; (1- o3, ).
3. PROPOSED DUAL TO RATIO-CUM-PRODUCT ESTIMATOR

Using the transformation given in (1), we suggest a new estimator for Y as follows:

{5 2ol 2]

We note that when information on the auxiliary variable zis not used (or variable 2z

takes the value "unity') and 6 =1, the suggested estimator Yp reduces to the "dual to ratio'
estimator Y, proposed by Srivenkataramana (1980). Also, Y.z reduces to the ‘dual to

product' estimator Yy, proposed by Bandyopadhyay (1980) estimator if the information on

the auxiliary variate X is not used and @ = 0. Furthermore, the suggested estimator reduces
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to the dual to ratio-cum-product estimator suggested by Singh et al. (2005) when € =1 and
information on the two auxiliary variables X and z are been utilized.

In order to study the properties of the suggested estimator Yp, (e.2. MSE), we write

y=Y(+k,); x=X(1+k,);z=Z(1+k,);

and
AS? /'Lsf /’LSZZ AS AS
E(koz)z Y_Zy > E(k12)= X2 E(k22)= 72 > E(k0k1) = E(kokz) Y_Zyz,
]S,
E(k1k2):_>

Now expressing Y in terms of k'S, we have
Ver = V(1Ko O 1 - g )1 - gk, ) + (1= 0)(1- gk, ) (1 - gk, ) @)

We assume that |gk1| <1 and |gk2| < Iso that the right hand side of (2) is expandable.
Now expanding the right hand side of (2) to the first degree of approximation, we have

Ver =Y = Y[k, + (1= 22)g(k, =k, + K.k, —kok, )+ 0% (k> —kk, —adk? —K2))] (3

Taking expectations on both sides of (3), we get the bias of Ypg to the first degree of
approximation, as

B(Ye) = AY|gDA+ g* (R'S! ~RR.S, ~6(R'S; ~R'S] )|
where A=1-26

Squaring both sides of (3) and neglecting terms of k'S involving power greater than

two, we have
(Vo =Y ) =Y2[k, + Agk, — Agk, |’

=Y?|k2 +2Agk,k, —2Agk.k, —2A’g’k k, + A’g’k + Ag’K] (&)
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Taking expectations on both sides of (4), we get the MSE of Y., to the first order of
approximation, as
MSE(Vpr) = A[S; +2AgD + A*g>C] (5)

The MSE of the proposed estimator given in (5) can be re-written in terms of

coefficient of variation as

VSE(5)= 4763 + 200,0° + A'g'C

0]

where C*=C; +C; -2p,C,C,and D" =p,C, -p,C,,C, ==, C, :S—_X, C :i
Y X z
The MSE equation given in (5) is minimized for

D+Cg
2Cg

6=

= 0, (say)
We can obtain the minimum MSE of the suggested estimator Y,z by using the

optimal equation of & in (5) as follows: min.MSE(Vpg)= /l[Sj +F(2D+CF )]

D+Cg

where F =g—E and E= c

3. EFFICIENCY COMPARISON

In this section, the efficiency of the suggested estimator Ypz over the following
estimator, ¥ Vg, Vo, Ys,Yr» Ye» Yg and Yo are investigated. We will have the

conditions as follows:

2D+gC

(a) MSE(VPR)_V(V)< 0if 6> 2gC

(b) MSE(Ypr) - MSE(Yg)< 0 if
RS;

Ag(2D + AgC)<R, (RISf —2Syx) provided S, < 5

() MSE(Ver)— MSE(Y,) < 0 if
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2
Ag(2D + AgC) <R, (R,S: +2S,,) provided S,, < %

(Ag-1)

(d) MSE(Ver)-MSE(Ys)< 0 if C<

1
rovided g < —
p g A

(e) MSE(Ype)— MSE(y: )< 0 if

46(6gC - gC-D)<2gRR,S, +2R,S,, ~4R S, - gR;S;
() MSE(Vpe) - MSE(Y; )< 0 if

46(6gC - gC-D)<2gRR,S, +4R,S, -2R S, - gR’S;

C(A-1

(h) MSE(Ypg) - MSE(Yg )< 0 if Ag(2D+ AgC)<—-p°S]

(8) MSE(VPR)_ MSE(VSE)< 0if g<

provided A<1

~—"

4. NUMERICAL ILLUSTRATION

To analyze the performance of the suggested estimator in comparison to other estimators
considered in this paper, two natural population data sets from the literature are being
considered. The descriptions of these populations are given below.

(1) Population I [Singh (1969, p. 377]; a detailed description can be seen in Singh (1965)

y : Number of females employed

X : Number of females in service

Z : Number of educated females

N=61, n=20, Y=746, X=531 , Z=179, S} =28.0818, S;=16.176l,
S; =2028.1953, p,, =0.7737, p,, ==0.2070, p, =-0.0033,

(2) Population II [Source: Johnston 1972, p. 171]; A detailed description of these
variables is shown in Table 1.
y : Percentage of hives affected by disease

X : Mean January temperature
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Z: Date of flowering of a particular summer species (number of days from January 1)
N=10, n=4, Y=52, X=42 , Z=200, S;=659776, S;=29.9880, S; =284,
Py =08, p,=-094, p, =-0.073,

For these comparisons, the Percent Relative Efficiencies (PREs) of the different

estimators are computed with respect to the usual unbiased estimator Yy, using the formula

PRE(,y)= I\;/(—y)xloo

()

and they are as presented in Table 2.

Table 1: Description of Population I1.

y X z

49 35 200
40 35 212
41 38 211
46 40 212
52 40 203
59 42 194
53 44 194
61 46 188
55 50 196
64 50 190

Table 2 shows clearly that the proposed dual to ratio-cum-product estimator Yy, has
the highest PRE than other estimators; therefore, we can conclude based on the study
populations that the suggested estimator is more efficient than the usual unbiased estimators,

the traditional ratio and product estimator, ratio-cum-product estimator by Singh (1969),
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Srivenkataramana (1980) estimator, Bandyopadhyay (1980) estimator, Singh et al. (2005)
estimator and Sharma and Tailor (2010).

Table 2: PRE of the different estimatorswith respect to y

Estimators Population | Population |1
y 100 100
Yr 205 277
Vo 102 187
Ys 214 395
Ve 215 239
Ve 105 150
Ve 236 402
Ysr 250 278
Vor 279 457

5.CONCLUSION

We have developed a new estimator for estimating the finite population mean, which
is found to be more efficient than the usual unbiased estimator, the traditional ratio and
product estimators and the estimators proposed by Singh (1969), Srivenkataramana (1980),
Bandyopadhyay (1980), Singh et al. (2005) and Sharma and Tailor (2010). This theoretical
inference is also satisfied by the result of an application with original data. In future, we hope
to extend the estimators suggested here for the development of a new estimator in stratified

random sampling.
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