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Abstract:

In this paper, we are going to prove Oppermann’s conjecture which states there are at least one prime
presents between first and second halves of two consecutive pronic numbers greater than one. So, there
must be at least: n(n—1) < p, < n’ and n° < p, < n(n+1) forn > 1. Subsequently, we

are going to prove the logarithmic sum of primes between two pronic numbers increase highest
magnitude of log(4).

Definition
According to Moivre-Stirling Approximation of factorial [1]:
n n+1
flog(x)dx < log(n!) < flog(x)dx , flog(x)dx = xlog(x)—x+C ,.....(1)
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If we assume Az—zlog(l) , A3—210g(2) ooy A lg(n 2) , lg(n 1) ,

we can get better Moivre-Stirling Approximation using simple geometric arguments from figure
below [1]:

flog dn—log(n—1) = nlog(nz—l)—l = 2nA,—1 < A, , forn>2

because %(2nAn—An_1) >0and lim (2nA,—A,_,) =1
n->w

n+1

SO, flog<x)dx - (A As+. A, +A,) < log(n!)

2

< flog(x)dx + (A Ag+..+A,_+A,)
1

n+1

hence, flog dx - —log( ) < log(n!) < flog dx + —log( )

or, (n+1)10g(n+1)—n—%log(n)—b+1 < log(n!) < nlog(n)—n+%log(n)+1 s (2)

where b = log(4)
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We define function v(x) and (x) conventionally as [2]:

v(x) = X2log(p) = log[Ip . w(x) = 2 log(p)

pex pex prex

Since p’<x,p’<x,.. areequivalentto p<x'? p<x'”,.. ,wehave[2],[3]:
P(x) = v(x)+v(x"?)+u(x"?)+.. = Zlv(x”’”) )

andso, ¢(2n) = v(2n)+v((2n)")+v((2n)"?)+... = Zlv((zn)“’”)

Proof

We know [3]: log((2n)!) = w(Zn)+1p(n)+1p(23—n)+... s (D)

(2n)!

Let, o= <=, then from (4) [31: log(N,,) = w(Zn)—w(n)+w(2—;)—... e (5)

As (x) is a steadily increasing function,

tog(5™) = (plm,)=w(m, )~ (02— 22 ) ().
< (@(m)—y(m,)) where m, > m, (6)
First Half:

From (2) and (5), we get:

N,
Nn(nfl)

log ( ) >
(n*+1)log(n"+1)—n’~log(n)—b+1-n(n— l)log(n(n—1))+n(n—1)—%log(n (n—1))-1

n(n—1)

—nzlog(n{)+n2—log(n?z)—2+(n(n—1)+2)log( n(n2_1)+1)—n(n—1)—log( 5 )—2b+2
= n’log( 2“::2)—n (n—l)log(%ﬁﬂog(n (n—1)+2)

+log(n2+1)—310g(n)—%log(n(n—l))—?)b y oo (70)



Again, form relation of v(x) and y(x) , we get from (3):

2

W)= y(n(n=1)) = |
(ol )= v(n(n=1)))#{0(n)~v (n(n=1)*)+(v(n

[

) ul(n(n—1)]))+...
—v((n(n=1))+... <

Weassume 2'=n then  (v(n)=v({n(n—1)))+(v(n’

mlog(2)+(2?m)10g(2)+...+10g(2) = 2mlog(2)(%+%+...+ﬁ) < 2mlog(2) [ %dx -
2mlog(2)log(2m) = 2log(n)log(2Ig(n)) where lg(x):igz—gzx;

because 1> n—(n(n—1) > n'—(n(n-1) > n'—(n(n—1))

.

> ...

hence, (y(n®)—y(n(n—1))) < (v(n®)-v(n(n—1)))+2log(n)log(21g(n)) , ..... (8a)
Finally, we get from (6), (7a) and (8a):

(o(m?)=v(n(n=1))) > n210g(2n;:-2)—n(n—l)log(n2(r;(_nl_)1>2)+210g(n(n—l)+2)
+log(n2+1)—310g(n)—%log(n(n—1))—3b—210g(n)log(Zlg(n)) = F,(n) ,.... (%)
Second Half:

Again, From (2) and (5), we get:

Nn(n+1)
N,

log ( ) >

(n(n+1)+1)log(n(n+1)+1)—n(n+1)—%log(n(n+1))—b+1—n210g(n2)+n2—log(n)—1

2

2
n(n+1) )=2+(n"+2)log(T-+1) - ~log ()~ 2b+2

2

n(n+1)

—n(n+1)log( )+n(n+1)—log(

2

2n(n+1)+2

= n(n+1)log( n(n+1) )—n’log( )+2log(n’+2)

2n
n’+2

+log(n(n+1)+1)—310g(n)—%log(n(n+1))—3b ... (7b)



Again, form relation of v(x) and y(x) , we get from (3):

2

wlnle 1)) =(n') = | |
(oln(ne1))= o) ol n{me 1)) =(m) e ol (nlre )~

cthen (v((n(n+1)7)—v(n))+(v((n(n+1)})—v(n
1 (2m)

Jlog(2)+...+log(2) = 2mlog(2)(§+%+...+ﬁ) < 2mlog(2) [

2
3

N =

We assume 2"=(n(n+1)) )+... <

dx =

mlog(2)+ (2?m

> |

~—

_log(x
~ log(2

2mlog(2)log(2m) = log(n(n+1))log (Ig(n(n+1))) where Ig(x)

P

2 1

—n® > (n(n+1)) —n* > ...

Nl
Wl
N

because 1> (n(n+1))>—n > (n(n+1))
hence, (y(n(n+1))—y(n*)) < (v(n(n+1))—v(n®))+log(n(n+1))log(lg(n(n+1)))

... (8D)
Finally, we get from (6), (7b) and (8b):

2 1)+2 2
nn+ 142, oo 2 ) 4210 (n’+2)

n(n+1) n +2

+log(n(n+1)+1)—310g(n)—%log(n(n+1))—3b—log(n(n+1))log(lg(n(n+1))) = F,(n)

(U(n(n+1))—v(n2)) > n(n+1)log(

... (9b)

<(n(n—1)+2)(n2+1)) ( 2n(n—1) )_§_§ 2n—1

Now, F\(n) = 2nlog (== o =)+ oe e )= =2 1)
~Zlog(2lg(n)) =

and Fiy(n) = 2nlog((n<n+(i)++11))’f£2+2))+10g(Zn’an:ll);z)_%_%%
gy loa(lgln(m+1)) - SR

Now, F,(21) >0and F,(21) >0
As F'[(n) and F',(n) areincreasing functionsof nand F';(9) >0Oand F',(8) >0,
hence, F,(n) , F,(n) > 0forn > 20.



It is easy to verify Oppermann’s conjecture for 1 < n < 20, we have actually proved the
conjecture.

b

Again, limF',(n) = lim F',(n) =

n->ow n->ow

b

2
. . b b

hence, the growth of prime numbers between two pronic numbers < §+E = b = log(4).
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