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Abstract:

In this paper, we are going to find the number of primes between consecutive squares. We are going to
prove a special case: Brocard’s conjecture which states between the square of two consecutive primes
greater than 2 at least four primes will present; means 7 ( pm+12)—n ( pmz) >4 where p, >3 . Here,

T (x) is the prime counting function. Subsequently, we will prove that the number of primes between

consecutive square is greater than big O of
log(n)

Definition

According to Moivre-Stirling Approximation of factorial [1]:

n+1

jlog(x)dx < log(n!) < [ log(x)dx , [log(x)dx = xlog(x)—x+C ,.....(1)

If we assume Azzélog(%) , Af%log(%) A“:%log(n_l) , An=%log( ny

n—2 n—1
we can get better Moivre-Stirling Approximation using simple geometric arguments from figure
below [1]:

_flog(n)dn—log(n—l) = nlog(ni—l)—l = 2nA—1 < A, , forn>2
n—1

because %(ZnAn—Anl) >0and lim (2nA,—A,_,) =1
n->w

n+1

s0, flog(x)dx - (At As+..+A,_+A,) < log(n!)
2

< flog(x)dx + (A A+ +A,_+A,)
1

n+1

hence, flog(x)dx - %log(n) < log(n!) < flog(x)dx + %log(n)
2 1

or, (n+1)log(n+1)—n—%log(n)—b+1 < log(n!) < nlog(n)—n+%log(n)+1 y e (2)

where b = log(4)
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We define function v(x) and (x) conventionally as [2]:

v(x) = X2 log(p) = log[Ip . w(x) = X log(p)

p<x p<x p<x

Since p’<x,p’<x,.. areequivalentto p<x"? p<x'”, ... ,wehave[2], [3]:

Y(x) = v(x)+o(x")+u(x)+... = ,E‘lU(Xl/m) y e (3)
andso, ¢(2n) = v(2n)+v((2n)?)+v((2n)"7)+... = nglv((Zn)”m)

Proof
We know [3]: log((2n)!) = w(2n)+1p(n)+1p(23—n)+... e (4)

Let, Ny,= % , then from (4) [3]: log(N,,) = w(2n)—y(n)+y (=

As (x) is a steadily increasing function,

) (1) )= o ) o () ()

From (2) and (5), we get:

N .
log(—](\;”) ) >

(n+1)°+1)log((n+1)*+1)—(n+1)*~log(n+1)—b+1—n’log(n’)+n’~log(n)—1



2

2 2
(n+1) )—2+(n2+2)log(%+ 1)—n2—log(%)—2 b+2 =

—(n+1)2log((’1;—1)2)+(n+1)2—10g(

2

(n+1)zlog(%)—nﬁog(%)ﬂlog(n2+2)+log((n+1)2+1)—3log(n+1)—310g(n)—3b
s (7)

Again, form relation of v(x) and y(x) , we get from (3):

Wl(n+ 7)) = (ol(nr1F) =) +(o(ne1)—v()(o((n+1F )—v(n®))+...

Weassume 2"=(n+1) ,then (v(n+1)—v(n))+(v((n+1])=v(n’)}+.. < N

mlog(2)+(2?m)10g(2)+...+10g(2) = 2mlog(2)(%+%+...+%) < zmzog(zul %dx =

2mlog(2)log(2m) = 2log(n+1)log(2lg(n+1)) where lg(x):izg—gg

because 1 = (n+1)-n > (n+1)%—n% > (n+1)%—n% > ..

hence, (y((n+1)*)—y(n*)) < (v((n+1))—v(n*))+2log(n+1)log(2ig(n+1)) , .....(8)

Finally, we get from (6), (7) and (8):

(v((n+1))=v(n%) >

2 2
(n+1)210g(w)—nzlog( 22n )+21og (n*+2)+log((n+1)’+1)—31log(n+1)—3log(n)—3b
(n+1) n’+2
—2log(n+1)log(21g(n+1)) )|
We assume there are a number of primes between n° and (n+1)’
Hence, v((n+1)’)—v(n’) < alog((n+1)’) ,.....(10)
Let, F(n) = v((n+1))—v(n’)—2alog(n+1)
(n*+2)((n+1)*+1) 2(n+1)+2, 3 3
Now, F' = 2nl +21 — ——
ow, F(n) = 2nlog (" E L o og 2L
2 2 2a
—m(log(ﬂg(”*l)))_m_m

For a particular value of a, F'(n) is an increasing function of n.
If a=4 , F'(9) >0implies F'(n) > 0forn>8.
Again, F(33) >0,hence, F(n) forn>32.



As p..—P.,=1 :
(P’ )—n(py) = n((n+1)*)—n(n’) >4for p,>n>33 .

It has actually proved Brocard’s conjecture because the conjecture can be verified for
3<p,<33 easily.

Now, we assume the least value of a for which: F(n) <0

so, alog((n+1)’) >

2 2
(n+1)210g(w)—n2log( 22n )+21log (n*+2)+log((n+1)°+1)—31log(n+1)—3log(n)—3b
(n+1) n°+2
—2log(n+1)log(2lg(n+1))
hence, a >
2 2 2 2 2 2
(n+1) Io (2(n+1) +2)_ n log| 2n )+log(n +2)+log((n+1) +1) 3
2log(n+1) (n+1)? 2log(n+1) n’+2" log(n+l)  2log(n+1) 2
3log(n) 3b

“2log(n+1) 210g(n+1)_log(219(”+1))

n’ 1 ((n2+2)((n+1)2+1))+ 2n+1 (2(n+1)2+2)

2log(n+1) © n’(n+1)’ 2log(n+1) o8 (n+1)
+O(1)+O(1)—O(1)—0(1)—0(logl(n))—O(log(Zlg(n+1)))
) n2 (n*+2)((n+1)°+1) 1 . I+l 2(n+1)+2 1 . §
~ 2log(n+1) HZ(LY ;dx 2log(n+1) (n!l)z ;dx—O(log(2lg(n 1)
n (n2+2)((n+1)2+1)—n2(n+1)2+ 2n+1  2(n+1f+2—(n+1)° o -
2log(n+1) (n*+2)((n+1)*+1) 2log (n+1) 2(n+1)+2 O(log(2Ig(n+1)))
= O(logl(n))+0(logn<n))—O(log(Zlg(n+1))) - o(log”(n)) .o (10)

Similar result is provided in [4], true for infinitely positive integers. We integrate the result for
any integer, n > 1.
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