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Abstract: 
In this paper, we are going to find the number of primes between consecutive squares. We are going to
prove a special case: Brocard’s conjecture which states between the square of two consecutive primes

greater than 2 at least four primes will present; means π (pm+1
2
)−π ( pm

2
) ≥ 4 where pm≥3 . Here,

π (x) is the prime counting function. Subsequently, we will prove that the number of primes between

consecutive square is  greater than  big O of
n

log(n)
.     

 

Definition
According to Moivre-Stirling Approximation of factorial [1]:

∫
1

n

log (x)dx < log(n!) < ∫
1

n+1

log (x)dx , ∫ log(x)dx = xlog(x)−x+C , ….. (1)

If we assume Δ2=
1
2

log(
2
1
) , Δ3=

1
2

log(
3
2
) ,…, Δn−1=

1
2

log(
n−1
n−2

) , Δn=
1
2

log (
n

n−1
) ,

we can get better Moivre-Stirling Approximation using simple geometric arguments from figure
below [1]:

∫
n−1

n

log (n)dn−log (n−1) = nlog(
n

n−1
)−1 = 2 nΔn−1 ≤ Δn−1   for n > 2 

because
d
dn

(2n Δn−Δn−1) > 0 and lim
n→∞

(2 nΔn−Δn−1) = 1

so,               ∫
2

n+1

log(x)dx - (Δ2+Δ3+...+Δn−1+Δn) < log(n!)

     < ∫
1

n

log(x)dx + (Δ2+Δ3+...+Δn−1+Δn)

hence, ∫
2

n+1

log(x)dx -
1
2

log(n) < log(n!) < ∫
1

n

log(x)dx +
1
2

log (n)

or, (n+1) log(n+1)−n−
1
2

log(n)−b+1 < log(n!) < nlog(n)−n+
1
2

log(n)+1 , ….. (2)

where b = log(4)
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We define function υ(x) and ψ(x) conventionally as [2]:
υ(x) = ∑

p≤ x

log  ( p) = log∏
p ≤ x

p , ψ(x) = ∑
pm≤ x

log  ( p)  

Since p2
≤x , p3

≤x , ... are equivalent to p≤ x1/2 , p≤ x1 /3 , ... , we have [2], [3] :

 ψ(x) = υ(x)+υ(x1/2
)+υ(x1/3

)+.. . = ∑
m≥1

υ(x1/m
) , ….. (3)

and so, ψ(2n) = υ(2n)+υ((2n)
1 /2

)+υ((2n)
1/3

)+.. . = ∑
m≥1

υ((2 n)
1 /m

)

Proof

We know [3]: log((2 n)!) = ψ(2n)+ψ(n)+ψ(
2n
3

)+ ... , ….. (4)

Let, N2n=
(2n)!
n !n !

, then from (4) [3]: log(N 2n) = ψ(2 n)−ψ(n)+ψ(
2 n
3

)−.. . , ….. (5)

As ψ(x) is a steadily increasing function,

  log(
N

(n+1)2

Nn2

) = (ψ((n+1)2)−ψ(n2))−(ψ(
(n+1)

2

2
)−ψ(

n2

2
))+(ψ(

(n+1)2

3
)−ψ(

n2

3
))−.. .

< (ψ((n+1)2
)−ψ(n2

)) , ….. (6)

From (2) and (5), we get:

log(
N

(n+1)2

Nn2

) >

((n+1)2
+1) log((n+1)2

+1)−(n+1)
2
−log(n+1)−b+1−n2 log(n2

)+n2
−log(n)−1



−(n+1)2 log(
(n+1)

2

2
)+(n+1)2−log(

(n+1)2

2
)−2+(n2+2) log(

n2

2
+1)−n2−log(

n2

2
)−2 b+2 =

(n+1)2 log(
2 (n+1)

2
+2

(n+1)2 )−n2 log(
2n2

n2
+2

)+2 log (n2+2)+ log((n+1)2+1)−3 log(n+1)−3 log(n)−3b

                                                                                                                                  , ….. (7)

Again,  form relation of υ(x) and  ψ(x) , we get from (3):

ψ((n+1)2
)−ψ(n2

) = (υ((n+1)2
)−υ(n2

))+(υ(n+1)−υ(n))+(υ((n+1)
2
3 )−υ(n

2
3))+.. .

We assume 2m
=(n+1) , then (υ(n+1)−υ(n))+(υ((n+1)

2
3 )−υ(n

2
3))+.. . <

mlog(2)+(
2 m
3

) log (2)+...+log (2) = 2 mlog(2)(
1
2
+

1
3
+ ...+

1
2 m

) < 2mlog(2) ∫
1

(2m)
1
x

dx =

2mlog(2) log (2m) = 2 log(n+1) log (2 lg(n+1))                            where lg(x)=
log(x)
log(2)

because 1 = (n+1)−n > (n+1)
2
3−n

2
3 > (n+1)

1
2−n

1
2 > … 

hence, (ψ((n+1)2
)−ψ(n2

)) < (υ((n+1)2
)−υ(n2

))+2 log (n+1) log(2lg(n+1)) , ….. (8)

Finally, we get from (6), (7) and (8):

(υ((n+1)2
)−υ(n2

)) >

(n+1)2 log(
2 (n+1)

2
+2

(n+1)2 )−n2 log(
2n2

n2
+2

)+2 log (n2+2)+ log((n+1)2+1)−3 log(n+1)−3 log(n)−3b

−2 log (n+1) log(2lg(n+1))                                                                                    ,….. (9)

We assume there are a number of primes between n2 and (n+1)
2

Hence, υ((n+1)2
)−υ(n2

) < alog ((n+1)
2
) , ….. (10)

Let, F(n) = υ((n+1)2
)−υ(n2

)−2alog(n+1)

Now, F '(n) = 2nlog(
(n2

+2)((n+1)2
+1)

n2
(n+1)

2 )+2 log(
2(n+1)

2
+2

(n+1)2 )−
3

n+1
−

3
n

−
2

n+1
( log (2lg (n+1)))−

2
n+1

−
2 a

n+1

For a particular value of a, F ' (n) is an increasing function of n.

If a=4 , F '(9) > 0 implies F '(n) > 0 for n > 8.

Again, F(33) > 0, hence, F(n) for n > 32.



As pm+1−pm≥1 :

π (pm+1
2
)−π ( pm

2
) ≥ π ((n+1)2

)−π (n2
) > 4 for pm≥n≥33 .

It  has  actually  proved  Brocard’s  conjecture  because  the  conjecture  can  be  verified  for
3≤pm<33 easily.

Now, we assume the least value of a for which: F(n) < 0

so,  alog((n+1)2
) >

(n+1)2 log(
2 (n+1)

2
+2

(n+1)2 )−n2 log(
2n2

n2
+2

)+2 log (n2+2)+ log((n+1)2+1)−3 log(n+1)−3 log(n)−3b

−2 log (n+1) log(2lg(n+1))

hence, a >

(n+1)
2

2 log(n+1)
log(

2(n+1)2
+2

(n+1)
2 )−

n2

2 log(n+1)
log(

2n2

n2
+2

)+
log (n2

+2)

log(n+1)
+

log((n+1)2
+1)

2 log(n+1)
−

3
2

−
3 log(n)

2 log(n+1)
−

3b
2log(n+1)

−log(2 lg(n+1))

  =
n2

2 log(n+1)
log(

(n2
+2)((n+1)

2
+1)

n2
(n+1)2 )+

2 n+1
2 log(n+1)

log(
2(n+1)

2
+2

(n+1)
2 )

    +O(1)+O(1)−O (1)−O(1)−O(
1

log (n)
)−O( log(2 lg(n+1)))

  =
n2

2 log(n+1)
∫

n2
(n+1)

2

(n2
+2)((n+1)

2
+1)

1
x

dx+
2 n+1

2 log(n+1)
∫

(n+1 )
2

2 (n+1)
2
+2

1
x

dx−O( log(2 lg(n+1))) >

n2

2 log(n+1)

(n2
+2)((n+1)2

+1)−n2
(n+1)2

(n2
+2)((n+1)2

+1)
+

2n+1
2 log (n+1)

2(n+1)
2
+2−(n+1)2

2(n+1)
2
+2

−O( log(2lg(n+1)))

= O(
1

log (n)
)+O(

n
log(n)

)−O(log(2lg(n+1))) = O(
n

log (n)
) , ….. (10)

Similar result is provided in [4], true for infinitely positive integers. We integrate the result for
any integer, n > 1.   
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