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Abstract:

In this paper, we are going to prove a famous problem concerning prime numbers. Legendre’s conjecture

states that there is always a prime p with n° < p < (n+1)2 , if n > 0. In 1912, Landau called this
problem along with other three problems “unattackable at the presesnt state of mathematics.” Our
approach to solve this problem is very simple. We will find a lower bound of the difference of second

Chebyshev functions, ((n+ 1)2)—1p(n2) using a better Moiver-Stirling approximation and finally,

we transfer it to the difference of first Chebyshev functions, v((n+1)’)—v(n®) . The final difference
is always greater than zero will prove Legendre’s conjecture.

Definition
According to Moivre-Stirling Approximation of factorial [1]:

n+1

flog dx < log(n!) < jlog , [log(x)dx = xlog(x)—x+C , .....(1)
2 n—1 1
~Liog(2) | A=tlog(3) .. —1 ==1
If we assume A, 2log(1) , Ay=3 og(2) - og(-——) , og(n o)

we can get better Moivre-Stirling Approximation using simple geometric arguments from figure
below [1]:

flog dn—log(n—1) = nlog(r:—l)—l = 2nA—1 < A, forn>2

because %(ZnAn—An_l) >0and lim(2nA,—A, ;) =1

n+1

S0, flog dx - (A +As+..+A,_+A,) < log(n!)

< flog(x)dx + (A A+ +A,_+A,)
1

n+1

hence, flog dx - —log( ) < log(n!) < flog(x)dx + %log(n)
1

or, (n+1)10g(n+1)—n—%log(n)—b+1 < log(n!) < nlog(n)—n+%log(n)+1 s (2)

where b = log(4)
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§ 3.8 Twiom EETTETTY
A Figure Ex-30


mailto:bijoyarif71@yahoo.com

We define function v(x) and (x) conventionally as [2]:

v(x) = 2log(p) = log[Ip . wix) = 2 log(p)

p<x P<Xx p"<x

Since p’<x,p’<x,.. areequivalentto p<x"’ p<x'”,.. ,wehave[2],[3]:

Y(x) = v(x)+o(x)+u(x)+.. = D u(x") ,....(3)

andso, (2n) = vlzn)+v((2a) ) ev(2n) e = T vl(za)")
Proof
We know [3]: log((2n)1) = lp(Zn)+1p(n)+1p(23—n)+... e (4)
et N 20 hen from (4 (35 log(N,)) = wi2n)—(n)+p(F). .. ©)
As (x) is a steadily increasing function,
log(22) = (y((me 1)) ("5 ) () 1)

n

From (2) and (5), we get:

Ny
log(—) >

n

(n+1)°+1)log((n+1)*+1)—(n+1)*~log(n+1)—b+1—n’log(n’)+n*~log(n)—1

2

2 2
(n+1) )—2+(n2+2)10g(%+ 1)—n2—1og(”3)—2 b+2 =

2

(171085 417~ tog

2 2
M)_nzlog(z—n)+2log (n*+2)+log((n+1)*+1)—3log(n+1)—3log(n)—3b

1)°1
(1 log (< 5

e (D)
Again, form relation of v(x) and y(x) , we get from (3):

2 2
3 3

))+...

)—v(n

W((n+1P)=y(n*) = (v((n+1))=v(n’))+(v(n+1)=v(n))+(v((n+1)



Wi

We assume 2"=(n+1) ,then (v(n+1)—v(n))+(v((n+1) )—v(né))t.. <

(2m)

mlog(2)+(2?m)10g(2)+...+log(2) = 2mlog(2)(%+%+,.,+%) < 2mlog(2) [ %dx _
2mlog(2)log(2m) = 2log(n+1)log(2Ig(n+1)) where lg(x)_log(x)

~ log(2)

2

win

1
because 1 = (n+1)-n > (n+1)*-n®> > (n+1)’—n®> > ...

N =

hence, (y((n+1)*)—y(n’)) < (v((n+1))—v(n*))+2log(n+1)log(2ig(n+1)) , .....(8)
Finally, we get from (6), (7) and (8):

(v((n+1))=v(n%) >

(n+1)210g(%)—n210g( 22:22)+210g(n2+2)+log((n+1)2+1)—3log(n+1)—310g(n)—3b
—2log(n+1)log(21g(n+1)) )|

As (v((n+1)*)=v(n*)) >0 forn > 3, and the first derivative of right hand side is:

n’+2)((n+1)°+1 2(n+1)+2. 3 3
2n10g(( nzgiu)z ))+210g( ((nﬂ))z )—n+1—;
2 2
—m(log(Zlg(ml)))—m >0forn>3

As we can easily verify the conjecture for 1 < n < 3, we have actually proved Legendre’s
conjecture.
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