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Abstract. The high efficiency of complex analysis is attributable mainly to the ability to represent
adequately the Euclidean physical plane essential properties, which have no counterparts on the real
axis. In order to provide the similar ability in higher dimensions of space we introduce the general
concept of essentially adequate differentiability, which generalizes the key features of the transition
from real to complex differentiability. Based on this concept, in addition to the usual complex defi-
nition, the quaternionic derivative has also to be independent of the method of quaternion division:
on the left or on the right. It follows that the quaternionic (H-) holomorphic functions are defined as
those quaternionic functions whose left and right derivatives become equal after the transition to 3D
space. The generalized quaternionic Cauchy-Riemann equations are deduced as necessary and suf-
ficient conditions for quaternionic functions to be H-holomorphic . We prove that each H-holomor-
phic function can be constructed from the C-holomorphic function of the same kind by replacing a
complex variable by a quaternionic in an expression for the C-holomorphic function. It follows that
the derivatives of all orders of H- holomorphic functions are also H-holomorphic and can be analo-
gously constructed from the corresponding derivatives of C-holomorphic functions. The examples
of Liouvillian elementary functions demonstrate the efficiency of the developed theory.

1 Introduction

In accordance with the so-called Meilihzon result the admissible set of the quaternion-differ-
entiable functions is restricted to linear functions [1, 2, 3, 4], while the complex analysis gives
a large class of the complex-differentiable functions. This also means that we cannot construct
any quaternion-differentiable function from a corresponding complex-differentiable function
by the direct replacement of a complex variable by a quaternion variable in the expression for
the complex function (without change of a functional dependence form), while an analogous
procedure is possible (see, e.g., [5], p. 353) by constructing complex-differentiable functions

from real-differentiable functions by the direct replacement of a real variable by a complex
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variable. For example, the complex-differentiable function sin(x + iy) can be created in this
way from the real-differentiable function sin x.

Such a contradiction cannot exist in principle, since each point of any real line is at the same
time a point of some plane and space as a whole, and therefore any characterization of differ-
entiability at a point must be the same regardless of whether we think of that point as a point
on the real axis or a point in the complex plane, or a point in space. Nevertheless, this contra-
diction arises within the framework of existing concepts of quaternionic differentiability and
does not find a complete solution in accessible materials (see, e.g., [2, 3, 4]) on quaternionic
analysis. For example, the prevailing direction of quaternionic analysis [3] constructs the "reg-
ular" functions 3 : H — H in an indirect way by means of expressions combining harmonic
functions of four real variables and analytic functions of a complex variable. The original Cau-

chy-Riemann-Fueter equations (see, e.g., [3, 4]), namely,

oy oY . .o ap
E'i‘la'i‘]a-i- kz—o (11)

for the left-regular quaternionic functions, and

P+t i+ Lk =0 (1.2)
for the right-regular quaternionic functions (the variable being g =t + ix + jy + kz) remain
the basic conditions of quaternionic differentiability, but the definitions of the left and right
derivatives in the usual sense (as a limit of the left and right difference quotients) are replaced
by the definitions using the exterior differential calculus. As noted in [3], such a "definition of
‘regular’ for a quaternionic function is satisfied by a large class of functions and leads to a de-
velopment similar to the theory of regular functions of a complex variable". However the prob-
lem mentioned above remains on the whole.

The main reason for this contradiction is the prevailing [1, 2, 3] separate consideration of the
left and right versions of quaternionic analysis. The separate consideration, as it will be clarified
below, is essentially not adequate to properties of 3-dimensional physical space since a repre-
sentation of an arbitrary rotation of any vector in space by means of quaternions requires the
use of both left and right quaternionic multiplication together [6]. The only left or only right
version enables us to describe only a part of all rotations in space and cannot be regarded as
essentially adequate. We can call them non-essentially adequate. Therefore, the essentially ad-
equate quaternionic differentiability theory must be represented by some "construct” of the left

and right versions of differentiability together.



It is necessary to say that there are successful results using the left and right versions together
[4, 7], however they rather represent "heuristic” formulations than give a consequent theory
similar to complex analysis. In particular, they do not solve the above general problem.

The purpose of this paper is to develop a theory of quaternionic differentiability which is
essentially adequate to properties of 3-dimensional physical space. This purpose is achieved by
introducing the general concept of essentially adequate definitions and conditions of the hyper-
complex differentiability. They represent a hypercomplex generalization of key features of the
transition from definitions of real differentiability to those of complex differentiability. This
concept also contains the requirement of the uniqueness of the derivative value since derivatives
of hypercomplex-differentiable functions must represent conservative vector fields in space just
as derivatives of complex-differentiable functions in the plane [5, 9].

Based on this concept, we develop the basics of the theory of quaternionic differentiability
similar to the theory of complex differentiability. According to this concept, we have to require
the equality of the left and right derivatives. This is the necessary step in order to impose the
physical reality requirement (uniqueness of a derivative in space) on the mathematical fact that
two quaternionic derivatives (left and right) exist. It follows that the essentially adequate con-
ditions of quaternionic differentiability (the generalized Cauchy-Riemann equations) are such
that during the check of quaternionic differentiability of any quaternionic function we have to
do a definite transition (p. 19) to a 3-dimensional variable in expressions for partial derivatives
contained in equations of these conditions. But this does not mean that we deal with triplets in
general; such a transition cannot be initially done for quaternionic variables and functions (p.
21). Any quaternionic function of a quaternion variable remains the same quaternionic function
regardless of whether we check its quaternionic differentiability or not. This transition can be
used in one more case, when after doing all quaternionic calculations we perform the final tran-
sition to 3-dimensional physical space to solve some sort of physical problem, if needed.

The developed basics of the essentially adequate quaternionic differentiability give the rep-
resentation of the full quaternionic derivative as a sum of constituents of the left and right de-
rivatives and enable us to solve the mentioned problem of constructing quaternion-differentia-
ble functions (and their derivatives of all orders) from the complex-differentiable functions (and
their derivatives of analogous orders) by the direct replacing of variables.

The sections and subsections of this paper are given as follows: 1 Introduction — (p.1);

2 Preliminaries — (4); 3 The concept of essentially adequate differentiability — (8); 4 The essen-

tially adequate quaternionic differentiation — (10); 4.1 Principal definitions of H-differentiabil-



ity and H-holomorphicity — (13); 4.2 The essentially adequate generalization of Cauchy-Rie-
mann's equations — (14); 4.3 Construction of H-holomorphic functions — (28); 4.4 H-holomor-
phic derivatives of all orders — (30); 5 Efficiency examples of the presented theory — (34); 6
Conclusions — (44); References — (45).

Examples of elementary functions demonstrate the efficiency of the theory developed, which
is confirmed every time, when it is required to create the quaternion-differentiable function

from the corresponding complex-differentiable function of the same type.

2 Preliminaries

We assume the reader is familiar enough with the basics of complex numbers and quaterni-
ons, as well as complex and quaternionic analysis (see, e.g., [2, 6, 8, 9]). We give the only data
which are needed for the sequel.

Objects of study in complex analysis in one independent variable are complex-valued func-
tions Y(z) = u(x,y) + v(x,y)i of a single complex variable z = x + yi € G, € C, where x
and y are real variables; u(x, y) and v(x, y) are real-valued differentiable (with respect to x
and y) functions; G, is some connected, open subset called a domain of a function definition
(or simply the domain). In the sequel we always understand by a domain a connected, open set
of points. We denote it by G, in the complex plane C or by G, in the quaternion space H.

The complex derivative of 1 (z) at any point z in its domain is defined by the limit of the

difference quotient:

lpl(z) — Allm lp(z+AZ)_1l)(Z) — dl/’(z) ’ (2.1)
z—0

z dz

as the complex increment Az = Ax + Ayi approaches zero. This is the same as the definition
of the derivative for real functions, except that all of the quantities are complex. If the limit
(2.1) exists, then the function y(z) is called complex-differentiable (briefly, C-differentiable)
at the point z. A function ¥(z) is said to be complex-holomorphic (briefly, C-holomorphic) at
the point z, if Y (z) is C-differentiable in some open connected neighborhood of z. If Y(z) is
C-differentiable at every point z in an open set G,, we say that y(z) is C-holomorphic on G,.
The C-holomorphic functions are denoted by ¥ (z) in the sequel.

The existence of the limit (2.1) is equivalent to independence of the path that Az follows
toward zero. This gives [1, 3, 6] the complex Cauchy-Riemann condition, which can be written
as

L0 @
la— ay (22)



where multiplying % by imaginary unit i reflects the essentially new property of the complex

plane, namely, the rotations of vectors in the plane. The differentiability condition (2.2) can be
regarded as the essentially adequate condition of complex differentiability since it reflects the
essential property of the new dimension of physical space (the complex plane), which have no
counterparts in the previous dimension of space (the real axis).

Usually, the requirement (2.2) is represented by two equations, namely, for u(x,y)

and v(x, y), the so-called Cauchy-Riemann equations:

In the sequel we use the compact notation dg, where s may be any variable, to denote the partial
differentiation with respect to this variable. By using this notation, the Cauchy-Riemann equa-
tions can be rewritten as

Oxu = 0V, 0yu = —0yV. (2.4)
The relationship between real differentiability and complex differentiability is the following. If
a complex function Y (z) = Y(x + yi) = u(x,y) + v(x,y)i is C-holomorphic, then u(x,y)
and v(x, y) have first partial derivatives with respect to x and y (in the sense of real differenti-
ability) and satisfy (the additional complex condition) Cauchy—Riemann's equations.

In the quaternion theory below we use the complex values

a=x+yi, (2.5)

b=2z+ui, (2.6)
and their conjugates

a=x—yi, (2.7)

b =z —ui (2.8)

where x, y, z, and u are real numbers. These values define according to the Cayley-Dickson
doubling procedure [6] the independent quaternionic variable
p=x+yi+zj+uk=(x+yi)+ (z+ui)j (2.9)
=a+ bj € H,
where i, j, k are "imaginary" units of the quaternionic algebra with multiplication table
i2=j2=k*=-1,ijj=—ji=k, jk=—kj=1iki=—ik =j. (2.10)
The Cayley—Dickson doubling procedure is essential to the theory of quaternionic differen-
tiability under consideration. Note that the general scheme (2.9) of "doubling” the complex
numbers uses the "imaginary” unitj in p = a + bj. The quaternion conjugate of p is defined,
as usual [6], by
p=a—bj=x—yi—zj—uk. (2.11)



Let p=((;+y10)+ (@ +wi)-j=a;+by-j and q = (xp +y,0) + (2, +uyi) - j =
a, + b, - j be two arbitrary quaternions. Then the multiplication rule for quaternions in the
Cayley-Dickson doubling form is determined [6] by

p-q=(a;+b,-j) (a+by-j)=(ayay — biby) + (a1b, + azby) - j,  (2.12)
where by "-" is denoted the quaternion multiplication. Putting a; = x; (y; =0), b; =z,
(uy=0),a,=a,=x, (y,=0), b, =b, =2z, (u, = 0) we have two complex numbers
p = x1 + zyj and q = x, + z,j; then the multiplication rule for quaternions (2.12) reduces to
the multiplication rule for complex numbers:
P q=(x+2z1)) (+ 250 )) = (X1, — 2125) + (12 + X221) * ]
where imaginary unit j (j2 = —1) plays arole of the "complex imaginary unit" .
In the sequel we consider the quaternion-valued (briefly, quaternionic) functions
Y() =iy, zu) + 9 (xy, z,w)i + P3(x, y, z,u)j + (. y, 2wk, (2.13)
which in accordance with the Cayley—Dickson doubling [6] procedure are represented as
Y(p) = Y(a,b) = ¢$1(a,b) + ¢p2(a,b) - j, (2.14)
where ¥, (x,y,z,u), ¥, (x,y,z,u), Y3(x,v,z,u), and Y, (x, y, z, u) are real-valued functions,
and
¢1(a,b) =Y(a,b) +Y,(a,b)i =P, (x,y,z,u) + Y, (x,y, 2z, w)i, (2.15)
$2(a,b) = P3(a,b) +Yu(a,b)i = s3(x,y,z,u) + Pa(x,y, 2, Wi (2.16)
are complex-valued functions. We write briefly ¢,(a, b) and ¢, (a, b) bearing in mind the
complete notation gbl(a, a, b,E) and qbz(a, a, b,E). As usual [2, 3, 6], the quaternionic conju-
gate of ¥ (p) is determined by
V() = 10y, 2,u) = Yo (x,y, 2,0 — P30y, 2,0)j —Pa(xy, z,w)k  (2.17)
= ¢,(a,b) — ¢,(a,b)].
Quaternionic functions are assumed to be continuous and single-valued everywhere on their
definition domains G, except, possibly, at certain singularities.

In accordance with definitions of complex analysis [2, 3] we will be concerned with the fol-

lowing differential operators:

0q = 2(0, — 9, - 1), (2.18)
0z = X0, + 9y - 1), (2.19)
oy =28, — 8, - ), (2.20)
05 = (0, + 0y - 1). (2.21)

Here the differential operators d; and 0y represent the so-called Cauchy-Riemann operators

in the complex planes a = x + yi and b = z + ui, respectively.



The quaternionic generalization [2, 3] of the Cauchy-Riemann operator is denoted by d and
called the Cauchy-Riemann operator too. It and its quaternion conjugate 0 are represented, as
usual, by

0=0,+0,-i+0,-j+0d,k (2.22)
0=0,—0,"i—0,"j—0y"k (2.23)
Since 8 = (0, + i) + (8, + 8y -1)-j, 8 = (9 — 8, - i) — (8, + 8y, - i) - j, the quaternion
Cauchy-Riemann operator and its quaternion conjugate may be represented in the Cayley—
Dickson doubling form as follows:
8 =2(dz+05J), (2.24)
d=2(0,—095"Jj). (2.25)
When it is obvious that the quaternion multiplication is used, we can omit its notation, that is,
the dot "-".

A rotation of any vector z in the complex plane through an arbitrary angle ¢ is represented
[5, 8, 9] by means of multiplication of this vector by the complex number r = cos ¢ + i sin ¢
(of length 1):

z' =1z,
where z' is the vector z after the rotation. The commutativity of rotations in the Euclidean plane
is adequately represented by the commutative multiplication of complex numbers:
Z =1z =mnrz,
where r; and r, are complex numbers corresponding rotations.

A rotation of any 3-dimensional vector v about an arbitrary 3-dimensional vector p,of length
1 through an arbitrary angle 2¢; is represented [6] by means of multiplication of v on the left
by the quaternion q; = cos ¢, + p; sin ¢, (of length 1) and on the right by the quaternion
qi' = cos@; —pysing; :

vy = qvq;
where v, is the vector v after the rotation, g;tis the inverse of the quaternion g, such that
q1q;* = 1. Clearly, the description of arbitrary rotations in space requires the use of both left
and right quaternion multiplication together. Noncommutativity of quaternion multiplication

represents adequately noncommutativity of vector rotations in 3-dimensional physical space:

72(q1vq7 3" = (q291)v(q291) ™" # ¢1(q2vq7 1) g1t = (q192)v(q192) 7,



where q, = cos @, + p, sin@, and g;* = cos ¢, — p, sin @, are quaternions of length 1. We
see that a sequence of rotations of any vector v about arbitrary axes p; and p, through the cor-
responding arbitrary angles 2¢, and 2¢, is non-commutative owing to noncommutativity of
quaternion multiplication:
9291 ¥ q192-
The use of the only left or only right version of the quaternion theory is essentially non-ade-
quate to physical properties of 3-dimensional space, because such a use does not describe all

arbitrary non-commutative rotations in space.
3 The concept of essentially adequate differentiability

In order to obtain the correct (that is, adequate to properties of physical space) hypercomplex
generalization of complex differentiability conditions (2.4), it is necessary to define a general
concept (rules) for obtaining the essentially adequate differentiability conditions upon transition
from spatial dimension N to dimension N + 1 (briefly, to a new dimension), where N =1, 2.
We formulate this in a general way that allows us to analyze the known hypercomplex gener-
alizations of complex analysis. This concept can be established by the following assertions.
Assertion 3.1 Essentially adequate differentiability conditions upon the transition to a new
dimension must be formulated only on the basis of algebras adequately representing new prop-
erties of a new dimension, that is, properties, which have no counterparts in the previous di-
mensions of space.

Clearly, the new property of commutative vector rotations appears upon transition from the
real axis to the Euclidean (physical) plane. This property has no counterpart on the real axis and
is adequately represented by the commutative algebra of complex numbers. Therefore, complex
differentiability conditions are adequate to physical reality of Euclidean space.

Further on, a new property of noncommutativity of vector rotations appears upon transition
from the Euclidean physical plane to 3-dimensional Euclidean physical space. This property is
adequately represented by the non-commutative algebra of quaternions and has no counterpart
in the complex plane, where rotations are commutative.

From this assertion it follows that any generalizations of complex analysis cannot be ade-
quate to 3-dimensional physical space if they are based on algebras with the commutative law
of multiplication (see, e.g., S. Ronn's bicomplex analysis in [10], M.S. Marinov's S-regular
functions in [2]). It is impossible to expect from such generalizations any results comparable in
the "internal perfection and external justification™ with results of real and complex theory of
differentiability.



It also follows that definitions of quaternionic differentiability only "on the left" and only

"on the right" (left-regular and right-regular functions in [2, 3, 4]) cannot be essentially adequate
to the 3-dimensional space properties, since the description of the arbitrary vector rotations in
space requires the use of both quaternionic multiplications, that is, the left and the right quater-
nionic versions must be only used together. Thus the statement of the type "For definiteness,
we will only consider left-regular functions, which we will call simply 'regular' ' (see [3]) can-
not be regarded as acceptable. In this sense, all the papers quoted above represent hypercomplex
generalizations, which cannot be regarded as essentially adequate.
Assertion 3.2 The definition of differentiability in higher dimensions of space cannot be "re-
duced" to the definition of differentiability in the previous lower dimensions. There must be
some additional conditions of differentiability, which correspond to the new dimension proper-
ties and have no structural (algorithmic) counterparts in the previous lower dimensions.

This assertion generalizes the known statement of complex analysis [8, 9]: the differentiabil-

ity in the complex sense cannot be "reduced" (cannot be completely similar) to the differentia-
bility in the real sense since the complex differentiability requires not only the existence of
partial derivatives in the real sense (that is, a simple transfer of the corresponding concepts of
real analysis) but also the satisfaction the Cauchy—Riemann complex differentiability condi-
tions, which have no counterparts on the real axis and correspond to the new property of com-
mutative rotations of vectors in the physical plane.
Assertion 3.3 By analogy with real and complex analysis any generalization of differentiability
conditions upon transition to the new dimension of space must contain a requirement of the
uniqueness of the derivative value. We must also strive to preserve the form (2.1) of a derivative
definition upon transition from the complex plane to the new higher dimension of space.

In complex analysis any holomorphic function y(z,) with nonvanishing derivative at a
point z, € C is aconformal (angle-preserving) map at that point. A conformal mapping ¥ (z)
gives a graphical picture of a "linear transformation” (dilation) of an initial complex plane, if
we plot images of horizontal and vertical lines under the map ¥ (z).

This transformation can be "measured" as follows. Firstly, we represent the derivative ¥ (z,)
in the known [9] exponential polar form . (zy) = [P (z,)]e® and, secondly, we say
that ¢ (z,) at the point z, has the dilation constant [9] or scale factor [11]

r = lpe(zo)l > 0, (3.2)
and the rotation angle 8 € [0,2x[. Thus we associate local dilations of the 2-dimensional com-

plex plane under the map ¥ -(z) with the derivative in the form (2.1), that is, with the limit of



the quotient of the line segment "Ay(p) " in the "dilated" complex plane by the line segment
"Ap" in the initial "non-dilated" plane.

This simplest representation of 1- and 2- dimensional local dilations (in the form (2.1)) must
be preserved to obtain a correct hypercomplex representation of 3-dimensional local dilations.
Indeed, any point of the real axis is also a point of some plane and a point of space. Then the
derivative definition at that point must have the same form (2.1) regardless of whether we think
of that point as a point on the real axis or a point in the complex plane, or a point in space. Such
a representation must have a unique value of a derivative (2.1), since it is impossible to imagine
that a 3-dimensional local dilation at the same point can have two or more vector values.

On the other hand, the uniqueness of the derivative value follows from the fact that the de-
rivative (2.1) of any C-holomorphic function (viewed as a complex potential function) is asso-
ciated in complex analysis with a complex vector [11] of the corresponding conservative vector
field. This vector (a field strength) can have physically the only unique value. Therefore, the
derivative value must be unique regardless of whether we consider it in real or in complex
analysis, or in some hypercomplex generalization of complex analysis.

For this reason, if a quaternionic derivative is defined by analogy with formula (2.1) as a
limit of the difference quotient, then it must have the same value regardless of whether we
calculate the derivative by using the division on the left or the division on the right.

It is not superfluous to note that the physical formulation of a problem played an important
role initially in the theory of complex-differentiable functions, and the Cauchy-Riemann equa-

tions (2.4) were found [8] as early as in 1752 in d'Alembert's doctrine about planar fluid flow.

4 The essentially adequate quaternionic differentiation

First we establish consequences of assertion 3.3 of the essentially adequate (EA) differenti-
ability concept. To get the correct conclusions there is a need to recall the well-known things,
which are frequently not taken into consideration in the papers on the generalizations of com-
plex analysis.

The complex division algebra representing operations on vectors in the Euclidean complex
2- dimensional plane is a normed algebra with identity element 1. Since 3-dimensional Euclid-
ean space, say, consists of Euclidean 2-dimensional planes, it follows that a hypercomplex rep-
resentation of operations on vectors in 3-dimensional space must also be a certain normed al-
gebra with identity element1. We will say a few words about these properties of algebras; for

details we refer to [6].
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The normability concept characterizes in principle a possibility of "measuring” of a distance
between two points in the Euclidean plane and Euclidean space. Such a distance is represented
[2, 6, 8, 9] in complex algebra by the absolute value |a| (the norm or length) of the complex

vector a = x + iy:

la| = Vaa = \/x? +y? = /(a,a),
where (a, a) is the so-called scalar product (see, e.g., [6], p. 94).The general expression of
normability is defined usually as the norm property
laa’| = |al|a’|.

The analogous formulae exist [6] in the 4-dimensional quaternion algebra:

Ipl = Vop =op =2 +y2 + 22 +u? = /(p,p) =Vaa + bb, |pp'| = Ipllp'l, (4.1)

where p = x + yi + zj + uk is an arbitrary quaternion and p’ is another arbitrary quaternion.

The possibility of "measuring™ of a line segment length such as |Ay| and |Az| (or |Ap]), that
is, the normability property of an acceptable algebra is the first requirement, which enable us
in principle to obtain an expression for a spatial dilation constant similar to (3.1). Only in this
case, it makes sense to use an expression similar to (2.1) for the definition of a hypercomplex
derivative.

The second requirement is the possibility of the division operation in an acceptable hyper-
complex number system. This enables us to define a hypercomplex derivative as a limiting
value of a difference quotient similar to formula (2.1) used in complex analysis.

Now it makes sense to recall [6] the division definition in a hypercomplex number system.
A hypercomplex number of dimension n can be written as follows:

u=ul+uyi, +uziz+ ... +uyiy, (4.2)
where n is a fixed integer, and 1 is an identity element defined by the formula
ul=1u=u (4.3)
forany u; uq, u,, ... u, arearbitrary real numbers, and i,, i, ... i,, are certain symbols ("imag-
inary units™) with multiplication rule defined by some multiplication table ( see, e.g., [6], p. 36).
The operations defined in each system of hypercomplex numbers are addition, subtraction, and
multiplication. The possibility of division depends on the system.
Let
V=014 vy0, +v3i3+ ... + Vi,
be another hypercomplex number, where v, v, ... v, are real numbers such that v # 0.
A hypercomplex number system is called a division system if for all « and v # 0 each of equa-
tions:
VX =1Uu (4.4)

-11 -



and
Xv=1u (4.5)
is uniquely solvable. The solution of equation (4.4) is called the left quotient of u by v, and the
solution of equation (4.5) is called the right quotient of u by v. In general, two quotients are
different.
The concept of an algebra is more general than that of a hypercomplex system. Any algebra
of dimension n consists of elements that are representable in the form
U = Uqly +Uyly +Uziz + o+ Uyly,
and are added, subtracted, multiplied, and divided in the same way as the hypercomplex num-
bers [6]. Every hypercomplex system may be viewed as an algebra in which the first basis
element i; (in general, # 1) is replaced by the identity element 1.
If we "clear away" the terms with 3 < k < n inthe expression (4.2) and in the corresponding
multiplication table (e.g., in the table (2.10), where the units i,, i3, i, are denoted,
respectively, by i,j, k), then we reduce the hypercomplex numbers of dimension n to the hy-
percomplex numbers of dimension 2. Starting with n = 4, we can write out three hypercomplex

numbers of dimensions 4, 3, 2, respectively:

u = u11 + uZiZ + U3i3 + u4i4, (46)
u = u11 + u2i2 + u3i3, (46a)
u = u11 + u2i2 y (46b)

where we assume that the latter denotes a complex number.
Instead of a 4-dimensional hypercomplex number (4.6) we consider now an element of an
4-dimensional algebra:

U = Uqlq + Uiy + Uzls + Uyly, 4.7)
where i; # 1 (the other i, # 1, k = 2,3,4). If there is no identity elements 1 in the expres-
sion (4.7), then by starting with (4.7) and "clearing away" any two terms u, i, in it, we cannot
reduce this expression to the expression (4.6b) of the complex algebra, since the latter has the
identity element 1. Hence, each acceptable generalization of the complex algebra correspond-
ing to properties of the physical space and therefore "including” the complex algebra "as a lim-
iting case", must contain the identity element 1. We can regard this as the third requirement
that must be imposed on the algebra, underlying the EA hypercomplex differentiability.

Thus, we have shown that assertion 3.3 together with the natural third requirement leads to
necessity of using of some normed division algebra with the identity element 1 to determine a

hypercomplex derivative upon transition from the complex plane to space.
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As is well known, (see, e.g., [6], p. 39), any 3-dimensional system of numbers of the form
u, 1 + uyi, + ugis, with any multiplication table, does not possess a division operation. Hence
we need look for a hypercomplex division system in higher dimensions. The next extension
(with division) beyond the complex numbers is to the quaternions. This can be explained as
follows. According to Hurwitz's theorem, [6] "every normed algebra with an identity is isomor-
phic to one of following four algebras: the real numbers, the complex numbers, the quaternions,
and the Cayley numbers". Hence, the only quaternion algebra can be the nearest algebra under-
lying the EA hypercomplex differentiability. Assertion 3.1 leads to this conclusion too.

Finally, we can state that the quaternion algebra remains the only algebra that satisfies as-
sertions 3.1 and 3.3 of essentially adequate differentiability conditions. From this it follows that
a hypercomplex generalization of complex differentiability must be only realized as a quater-

nion generalization.

4.1 Principal definitions of H-differentiability and H-holomorphicity

Let Ap = Aa + Abj be an arbitrary increment of the quaternion variable p = a + bj in the
Cayley-Dickson "doubling form™ (see (2.9)). A corresponding increment of a quaternion func-
tion (see (2.14)) ¥ (p) = Y(a,b) = ¢,(a,b) + ¢,(a,b)j, atapointp = a + bj = (a,b) can
be denoted by AyY(p) = AY(a,b) = Ap,(a,b) + Ap,(a,b)j. Now suppose that a function

Y(p) is defined in domain G, < H and has in G, all first-order partial derivatives of complex
functions ¢,, El, ¢b,, 52 with respect to complex variables a, @, b, b in the usual sense, that
is, as limiting values of corresponding quotients of the increments A¢,, El, A¢, and AEZ by
the increments Aa, Aa, Ab and Ab. By adomain G, we understand, as usual, a connected, open
set of points in the quaternion space H. We define a quaternion-differentiable (briefly, H-dif-

ferentiable) function in accordance with the above concept of EA differentiability as follows.
Definition 4.1 A single-valued function ¥ (p) : G, — H is H-differentiable at a point

p € G, € H if there exists a limiting value (denoted by %j’)) of the difference quotient

4y
= (4.8)

as Ap —» 0, and this value is independent of (i) how we let Ap = Aa + Abj approach zero,
and (ii) how we divide AY(p) = Y(p + Ap) — Y(p) by Ap: on the left or on the right. We say

ani ivative ¥® i i i
also that ¥ (p) has a quaternionic derivative d—p” at a point p € G, in the mentioned sense.
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In its essence, this definition is a "transfer” of complex definition (2.1) with the additional
requirement (ii) of the independence of the division way. For the sequel, it is possible to intro-
duce for both requirements (i) and (i) to be used together in the definition of the quaternionic
derivative, more succinctly a single notion of "independence of the way of computation ".

By analogy with complex analysis [9], we make the following definition of the quaternion-

holomorphic (briefly, H-holomorphic) functions.
Definition 4.2 If a quaternionic function ¥ (p) is single-valued and H-differentiable in some
open connected neighborhood of p € H, then we say that this function is H-holomorphic at a
point p and denote it by Y, (p). If Y(p) is H -differentiable at every point p in an open con-
nected set G, < H, then we say that ¢ (p) is H-holomorphic on G,.

When speaking of a H-differentiability or a H-holomorphicity in the sequel we will use the

general term "H-holomorphicity".

4.2 The essentially adequate generalization of Cauchy-Riemann's equations

Now we show that Definition 4.1 leads to the following

Necessary condition for w (p) to be H- holomorphic. Continuing the analogy with real and
complex numbers, we consider now two "directions™ to approach a limiting point p for p + Ap
asAp = Aa+ Ab-j — 0: the way A) Ap = Aa — 0 when Ab -j = 0, and the way B) Ap =
Ab - j = 0 when Aa = 0. They must be considered together with division on the left and divi-
sion on the right in the expression of the difference quotient (4.8).

The division on the left. A) Ap = Aa - 0, when Ab-j = 0.

In this case the difference quotient (4.8) in accordance with (4.4) can be represented in the form
Aa(Xpi(a) + Xi2a) *J) = DPi(a) + Do) " = MP(a),

where by (XLl(a) + XLz(a)j) is denoted the solution of this equation for every Aa. Forany Aa #

0 it follows that X, 4) = Ag1(q)/Aa and X, 54) = Adyq)/Aa. Now we denote the limiting

value of X}, by '¢1(a)(p) and the limiting value of X;,,) by '¢,4)(p) as Ap = Aa - 0.
We obviously have

‘D1 (P) = 0aP1, P2 (D) = 02 (4.9)

The partial complex derivatives d,¢,and d, ¢, are defined, respectively, as limits of quo-

tients Agyq)/Aa and A,y /Aa as Ap = Aa — 0, that is, in the same usual way as deriva-

tives in real analysis. We suppose here (and in the sequel) that limits of all quotients, that is, all

partial derivatives of functions ¢, ¢, ¢, ¢, with respectto a, @, b, b exist and are independ-

ent of how we let Aa and Ab approach zero. Since the "arithmetic" of complex numbers is the
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same as that of real numbers, we can say that all formulae for computation of complex deriva-
tives must be the same (see, e.g., [9], p. 41) as formulae for real derivatives. Thus using division
on the left and the way A) Ap = Aa = 0 (Ab - j = 0) in the expression of the difference quo-
tient (4.8), we get the following expression for the left derivative "y ,)(p):

Yy @) = "b10) (@) + 'b2(0)(0)] = 0aP1 + 0aP2J, (4.10)
where index "(a)" and the left position of the derivative sign " ' " mean, respectively, that the
way A) and division on the left are considered. For simplicity we omit the designation " - " of
quaternion multiplication in front of " j " bearing in mind in the sequel that multiplication by
"j" can be only carried out according to the quaternion multiplication rule.

The division on the left. B) Ap = Abj — 0, when Aa = 0.

In this case the difference quotient (4.8) in accordance with (4.4) can be represented in the form
Abj - (Xp1p) + X1200)) = Ab1() + Adon)) = Ay,

where by (X,1») + X120/ ) is denoted the solution of this equation for every given Abj. Using
the left distributive law [6] of quaternion multiplication, we obtain

AbjX11(p) + ADjX12(m)] = DAp1w) + Do)/
Since the result must be represented in the "doubling form", where the unit " j " is always lo-
cated after a complex value (see (2.9), (2.14)), we use the known (see, e.g., [6], p. 42) equality
jz = zj, z € C as well as the associativity of quaternion multiplication. It follows that

—AbX15() + AbX 11 (0)] = A1) + Do)
Equating the terms without "'j* on the left and the right sides of this equation, and analogically

the expressions with "j", we get

—AbX 1 55) = Adrpy,  AbXp1(p) = Ay,
Denoting by ’El(b)(p) and by ’Ez(b)(p), respectively, the limiting values of )_(Ll(b) and YLz(b)

as Ab — 0, we can write

Iaz(b)(p) = _abd)li ’al(b)(P) = ab(pZ!
where derivatives are defined in the usual way as the limits of the quotients A¢,y/Ab and

A, )/Ab as Ab — 0. Finally, the complex conjugation of these expressions gives

'$10)(P) = 0p$2) =050, 'P2y(P) = —(pp1) = — 5, (4.11)
Thus, by using division on the left and the way B) Ap = Abj — 0 in the difference quotient
(4.8), we get the following expression for the left derivative ") (p):

Wy®@) = "P1) (@) + D200 () = 050, — 050 ), (4.12)
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where index "(b)" and the left position of the derivative sign " ' " mean, respectively, that the
way B) and division on the left are considered.

From the condition (i) of the above definition of quaternionic differentiability it follows that
if division on the left is used in the expression (4.8), then it is necessary to satisfy the require-

ment: Y (p) = Yy (p), that is, (see (4.10), (4.12)) the following requirements:

"D10®@) ="P1)@): D200 @) = "b200)(D)- (4.13)
This gives the necessary equations:
apr = 050, Oatb2 = —05,, (4.14)

which we will call the left quaternionic generalization of the Cauchy-Riemann equations (2.4).

Now we can state the following general expression for the left quaternionic derivative:

Y(p) ="¢:1(p) + '¢2(p)j, (4.15)
where in accordance with formulae (4.13), (4.9), and (4.11) we have
'$1(0) = "$1() (D) = P10y ) = 0up1 = O3, (4.16)

'$2(0) = "P2(0)P) = b2y (D) = Va2 = —05,.
In a manner similar as before, we consider now the cases of division on the right in the ex-
pression (4.8).
The division on the right. A) Ap = Aa — 0, when Abj = 0.

In this case the difference quotient (4.8) in accordance with (4.5) can be represented in the form

(Xr1(@) + Xr2(@J)Aa = Ay(a) + M) = A(ay.
Using the right distributive law [6] of quaternion multiplication, the associative law, and the
equality jz = Zzj, z € C, we get the following relations:

P10 ®@) =091, P20)(@) = 022, (4.17)
where index "(a)" and the right position of the derivative sign " ' " mean, respectively, that the
way A) and division on the right are considered. By ¢;,,(p) and by ¢, (p) are denoted,
respectively, the limiting values of Xz, 4y and Xz, 4y as Aa — 0.

Finally, by using the way A), we can write the following expression for the right derivative:
Vi0)(®) = D10y (P) + P20y (P)J = 0ap1 + 0gh2). (4.18)
The division on the right. B) Ap = Abj — 0, when Aa = 0.

In this case the difference quotient (4.8) in accordance with (4.5) can be represented in the form

(Xr1v) + Xr20)))Abj = A1y + Ao = Ay,
Denoting by ¢;,,(p) and by ¢;,,(p), respectively, the limiting values of X,y and Xz, ()

as Ab — 0, we have
G100y @) = Op2, D24y (P) = —0501, (4.19)
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where partial derivatives are defined in the usual way as limits of the quotients A¢,,y/Ab and
A1)/ Ab as Ab, Ab — 0.
Thus, using division on the right and the way B) Ap = Abj — 0 (Aa = 0) in the difference
quotient (4.8), we get the following expression for the right derivative 1(,)(p):
Vi) (@) = P10y (P) + D206y (P)J = 02 — O5¢1]- (4.20)
From the condition (i) of Definition 4.1 it follows that if the division on the right in the
expression (4.8) is used, then the requirement ¥, (p) = ¥, (p) must be satisfied. If we bear

in mind formulae (4.18), (4.20), then from this requirement, we get the conditions:

b1 @) = 1)@, Po)(®) = D30 (), (4.21)
which in accordance with (4.17) and (4.19) lead to the following necessary equations:
01 = 0p P2, Oah = — 654’1- (4.22)

We will call equations (4.22) the right quaternionic generalization of the Cauchy-Riemann
equations (2.4).
Now we can state the general expression for the right quaternionic derivative:

Y'(p) = ¢1(p) + P2()J, (4.23)
where in accordance with formulae (4.21), (4.17), and (4.19) we have
$1(P) = P1(0)(P) = P105)(P) = 01 = 01 (4.24)

$2(0) = P20 (P) = D20y () = Fap2 = — 051

Expressions (4.15) and (4.23) for the left and right quaternionic derivative (just as the equa-
tions of the left and right quaternion generalization of the Cauchy-Riemann equations) are ob-
tained as the result of satisfying the requirement (i) of Definition 4.1. Now our intention is to
satisfy the requirement (ii) of that definition. To do this we have to require the equality of the
left (4.15) and right (4.23) quaternionic derivative:

Y =y’ (p),

that is,

'$1(p) +'$2(p)j = $1(p) + P2 (P, (4.25)
where (and in the sequel) the symbol "=" means that we require an additional equality. This
means that in addition to differentiability conditions (4.14) and (4.22) we must also consider
the following essential requirements:

‘$1(p) = d1(p),  '92(p) = P2 (p).

Using (4.16) and (4.24), we can write the last conditions as
'$1(p) = 0y = 050, = P1(p) = 0upy = D2, (4.26)
'y (p) = 0,0, = — 05, = 3 (p) = g, = — 050, (4.27)
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Since the partial derivative d,¢; is contained in the expressions for ¢, (p) and ¢1(p), it fol-
lows that the condition (4.26) is satisfied, so to say, "automatically", if left and right differen-
tiability conditions (4.14) and (4.22) are satisfied. In order to satisfy the condition (4.27) we
need only to require the equality of partial derivatives d,¢, and dgz¢,, that is, d,¢, = dg¢,,
from which it follows that the equality 6551 = d3¢, holds too if conditions (4.14) and (4.22)
are satisfied.

Formally, the requirement d,¢, = dz¢, can be satisfied in only two ways:

0, =0z (= 10,) (4.28)
and
a=a(=x), (4.29)
where expressions in parentheses are obtained from the formulae (2.5), (2.7), (2.18), and (2.19).
We will mostly use the simple sign of equality "=" instead of "=".

The first of these requirements is imposed on the differential operators d, and d; the second
is only imposed on the variables a and a contained in expressions of "already obtained" partial
derivatives in (4.14) and (4.22). Note that the requirement (4.29) cannot be initially imposed on
a quaternionic variable and a quaternionic function, only on "computed" partial derivatives.
Since the partial derivatives with respect to a and a are "already computed™ when formulating
the left (4.14) and right (4.22) generalized Cauchy-Riemann'’s equations (an application of dif-
ferential operators has been done), it is impossible to modify differential operators in these
equations (in (4.27) too), that is, use (4.28). We can only use the condition (4.29), when formu-
lating the complete quaternionic generalization of Cauchy-Riemann's equations and further
when using it for checking holomorphicity of functions. As regards the condition (4.28), it can
be only interpreted as an additional differential requirement that unlike the condition (4.29) can
be used further to clarify the expressions for the complete quaternionic derivatives.

Thus, we have established that the requirement a = a = x imposed on the variables in ex-
pressions for "computed” partial derivatives in (4.14) and (4.22) is the EA condition of quater-
nionic differentiability (holomorphicity), according to the requirement (ii) of Definition 4.1.

Note that since the equality d,¢, = dz¢, holds upon application of a = a = x, it follows

from (4.27) that the equality 6351 = 03¢, holds too, and we can state that the equality

d1(p) = E(P) =,(x,y,2z,u) (4.30)

follows from the requirement a = a = x for derivatives of H-holomorphic functions.
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Summarizing the results of the left (4.14) and right (4.22) quaternion generalizations of the
Cauchy-Riemann equations and the condition (4.29), we can write the following general system
of EA conditions of quaternionic differentiability:

1) 0u¢1 = 050, 2) atps = = 05¢,
(after doing a = a = x) (4.31)

3) 0q¢1 = Ip2, 4) 0gp, = — 65¢1-
We will call this system the complete EA quaternionic generalization of the Cauchy-Riemann
equations (GCR-equations). It may be remarked, by the way, that the system (4.31) has been
submitted previously in [12] by the author. We see that the conditions of quaternionic holomor-
phicity (4.31) are defined so that in order to check the holomorphicity of a function we need to
carry out the transition a = a = x in expressions for its derivatives (and only in them). How-
ever, any quaternion function of a quaternion variable remains the same quaternion function
regardless of whether we check its quaternionic holomorphicity or not.

It makes sense to speak of "conceptual requirements™ of the EA differentiability theory
under consideration bearing in mind the necessity of satisfying the requirements (4.28) and
(4.29). The requirement (4.28) of this concept exists, so to say, "in parallel” with the condition
(4.29) but independently of the formulation of GCR-equations (4.31). Thus the system (4.31)
remains the same when checking not only the quaternionic differentiability of any function but
also the quaternionic differentiability of its derivatives. The condition (4.28) can give equalities,
which don't belong to the system (4.31). Equations (4.31-1) and (4.31-2) correspond to the left
quaternion division in the expression (4.8), and equations (4.31-3) and (4.31-4) to the right
quaternion division. It is easy to check by direct computation that among power functions p",
where n is integer, the only functions of degrees n = 0 and n = 1 satisfy equations (4.31-1)
and (4.31-2) as well as equations (4.31-3) and (4.31-4) by themselves, that is, without the con-
dition a = a. This corresponds to the so-called Meilihzon result [1, 2, 3] that states that only
linear functions are solutions of the left or right equations of the same type as (4.31-1,2), or

(4.31-3,4). In this special case the partial derivatives in (4.31) are independent of variables a,

a, b, b. Conversely, we will show below that power functions p™of degrees n > 2 are solu-
tions of the EA system (4.31), that is, of the system of the left and right equations together with
the condition a = a = «x.

The condition a = a = x is essential for the quaternionic differentiability theory under con-
sideration. It implements assertions 3.2 and 3.3 of the above concept of EA conditions of dif-
ferentiability. This additional condition is associated with a new property of quaternionic anal-

ysis having no counterparts in complex analysis, namely, the existence of two different results
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of division. Therefore, the system (4.31) can't be "reduced” to the system of Cauchy-Riemann's
complex equations.

It is of interest to compare equations (4.31) with the Cauchy-Riemann-Fueter equations (1.1)
and (1.2). For this we can represent equations (1.1) and (1.2) as equations 9y = 0 and @ = 0
[2, 3], using the formal multiplication (2.12) of the Cauchy-Riemann operator  (see (2.24)) by
a quaternion function 1 (p) = ¢, + ¢,j in the Cayley—Dickson doubling form. Multiplying @
on the left by ¥ (p) we obtain

oY = 2(0g + 35)) - (1 + ¢2)) = 2(0as — 056,) + 2(9a¢2+05¢,)j = O,

whence follows the system of the left-regularity equations equivalent to (1.1):

0zp1 = 056, Oz, = — 050, (4.32)
Similarly, we get the system of the right-regularity equations equivalent to (1.2):
0gp1 = 0pd2,  0aP2 = — 0591. (4.33)

The systems (4.32) and (4.33) cannot be regarded as essentially adequate. They do not satisfy
assertions 3.2 and 3.3 of the above concept of EA differentiability. Note that there is no essen-
tial difference between these systems considered together and the system (4.31) taken without
the condition a = a. All these systems can be, in principle, "reduced” to Cauchy—Riemann's
equations of complex analysis due to the absence of an essentially new requirement (similar to
a = a) reflecting the essential difference between the complex plane and space.

Thus, the Cauchy-Riemann-Fueter equations (1.1) and (1.2) can be regarded only as non-
essentially adequate to properties of 3D space.

Taking into account (4.15), (4.23), (4.25) - (4.27), we obtain the following expression for the

EA quaternionic derivative after doing the condition a = a = x:

% = k(0p¢1 + 0p$2)), (4.34)

where k is a constant factor associated with the obvious linearity of equations (4.31); d,,¢, and

d, ¢, are determined by relations
Oppr := 0o = 50, = Dp¢pa, (4.35)

Opdz = Oapy = — O5b, = 0ap, = = 05y,
that must be valid after doing the condition a = a = x if Y(p) = ¢, + ¢,j is H-differentiable
(H-holomorphic) at a point p. We see that the expression (4.34) follows from Definition 4.1 and
gives the derivative that is "independent of the way of computation™ namely after doing the

condition a = a = x. Thus we can state that H-holomorphic functions are those quaternionic
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functions whose left and right derivatives become equal at a point p after transitiona = a = x
to 3D space.

When considering complex variables a and b in expressions for functions ¢, and ¢, we
speak (by analogy with [10]) of a C2-representation. As a rule, the C-representation leads to
the shortest calculations. If we consider real variables x, y, z, u in expressions for functions ¢,
and ¢,, then we speak of an R*-representation. As noted earlier, the equality ¢, = El =
Y, (x,y, z,u) follows from the condition a = @ = x whenever the function Y (p) = ¥ (a, b) =
¢1(a,b) + ¢p,(a,b)-j satisfies equations (4.31). It follows that in the R*-representation the
equalities y = 0, ¥,(x,y,z,u) =0 hold too if a = a = x holds. Substituting (2.18) and
(2.19) into (4.28), we can get the requirement (4.28) in the R*-representation: d, = 0.

If the conditions a = a and ¢p; = 51 or, respectively, y = 0 and ¥, (x,y,z,u) = 0 are ful-
filled first of all, then we have immediately 3-dimensional hypercomplex expressions (triplets),
namely, p = x + zj + uk and Y (p) = Y1 (x, z,u) + Y3 (x, z,u)j + Y, (x, z, u)k, for which the
operation of division and hence Definitions 4.1 and 4.2 are impossible. Therefore, it is im-
portant to recall that the requirement (4.29) , that is, a = a = x cannot be initially imposed
on a quaternionic variable or a quaternionic function. It can be only executed in expressions
after computation of partial derivatives of the functions ¢, and ¢, to be used in system (4.31).
In other words, it is possible to use the only following sequence of actions.

Computation rule in the C?-representation. Firstly, we compute the partial derivatives of
the functions ¢, ¢, 51 and EZ with respect to the variables a, @, b, or b contained in the sys-
tem (4.31); secondly, we put a = a = x in the computed expressions of partial derivatives; and
thirdly, we check whether equations (4.31) hold.

The same sequence of actions but when calculating partial derivatives with respect to
x, v, z,u and performing the condition y = 0, must be carried out if we check whether equa-
tions (4.31) hold in the R*-representation. This representation of equations (4.31) can be readily
obtained by substituting (2.15), (2.16), (2.18), (2.20) and their conjugates into (4.31), however,
we shall not dwell on this here.

To denote the correct sequence of actions when we apply the requirement a = a = x, we
introduce a special notation. Let f(a, b, @, b) be any function; then the notation (f(a, b, @, b)|
(as well as [f(a,b,@,b)| or {f(a,b,a b)| for “complicated" expressions), briefly, brackets
(..], where instead of the end parenthesis we use the vertical bar, will show that we have put
a=a = x in the expression in brackets, that is, in f(a, b, @, b). Using this notation we can

rewrite equations (4.31) as follows:
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1) (@ab1l=(050,l,  2) (@ud:l=— (356,], (4.36)
3) (a1l = @pdbal.  4) (3g2l = — (Opal-
We will call this system just as the system (4.31), the complete EA quaternionic generalization
of the Cauchy-Riemann equations (GCR-equations).

Further, the expressions (4.34) and (4.35) for the quaternionic derivative can be rewritten as

follows:
2 = k[(@p1l + (B2l (4.37)
where (d,¢,| and (9, ¢,| are determined by expressions
(Opd1] = (ap1| = (956, = (b2, (4.38)

(Op 2| = (2| = = (950, = (9atb2| = — (F5¢1,
and by % is denoted the derivative after performing the conceptual condition (4.29). In partic-
ular, it follows that
2 = k(a1 + (Basp2lj] (4.39)
This expression is the quaternion analogue of the complex derivative in the usual notation [9]:
% = d,u(x,y) +id,v(x,y).
We have shown that the system of equations (4.31) (or (4.36)) is the necessary condition for
a quaternionic function Y (p) to be H-holomorphic in G, < H. Now our intention is to show

that this system is also the sufficient condition.

Sufficient condition for v (p) to be H-holomorphic. To show this we suppose that a quater-
nionic function Y (p,p) = ¢1(a, a,b, E) + qbz(a, a, b,E) - j is single-valued and continuous at
all points p € G, < H and that it has in G, the continuous first-order partial derivatives of
functions ¢, and ¢, with respect to variables a, @, b, b. Then we can (see, e.g., [9]) write

Apy = ¢1(a+Aa,b + Ab, @+ AG,b + Ab) — ¢4(a, b, a,b)
= (3ap1)Ba + (0p¢1)Ab + (9z¢1)AT + (9561)Ab + 01 (1Ap)),
Ap, = ¢,(a + Aa,b + Ab,@ + AG, b + Ab) — ¢,(a, b, a,b)
= (3a92)Aa + (3yp2)Ab + (9g¢2)Aa + (05¢2)b + 0, (1Ap)),
where o, (|Ap|) and o, (|Ap|) converge to zero faster than |Ap| = |Aa + Abj| = |Apl|.
Thus altogether,

Ap(p) = Apy + Ad, - j = (Bap1)Aa + (8,¢1)Ab + (3zd1)AT + (d5¢1)Ab
+(8a¢2)Aaj + (3p$2)Abj + (9z$2)AT) + (85¢2)Abj + o(|Ap)),
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where o(|Ap|) = 0,(]Ap|) + 0,(|Ap|)j converges to zero faster than |Ap|, that is, % -0

as |Ap| —» 0. This expression represents the total infinitesimal increment of the function
W, D) = ¢1(a, @ b,b) + ¢p,(a,a b,b)-j owing to infinitesimal increments of all its argu-

ments. Rearranging the terms, we obtain
Ap(p) = {(0a$1)ha + (3a$2)Aaj + (95¢2)Abj + (3p$1)Ab} (4.40)

+{(9g¢1)Aa + (0ap2) 0] + (3p¢2)Abj + (d5¢1)Ab} + 0(1Ap).
Now our intention is to show by means of transformations of this expression that if the func-

tions ¢, (a,@, b, b) and ¢,(a, @, b, b) satisfy GCR-equations (4.36), then % exists (Definition
4.1) and coincides up to a constant factor k with the one of expressions (4.37), in particular,

with (4.39). We must use the operations of taking limits when Aa, Aa, Ab, Ab tend to zero
together with the additional condition a = a = x. Itis possible to perform these operations step
by step until the process is fully completed. We assume that it is possible to replace a certain
term in (4.40), say, "X" by another term "Y™" if both of them are eventually equal by using these
operations, equations (4.36), and the conceptual requirements (4.28) and (4.29).

For now it is important to compare the derivatives d,¢, and dz¢,. Formally, it follows from
the conceptual requirement (4.28) that these derivatives are equal (in principle, "when a = a").
We cannot use the introduced notation (.. | directly in this case, because the straightforward
computation in accordance with the above computation rule in the C2-representation is not
obligatory to lead to the equality of derivatives d,¢;and dz¢,. This is so because such an
equality doesn't belong to the system of equations (4.36). Therefore, such an equality, based on
the general concept of the theory under consideration, can only be regarded as the additional
requirement imposed on the operators d, and dg. We can use the simple notation in accordance
with (4.28) as follows:

a1 = 0a1 (=2 0:¢1) - (4.41)

Then we can formally state that the expression

[(0z¢1)dal = [(0.¢1)dal
is valid. In this case we can, as noted earlier, replace the fifth term (dg¢;)Aa in the expression
(4.40) by the term (0, ¢1)Aa. After this partial replacement we can use further the computation

rule in the C2-representation and the notation (.. |.

Now we consider the third term in (4.40), namely, (d;¢,)Abj. We want to show that the

relation

(0,¢2)Ab = (d5¢,)Ab (4.42)
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is valid in the limit when Ab, Ab tend to zero and if equations (4.36) hold. We can assume in
our proof that this relation holds approximately for sufficiently small values Ab, Ab and show

further how it can be reduced to the precise equality in the limit Ab, Ab — 0. From (4.26) it

follows that the relation
050, = 0p, (4.43)
is valid. Note that we do not even need to require a = a = x in this case. Substituting this
relation into (4.42), we obtain the following expression:
(056,)Ab = (9562)Ab.
It is now easy to see that this expression can be formally reduced to

0¢,
Ab’

39, _
Ab
and hence to the expression

b, _ _ ¢,
(8b+e1Ab)  (8b+e,Ab)’

where &; - 0as Ab — 0 and e, —» 0 as Ab — 0, that is, &;Ab — 0 more rapidly than
db — 0 as Ab — 0 and e,Ab — 0 more rapidly than db — 0 as Ab — 0. Taking the limits as
Ab, Ab = 0 in the last expression we get the true relation (4.43) from (4.42). Therefore (4.42)
is valid in the above sense. Thus, the replacement of the third term (65¢2)A5j by the term
(0, ¢,)Abj in (4.40) is possible.
Making the noted replacements of the third and fifth terms in (4.40), we obtain
AY(p) = {(0a91|0a + (0 $2)Aaj + (0p¢2)Abj + (05$1)Ab} +
{(0u¢110a + (92¢,)0a) + (3p¢2)Ab) + (9561)Ab} + o(1ApD),
where o(|Ap|) = 0,(]Ap|) + 0,(]Ap])j converges to zero faster than |Ap]|.
Using the multiplicative commutativity of complex numbers, the associativity of quaternion

multiplication as well as formulae ¢j = jc for c € C (see, e.g., [3, 6]) and j2 = —1, we get
AY(p) = {Aa@a1| + Da(d,$2)] + Abj(d5¢,) — Abj(d5¢,)j} +

{(0a0118a + (0adp;)jda + (3p$,)Abj — (35¢1)jAbj} + o(lAp)).
Further, taking into account the left and right distributive laws (see [6], p. 38) of quaternion

multiplication, we get the following expression:
Ap(p) = {Aal(@.1] + (3atp2)i] + Abj[(059,) — (956,)i]} + (4.44)
{[(a91] + (@a¢p2)j10a + [(9p¢2) — (95¢1)j]Abj} + o(|ApD).
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Setting a = a = x only in expressions for derivatives in (4.44) and using equations (4.36-1,2)
in the first braces (the third and fourth terms) as well as equations (4.36-3,4) in the second
braces (the third and fourth terms), we obtain

AY(p) = {Aa[(0,p1] + (0ap21j1 + Abj[(Fap1| + (0o921/1} +

{[(0a1] + (0z:1j1Aa + [(0a 1| + (0ah21j1Abj} + o(|Ap).
The application of the left and right distributive laws to this expression yields

AY(p) = Apy + Agj = (Aa + Abj) - [(0a¢1] + (092 |j] + (4.45)

[(@ap1| + (0ah21j] - (Aa + Abj) + o(|ApD),

where o(|Ap|) = 0,(|Ap]|) + 0,(|Ap|)j converges to zero faster than |Ap]|.

It is not difficult to see that the first and second terms in (4.45) are, respectively, the "left"
and "right" (total) infinitesimal changes in the value of function ¥(p) due to the infinitesimal
change Ap = Aa + Abj. The left increment in (4.45) includes the left derivative "¢(p) =
(0,91| + (0,9-|j defined by (4.15) and the right increment includes the right derivative
Y'(p) = (0,¢1| + (0g¢,|j defined by (4.23). Since the increments Aa, Ab, and Ap = Aa +
Abj are arbitrary, it follows that both derivatives are independent of how we let Ap = Aa +
Abj approach zero. Thus the condition (i) of Definition 4.1 is satisfied.

In accordance with (4.38) the equality (d,¢,| = (dz¢,| holds, then the left and right qua-
ternion derivatives in (4.45) are equal and hence the condition (ii) of Definition 4.1 is satisfied
too. Both derivatives coincide up to a constant factor with the derivative defined by (4.39).

Thus, we have shown that GCR-equations (4.36) (or (4.31)) are not only necessary but also

sufficient conditions for the function y(p) to be H-holomorphic in G, if we assume that the
continuous first-order partial derivatives of functions ¢, and ¢, with respect to variables
a, b, a, b exist at points p € G, € H. This allows us to introduce the following definition of a
H-holomorphic function in complete analogy to complex analysis.
Definition 4.3 A single-valued quaternion function ¥ (p) = Y (a, b) = ¢1(a,b) + ¢,(a,b) -,
where ¢, (a, b) and ¢, (a, b) have continuous first-order partial derivatives with respect to
a,a, b, and b in some open connected neighborhood G, of a point p = a + bj € G, € H, is H-
holomorphic at that point if and only if the functions ¢, (a, b) and ¢, (a, b) satisfy equations
(4.36) in G,.

From (4.45), in the limit as Aa, Ab, and hence Ap = Aa + Abj — 0, we get the following
expression for the total differential of a H-holomorphic function y(p,p) = ¢1(a, @, b, b) +
gbz(a,ﬁ, b,E) Sk

dp(p) = dp - [(0a¢1] + (0a¢2|j] + [(Bap1| + (02|j] - dp, (4.46)
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where dp = da + dbj. Using the argumentation as above, it is not difficult to show that
dp - [(0ap1| + (0aP2li] = [(0ap1| + (07-1j] - dp.
We shall not dwell on this here. Note that for simplicity we do not use here the notation d(p|
for the final transition a = a = x. Taking into account this equality and (0,¢,| = (0g¢,| we
can rewrite (4.46) as follows:
dy(p) = 2[(0a¢1| + (0a9:|j] - dp. (4.47)
It makes sense to compare this expression with the expression for the total differential (see,
e.g., [2, 8, 9]) of the complex function ¥ (a):
dy(a) = (9z¥)da + (9z¢)da, (4.48)
where by a = x + yi is denoted a complex variable; d, and dg are differential operators de-
fined by (2.18) and (2.19). If y¥(a) is C-holomorphic (analytic) [2, 8, 9], then
ogy =0, (4.49)
and (4.48) becomes
dy(a) = (0,9)da (4.50)
The expression (4.47) for the total differential of a H-holomorphic function is the EA gener-
alization of the expression (4.50) for the total differential of a C-holomorphic function. Note
that expressions for the total differentials in both cases of holomorphicity are similar in the
sense that the expression (4.47) is independent of the conjugate quaternion variable p just as
the expression (4.50) is independent of the conjugate complex variable a [2, 9]. Taking into
account the above formulae too, we can see that the presented theory of quaternionic differen-
tiability gives expressions for the H-holomorphic functions similar to expressions for the C-
holomorphic functions. A more detailed study of these matters is beyond the scope of the pre-
sent paper.
Comparing the formulae (4.47) and (4.50), we can establish the following expression for the

first-order quaternionic derivative after doing the transition a = a = x:

2 = 2[@atr| + ali] = 200as] + 2@ab2). (451)

which allows us to specify the constant factor k in the expressions (4.34), (4.37), and (4.39),
namely k = 2.

The expression (4.51) can represent, so to say, a certain final "materialization™ of the 4-di-
mensional quaternionic derivative in 3-dimensional physical space (triplets with basis 1, j, k)
upon the transition a = a = x if we want to use the presented theory in practical applications.
In principle, we can compute in this way the 3-dimensional "dilations™ associated with some
physical conservative vector field represented by a quaternionic function. Since calculus of tri-

plets is restricted, it seems certain that we need first perform all quaternionic computations, and
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then the final transition to obtain the 3-dimensional physical result. Thus, it is important to
know the initial expression for the full quaternionic derivative, that is, before we do the transi-
tion a = a = x, especially when examining the second and higher order derivatives.

We have obtained the final expression (4.51) as a sum of contributions of the final left and
right derivatives of the function ¥ (p). If we want to find the general expression for the com-
putation of the quaternionic derivative before we do the transition a = a = x (in this case we
denote the derivative by ¥ (p)’, not to be confused with the notation "y (p) and ¥’ (p)), then we
need have a sum of contributions of the left and right derivatives before we do the transition

a = a = x. To achieve this we write first the required expression as

@) = ¢ +¢3), (4.52)
where gbl(') and ¢2(') are constituents of the derivative )(p)’ in the Cayley-Dickson doubling
form before doing the transition a = a = x. In the sequel we will merely use the notation with
operator % = 0, or brackets [, (.. | for quaternionic derivatives and their constituents after do-

ing the transitiona = a = x, e. g., %;p), [W()'], ( 1(')|, (0,9-|, as well as the notation with-

out them for quaternionic derivatives and their constituents before doing the transition a = a =
x, e.g, Y(P), S, 8.¢,. If the function Y(p) = ¢, (a,b) + ¢,(a,b) - j is H-holomorphic,
then in accordance with (4.51) we have

(6”1 = 2(0apsl. (4.53)

(651 = 2(3a921. (459)

To obtain a sum of contributions of the left and right derivatives we consider first the expres-

sion (4.54). Since in accordance with (4.38) we have (d,¢,| = (9z¢,|, it is possible to rewrite
(4.54) as a sum

(691 = 20us] = @aths] + Pzebal,
whence
) = a2 + 0z02. (4.55)
The derivative d, ¢, belongs to the "left" equation (4.36-2), the derivative dg¢, belongs to the
"right™ equation (4.36-4), hence we have in (4.55) the sum of the left and right contributions to

the constituent ¢§’) of the complete derivative.
To clarify (4.53) we can use the additional information about constructing the derivative

following from the conceptual requirement (4.41). We can rewrite (4.53) as

(8”1 = 20ups] = 2[5 (Oxpsl] = P .
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Using further the operator identity d,, = d, + 95 based on (2.18) and (2.19), we get

(61 = (@x1] = Qa1 + 05051
whence
O = 8,1 + 0701 (4.56)
Finally, combining (4.52), (4.55), and (4.56), we get the following expression for the quaterni-
onic derivative of the H-holomorphic function ¥, (p) in the C2-representation:
V@) = o1 + 65", (4.57)
where

1(1) = 0q¢1 + 071, él) = 0q¢, + 053,

4.3 Construction of H-holomorphic functions

We consider now a theorem that will play an important role in the sequel.

Theorem 4.4 (the extension of complex holomorphicity to quaternionic). Let a complex func-
tion Y. (&): G, —» C be C-holomorphic everywhere in a connected open set G, € C, except,
possibly, at certain singularities. Then a H-holomorphic function y(p) of the same kind
as (&) can be constructed (without change of a kind of function) from v (¢) by replacing a
complex variable £ € G, in an expression for (&) by a quaternionic variable p € G, € H,
where G, is defined (except, possibly, at certain singularities) by the relation G, o G, in the
sense that G, exactly follows from G, upon transition from p to ¢.

Proof. To prove this theorem we need consider the transformation of equations (4.31) when
making a transition to the complex case. The transition to the 3-dimensional case a = a = x is
already implied for derivatives in equations (4.31). We have the only two next possibilities to
complete the transition from p = a+ bj = a + (z + ui)j to the complex case: by putting
D)b=b=2z,(w=0)or2)b=—b=ui, (z=0). Consider the first way and then show that
the second way gives the same result.

For operators d,, 0z, 0p, 05 the transition conditions y = 0, u = 0 (respectively 9, = d,, =
0) yield in accordance with (2.18), (2.19), (2.20), (2.21) the following transition formulae:

0, = 05 =305, 0p =0y =30, (4.58)
We see that upon transition to the complex case we factually rule out the dimensions with im-

aginary units i and k. Then a quaternionic function Y¥(p) = ¥, (x,y,z,u) + Y, (x, vy, z,u)i +
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+Ys(x,y,z,u)j + Y (x,y,z,u)k = ¢p,(a,b) + ¢p,(a,b) - j,wherep = x +yi + zj + uk =
a+ bj € G, € H, becomes Y(&) = Y,(x,z) + P3(x,z,)j, where £ = x+2zj € G, € C; and
G, D G, in the sense that G, exactly follows from G, upon transition to the complex case.

Thus we get for the quaternionic function ¥ (p) the following transition formulae:

¢1(a,b) = ¢, (a,b) = Y1 (x,2), ¢2(a,b) = $,(a,b) = s(x,2). (4.59)
It is also easy to see that the first formula follows from equations (4.31-2) and (4.31-4) when
d, = 0z, and the second from equations (4.31-1) and (4.31-3) when d,, = d3 in accordance
with (4.58).
Substituting the transition formulae (4.58) and (4.59) into the system of quaternionic holo-
morphicity equations (4.31), we transform this system to the following system:
1) % W1 :é W3, 2)% Y3 = _%azlpl’
3) %axllh = %021/)3, 4)% Y3 = —%azllil-
This system represents the Cauchy-Riemann complex holomorphicity equations for the func-
tions Y. (&) = Y,(x,z) + Y3(x,z,)j inthe complex plane ¢ = x + zj, that is, with "imaginary
unit" j (j2 = —1):
0,1 = 0,3, Ox3 = =01 (4.60)
Any given kind of a function v remains unchanged (y preserves the same form) when we

make a replacement of p by &, and, correspondingly, replacements (designated further by "—"

a,a-x,bb-z, ¢1(ab), ¢ (ab)-Pi(x,2), and ¢,(ab),¢,(ab) > Ps(x,z). For
example, the function ¥ (p) = p3 becomes (&) = &3 without change of a kind of function.

Thus, the replacement p — & without change of a kind of function 1 transforms the H-holo-
morphicity equations (4.31) into C -holomorphicity equations (4.60). Each H-holomorphic
function becomes C-holomorphic. Since all € -holomorphic functions satisfy the Cauchy-Rie-
mann equations we can state that each C-holomorphic function follows always from the corre-
sponding H-holomorphic function when we replace a quaternion argument
p = x + yi + zj + uk by acomplex argument £ = x + zj in an expression for a quaternionic
function without change of a kind of function.

In principle, the transition p — £ is invertible; then any H-holomorphic function ¥, (p) can
be created from a C-holomorphic function of the same kind by replacing & by p in a general
expression (&) for a C-holomorphic function. Indeed, if a function ¥ (p), obtained when re-
placing a complex variable ¢ by a quaternion variable p in an expression for (&), were non-
H-holomorphic, then this would mean that a C-holomorphic function can follow from a non-

H-holomorphic function when reverse replacing p — ¢ that contradicts the fact that each C-
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holomorphic function follows always from the corresponding H-holomorphic function if a kind
of function ¥ remains unchanged (otherwise the invariance of a kind of function when replac-
ing p by & would be broken). This contradiction proves our theorem for case 1) when p = x +
yi + zj + uk becomes ¢ = x + zj.

Let us now see what happens in the case 2) when we assume that the transition conditions
area=a=x,(y=0)and b = —b =ui, (z=0). In this case p = x + yi + zj + uk be-
comes ¢ = x + uk. For operators d,, dg, dp, 05 the transition conditions y = 0,z = 0 (re-
spectively d,, = d, = 0) give in accordance with (2.18), (2.19), (2.20), (2.21) the following
transition formulae:

0y = 0g = 30y, 0p = —05 = —i30,. (4.61)
Using these formulae we get from equations (4.31-2), (4.31-4) and (4.31-1), (4.31-3) the tran-

sition formulae, respectively, for the function ¢, and ¢,:

¢1(a,b) = ¢,(a,b) =P (xu),  ¢a(a,b) = —¢,(ab) = ihy(x,w). (4.62)

In other words, the function Y (p) = ¢1(a, b) + ¢,(a, b)j = P,(x,y,z,u) + P(x,y,z,w)i +
Y3(x,y,z,u)j + Pa(x, v, z,u)k becomes (&) = 1 (x,u) + Pa(x, Wk .

Substituting the transition formulae (4.61) and (4.62) into the system of quaternion holomor-
phicity equations (4.31) we transform it to the following system:

Oxp1 = 0yy, Ox s = —0u¥y,

which represents the Cauchy-Riemann equations for complex functions ¥-(¢) = 1, (x,u) +
P, (x, w)k in the complex plane & = x + uk with imaginary unit k (k? = —1). We see that in
the second possible case of the transition to the complex plane each C-holomorphic function
follows allways from the corresponding H-holomorphic function of the same kind. Then by
using the argumentation as in the case 1) we prove our theorem for case 2). This completes the
proof of the theorem in whole. o

In the sequel, we can without loss of generality consider the only replacement of & = x + zj

by p = a + bj , and vice versa.

4.4 H-holomorphic derivatives of all orders

Theorem 4.4 enables us to establish the H-holomorphicity of derivatives of all orders, com-
puted by using the expression (4.57). We begin by the following theorem.
Theorem 4.5 Let a continuous quaternion function ¥y (p) = ¢+(a,b) + ¢,(a,b)j, where
¢,(a, b) and ¢, (a, b) are differentiable with respect to a, @, b and b, be H-holomorphic eve-

rywhere in its domain of definition G, < H. Then its quaternion derivative, defined by
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IPH(P)’ = 1(’) + ¢>z(,)j )
where

) = 0a1(a,b) + 051 (a,b), ¢S = duda(a,b) + Ozh2(a,b),
is also H-holomorphic in G,, except, possibly, at certain singularities. If a quaternion function
Y(p) is once H-differentiable in G,, then it possesses derivatives of all orders in G,, each one
H-holomorphic.

Proof. Let a complex-valued function ¥-(§) = ¥, (x, z) + ¥3(x, z,)j be C-holomorphic in
an open connected domain G, € C, ¢ = x + zj € G,. The complex derivative of ¥-(§) at a
point ¢ is defined [5, 9] by

Ye(®)' = 0ty +jOups = (0 + 0z ) + (e + 023 ) . (4.63)
where d; and 65 are operators in the complex plane £ = x + zj, defined by 9; = 2(9, — 9, - ),
F= 2(0x + 0, - i), whence 0 + 0 = Oy.

It is easy to see that we can formally state the following identity for operators:

Oy = O0g + 0 = 0, + 0g (4.64)
where 9, = (9, — ), - i) and 9z = 2(9, + 9, - i) correspond to (2.18) and (2.19).
It is possible because the differential operators d, and 0, disappear upon summation, respec-
tively, of operators 0, 63 and d,, dg.

By using the identity (4.64) the expression (4.63) can be rewritten as follows:

Ye(§)' = (0a1 + 0g1) + (093 + 0gths)j. (4.65)
The transition from the C-holomorphic function ¥.(¢) = ¥, (x, z) + Y3(x, z,)j to the quater-
nion case can be carried out in accordance with Theorem 4.4 by replacing & by p in the expres-
sion for Y. (&), that is, by means of transition ¥.(¢) — ¥y (p) without change of an initial
kind of function .. This is equivalent to the replacements ¢ — p, ¥,(x,z) - ¢,(a, b), and
Ws(x,z,) = ¢,(a,b), where Y, (x, z) and Y5(x, z,) are defined by the initial complex func-
tion Y- (&) = Y1(x, 2) + Y3(x,z,)j and ¢, (a, b), ¢, (a, b) are defined as constituents of the
Cayley-Dickson doubling form ¥ (p) = ¢,(a,b) + ¢,(a, b)j of the function Yy (p), ob-

tained by the replacement & — p in ¥ (¢). Making these replacements in (4.65) we get
Yu(@)' = [0a¢1(a,b) + 0z¢1(a,b)] + [0,¢2(a, b) + 0z, (a, b)]j, (4.66)
that is, the above expression (4.57) for a derivative of a H-holomorphic function v, (p) ob-

tained in another way.
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We see that the differential algorithm (4.65) for finding the complex derivative is the same
as the differential algorithm (4.66) for finding the quaternionic derivative: d, + dg. Since upon
transition from (4.65) to (4.66), the differential algorithm for finding the derivative and a kind
of function 1, to which this algorithm is applied, remain unchanged, we can state that the
dependence of the complex derivative on &, viewed as a function ¢ (¢) (= Y(§)"), is the same
as the dependence of the quaternionic derivative on p, thatis, ¢ (p)(= Y5 (p)"). In other words,
the replacement & — p in the expression (4.65) for the complex derivative gives the expression
(4.66) for the quaternionic derivative without change of a kind of a derivative function.

Then, taking into consideration the fact that the first derivative (4.63) of the C-holomorphic
function is also C-holomorphic [2, 9], and using Theorem 4.4 we have proved that the first
quaternionic derivative ¥ (p)" of the H-holomorphic function is also H-holomorphic in G, <
H such that G, © G, in the sense that G, exactly follows from G, upon transition to the com-
plex case.

As usual, a second derivative of Y (p) is defined by differentiation of a first derivative, a
third derivative by differentiation of a second derivative, and so on. We denote a derivative
with respect to & or p by a prime, so that the second derivative is written as ¥ ()" or ¥ (p)”,
a third as (&) or (p)"”. Introducing the designation d,4 = 9, + dg = 0, we can briefly
rewrite the formulae (4.65) and (4.66) as follows:

V(€)' = 0oy + 0gathsj =1+ ¥3j,

Vu(P)' = 0qqdy + 0aada) = b1 + b3

Further, we can write for the second and third derivatives the following expressions:
Ye(§)" = daah1 + 0ag¥s) = 04a0aa¥1 + 0aa0aa¥s) = Y1 +¥3J, (4.67)
Yu)" = 00ah1 + 00aP2) = 0aa0aaP1 + 0aglaaPa) = ¢1 + 27, (4.68)
Ye(§)" =001 + 0aa¥s) = 0aq0a30aa¥1 + 0aa0aglaa¥s/ = 1" +¥37j (4.69)
Yu)" = 04501 + 04aP2) = 0030aa00aP1 + 0aa0aalaaba) = 1" + ¢2'j.  (4.70)
We assume that all functions occurring in expressions for derivatives possess the sufficient
differentiability in the corresponding regions (G4, G, or G,), except, possibly, at certain singu-
larities.

It is easy to see that the replacement & — p, Y,(x,2) - ¢,(a,b), Y3(x,2,) - ¢,(a,b) in
the expression (4.67) for the second complex derivative gives the expression (4.68) for the sec-
ond quaternionic derivative. Here the differential algorithm 9, 50, upon the transition to the
quaternion case remains unchanged. Similarly, the differential algorithm 0, 50,50, upon the

transition from the complex expression (4.69) to the quaternion expression (4.70) for the third
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derivative remains unchanged. Since a kind of function ¢ (= ¥ = 1) upon the transition
¢ — p remains also unchanged, we can conclude that the replacement & - p, ¥,(x,z) »
¢1(a,b), ¥3(x,z,) = ¢,(a, b) inthe expressions for the second and third complex derivatives
carries out the transition to the expressions for the second and third quaternionic derivatives
without change of a kind of derivatives functions. It is evident that the same is true for all higher
derivatives. Then, taking into consideration the well-known fact [2, 9] that C-holomorphic func-
tions have C-holomorphic derivatives of all orders, and using Theorem 4.4, we have proved that
H-holomorphic functions have H-holomorphic derivatives of all orders.

This completes the proof of the theorem. O

From the proof of Theorem 4.5, we can easily see that, by using (4.66) all H-holomorphic
derivatives of H-holomorphic functions follow from C-holomorphic derivatives of C-holomor-
phic functions when replacing a complex argument & by a quaternion argument p without
changing of a kind of derivatives functions. Then we can formulate the following
Corollary 4.6 All expressions for derivatives of a H-holomorphic function ¥4 (p) of the same
kind as a C-holomorphic function (&) have the same forms as the expressions for corre-
sponding derivatives of a function . (§).

For example, if the derivative of the C-holomorphic function (&) = &™, where n is an
integer, has the expression (&)’ = né™~1, then the derivative of the H-holomorphic function
Yy (p) = p™, that is, of the same kind of function, when computing by (4.66), must have the
similar expression ¥, (p)’ = np™~ 1.

The Cauchy-Riemann equations, in particular (4.60), give four (see, e.g., [9]) different vari-
ants of expressions for computing the derivatives of C-holomorphic functions, for example, one
of them Y. (&))" = ., — jo,,. Itis of interest to establish in addition to (4.66) other equiv-
alent expressions for computing the H-holomorphic derivatives of all orders. In order to make
this we state the following equations for H-holomorphic functions without proof:

0aP2(a,b) = — d5¢1(a,b),  dgp(a,b) = — d5¢,(ab), (4.71)
which unlike the H-holomorphicity equations (4.31) or (4.36) are valid without any require-
ments imposed on variables in derivatives contained in them. These equations can be shown to
be true for H-holomorphic functions in general, but since the proof is rather long and long-
winded, we will not present it here, but merely state them. Using (4.71) in (4.66) we obtain the

following equivalent expressions for derivatives of H-holomorphic functions:
Yu(P)' = 0a1(a,b) + 0ady(a,b) + (—0501(a,b) + 0zt (a,b))j,  (4.72)

Y (D)’ = 0aps(a,b) + Ity (a, b) + (a2 (a, b) — 95, (a, b)) j,
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Yu(p)' = 9a$1(a, b) + dz¢p1(a,b) — ( 051(a, b) + 950, (a,b)) .
Other equivalent expressions for derivatives of H-holomorphic functions can be obtained by
using the equality
0ap, (a,b) = 9z1(a, b).
This equality follows from equations (4.71) when differentiating them with respect to a and a,
and using the commutativity of mixed partial derivatives. Using this equality in expressions
(4.66) and (4.72) we get the following additional expressions for derivatives of H-holomorphic

functions:
V(@) = (991(a,b) + 06, (0, b)) + (362, b) + 0 (a,b))j,  (4.73)
Yu()' = (0a$1(a,b) + 0,0, (a, b)) + (—05¢1(a,b) + 0gps(a, b))
Yu(0)' = (0ap1(a,b) + 0,0, (a, b)) + (dud(a,b) — 059, (a b)),

Yu() = (0a$1(a,b) + 0,0, (a,)) — ( 05¢1(a, b) + 950, (a,b)) .

Altogether, expressions (4.66), (4.72), and (4.73) represent the quaternionic generalizations

_.|_
_.|_

of the known expressions for complex derivatives [9] based on Cauchy-Riemann's equations.
Equations (4.71) and (4.43) play the same role as Cauchy-Riemann's equations, when obtaining
the different expressions for derivatives of holomorphic functions. We shall not dwell on this
here. Each of these expressions may be used in order to formulate the general expression for
the derivatives of all orders of H-holomorphic functions. For now it suffices to formulate the

general expression in the Cayley—Dickson doubling form based on the formula (4.66):
W@ = ¢ + ¢ = [0, + 020 V| + 9057 + 0z0fV];, 479)
where (p)® is the k'th derivative of (p); ¢ and ¢*~» are the constituents of the
(k — 1)'th derivative of 1(p), represented in the Cayley—Dickson doubling form: y(p) %~V =
D 4 pF V) k2 1; 0 = ¢,(a,b) and ¢S = ¢, (a,b) for k = 1.

5 Efficiency examples of the presented theory

It is clear that "complicated™ holomorphic functions are practically representable in terms of
algebraic operations and compositions, applied to "elementary” holomorphic functions. The
usual complex elementary functions are well known [2, 4, 9, 11], for example, the functions &
(withn = 0,+1,+ 2,...), e%, cos &, sin&. We use here, however, a more generalized concept

of elementary functions: the so-called Liouvillian elementary functions. A function of one
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(complex) variable is said to be the Liouvillian elementary function if it has an explicit repre-
sentation in terms of a finite number of algebraic operations (functions), logarithms, and expo-
nentials [13]. Taking into account the linearity of equations (4.31) and the fact that the power
functions are basic elements of algebraic functions, it suffices only to consider in details the
following Liouvillian elementary functions: the power function, exponential and logarithmic
functions, in order to demonstrate the rightness of the presented theory of H-differentiability.
Example 5.1 As the first example, we consider the power function y(p) = ¢, + ¢, - j = p*.
The straightforward computation in accordance with the multiplication rule (2.12) yields the
following expressions for components ¢, and ¢, of this function in the Cayley—Dickson dou-
bling form:

¢1 = a* — (3a® + 2a@ +a’)bb + b2,y = (a® +a*a+aa’ +a )b —2(a+a)b®h
as well as their conjugates

®, =a"— (3@ +2aa+a?)bb+ b%b , §, = (@° + @ a+aa® +a®)b — 2(a + Db b.

Since the function (&) = &* is C-holomorphic in the complex plane, the function ¥ (p) =
p* must be H-holomorphic in the quaternion space in accordance with Theorem 4.4. In order
to verify the H-holomorphicity of this function we initially compute the partial derivatives:
da¢y = 4a® — (6a + 2@)bb , d,¢, = 03¢, = (a®+a’a+aa’ +a ) —4(a+a)bb, as
well as d,¢, = — 951 = (3a® + 2aa + @’ )b — 2b%b , dz¢, = — d5, = (a® + 2aa +
3a’)b — —2b%b. We see that the equations (4.71) and (4.43) hold.

The final transition a = a = x in the computed derivatives yields the following equalities:
1) (0a1l = (950,| = 4x° — 8xbb; 2) (Jutp2| = — (35¢,| = 6x°b — 2b%b;
3) (8a¢1] = (8p¢2| = 4x3 — 8xbb; 4) (dz¢| = — (85¢1| = 6x%b — 2b?b.

Thus the H-holomorphicity equations (4.36) hold, and the function 1(p) = p* is H-holomor-
phic everywhere in H. Here and in all examples below we can see that the left and right de-
rivatives of the H-holomorphic function become equal after transition a = a = x (compare
equations 1) and 3) as well as equations 2) and 4)) at all points (x,y = 0, z, u) of the corre-
sponding definition domain.

The first derivative. Computing additionally the derivative dz¢, = —2(a + @)bb, we ob-
tain in accordance with (4.74) the following expression for the first derivative of ¥ (p) = p*:

@D = ¢ + ¢5) = a1 + 9aps) + (Bao + daty)j = [4a® — (6a + 2@)bb ~

2(a +@bb] + [(3a® + 2a@ +@*)b — 2b%b + (@ + 2aa + 3a°)b — 2b?b)j

= 4[a® — (2a + @)bb] + 4[(a® + aa + @*)b — b?b]j = 4p3,
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where p® = [a® — (2a + @)bb] + [(a® + aa +a*)b — b?b]j. Itis not difficult to obtain the
last formula for p3 by means of the direct computation p* = (a + bj)3 using the multiplication
formula (2.12) in the Cayley—Dickson doubling form. According to Corollary 4.6, the first de-
rivative (p*)(M = 4p3 has the same form as the one in complex (and real) analysis: (§*)® =

4&3, The final transition a = a = x yields the following expression for the first derivative:

W = (@) = @1+ @51 = (@p°] = 4[x* - 3xbb] + 4[3x%b - b2B];,
which is "independent of the way of computation” (see Definition 4.1). Therefore, this 3-di-
mensional expression can represent in principle the corresponding conservative vector field in
space just as the first derivative of the C-holomorphic function (&) = &* can represent in prin-
ciple some conservative vector field in the plane [5, 9]. In all examples below we bear in mind

this meaning of the final transitions to the 3-dimensional expressions.
From the expression for (p*)® it follows that the first derivative has the components qb(l)

4[a® — (2a + @)bb] and ¢V = 4[(a? + aa@ +a@*)b — b2b|. Their conjugates are as follows:
oD =4[ - (2a+ a)bb| and &P = 4 | (@ +aa +a?)b - Ezb].

We get the following partial derivatives: d,p\" = 4(3a® — 2bb); d,¢s" = 05 51) =

4[(a? + aq+a>) —2bb]; and 9,6 = — 950" = 4Q2a + Db ; 05" = — 950 =
4(a + 2a)b . After performing the transition a =a = x we see that the H-holomorphicity
equations (4.36) hold:

1) 0,01 = (0591 = 4(3x% — 2bB); 2) (0,6("| = — (59| = 12xb;

3) (B = (3,0 | = 4(3x% — 2bb); 4) (9gp"| = — (F5¢| = 12xb.
Thus the first derivative (p*)™® = qb(l) + ¢(1)] of the H-holomorphic function y(p) = p* is

H-holomorphic everywhere in H, according to Theorem 4.5. We see that equations (4.71) and
(4.43) hold too.

The second derivative. Using the computed partial derivatives of (,b(l) and (,b(l) as well as
(1)

the derivative dg —4bb, we find from (4.74) the following expression for the second

derivative of Y(p) =
@@ = ¢ + 67 = (dad” + 020y + (905" + 020{")j =
[4(3a% — 2bb) — 4bb] + [4(2a + @)b + 4(a + 2a)b]j = 4 - 3p? = 12p?,
where p? = (a + bj)? = (a® — bb) + b(a + a)j, ¢(2) =12(a® - bb) and ¢(2) =12(a +

@)b. According to Corollary 4.6, the second derivative (p*)® = 12p? has the same form as
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the one in real and complex analysis: (§4)® = 12&2. The final transition a = @ = x yields

the following expression for the second derivative:

20D = 1@ = @21+ @21 = 12| = 12[(x - bb) + 2xbj].

To check the H-holomorphicity of the second derivative (p*)® we compute the partial de-
rivatives of functions 2 and ¢ : 9,02 = 24a; 9,02 = o5 (2) =12(a+a); and

0,052 = — 0502 = 12b; 059 = — 05 @ = 12b. After performing the transition a =

@ =
a = x we see that the H-holomorphicity equations (4.36) hold:

1) @ap” | = @5057| = 2475 2) (09| = — (0506 = 12b;

3) (0ad”] = (9| = 24%; 4) (0295 = — (950" | = 12b.
Thus the second derivative (p*)® of 1 (p) = p* is H-holomorphic everywhere in H, accord-
ing to Theorem 4.5. Equations (4.71) and (4.43) hold too.

The third derivative. Using the computed partial derivatives of ¢(2) and ¢(2) as well as the
Q)

derivative dg = 0 we find from (4.74) the following expression for the third derivative of

the function ¥(p) =
(pH® = (3)+¢§3)] _( (2)_|_a (2))_|_(a (2)+a (2))]
= 24a + 24bj = 24p
,whence ¢>(3) = 24a and ¢(3) = 24b. According to Corollary 4.6, the third derivative:
(pH® = 24p has the same form as the one in real and complex analysis: (§4)® = 24¢.

Computing the partial derivatives of ¢ and ¢.> yields 9,¢> = 24; 9,¢S> = o ¢(3) =

24; and 9,95 = — 979> = &= _ 5, ¢(3) 0. We see that the H-holomorphicity
equations (4.36) hold in this case without requiring the transition a = a = x:
1) (0a0171 = @50571 = 24 2) (9057 = — (51| = 0

3) (Baty’| = (57| = 24, 4) (9ady”| = — (956,71 = 0.
Thus the third derivative (p*)® = ¢ + ¢2; of the H-holomorphic function ¥ (p) = p* is
H-holomorphic everywhere in H too, according to Theorem 4.5. Equations (4.71) and (4.43)
hold too.
The final transition a = a = x yields the following expression for the third derivative:
= [@HD] = (6] + (95”1 = 24x + 24bj = 24(p|.

The fourth derivative. We find that
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@@ = o + ¢ = (%adi” + 02¢y”) + (0057 + 020" )j = 24+ 0j = 24,

whence ¢ = 24, ¢ = 0.
It is not difficult to see that in this case the H-holomorphicity equations (4.36) hold too:

1) (adi”l = @50,°1 =0, 2) @ats”|=— (@50, =0
3) (0abPl= @51 =0; &) (Paps”| = — (@501 = 0.
According to Corollary 4.6, the fourth derivative: (p*)® = 24 has the same form as the one

in real and complex analysis: (§4)® = 24. The final transition a = @ = x yields

200 = 1@ = @) + (971 = 24

Equations (4.71) and (4.43) hold too.
Example 5.2 Consider the power function ¥ (p) = p~1. Using the formulae (4.1) and (2.11),

we get the following expression for this function in the Cayley—Dickson doubling form:

V) =91t b2 =P = L= 0 = e~ G
whence ¢; = ﬁ and ¢, = ~ (@ )as well as ¢1 C2T0) +bb) and qb2 ﬁ.

In accordance with Theorem 4.4, since the complex function (&) = =1 is C-holomorphic
at points & € C\ {0}, the quaternion function y¥(p) = p~! must be H-holomorphic at points
p € H \ {0}. To check the H-holomorphicity of the function y(p) = p~! we compute the par-

—2

tial derivatives of functions ¢, and ¢,: d,¢p; = —; 0pp, = 552 = —-———™7>; and
( a+bb) (aa+bb)
0gpy = — 031 = ——=, 05> = — 03 ¢1 ———. After performing the transition a =
(aa+b ) (a +bb)
a = x we see that the H-holomorphicity equations (4.36) hold:
— x2 . AT _ xb .
1) (0a1l = (050,] = T ) 2) (0gp2| = — (059, = a5y
x? _xb
= =——3; 4) (0ap2| = = :
3) (Oap1] = (Opo.| (+03) ) (Oapz| = — (Op¢4| = ey

Thus we have shown that the function ¥ (p) = ¢, + ¢, - j = p~* is H-holomorphic at points
p € H \ {0}. Equations (4.71) and (4.43) hold too.
bb

(a@+bb)*

The first derivative. Using the expressions for d,¢,, d,¢,, 0g¢, and dg¢p; = in

(4.74), we get the following expression for the first derivative of ¥ (p) = p~1

(p_l)(l) = fl) (1)] = (aa¢1 + aagbl) + (aa(f’z + aad)z)] -

—2
a

ol e M e
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_[az—bE—b(a+a)j]__ 7 7

(aa+bb)’  (a@+bd).  IpI*’

where the expression 52 =(a—-bj) - (a—bj) = a’ —bb — b(a + a)j is evident. Taking
—2

into accountthat p~2 =p~1p~1 = we get the following expression for the first derivative

II“’

of the function ¥(p) = p~?!

(p—l)(l) — (1)+¢(1) N —2
(1) _ bb-@ (1) _ blata) ® (1)
where ¢, =————= and ¢, =———5. The complex conjugation of ¢;"* and ¢,
(aa+bb) (aa+bb)
yields qb(l) _bba’ @O = _2@*+a) According to Corollary 4.6, the first derivative:
a+bb) (aa+b b)

(p~H® = —p~2 has the same form as the one in real and complex analysis: (§-1)® = —§-2,
To verify the H-holomorphicity of the first derivative (p~1)® we compute the partial deriv-
_ 2a(@-bb) 9,6% = o (1) _ (a+@)(aa-bb)

atives of functions ¢ and ¢{M: 9, = ;
¢1 ¢ " (aa+bb)’ (a@+bb)’

: and

1 _ (bb—aa—Zaz)

0.6 = _ 5 (1)_b(b5—aa—2a2)
are b (aa@+bb)’ :

. 10 _ .
_ = . E 4.71
; 0gd, — 050, (@ar0D) quations (4.71)
and (4.43) hold.
After performing the transition a = a = x we see that the H-holomorphicity equations

(4.36) hold for the first derivative of (p) =p~?!

1) (90 = (9505 = 2 D) 0ufl=- @ o) = P
+bb)

1, _ 1) Zx(x -bb) 1) —_ 1) b(bb—3x?)

3) @t = @071 =252 ) a0 = - 0507 =T

Thus the first derivative of the H-holomorphic function 1 (p) = p~1 is H-holomorphic at the
points p € H \ {0}, according to Theorem 4.5.

At last, the transition a = a = x gives the final 3-dimensional expression for the first deriv-
ative of yY(p) =p~1

a(p~1) _ [(p_l)(l)l _ (¢1(1)| + (¢2(1) |j =

ap

bb—x2

2 2.
(x2+bb) (x 2+bb)

z/=—(p

The second derivative. Using the formula (4.74) and derivatives d,¢™", 9,957, 9z,

dg 1(1) % we can write the following expression for the second derivative of the
aa+bb
function Y(p) =

(p—l)(Z) — (2) +¢(2)] _( u 1(1) +aa fl))+(aa 2(1) +65 2(1))]
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ZE(EZ—bb 2bb(a+a) bb —-aa- 2a b(bE—aE—Zaz) .
(aa+bb)’  (a@+bb)’ (aa+bb) (a@+bb)°

2[& —zabB—abB]+2[b25—a b—ab(a+a)] j

(aa+bb)’ ’
2[a’-@a+a)pb| (5  2[b?b—(a?+aa@+a’ )b]

whence ¢ = L §;

(a@+bb)’ (aa+bb)’

Taking into account p° = (@—bj)(@—bj) =a —bb—b(a+@)j; p =p D =
[@® — bb — b(a + @)j|(@ - bj) = [a° — 2abb — abb] + [b?b — @b — ab(a + a)|j; p~3 =
411 P 2

ppTp - = ———, we obtain the following expression for the second derivative of
Ipl®  (aa+bb)

the function y(p) = p~1

-3
HD =22 - =2p3,
U (@zron)’ P

The obtained expression has the same form as the one in complex (and real) analysis:
(671)@ = 2£73, The transition a = @ = x leads to the final 3-dimensional expression for the

second derivative of Y(p) =p~t:

a%(p71) ~1\(2) _3 207 (x3-3xbb)+(b?b-3x2b);
_— = = 2 = = 2 .
e~ 10T =267 (x2+bb)’ (x2+bb)’

To verify the H-holomorphicity of the second derivative (p~*)® we compute the partial

— —2
2|-3a*+2a(Ba+a)bb-b2b
@ _

derivatives of components ¢2 and ¢{? : a, — L Oy =
(a@+bb)
@ 2[—a&(a2+a6+62)+2(a2+2a5+52)b5—b252] _ 2 _ @ _ (a2+2a6+362)b
%2 (a@+bb)" Oy = = 05y (a@+bb)"
4(a+2a)b?b . @ _ (2) _ 2|laa(@+2a)b+3a3b—2(a+2a)b?b|
———— ;0g¢,”" = — 05 = —
(a@+bb) 1 (a@+bb)

After performing the transition a = a = x we see that the H-holomorphicity equations (4.36)
hold for the second derivative of y(p) =

2[-3x*+8x2b5-b?5 | 12xb(x2-bD)

(x2+bb)"

D @il = 05657 = - 2) @ud) = - (359 =

(x 2+bb)

2[—3x4+8x2b5—b252]
(x2+bb)"

12xb(x?-bb)
(x2+bb)"

3) @ad;”1 = @s;”] = -8 @at?) = - (059171 =

Thus the second derivative of the H-holomorphic function y(p) = p~1 is H-holomorphic at
points p € H \ {0} too, according to Theorem 4.5. Equations (4.71) and (4.43) hold too.

Higher derivatives. As the reader can verify, Theorem 4.5 and Corollary 4.6 remain valid

for the higher derivatives of y¥(p) = p~!
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Example 5.3 Consider the quaternionic exponential function Y(p) = e? = ¢, + ¢, - j, where
e is the base of the natural logarithm. Since this function can be obtained from the principal
branch of the C-holomorphic function [9, 10, 11] ¥(&) = e%,& € C by the direct replacement
of £ by p, it follows that the quaternionic exponential function Y(p) = ¢, + ¢, - j = eP must
be H-holomorphic in H, according to Theorem 4.4. To verify the H-holomorphicity of the ex-
ponential function we need first to represent this function in the Cayley—Dickson doubling form
and then to obtain the functions ¢, and ¢,.

First of all, we represent the quaternion variable p = x + yi + zj + uk as a sum of real and

imaginary parts. So we obtain the quaternion representation in the form p = x + vr, where v =

1/ 2+ 224+ u? is areal value, r = ELclhiln is a purely imaginary unit quaternion, so its
y ) m p y g y q )

square is —1. Since r? = —1 as well as x and v are real values, the quaternion formula p =
x + vr is algebraically equivalent to the complex formula & = x + yi. Then the complex ex-
pression e = e**YD = XYl = eX(cosy + isiny), where trigonometric functions cosine
and sine, and Euler's formula [2,9] e¥* = cosy + i siny are used, can be extended to the qua-
ternion case as follows:

Y(P) = ¢y + ¢y j = eP = e = XV = e¥(cosv + rsinv)

_ x yisinv x(z+ui)sinv..
=e (cosv+—)+e -

yisinv x (z+ui)sinv

. In this way a "kind of function" re-

)v P, =e

mains unchanged, according to Theorem 4.4.

whence ¢, =e* (cosv +=

. . +a - b+b -b
Using expressions x = —=  y =22 7z =22 ¢y =2
2 20 2 21

, following from (2.5) - (2.8), we

rewrite finally the expressions for ¢, and ¢, as functions of a, @, b, b :

b, = 2B cosv + ﬁ(a—a)sinv’ b, = Zﬁbvsinv ’
a+a —— —
— = [4(a@+bD)-(a+a)?]
where 8 =S, |p| = Jx? +32 + 22 +u? = Vaa + bb, and v = -

2

[4]p|2—(a+a)?]

> are real values. Thus the expression for the exponential function takes the form

B(a—a)sinv n 2Bb sinv .

v

Y(@) =¢1+ ¢y j=eP =2Bcosv +

It is easy to verify that (¢p,] = ($1| is valid here just as in all the examples.
To check the H-holomorphicity of the exponential function ¥(p) = e? = ¢p; + ¢, j we
(a-a+1)sinv _

first compute the partial derivatives of functions ¢, and ¢,: d,¢; = B [cos v+ -
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(a—a)?(v cosv—sinv) 2sinv . bb(vcosv—sinv)

403 ] ; Oppy = 6552 = ﬁ[ L , and 0,¢, = — 050, =

sinv (a—a)(v cosv—sinv) —- sinv = (a—a)(vcosv—sinv)
Bb [ - | 020, = — 050, = Bb [+ .

v 2v3 2v3

p3

Performing the transition a = @ = x and taking into consideration that bb = |b|?, we have

v=|bland B = % . Then, it follows that the H-holomorphicity equations (4.36) hold:

e*(cos|b|+|b|~sin|b|) | e*b|b|~Lsin|b| .

1) (0ap1l = (050,| = . ; 2) (Oapol = — (950, | = ——5——;

e*(cos|b|+|b|~*sin|b]) | e*b|b|~1sin|b|

3) (aa¢1| = (abd)zl = 2 , 4) (65¢2| = — (03¢)1| = >

Thus, according to Theorem 4.4, the quaternion exponential function ¥(p) = e? is H-holo-

morphic everywhere in H except, possibly, at certain singularities if they exist. Equations
(4.71) and (4.43) hold too.
The first derivative. Substituting the expressions for derivatives d,¢,, d,¢,, 0z¢, as well

(vcosv-sinv) . (a—a)?(vcosv—sinv)

asdgp, =P [ + ] into (4.74), we get, after some algebra, the ex-

v 43

pression for the first derivative of the function y(p) = e?:

(€)D = ¢ + ¢57) = (a1 + 0aths) + (D + 9202) - j
Bla-a+1)sinv B(a-a)?(v cos v—sinv) n B (v cosv—sinv) n B(a-a)?(v cosv—sinv)
v 4p3 v 43

+ [,Bbsinv _ Bb(a—a)(v C;)sv—sinv) + Bbsinv + Bb(a—a)(v c;)sv—sinv) L
v 2v v 2v

= fcosv +

= 2B cosv + B(a-a)sinv n 2Bbsinv = eP.

v
where the above expression for e? is used. According Corollary 4.6, this formula has the same
form as the one in complex (and real) analysis: (ef)m = e¢. The transition a = @ = x leads
to the final 3-dimensional expression for the first derivative of (p) = eP :

a(eP)
—n = 1] = (eI,

Higher derivatives. Since the function e? is its own derivative, it follows that all higher de-

rivatives of the quaternionic exponential function, according to Theorem 4.5, are H-holomor-
phic everywhere in H except, possibly, at certain singularities. According to Corollary 4.6, each

k'th derivative has the same form (e?)¥) = eP k = 1,2, ... as the one in complex (and real)

analysis: (e)" = ef,k =1,2, ...
Example 5.4 Consider the quaternion natural logarithmic function ¥ (p) = Inp. The initial
§+¢

complex logarithmic function is given by ¥(¢) = Iné = In|é| + iargé = In|&| + iarCCOSTﬂ :

where arg ¢ is defined up to an additive multiple of 27t. We consider the principal branch (see,
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e.g., [9, 11]) of arg &. Arguing as in Example 5.3, we can write the initial expression for the

quaternion natural logarithmic function as ¥ (p) = Inp =1In|p| + r - Arccos =2 | where |p|

| |
and r are defined as in Example 5.3. Using (2.5) - (2.8), we finally obtain the expression for

the quaternion logarithmic function as a function of variables a, @, b, b:

a+a

_ _ o (a— a)Arccosﬁ bArccosﬁ. ]
Y(p) =Inp = ¢1 + ¢, j =In|p| + — t—"J,
ﬁ
where v is the same as in Example 5.3: v = Y&PE-@ra] _ oo 4 bh — (a+a) , whence
(a— a)Arccos%_| bArccosm
¢y =Inlp| + ——=; ¢, =——"L ,p,v #0.
2V v
The computation results can be represented as follows. The partial derivatives are d,¢; =
a_ |, 6  (@a@2pP-(a+d)a] | (a-a)?6 (1 Ib? (a+a)|b|?
+2|p|2 2v 2|pl*[4lpl?-(a+a)?] (2v)3  Op P2 = abqb =90 (v 2v3) Ip|2[4Ip|2-(a+a)?] ’
A b[2lp|?-(a+a)q] (a—a)bb AT b[2|p|?-(a+@)q] _
Oatbz = = 0501 = ~ppapi-eran T ae » 9392 = 7 051 = T ppip
(a- a)be , Where 6 = Arccosm For a,b # 0, after performing the transition a = a = x we

have relations [p| = |ps| = Va2 + z2 + u? = \/x2 + |b|2 £ 0, 4|p|? — (a + @)? = 4|p5|? —

4x% = 4|b|? # 0,v =V bb = |b| £ 0, 8 = Arccos— . Then we see that H-holomorphicity

|psl

equations (4.36) hold:

Arccosi
1) (0a0h1| = (350, = e D) (Gato] =~ 058,] = 57

2Ip I2

b
2|ps)?

Arccoslpxq
3) (0ad1l = (Opop2| = 2001 ; 4) (0gp2| = — (051 = —
Hence, the quaternion (natural) logarithmic function ¥ (p) = Inp is H-holomorphic (according
to Theorem 4.4) everywhere in H \ {0}. Equations (4.71) and (4.43) hold too.

2Ip |2

The first derivative. Taking into consideration the fact that dz¢, =

_ (a-@)[2p]*~(a+@)a]
2|p|*[4lp|*-(a+a)?]

we get the following expression for the first derivative of the function

Y(p) =Inp:
(Inp)® = ¢V + ¢V - j = (a1 + Fay) + (b, + 0ahy) *j =
=(a+a)_(a—a)[4|p|2—(a+a) | b[4lpI*~(a+@)?] ;__a _ b -_iz_
2 2ipPlalplP—(ar@?)  plPlpl—@r@2 T wE L T b p
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According Corollary 4.6, this formula has the same form as the one in complex (and real)
analysis: (In&)® = % Since the function %, according to Example 5.2 above, is H-holomor-
phic, the first derivative of the function In p is H-holomorphic too. The transitiona =a = x
leads to the final 3-dimensional expression for the first derivative of ¥(p) =Inp:

a(lnp) [(ln p)(1)| _ @

Higher derivatives. Since the first derivative of the function Inp is % , the computation of

the higher derivatives of this function repeats the results of Example 5.2. Thus the quaternion
logarithmic function ¥ (p) = In p possesses the H-holomorphic derivatives of all orders every-
where in H \ {0}. Equations (4.71) and (4.43) hold too. According to Corollary 4.6, each k'th
derivative, k = 2,3 ..., has the same form as the one in the complex (and real) analysis.

As a result, we conclude that the presented theory is totally confirmed by the considered
examples of Liouvillian elementary functions.

It is not difficult to see that the function ¢, (a, b) satisfying equation (4.43) as the constituent
of any H-holomorphic function Y (p) = ¢,(a, b) + ¢,(a, b) - j can only include those forms
of dependence on variables a and a that are invariant under complex conjugation. Since the

quaternionic derivatives of H-holomorphic functions are H-holomorphic too, the same is valid

(1) (2) (3)

for functions ¢, and so on. From examples discussed above it follows that such

formscanbe ag and (a@), = a™ +a™l-a+a™ 2 T +...+a-a" +a-a" +a",

where m is some positive integer and by "-" is denoted the complex multiplication.

If we consider, for example, the first derivative of the function ¥ (p) = p*, then we have
WU = (8,0, + 050,) = 4[(a? + aa +a°)b — b?b| = 4[(a@),b — b?b] with the "invari-
ant" (symmetric in variables a and a ) form (aa),. The next examples, the functions ¥(p) =

(1) b(a+ta) b(aa)12 and ¢(1) Zﬁbsinv:

" (a@+bb)’  (a@+bb) v

p~tand y(p) = eP, have, respectively,

(a+a)?

1

ata bsin_|aa+bb—
e 2 -

with the symmetric forms aa and (aa); = a + a. In addition, we

— 2
aa+bb—(“+4a

consider one more example of the function ¥ (p) = p®. Omitting some algebra we can see that
this function possesses ¢, = (aa)sb — 2[2(aq); + aa(aa),]b%b + 3(aa)1b3b and ¢(1)

6(a@),b — 2[9(a@), + 3aalb?b + 6b°b . In this case we have the symmetric invariant forms

aa, (aa),, (aa);, (aa)s and aa, (aa),, (aa),, respectively.
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We can state that the constituent ¢§1) of the complete quaternion derivative y(p)® =

1(1) + ¢2(1) J puts together its "left and right fragments”, namely, the derivative (d,¢,), belong-
ing to the left quaternionic derivative (4.15) and the derivative (0g¢,), belonging to the right

quaternionic derivative (4.23). The analogous statement is valid, of course, for the constituent

¢-, of an initial H-holomorphic function. On the other hand, note that the functions ¢, 1(1),

1(2), ... are symmetric in variables b and b and may be interpreted as a sum of the correspond-

ing parts of the left and right quaternionic derivatives too.
6 Conclusions

The basics of the theory of quaternionic differentiability fully similar (essentially adequate) to
the theory of complex differentiability are developed. This theory is based on the one general
idea: each point of any real line is at the same time a point of some plane and space as a whole,
and therefore any characterization of differentiability at a point must be the same regardless of
whether we think of that point as a point on the real axis or a point in the complex plane, or a
point in space.

To get correct results we introduced the concept of essentially adequate differentiability (par-
ticularly, uniqueness of the derivative value in 3D space) which generalized the key features of
the transition from real to complex differentiability and led to definition of quaternionic holo-
morphic functions as those quaternionic functions whose left and right derivatives become
equal after transition to 3D space. This gives a principal possibility to describe physical fields
in 3D space (similar to complex analysis on the plane) by using H-holomorphic functions.

The main stumbling block— the impossibility to obtain a wide class of differentiable quater-
nionic functions by the separate consideration of the left and right versions due to their incom-
plete adequacy to properties of space — is eliminated and now each H-holomorphic function
has its C- holomorphic counterpart. At that the general expression for the complete quaterni-
onic derivative puts together the components of partial derivatives contained in the left and
right quaternionic derivatives.

According to theorems proved, the expressions for H-holomorphic functions and their de-
rivatives are similar to the corresponding expressions for C-holomorphic counterparts and
their derivatives. Each of H-holomorphic functions (and its derivatives) can be now created
from the corresponding C- holomorphic function (and its derivatives) by the direct replacing
of variables. In principle, this solves the known problem of Fueter's polynomials, for which

the reduction to the complex case gave the incorrect power functions (—iz)™ instead of z™
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[2]. The complete quaternionic derivative connecting the left and right differentiability ver-

sions contains the symmetric in variables a and @ as well as b and b forms, representing un-
doubtedly the harmony of space symmetry.

A study of many other matters is beyond the scope of the present paper. Primarily, there is
a need to expound a proof of equations (4.71) as well as explore the essentially adequate qua-
ternionic generalizations of antiholomorphic functions, Laplace's equation, harmonic func-
tions as well as potential functions for study of stationary vector fields (fluid flows, electrosta-

tic fields et al) that, hopefully, will be represented in subsequent papers.
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