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Abstract

We define the topology atop(x) on a complete upper semilattice y = (M, <).

The limit points are determined by the formula

l%n(X)zsup{aEMHxGX]agx}ED},

where X C M is an arbitrary set, D is an arbitrary non-principal ultrafilter
on X. We investigate lijgn(X ) and topology atop(x) properties. In particular,

we prove the compactness of the topology atop(x).
1. Preliminaries

For any set X we use P(X) to denote the set of all subsets of X. For
an arbitrary collection S of sets we use US and NS to denote the union and
the intersection of all sets of S respectively.

A cardinal will be identified with the corresponding lowest ordinal. The
cardinality (size) of a set will be identified with the corresponding cardinal.
Example: |w| = w = wg. We assume the axiom of choice.

Let D be an ultrafilter on X and Y € D. Dly is the ultrafilter on Y,
where D|y ={ZNY |Z € D}.

A principal ultrafilter is an ultrafilter containing a least element. An
ultrafilter is a non-principal, if it does not contain finite sets.

A complete upper semilattice is a partially ordered set in which every not
empty subset has a least upper bound (sup). We assume that any complete
upper semilattice of this article have the infimum element (zero).

A complete lattice is a partially ordered set in which every subset has a
least upper bound (sup) and a greatest lower bound (inf).



2. The limit l%n(X) and the associated topology

Definition 1. Let x = (M, <) be a complete upper semilattice, X C M,
X # () and let D be an arbitrary ultrafilter on X. We denote

lill_r)n(X)zsup{a€M|{x€X]a§$}€D},

Definition 2. Let x = (M, <) be a complete upper semilattice. A set
A C M is an approximation base, if for every x € M we have

X = sup{a € Ala < z}.

Definition 3. Let x = (M, <) be a complete upper semilattice, let A be
an approximation base, X C M, X # () and let D be an arbitrary ultrafilter
on X. We denote

limi(A, D, X) =sup{a € Al{z € X|a <z} € D}

Remark 1. Definitions 1,2,3 are correct, because in accordance with the
agreement, each complete upper semilattice of this article has the infimum
element (zero) inf(M) € M. Thus, inf(M) < z for any x € M.

The approximation base A = M is associated with every complete upper
semilattice x = (M, <). In this case we have

lilI)n(X) =limi (A, D, X)

Definition 4. Let x = (M, <) be a complete lattice, X C M, X # 0
and let D be an arbitrary ultrafilter on X. We denote

limao(D, X) = sup{inf(Y)|Y € D},

lims(D, X) = inf{sup(Y)|Y € D}.

Remark 2. Let x = (M, <) be a complete lattice and y* = (M, <*),
where <* coincide with >. Let X C M, X # () and let D be an arbitrary
ultrafilter on X. We see that x* is a complete semilattice and

limgo(D, X) = lim3(D, X),

lims(D, X) = lim3(D, X),



where lim5(D, X), lim3(D, X) are correspond to lima(D, X), lims(D, X) for
lattice x*.

Proposition 1. Let y = (M, <) be a complete upper semilattice, let A
be an approximation base, X C M, X # () and let D be an ultrafilter on X.
We have

lim(X) = lim1(A, D, X).

Proof. Since lilr)n(X) = lim1(M, D, X), it is sufficiently to prove that
lim1(A, D, X) = lim1(M, D, X). It is easy to see that

limi (A, D, X) < limy (M, D, X).
Let ap € {a € M|{z € X|a <z} € D}. Since A is an approximation base,
ag = sup{d € A|d < ap}.
Let 69 € {6 € Ald < ap}, ie. dp < ap and
{reX|ay <z} C{xre X|d <=z}
Since {x € X|ap <z} € D, we have {z € X|Jy <z} € D and
do € {6 € Al{z € X|d <=z} € D},

{6 e Ald<ap} C{de A{zx € X|§ <=z} € D},
sup{d € Ald < ap} < sup{d € A{z € X|§ <z} € D},
ap < sup{d € Al{z € X|0 <z} € D}.

Since ag € {a € M|{z € X|a < z} € D} is arbitrary, we have
sup{a € M|{z € X|a <z} € D} <sup{d € A{z € X|§ <z} € D},

liml(M,D,X) < lzml(A,D,X)

Proposition 1 is proved.

Remark 3. From Proposition 1 it follows that limq (A, D, X) does not
depend on A actually. But we will use it in the future, because it is easier
to prove certain properties associated with lilr)n(X ).

Proposition 2. Let x = (M, <) be a complete lattice, let A be an
approximation base, X C M, X # () and let D be an ultrafilter on X. We
have

li]gn(X) =lim1(A, D, X) = lima(D, X).



Proof. First equation lilr)n(X) = lim1(A, D, X) follows from Proposition 1.

It is necessary to prove that
sup{inf(Y)|Y € D} = sup{a € Al{z € X|a <z} € D}.
Let Y € D. Since A is an approximation base,
inf(Y) =sup{a € Ala <inf(Y)}.

Let ap € {a € Ala<inf(Y)}, Xo ={x € X|ap <z} thenag < inf(Y)
and Y = {y € Y|ag <y} C {zr € X|ap < z} = Xp. Since Y € D and
Y C Xy then Xy € D. We see that

ap € {a € Al{zr € X|a <z} € D},

{aeAla<inf(Y)} C{a e Al{z € X|a <z} € D},
inf(Y) =sup{a € Ala <inf(Y)} < sup{a € Al{z € X|a <z} € D},
sup{inf(Y)|Y € D} < sup{a € A|{z € X|a <z} € D}.
Let us prove the opposite direction.
Let ap € {a € Al{z € X|a <z} € D} then
{r e X|apg <z} €D,

ap < inf{z € X|ap <z} < sup{inf(Y)|Y € D},
sup{a € Al{zx € X|a <z} € D} < sup{inf(Y)|Y € D}.

Proposition 2 is proved.

Lemma 1. Let x = (M, <) be a complete upper semilattice, X C M,
X # 0, let D be an ultrafilter on X. The following are

1) if {a} € D then lién(X) =aq;

2) if Y € D then lién(X) = 1i§n(Y), where F' = Dly,
D is a principal ultrafilter < F' is a principal ultrafilter;

3)if Z C M and X C Z then exist an ultrafilter G on Z that X € G,
G|x = D, lién(X) = licr;n(Z),
D is a principal ultrafilter < G is a principal ultrafilter;

4) if X C M is an infinite set, D is a non-principal ultrafilter on X then
for any finite set X’ C X we have lilgn(X \ X') = lilr)n(X), where F' = D|x\ x/
is a non-principal ultrafilter.

Proof. Let A = M. We prove 1). If {a} € D then for any Y € D we
have {a} NY # 0, a € Y. Hence for any 6 € A it is

d<ase{reX|d<z}eD,



ie.

a=sup{d € Ald <a}=sup{d € Al{z € X|d <z} e D} =
=limi (A, D, X) = lilr)n(X).
The last equation follows from Proposition 1.

We prove 2). We prove that for every
a € Alitis

{reX|la<zyeD&s{yeY|a<y}eF. (1)
Let {x € X|]a <z} € D. Since Y C X,
{yveY|a<y}=Yn{zre X|a<z}eDly=F.

We prove in the opposite direction. Let Yo = {y € Y|a <y} € F. We
suppose the opposite that {z € X|a <z} ¢ D, ie. {x € X|a £ 2} € D
and

Y\Yo={yveY|ladyt=YNn{zreX|laLz}eDly=F

We obtain the contradictory Yy € F,Y \ Yy € F. We conclusion that
{r € X|a <z} € D. We have proved the statement (1). From (1) it follows

{ae A{zr e X|a<z}eD}={acAl{yeY|a <y} e F},

sup{la € A{z € X|a <z} € D} =sup{ac A{y e Y|a <y} € F},
limi(A, D, X) = lim1 (A, F,Y),
lim(X) = lim(Y).
im(X) = lim(Y)

As F C D, if F contains a finite set then D also contains a finite set.
On the other hand, if D contains a finite set Z then ultrafilter F' contains
a finite set Z N'Y. This implies that D is a principal ultrafilter < F is a
principal ultrafilter.

We prove 3). Let G = {Y C Z|YNX € D}. G is an ultrafilter obviously,
G|x = D, X € G. The remaining assertions of the item 3) follow from the
item 2).

Let us prove 4). Let D be a non-principal ultrafilter, i.e. X\ X’ € D. Let
F= D|X\X/. The ultrafilter F' with respect to the item 2) is a non-principal.
According to 2),

lilgn(X \ X)) = 1i]:I)n(X).

Definition 3. Let x = (M, <) be a complete upper semilattice. We
define the operation C() on the subsets of M. Let X C M, we define

CX)=XU {lilr)n(X)\ Dis a non-principal ultrafilter on X}. (2)
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Lemma 2. Let x = (M,<) be a complete upper semilattice. The
operation C() defind by (2) has the following properties:
1) C(Xl U XQ) = C(Xl) U C(XQ), where X1, Xo C M;
2) X C C(X), where X C M;
3) if X is finite then C'(X) = X, where X C M (particulaly, C(0) = 0);
4)if X CY then C(X) C C(Y) for all X, Y C M.

Proof. Assertions 2) and 3) follow from the definition of the operation
C() and Lemma 1.

We prove 1). If X is a finite set then

C(Xl) =X CXjUXy C C(Xl UX2).

Assume that X7 is an infinite set. Let Dy be an arbitrary non-principal

ultrafilter on X;. By Lemma 1 there exists a non-principal ultrafilter D on

X1 U X5 that X4 € D, .D|X1 = D and I%D(Xl UXQ) = th(Xl) We see that
1

C(Xl) - C(Xl @] Xg). Similarly C(XQ) - C(Xl U XQ), i.e.
C(Xl) U C(XQ) C C(Xl U XQ).

Let us prove the item 1) in the opposite direction. Let D be an arbitrary non-
principal ultrafilter on X7 U X5. It is obvious that X3 € D or X\ X; € D.
If X5\ X; € D then Xy € D. Hence it is X7 € D or Xy € D. Let X; € D
for definiteness. From Lemma 1 we have lign(Xl UXs) = hDI?(Xl)’ where

Dy = D|x,. From this it follows that
C(X1UX2) CC(X1)UC(Xy).

The item 1) of the Lemma is proved.

Let us prove the item 4). If X is finite then C(X) = X CY C C(Y).
Suppose that X is infinite. Let D be an arbitrary non-principal ultrafilter
on X. From Lemma 1 we have that there is a non-principal ultrafilter G on
Y that X € G, G|x = D, li[I)n(X) = ligl(Y), ie. C(X) C C(Y). The item

4) of the the Lemma is proved.

Lemma 3. Let x = (M, <) be a complete upper semilattice. The set
of all sets such that X C M, C(X) = X (we assume that X is closed) is a
topology.

Proof. Let R = {X C M|C(X) = X}. Obviously 0,X € R. It is
sufficient to prove:

1) there is UP € R for every finite P C R;
2) there is NP € R for each P C R.

The associativity of the union of a sets implies that property 1) suffices
to prove for two sets in R. Let X1, X2 € R. From Lemma 2 it follows that
C(Xl U Xz) = C(Xl) U C(X2) = X7 UXs. That is X; U Xy € R. The
property 1) is proved.



We prove the property 2). Let P C R. We consider an arbitrary set
Y € P. It is obviously that NP C Y. We obtain by Lemma 2 that
C(NP) CC(Y)=Y,ie. C(NP) CY. AsY € P is arbitrary, we have
C(NP) C NP. Since NP C C(NP), we have C(NP) = NP, i.e. NP € R.

Definition 4. The topological space is defined by the Lemma 3 will be
denoted by atop(x).

Lemma 4. Let y = (M, <) is a complete upper semilattice, s is an
infinite cardinal and (X))x<x is a not increasing sequence of closed in the
topology atop(x) sets, i.e. X\ 2 Xy11,C(X,)) = X for all ordinals A < k.
If X # 0 for all A < k then this sequence has a non-empty intersection.

Proof. If x is’t a regular cardinal then we can choose some subsequence
of the size of the regular cardinal cf(k) (cofinality k) that for any ordinal
Ao < K thereis an ordinal A > Ao corresponding to the element of the selected
subsequence. It is clear that the intersection of the original sequence and
the selected subsequence are the some. Therefore, we can assume without
loss of generality that x is a regular cardinal.

Let h : kK — M is an arbitrary mapping for which h()\) € X for all
A < K.

If |Rang(h)| < k then (in accordance with the regularity of k) there is
an element a € Rang(h) that |h~!(a)| = k. For any ordinal \g < » there is
an ordinal A that \g < A < k and h(\) = a. This means that a € X for all
A < K, i.e. the sequence (X))a<x has a non empty intersection.

Let us assume that |Rang(h)| = . Let D be a non-principal ultra-
filter on the set Rang(h) that if Z € D then |Z| = k. We consider an
arbitrary ordinal \g < k. Let E = {h(\)|\ < Ao}. It is obvious that the
Rang(h) \ E € D. According to Lemma 1, we have

lim(Rang(h)) = lim(Rang(h) \ E),

where F' = D|gangn)\g- We note that Rang(h) \ E C X,,. By lemma 1
there is a non-principal ultrafilter G on the set X, that

ligl(X)\O) = lilgn(Rang(h) \ E).
Since X, is a close set, C'(Xy,) = X, and
I%n(Rang(h)) = li}n(Rang(h) \E) = lién(XAO) € Xy,
Since A\g < k is an arbitrary ordinal,

lim(Rang(h)) € ) X»
A<k



Lemma is proved.

Theorem 1. Let x = (M, <) be a complete upper semilattice then the
topological space atop(y) is compact.

Proof. We prove this theorem in two ways.

1) By Lemma 2, every point of atop(x) is a close set, i.e. atop(x) is a
T space. Lemma 4 implies that every well ordered sequence of non-empty
closed decreasing sets is non-empty intersection. The theorem (Alexandrov
P. S. Uryson P.S.[1, p.26] ) for T topological spaces implies that if ev-
ery well ordered sequence of non-empty closed decreasing sets is non-empty
intersection then the topology is a compact. Thus, atop(x) is a compact
topology.

2) The second proof uses the methods of the proof of the existence of
a finite subcovering of a countable cover of a countably compact (with the
modern interpretation) topological space (F. Hausdorff [3, p.141]). In this
proof we construct a finite subcovering for a arbitrary covering. This proof
is longer, but it is useful for future analysis.

We will show that each open covers of atop(x) has a subcovering of a
smaller cardinality. Let x be an infinite cardinal and let (G ) <, be an open
covering of the cardinality k. Hence (F))x<x, where F\ = GoU ... UG}, is
a non-decreasing sequence of open sets, which is covered. We consider the
corresponding sequence of the close sets M \ Fy 2 ... D M \ F)\ D ..., where
A < k. This sequence has empty intersection. By Lemma 4 there exists an
ordinal \g < k that M \ F\ = 0 for all A < k, which A > A.

We see that the set of open sets Gy, ..., G, is covered and the cardinality
of the cover is |A\g| < K (|Ao + 1| in finite case). If |\o| is an infinite cardinal
then we can repeat the same procedure and we can get an open covering of
a cardinality less than

|Ao| and so on. Thus for a finite number of steps we can get a finite
covering.

Theorem 2. Let x = (M, <) be a complete upper semilattice, A be an
approximation base, |A| = wp, X € M be an infinite, D be a non-principal
ultrafilter on X. There is a countable subset Xy C X that

lim(X) = sup(Ao) = lim(Xo),
where
Ao ={a € Al{z € Xp|la £ z} is finite},
A=A\ Ay ={a e Al{r € Xo|a < x} is finite},

Dy is an arbitrary non-principal ultrafilter on Xj.
Proof.



For anyone o € A we denote
Xo ={z € X|a <z},

Xo={z € X|a £z},
Ag={a € Al X, € D},
A ={a €Al X, € D}.

It is obvious that

lilr)n(X) = lim1(A, D, X) = sup(Ay),

AoﬂAlzw,AOUAle.

Let the sequence ag, a1, as,... be a list of all elements of A. We define
the sequence X, X1 x@ by the induction.
1) If ap € Ag then X = X, . if ap € Ay then X = X,
2) If X is determined then
if a1 € Ap then
X+ — x() A x

Qi1

if Qi1 € Al then

X0 = xOnx

Q41

We note that for all 4 € N we have
X0+ c x0 c x, x® e p.

If o € Ag then oy < z for all z € X If a; € Aj then a; £ z for all
ze X,

Since X is infinite set, we can construct a sequence g, 1, Zs... of X
for which 2; € X, z; # x; for all ¢ # j. Denote Xy the set of all elements
of the sequence. Obviously | Xo| = wp.

Let n € N. If o, € Ag then oy, < x, for all m > n. If o, € Aq then
ap % xp for all m > n. We see that for any a € Ag the set {z € Xo|a £ =}
is finite, for any o € A the set {x € Xo| o < z} is finite.

Since AgN A1 =0,Ag UA; = A, we have

Ag ={a € Al{z € Xo|a £ z} is finite},

A ={a € Al{z € Xo| o < x} is finite}.

Let Dy be an arbitrary non-principal ultrafilter on Xj.
Obviously if o € Ag then

{z € Xo|a <z} € Dy,



if &« € A7 then
{z € Xo|a £ 2} € Dy,

ie
Ag={a e Al{zx € Xo|a <z} € Dy},
Ay ={a e Al{z € Xo|a £ z} € Do}.

Thus we have

ligl(X) = sup(Ag) = sup{a € Al{z € Xo|a £ z} is finite} =

= sup{a € Al{z € Xo|a <z} € Dy} = lli)rn(Xo).
0

The theorem is proved.

We generalize the concept of distributivity
(a1 V ag) VAN (bl V bQ) = (a1 VAN bl) \Y (a1 AN bg) V (ag AN bl) V (CLQ VAN bg),

(a1 A\ ag) vV (b1 A bz) = (a1 \Y bl) VAN (a1 vV bQ) A (ag V bl) A (CLQ \Y bg)

to arbitrary set of elements.
Definition 5. Let x = (M, <) be a complete lattice. We assume that
X is a generalized infinite distributive if

in f{sup(s(i)) i € I} =
= sup{inf(Rang(f)| f : I — M is a function, that f(i) € s(i),i € I},
suplinf(s(i))|i € I} =
= inf{sup(Rang(f)| f : I — M is a function, that f(i) € s(i),i € }.
where [ is an arbitrary set of indexes, s : I — P(M) is an arbitrary function.
Remark 4. If I = {0,1},s(0) = {z},s(1) = X, where z € M, X C M,
then the generalized infinite destributuvity coincides with infinite destribu-

tuvity, i.e.
inf{xz, sup(X)} = sup{inf{z,y}tly € X},

sup{ae, inf(X)} = inf{suple, y}ly € X}.

Theorem 3. Let x = (M, <) be a generalized infinitely distributive
complete lattice. In this case, the operation C'(X) satisfies the axioms of
closure for a topological space:

1) C(X1 U XQ) = C(Xl) U C(Xz),
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The properties 1),2),4) were proved in Lemma 2. We will prove the
property 3).
Let D be an arbitrary non-principal ultrafilter on C(X) and

lim(C(X)) = a,

where a € M. We will prove that a € C(X). For this purpose, it is sufficient
to determine a non-principal ultrafilter G on X that

= lim(X).
a = lim(X)

Since D is an ultrafilter on C'(X) then X € D or C(X)\ X € D.
If X € D then we define G = D|x. By Lemma 1, we have

lim(C(X)) = lm(X) € C(X).

In this case, the theorem is proved.
We consider the case C(X)\ X € D. We define Dy = D|x,, where
Xo=C(X)\ X. By Lemma 1, we have

lim(Xo) = lim(C(X)) = .

For any b € Xy, we define a non-principal ultrafilter F'(b) on X that

lim (X) = b.
FI{?)( )

We define
R={KCX|Z¢€ Dy, K € F(b)for anyb € Z}.

Since X € R, we have R # (). Since () ¢ F(b) for any b € Xy, we have () ¢ R.

We will show that R is a non-principal ultrafilter on X.

Let Ky,...K,, € R,n € N. There are Z1,...,Z, € Dy that K; € F(b) for
any b € Z;, i = 1,...,n. Since Dy, F'(b) are ultrafilters, we have Z1 N ...N Z,, € Dy,
KiNn..NK, e F(@)forany b€ Z1N..NZ,. We have K1 N...N K,, € R.

Let K € R, K C K' C X. Thereis Z € Dy that K € F(b) for any b € Z.
Since F(b) is ultrafilter, we have K’ € F(b) for any b € Z. We have K’ € R.

Let K C X and b € Xo. We have K € F(b) or X \ K € F(b). We
define Z = {b € Xo|K € F(b)}. We have Xo\ Z = {b € Xo|K ¢ F(b)} =
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{be Xo|X \ K € F(b)}. Since Z € Dy or Xo\ Z € Dy, we have K € R or
X\ K €R.

We have proved that R is a ultrafilter on X.

Let K € R. Thereisb € Xy that K € F(b). Since F'(b) is a non-principal
ultrafilter, K is a infinite set, i.e. R is a non-principal ultrafilter.

We assume G = R.

We will prove

lién(X) =a.

Let A = M be an approximation base. Let « € A;b € Xg = C(X) \ X.
We define
Y, = {z € Xo|a < z},

Y, =Y\ Y, = {x e Xola £},
Ag ={a € AlY, € Dy},
Ay = A\ Ag = {a €AY, € Dy},
Xo = {z € X|a <z},
Xo=X\ X, ={zeX|ata},
) — {0 € AlXq € F(b)},b € Xo,
AD — A\A(()b) ={a € AlX, € F(b)},b € X,.

We see that
sup(Bo) = lim(C(X)\ X) = a,
0
AP = 1im(X) = b,b € Xo.
sup(Aq”) Flg;() ,b e Xo
We define
Qo ={a € AlX, € G},
:A\QO:{aEA]X'a € G}.
We see that

lim(X) = sup(<).
Let o € Ag. We define
Ala) = {inf(Rang(f))| f : Yo — A, where f(b) € A(()b), f(b) < afor anyb € Y, },

Let a € Ag. We will prove that
1) Ala) C A(b) for any b € Yy;

2) Mo )C Qo,
3) If oY) ={d éb)]a’ < a} then sup(q)((f)) =« for any b € Yy;
4) sup(A(a)) =
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We prove 1). Let o/ € A(a). There is f : Y, — A that f(b) € A(()b),
f(b) < aforany b €Y, and o/ =inf(Rang(f)). Let b € Y, is an arbitrary.
We have o/ < f(b). Since f(b) € A(()b), we have X3y € F(b). F(b) is
an ultrafilter and X 2 Xy, ie. Xo € F(b). We have o € Ag’), ie.

Ala) C A(()b) for any b € Y,,. Item 1) is proved.
We have also X, € F(b) for any b € Y,. Since Y, € Dy, we have
X € G. Hence o € Qp and A(a) C Q. Ttem 2) is proved.

Let b € Y,. By definition Aéb), we have sup(Agb)) =b. Since beY,,
we have o < b. If 3 € A(()b),ﬂo = inf{a, S} then Gy < . Since Xz € F(b),

Xg, 2 Xg and F(b) is an ultrafilter, we have Xg, € F'(b) and inf{a, 5} =

(b)

Bo € Ay’. Hence

{inf{a,B}|8 € A(()b)} C{d € A(()b)|o/ < a}.

Since x is an infinite distributive lattice, it follows (by Remark 4) that
sup{inf{a, 8}|6 € A} = inf{o sup(B] B € AJ}} =

=inf{a, sup(A(()b))} =inf{a,b} = a.
Hence
a = sup{inf{a, B}|0 € A((]b)} < sup{da’ € A((]b)|o/ <a}l<a,
ie.
sup{a’ € A((]b)|o/ <al=a.

Item 3) is proved.

Since sup(@&b )) = « for any b € Y,, we have (by the generalized infinite
destributuvity of x)

a = inf{sup(®P)|b € Yo} = sup{inf(Rang(f))| f: Yo — A, f(b) € 0V b e V,} =

= sup{inf(Rang(f))| f: Yo — A, f(b) € {/ € A((]b)|o/ < a}foranyb e Y,} =
— sup{inf(Rang(F)| f - Yo — &, f(b) € A f(b) < afor any b € Y} = sup(A(a).

Thus, we have sup(A(a)) = a. Item 4) is proved.
We define
Ao = U{A(a)| o€ Ao}

From 4) it follows that
sup(Ao) = sup(Ao).

From 2) it follows that
AQ C Q.
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We have
lién(X) = sup(Qo) > sup(Ng) = sup(Ao) = a,

i.e.

We will prove that

Let o € A. We define
Zo=1{be Xo| X0 € F(b)}.

If Z, € Dy then X, € G, ie. a € Q. Let b € Xy. If X, € F(b) then
a € Aéb). Since sup(Aéb)) = b, we have o < b. Thus, we have

Zo ={be Xo| Xa € F(b)} C {be Xola < b} =Y,

i.e. Zo CY,. Since Z, € Dy, we have Y, € Dy, i.e. a € Ag.
If Z, §é Dg then X \ Zo € Dy. We have

Xo\Za = {b € Xo| Xa ¢ F(b)} = {b € Xo| X\Xq € F(b)} = {b € Xo| Xa € F(b)}.

Hence X, € G, ie. a € A\ Q.
Thus, we have the following.
If Z, € Dy then o € Qp, a € Ag. If Z,, ¢ Dy then o € A\ Q. Thus, we

have
a € Qo Zy € Dy.

If « € Qg then Z, € Dy, i.e. a € Ay.
Thus, we have proved (4), i.e.

Qo C Ao.

We have
li(r;n(X) = sup(Qop) < sup(Ao) = a.

From (3) we have
lién(X) =a.

The theorem is proved.

Definition 6. Let x = (M, <) be a part order, X C M,z,y € M. We
define

($ay)|XZ{ZGX]szgy,xyéz;éy},
[z,y]|lx ={z € X|x <z <y},
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Definition 7. Let x = (M, <) be a complete lattice, X C M and
a € M.

a is massive <

1) exist L1 = (Ix)a<x, that s; is an infinite cardinal, Iy € M, if A\; <
A2 < k1 then Iy, <y, sup(L1) = a.

2) exist Ly = (Ix)r<n, that ko is an infinite cardinal, Iy € M, if A} <
A2 < kg then Iy, <y, sup(L2) = a.

Lemma 5. Let x = (M, <) be a complete lattice, S C P(M). We have
that

sup({inf (Y)Y € 5}) = inf(N({{y € Mlinf(Y) < y}|Y € 5})).

Proof.
If x € M then
z > sup({inf(Y)|Y € S}) &

x>inf(Y)forany Y € S ze{ye Mlinf(Y) <y} forany Y € § &
zen{{ye Mlinf(Y) <y}Y € S}.
Thus,
inf{x € Mlz > sup({inf(Y)[Y € SH} = inf(Nn{{y € Mlinf(Y) <y}|Y € 5}),

sup({inf(Y)|Y € 5}) = inf(n{{y € Mlinf(Y) < y}[Y" € 5}).

Theorem 4. Let x = (M, <) be a complete lattice and X C M. Let
D be an arbitrary non-principal ultrafilter on X and a € M. If li[r)n(X )=a

then we have one case of the following:

1) exist L = (I\)a<x that & is an infinite cardinal, [y € M, if \; < Ay < K
then Iy, < ly,, sup(L) = a.

2) exist non-principal ultrafilter F' on {x € X|a < z} that for any Y € F
we have a = inf(X).

Proof.

Let lim(X) = a.

We define A = {inf(Y)|Y € D}. We have that a = sup(A).

We consider the case a € A. In this case there is Xy € D that inf(Xy) = a.
We define X, = {z € X|a < x}. We see that Xy C X, i.e. X, € D.

Let F' = D|x,. By Lemma 1 and Proposition 2, we have that

l%n(X) = ligl(Xa) = sup{inf(Y)|Y € F} =a,
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ie. for any Y € F we have a = inf(Y).

Thus, we have the case 2).

We consider the case a ¢ A, i.e. for any a’ € A we have a’ < a.

Let (X))a<p, be asequence of D. Ag = (ax)r<p,, where pg is a cardinal,
ayx =inf(Xx), A < po. We see that sup(Ag) = a.

Let Lo = (Ix)x<p, be a sequence, where Iy = suplag, ay), ag, ax € Ag.

We see that [y, <[y,, where \g < A\; and sup(Ly) = a.

We consider the following procedure

a) Suppose that we have defined A, Ly, ptn, where A,,, L,, are ordered by
. If for any [ € L, we have [ < a then procedure is finished else continue
to b).

b) There is A < p, that [y = a. Let Ao be a minimum ordinal of the
such kind. \g is an infinite ordinal (we will prove it after the procedure). If
Ao 1s a limit ordinal then we define

Pnt1 = A0, Ang1 = {ax € Ap|A < Ao}, L1 = {In € Ln| XA < Ao}

If \o is not a limit ordinal then Ag = A, + m, where \{ is a limit ordinal
and m < w. We define pip11 = Aj, Apt1 is defined as sequence of elements
{ax,s s axo—1} and elements {ao, ....ay, ...} from A, where 0 < A < Ay, We
rename also elements of A,4+1 as ag,aq,...,ay, ..., because we do not want
to introduce new notations. Thus we have removed unnecessary elements,
and we put the last elements in the first place. We define L, 41 on the
set Apy1 similar to the L. We do not introduce new notations also, i.e.

Lyny1 = (IN)a<pnsy» Where Iy = suplag, ay), ag, ax € Apy1.

We continue to a).

Now, we prove that Ag is an infinite ordinal. We assume the opposite,
i.e. Ag is finite ordinal. In this case exist finite set S C D that

a = sup{inf(Y)|Y € S}.
By Lemma 5, we have that
a = sup({inf(Y)|Y € S}) = inf(N({{y € Mlinf(Y) < y}[Y € 5})) <

<inf(N({{y € X|inf(Y) <y}lY € S})).
IfYeSthenY € D,

Y C{y e Xl|inf(Y) <y} €D,

N({{y € X|inf(Y) <y}[Y € S}) € D.
We see that for any Z € D we have inf(Z) < a, i.e.

a <inf(N({{y € Xlinf(Y) <y}lY € 5})) <a
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and
inf(N({{y € X|inf(Y) < y}Y € S})) =a.

Thus, we have the case a € A that is already considered earlier. We
consider the case when a ¢ A. So, we receive a contradiction, i.e. Ag can
not be a finite ordinal.

We continue to prove. Thus we obtain

Ao, Lo, po,
Av, Ly, p,
AQ)LQMU'Qv

We see that pg > p1 > pe > ..., i.e. this procedure will end after a finite
number of steps. Let

An()a Ln07 Mno

are the last elements.

We see that jip, is a limit ordinal, sup(L,,) = a and for any A < py,, we
have [ < a.

We can select subsequence L of L, that L are ordered by cardinal
k =cf(uo) and for any | € Ly, there is I’ € L that I <, i.e.

sup(L) = sup(Ln,) = a.

We can assume also that all elements of L are different.
Thus, we have the case 1).
The theorem 4 is proved.

Corollary. Let x = (M, <) be a complete lattice and X C M,a € M.
If D is a non-principal ultrafilter on X that lima(D, X) = lims(D, X) = a
then we have 1) or 2), i.e. a is massive.

1) exist L1 = (Ix)a<x, that s; is an infinite cardinal, [y € M, if A\; <
A2 < k1 then Iy, < ly,, sup(Li) = a.

2) exist Ly = (Ix)r<r, that ko is an infinite cardinal, Iy € M, if A} <
A2 < kg then [y, <y, sup(L2) = a.

Proof.

By Theorem 4 we have that for limg(D,X) we have 1) or 2) (from
condition Theorem 4) and for Limg(D,X) = Lim5(D,X) we have 1*) or
2*) (from condition Theorem 4).

We have for possible combinations.

a) 1),1%)

b) 1),2%)

c) 2),1%)
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1) 2),2°)

Consider the combination 2),2*). If 2) then from the proof of the theo-
rem 4 we see that there is Fy € D that inf(Fy) = a. Similarly, if 2*) then
there is F; € D that sup(Fy) = a. Thus, we have that Fy N Fy = () or
Fon Fy = {a}. Since Fy N Fy € D, then we have ) € D or {a} € D. Since
D is a non-principal ultrafilter, then we have obtained a contradiction.

Thus, we have that combination 2),2*) is impossible.

Combinations a),b),c) imply 1) or 2).

§ 3. Examples

Example 1. Let y = ([0,1], <) be a lattice on the interval [0, 1] with
standard interpretation of the relation ” < ”. Obviously x is a complete
lattice.

Let X C [0,1], D is an arbitrary non-principal ultrafilter on X. We will
show that the point

a= liLI)n(X )

is a limit point of X in the usual topology, i.e. any open interval of the point
a contains points of the set X \ {a}. We assume that a # 0,a # 1. The cases
a = 0,a = 1 are analyzed in the similar way. We suppose the opposite, i.e.
there is an open interval (b,¢) C [0, 1] that a € (b,¢) and (b,c) N X = {a}.
We will obtain a contradiction.

Since D is a non-principal ultrafilter, then X\{a} € D. Let Xy = X\{a}.
By Lemma 2

lim(X) = lim(Xo),

where Dy = D|x,. For every Y € Dy we have Y N (b,¢) = 0, i.e either
lima (Do, Xo) < b or lima(Dy, Xy) > c¢. By Proposition 2 we have either
lggl(Xo) <bor liDIél(Xo) > c¢. Thus it is a # lign(X). This is a contradiction

with the assumption that the point a is’t a limit point in the usual topology.

Now let the point a is a limit point of the set X in the usual topology,
i.e. any open interval containing the point a intersects with X \ {a}. We
will show that there is a non-principal ultrafilter D on X that lilr)n(X ) = a.

We assume that a # 0,a # 1. The cases a = 0,a = 1 are analyzed in the
similar way.

Since any open interval containing the point a has a non-empty intersec-
tion with X, then this intersection contains an infinite number of elements.
Otherwise it would be possible to pick up an open interval containing the
point a and has no intersection with X. Let

R={XnN(b,c)lae (bec),(bc) Cl0,1]}.
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In view of the above remarks any set of R is infinite, the intersection of two
sets of R also belongs to R. There exists a non-principal ultrafilter D on X
that R C D. By construction D, we have

lijgn(X) = limg(D, X) = a.

Thus the topology atop(x) coincides with the usual topology on [0, 1],
which is a compact topology.

Example 2. Let M = wU{w}, x = (M, <). Obviously x is a complete
lattice. Close sets in the topology atop(x) are finite sets and sets containing
w. Consequently open sets are sets that do not contain w and sets with a
finite supplement. Topology atop(x) is a compact. Any open covering must
to cover the point w. The covering must include an open set containing w
and having finite supplement that is covered by a finite number of open sets
of the selected covering.

Example 3.
Let M be a non-empty set. Let E(M) is the set of equivalence that
(X,R)e E(M) &

X C M, ifzy,zg € X and [[z1]] > 1,|[z2]| > 1then [z1] = [x2].

If By =(X,R) € E(M),z € X,|[z]|] > 1 then we define Ker(Ey) = [z].
We see that the equivalence R is uniquely determined by X and Ker(Ey).
Let X = (E(M),S) If £ = (Xl,R1>,E2 = (XQ,RQ),El,EQ S E(M)
then we define 4 < By &
1) if x € X1 N X then [z]g, C (2],
2) if x € XQ\Xl then [x]E2 NX; =0,
3) if z € X \ X2 then there is 2’ € X7 N Xy that [z]g, = [2]g,-
We have
1) inf(E(M)) = (M,R) that R= M x M,
2) sup(E(M)) = (M, R) that R = {(z,z)|x € M}.
If S C E(M) then
3) sup(S) = Ey that Ey = (X, R), Ker(Ey) = N{Ker(E1)}|E1 € S},
X = Ker(Eg) UUHY \ Ker(E1)|E1 = (Y,R) € S}.
4) an(S) = FEy that Ey = (X, R), KeT’(Eo) = U{KeT’(El)}‘El S S},
X = Ker(Eg) U({Y \ Ker(E1)|E1 = (Y,R) € S}.
Thus, x is a complete lattice. By Theorem 1 the topology atop(x) is a
compact.

Example 4. We will define complete lattice x = (M, <) and X C M
that C(C(X)) # C(X). x is’t an infinitely distributive.
Let M* = P(£2), where

Q=0 Uuw®yu@uy..
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and
wm — {O(m), 1(m), 2(”””), . h,m e w,

ie. w™ is a copy of w.

We define the relation <* on M™*.

1) {ngm)} <* {ngm)} < ny < ng, where ny,ng, m € w;

2) {nm} <* W™ where n,m € w;

3) wlm) < w2) & ny < ngy, where ny,ng € w;

4) We distribute <* to transitivity, i.e. {3(2)} <* w@ <* L™ and
{3@7} <* WM but {3M} £* WP {Ww@} £* (3D} {301 £* {3(8)) {3()) £
{3(M} and so on.

5) We distribute <* to any subsets. Let X € M*. We define

H(X)={aecQ{a} <Y C X}.
In particular, H(0) = 0, H(Q2) = Q. Let X1, X2 € M*. We define
X1 <" Xoe H(X)) C H(Xy).
In particular, ) <* X <* Q for any X € M*;
We see that
H({2W}) = {o®, 10 20
H(w®) = o),
H(wY) =@ yw®),
H{2MW}Uw®) =@ yu®),

ie. w® < 201 Uw® and {2MWY U W™ <* WO,
Thus we consider the classes of equivalences.
For any X1, X5 € M* we have

Let x = (M, <,), where M is a set of equivalence classes of M* and the
relation <, correspond to the relation <*.

We see that

1) <, is a part order on M,

2)if S C M, S # 0 then

inf(S) = [M{H(X)|[X] € S},

sup(S) = [U{H(X)[[X] € S}].

In particular

inf(M) = [0], sup(M) = [€)].
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Thus, x is a complete lattice. Let
VO = {[{n"}]|n < w},m < w,

V=vOuv®yuy®@y. .

We see that V' C M. Let D is an arbitrary non-principal ultrafilter on V.
If there are X € D and m € w that X C V(™ then |X| = wy and

lin(V) = sup(X) = [o™)].

Otherwise, for any X € D there are ni,ng, mi, me € w that my # mo and
[{n{"™}, {nd"™}] € X. T a € M and a <, [{n(™)}], a <, [{n("2)}]} then
a = [0]. Hence

li[r)n(V) = [0].

Thus, we have
[ ¢ VU{o]} u{[w™]lm < w} = C(V).
Let F' is an arbitrary non-principal ultrafilter on
W = {lw), W], w1, ..},

We see that W C C(V) and W € F. Since [w(™V)] <, [w(™2)] for any my < ma,
mi, me € w, we have

lim(W) = sup(W) = wOUuw®Uuw®u..]=1[0.
Thus, we have that

Qe CcW) cC(C(V)),2¢ V),

) C(C(V)) # O(V).
We have
inf{[w ], sup{[{n}n € w}} = inf{[w®], WO} = ),
sup{inf{[w®], [({(nV})}in € w} = sup{[0]} = [0],

inf{[w @), sup{[{n"}In € w}} # sup{inf{wV], {nD}]}|n € w}.

We see, that y is not a infinite distributive.
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Example 5. Let x = (P(N),C) be the lattice of the subsets of the
natural numbers N by inclusion. Obviously x is a complete lattice. We
consider an approximation base

A = {{n}|n e N} U {0}.

Since |A| = wp, according to Theorem 2 the closure of any set X C P(N) of
atop(x) can be reduced to the closure of all countable subsets of X.
By Theorem 1 the topology atop(x) is a compact.

Example 6. Let a,b € R and a < b. Let M be the set of all real
functions f : R — R that a < f(x) < b. Let x = (M, <), where ” <7 is
a pointwise comparison of functions. Obviously x is a complete lattice. By
Theorem 1 the topology atop(x) is a compact.

Example 7. We consider the propositional logic L = L(A,Q,Z, 1),
where A = {p1,p2,...} are propositional variables, Q = {—,A,V,—} are
logical connectives, Z is a set of inference rules (the rule of inference is
modus ponens), [ is a set of Hilbert axioms.

Let @ be a set of all formulas of L. Let ¥,y C ®&. We assume
Uy < Uy & for any ¢ € Uy we have I, Uy - ¢.

We denote

U] ={X CP|¥ < Xand X < U}.

[V] is a class of equivalence of W.

Let x = (M, <), where M = {[X]|X C @}, if X7, X9 C & then we
assume [X;] < [Xa] & X7 < Xo.

We have inf (M) = [I],if S C P(M),S # () then

sup(S) = [H{¥ € 2[[¥] € S}].

Thus, x is a complete upper semilattice with zero.

We have

1) [I] < [X] for any X C &, i.e. for any non-principal ultrafilter D on
M we have [I] < lién(X);

2) [I] = [0] = [T], where T is a set of all formulas ¢ € ® that I - ¢;

3) sup(M) = [®] = [{p1, ~p1}];

4) for any non-principal ultrafilter D on M we have lilr)n(X ) # [{p1,—p1}];

5) if X C &, X is’t contradictory and |X| < wp then there exist a
non-principal ultrafilter D on M that li[r)n(X ) = [X].

6) if X C &, X is’t contradictory and X is a complete set of formulas
(for any ¢ € ® we have X ¢ or X F —¢) then [X] is’t a limit point.
By Theorem 2, the topology atop(x) is a compact.
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Example 8 (Semilattice of facts). We consider some set ¢ of real
facts. We consider relation ”<” on ®. We assume s; < sy < when the fact
”s9 implies s1” belong to ®. We define classes of equivalence M on subsets
of ® similar with Example 6.

Let x = (M, <), where M = {[X]|X C &}, if X;,Xy C & then we
assume [X;] < [Xo] & X7 < Xo.

We have inf(M) = [{"s1 implies s;” }|, where s; is an arbitrary fact. If
S C P(M) and S # () then

sup(S) = [U{¥ C ®|[V] € S}].

Thus, x is a complete upper semilattice with zero. By Theorem 2, the
topology atop(x) is a compact.
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