Catalan’s constant : G=0.9159...

Edgar Valdebenito

abstract

In this note we give some formulas for Catalan’s constant:

1tan™! x X (=1)
G:f Z =0.915965594177 ...
= 2n+ 1)
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1. Introduccion

Recordamos algunas formulas usuales para la constante de Catalan (1814 — 1894) :
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En esta nota mostramos una coleccion de formulas relacionadas con la constante de Catalan.
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2. Algunas féormulas

= Entry 1.
Inz 1 1
G:f dz,C:z=—+-¢% 0<0<n
cl+z7 2 2
G rmin2 Inz )
—- =f dz, C:z=1+¢%, 0<0=n
2 8 c4+ 7
= Entry 2.
G nln2 &
—- =15 e
2 8 n=0
donde
n (_1)k2k+1 1
f;1=Z(")7(——1n2]
=0 k k+1 k+1
cn+2:_zcn+l -5c¢, 00:1’ cp=-2
= Entry 3.
w rlesen(x y)
G:ffidxcly
0o Jo Xy
e ¥
G:f — Si(x)dx
0 x
donde
xsent
Si(x) = —dt
0 t
o 1 e
G:Ze’”f Si(n +x)dx
oy 0 n+x
= Entry 4.

11 l1+nx
G = lim nf tan’l( ]azx
n-eo 0 l+nx n+1

11 nx
G = lim —tan_l( )dx
n-eo Jo o x n+1

Itan™' (1 — x)
G=f —dx
0 1-x

1 In(l —x)
G:—f —dx
02-2x+x2

1 p1x"tan” (x ) 1,1 X
G:(n+l)ff7dxdy+ff7dxdy,n20
0 Jo y 0Jo 1+x2y?

13 tanlx 12 tan~' x
G:f —dx+f dx
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o0 (_1)l1a2n+1 11 (l—a)x
G= 7+f —tan’l( ]afx,Osasl
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o0 (_l)na2n+1 11 x—ax™
27+f —tan_l(i]dx
0 m+1

=0 @2n+1)? X l+ax

dondeO0<a=<1, meN.

G=

0 (=1 a?n*! 11 x—axP(l —x)?
5 [,
0

1
;nz ,(Crn+1)(p+q) x 1 +axP*(1 —x)
"ans v @n+1)p )

donde0<a=<1, peN, geNU{0}.

_ yh+l

n+1 pil X —X
G= f—tanl( ]dx, nelN
n 0 x 1+ x"*2
11 tanx — x
ot [ L 2,
0 x 1+ xtanx

/2
G= f tan™'(sen x) cot x d x
0

/2
G= f tan~!(cos x) tan x d x
0

o tan~! (tanh x)
G=2 f —dx
0 senh(2x)

G:f tan~'(e™*) dx
0

etan™!(In x)
G:f =
1 xInx

© 272n n 2 1 11 X —senx
(—1)k( nk+ )Si(2n—2k+1)+f—tan‘](—)dx

6-3

w0 2n+1 .3 0 x 1 +xsenx
1 1 pl+iy 1
:—ff —dxdy
2iJo Ji-iy xy
¢(2x— ) tan~' (2 - x) 1+vV5
G:f dx, ¢=
1 x(x-=1) 2

X

fwm (mx™1 = 1)tan™!(x" — x)
1 m

X =X

dondem eN - {1}, a,,,:\"/1+\/'” 1+V1+.. .

1 1 y
G:ff dxdy
0 Jo (l—xy)(2—2y+y2)

7 In2 1 1 (axy+b)y
(a+b)G:a(———]+ff dxdy, a,beR
4 0 Jo (

2 l—xy)(2—2y+y2)
G an? a 1l 1
— - Liz(—a):ff dxdy
l+a> 48(1+d») 1+4° 0Jo (1+axy)(1+x2)?)
[o] xﬂ
donde —l<a<l1, Lihpx)= ) —, |x|=1.
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= Entry 5.

donde
" (=D
ay =1 Y ——, neNU{0)
ek
n (—lk
G = (1" , neNU{0)
Hek+1)!

1,1
A,,:ffe‘”(xy)”dxdy, neNU {0}
0 Jo

-1f

i , neN{J{0}

Skl n+k+ 1)

Ay =

(n+ 17
Ay=—yn, )+nd,.; , neN
n—1 1
y(n, )= - 1! 1—e12— neN

En (48) F(a, b; c; d; x) es la funcion hipergeométrica.

= Entry 6.
G:anBn
n=0
donde
n —l)k
bry=(=1)" Y ——, neNU {0}
=2k
n -1 k

by = (=11

, n
ek+ 1!

1,1
B,,:ffexy(xy)”dxdy,neNU{O}

B, = Zk , neNU {0}

ikl (n+k+1)7

eNU {0}

1

B, =
(n+ 1)?

By=(=1)"y(n, -1)=nB, , neN

1 1)
y(n, —1)—(n—1)'[1— Z ] neN

En (56) F(a, b; c; d; x) es la funcion hipergeométrica.

Fn+l,n+L;n+2,n+2;-1), neN{0}

Fon+1l,n+L;n+2,n+2;1), neNJ{0}
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= Entry 7.

G:Z(—l)”cn C,
n=0

donde

L |
n = > N 0
¢ ;Ok! neNU (0}

1 1
C":ffe(’”’)z(xy)“dxdy, neNU {0}
0 Jo

C, = . neNU {0}
! kav(2n+2k+1)2

1 1 1 3 3
:7F(n+—,n+—;n+—,n+—;l], neNUJ {0}
@2n+1)7? 2 2 2 2

2n—-1

1 1
Cy,=— (=) 12 y[n -- —1] - Coot , nEN
4 2

En (63) F(a, b; c; d; x) es la funcion hipergeométrica.
= Entry 8.

G= i(—l)" dy D,

n=0
donde
L (=1
dy=) ——, neNU{0}
k!
k=0

1 1
D”zf f e (xy)? " dxdy , neNU {0}
0 JO

) k
P Sl (1)

, neNU {0}
Zken+2k+1)?

2

1 1 1 3 3
D,,:—F(n+—,n+—;n+—,n+—;—l), neNJ {0}
2 2 2

Qn+1)?

1 1 2n—1
D, :——y(n—— 1]+ D, ,neN
4 2 2

En las formulas (49), (57), (64), (70), aparece la funcién gamma incompleta :

X
v(a, x) = f et dt
0

En (69) F(a, b; c; d; x) es 1a funcion hipergeométrica.
= Entry 9.
Seam e N, setiene :

G= Zc(m, n) I(m, n)

n=0

donde
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n+m-—1

c(m,n):( )—c(m,n—2),neN—{1}

n

cm, 0)=1, cim, 1)=m

7 (=DF (m)y

cm, 2m)=(-1" ) ———— , neNU {0}
,; Qk)!
n (=DF (m)y s
c(m,2n+1)=(—1)”z$, neN U {0}
ZQk+ 1!
c(m, 2n) = — Z(—l)k(2k+l)m_1,neNU{0}
(m-1D! 23
o
com, 2n+1) = DDk @k +2),0 , neNU0}
(m -1 &

1ol
I(m,n):ff(l—xy)"’(xy)"dxcly,neNU{O}
0 Jo

i m (-1
I(m, n) = —— , neNU {0}
" ,;‘(k)(n+k+l)2 "
(1= x)m x
I(m,n):ffidxdy,neNU{O}
0 Jo y

1l (1 =x)"x™
I(m,n)=ff ——dxdy, neN{J{0}
0 1-y y
1

O<Im+1,n+1)<—Imn, meN, neNU {0}
4

0<I(m, n< , meN, neNJ {0}

(n+ 1)?

O<Im,n+1)<I(m,n), meN, neNJ{0}

m m n n
Os](m,n)s( ) ( )sl,meN,neNU{O}
n+m n+m

i[(l, n =1
n=0

oo m—1 k
m—-1\ =D
I(m, n) = ( ) ,meN
20: ,% k) e+ 1y
& el —xp)”
Z(—l)”[(m, n)=ff dxdy, meN
=0 0Jo l+xy
Lt —xy)” PAE S omh K 1
ff Y dxdy= +Z(—1)"(m) Z(k.)—,meN
0Jo l+xy 12 P k k3 I
= Entry 10.
3 0 4)1
=—ml2+vV3)-=->|-| £
o) 3
donde
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= Entry 11.

= Entry 12.

donde

= Entry 13.

donde

= Entry 14.

= Entry 15.

/6
f,,:f x(senx)*"'dx , neN
0

(umuz V3 2n-2
——an—n + foo1 , neN={1}
an—lﬁ 2 12 2n—-1
1 71\/3—
fi=—~
2 12

bis 2 = 1 /2 Cn+1)x
G=—-— f cos[i]dx

8 mimn+1)Jo sen x

2

bs 3 > 1 7/6 Q2n+1)x
ln(2 + \/_)+ —_ = f cos(—}a?x
8 0

16 mig@n+1)? sen x

1 &a,@/4 A +(—1)" & ay, (/4!

) D

\/7}1:0 n+1 n=0 2n+1

Vs Vs
ap=—, Ap=Cp] T Cy —

4
n (_ 1 )[k/2]

60:17 Cp=—
k=1

e /A2 2n+3+ (-1
V2 i n+1D)@m+2)

i Cn—k

Cri2=—4cp1—-20¢,, cg=1, c;=-4

G =2"2(Q=-D(=1=-2"+Q2+)(=1+2)", neNU {0}

/4 1
= f f dxdy
0 Jo (cosxcosy)® + (senxsen y)>

/4 1
= f f dxdy
0 01— (senx)? — (sen y)2 + 2 (sen x sen y)2

1
= f f dxdy
0 Jo (coshx cosh y)? + (senh x senh y)?
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00 o0 1
G:f f dxdy
0 Jo 1+ (senhx)? + (senh y)? + 2 (senh x senh y)?
= Entry 16.
7t w2 < Sk
G=§+ —4(«/7—1)22(k)(-1)k(2x/_-2) Z(m)f(k, m)
n=0 k=0 m=0
donde
/2
[k, m)=f x (sen x)™" (cos x)"* dx
0
= Entry 17.
7 wln2 o 1 k
G——;+ +4(\/7—I)ZZ(Z)(—I)k(Z\/?—Z)kZ(Z)f(k, m)
n=0 k=0 m=0
donde
/2
f(k, m)=f x (sen x)™*! (cos XY " d x
0
= Entry 18.
n (2+V2 © 1, %
=—1 -2y - -1 (4-2+2
G= n[ . ] ;nk:o(k)( Fa-2v2) 1oy
donde
/4
f(k):f (cosx)dx , keNU {0}
0
(1) k-1 T
fERy=—|—| + fk=2), fO=—, f(H)=—
k\\72 k 4 B
= Entry 19.
mln2 0 e 0 e
G=- +2f sen’l(—]dx+f senl{ ]dx
4 0 2 ~In2 2
= Entry 20.
Qtan~! x 11 tan(1/Q) — x
G:1+f dx—f —tan’l(—]dx
0 X o x 1+ xtan(1/Q)
donde
0=0.56714329 ..., Q=¢%, Q: omega constant
= Entry 21.

11 x — tan(s, x)
G:s,,+f —tan‘l[inx, neN
0 x 1 + x tan(s, x)

donde para s, se tienen distintas alternativas :

b
Sp = S neN
o Qk-1)

{ 10 11 98 109 9690 38869 }
sp=3l — — T, T, T, T,
11 12 107 119 10579 42435
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en (121) s, son los convergentes de la fraccion continua para G.

7 2n T7n 1147 919n

Sp = {_, ) 5 } = {C" i}
3 7 24 391 3152

en (122) ¢, son los convergentes de la fraccién continua para G /.

= Entry 22.
11 x—tand
G:f(a)+91na+f —tan’l(iJzﬂx, ax=1
1/a x 1+ xtan@
donde
l/atan™! x
f(a)=f dx
0 X
1
flay=—3F>(1/2,1/2,1/2;3/2,3/2;-a™)
a
i i i
il )
2 a a
[e ] Zh
L@ =, . =1
n=11
Ejemplos :
T 11 x-2+3
G:f(2)+—ln2+f —tan”!| —— |dx
12 12 1+x(2-V3)
T 11 x—\/?+1
G:f(2)+—1n2+f —tan”!| ——— [dx
8

12 1+x(V2 - 1)

T 11 xV3 -1
G:f(2)+—1n2+f —tan”!| —— |dx
6

12x x+\/3_
g 11 x—1
G=f2)+—In2 +f —tan-‘[ )dx
4 12x x+1
T 11 x—\/?
G=f(2)+—1n2+f —tan”!| —— |dx
3 er (1axy3
En (125)3F, (a, b, c; d, e; x)es la funcion hipergeométrica.
= Entry 23.
aln3 1 X (=Dt 1\rk 2k
ot S
4 4; n ,;‘ k) 3 3
donde

§105) =f”(senx)k dx , keNU {0}
0

k-1
f(k)=Tf(k—2),f(0)=ﬂ, S=2
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= Entry 24.

nln(2+\/?) 3 Al 1 3-3x2 —x
Gzi——f ——tan | ——— |dx
/

4 2 12x 1 —x2 \/l—x2 +x\/?

T 1 pooym
G:——ln2+—f (——sen“l(l—e_"))dx
4 0 \2
s o/ TT
G:——ln2+f (——tan_l(ex—l))clx
4 0 \2

b8 | T 2—e 2 e
G:——ln2+2f ——sen /| ———||dx
4 0o |4 2

b In2
G:—an—f sen”!
2 0

T /16
G:—ln2+f tan(\/?)dx
4 0

P2

2

dx

= Entry 25.
ook(l)kk+1 k+1 1 \k—m+1 (o \m
(3ln2 ln3)—— ( )( ] [—} Cm+1)7"!
= Entry 26.
T 1 xe™ © ¢ l(n+2)c,
—ln2+G=f—clx+ _—
4 0 1-2e*+2e2% s (n+ 1)y
donde
cn+2=20n+l_zcna Co=1, 0122
1+
c,,:(—)((l—i)"—i(1+i)"),neNU{O},i:V—I
2
= Entry 27.
P d © ] 7/4( cos x + sen x — 1)27*1
G=—In2+4) f [ ) dx
4 wmo2n+1Jo \cosx+senx+1
P © 302 l+x—4y1-6x+x?
G:—an—Zf " sen”! dx
2 =0 2-2x
= Entry 28.
T 1l x)?
:—1n2—2ff—dxdy
2 0Jo (1+x232)(1+3%
= Entry 29.

1

2n+l
G——1n2+2z f dx
02n+1 2+ x+x2 1+ x?

2

1 X —x 2n+l 1
[,,:f dx , neNUJ{0}
0\2+x+x2 1+x2
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T 4 \/7
Iy=——-—tan"!| —
4 7 5
T 2 \/7
L=—+—|7-110V7 tan™!| —
4 343 5

bg 1 \/7
L=—+—|2177 - 60847 tan™!| —
4 7203 5

= Entry 30.

5 2n—k—2m) 3" f(n, k, m)
k

3n 4= "o
G=—In2+— 37233 e
8 pra— 2n—-2k-2m+1

9 n=0
donde

r

fn, ke, m) = i(—l)’(f )Z(:)i(—l)’r(’:’ )g(n, kym, 7, s, 0)
r=0 0 t=0

§=

Rn-2k-2m+r+s+t+1)!'Q2n-2k-2m+1)!

g(n’ k’ m’ r’ S’ t):
An—-4k—-4m+r+s+2t+3)!

= Entry 31.
T n n? > /4
G=-l+-In2+—--—+3 > (n+ 1)f (senx)*"? dx
4 2 1 = 0

/4
I, =f Psenx)*"™2dx , neNU {0}
0

big m+Dnm 2n+1 I
(2— ]+ neN

],, = In—l - ’
25 (5 4 1) 2 2n+2 2+ 1)

2772 2n+1
+
n+l 2n+2

48 — 6 1% + 1° -2

Iy = s Jo=
384 8

Jn:_ Jy,-],ﬂEN

= Entry 32.

(V2 - 1)4"+3F(1, 120+ 5/2):(2-V2) /4)

G=§1n2—2(2+\/?)z

oy 2n+1)(dn+3)

donde F(a, b; c; x) es la funcion hipergeométrica.

= Entry 33.
Vg > Cp
G:51n2_8,§2n+1
donde
i . (\/?_ 1)4k71 (\/?_ 1)4k+1
c,,:——+\/7—l—z -
8 4k-1 4k +1

k=1
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Ve
cn=pn\/7—qn—g (165)

3 1 2
Pn+1 :( - ]an + by, + Dn (166)
4dn+5 4n+3 4n+5
4 3 1
qn+1 = an+[ - ]bn + qn (167)
4n+5 4n+5 4n+3
Apy1 = 17 a, + 12 b, (168)
by =24a,+17b, (169)
p():lsqo:l’aozss b0:7 (170)
= Entry 34.
. ( 1)n+k(\/_ 1)2n+2k+3 (171)
1112 8
nz(;kz(; Rk+1)2n+2k+3)
2n+3
« (=1)" \/7—1 m21
G= z1112—82 ( ) (172)
2 =0 2n+3 o 2k +1
= Entry 35.
k
G—Zln2+4( )ZZ( 1)k( )(4—2\/7) 1®) (173)
n=0 =0
donde
/4
f(k):f xsenx(cosx)fdx , keNJ {0} (174)
0
= Entry 36.
1 1= 2n+1
G=n|—+-) (-1)y"! [—1 +nln( ]]] 175
4 22; 2n—1 (173
an2+V3) 3 6n+1
G= ( ) _t —ﬂ[— +Z( "~ l[——+nln( " ]]] (176)
8 oy 6n—1
= Entry 37.
1 pr2 X X X X
G:—f sec( )sec(—)sec(—)sec(—)...dx 177
2Jo 4 8 16
/2 1
- _f I—[sec( ] , e G (178)
= Entry 38.
> (=D EDFFm+ 1, n+k+1)/2;(n+k+3)/2;-1
= ( ) (179)
- o n+k+1
w (—]yr=lpn=l n D Fm+1, L,(n+k+3)/2;1/2)
G——ln2+Z (Z) (180)
n=1 =0 n+k+1
& (-1t g

G——ln2+z >

k=0

( 1)k2 (n+k+1)/2f(n k)
( ) (181)

n+k+1

12



f, b)=F((m+k+1)/2, -n—-k-1)/2;(n+k+3)/2;1/2)

3n ® (—1yla™ »n n (—l)kF(—(n—k— D/2, I;(nm+k+3)/2;-1)
G=—1In2+ (k )
8

n n+k+1

n=1 k=0

donde F(a, b; c; x) es la funcion hipergeométrica.

= Entry 39.
ff ———  dxdy
0 (1+x2)(1—x2y)
b 1+2xy+x?
G+—ln2:ff dxdy
4 0 Jo (1+x2)(1+xy)(x+y)
G:—ln2+ff dxdy
0 1+x)A+xy)(1+x%2y)
= Entry 40.
3 © 1 pifx—-x2\" 1
G:—H1n2+2—f[x x] dx
8 —'n L+x) 1+x?
X" —x2 1
G:—ln2+Zf dx
Sndo 1+x+x)" 1+
= Entry 41.

G=—1n2+z

donde 3F, (a, b, c;d, e; x)es lafuncion hipergeométrica.

2n+1

= Entry 42.
3n
G=—1In2+sl +s2
8
donde
sl=>2"2q,
n=0
§2 = 22-2”—3 (1Y b,
n=0
a_n 1 ni(n+l)(l)n12—2ml i( )(1)i2n+k27—
! —n—-k+1,3" ™ n+m+2 n+r+2
12 - 1 22+ (=1F
by = > -
n+l,332k+1 2n+3,75 2k+2
= Entry 43.
n 1/V3 tan™! x b1 1 1 1
G= —+f dx+f tan_l( tan_l( tan_l( )])dx
12 0 X a l-x 1-x 1-x 1-x
donde

13

o (=1)m! ( )—1 sFon+1,(m+1)/2, n+2)/2;n+1, 2n+3)/2;-1)
n
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V3 n (196)

a=1- ,b=1-—
6 4
= Entry 44.
7 n 1l x*
G:——l+—ln2—2ff—dxdy (197)
2 4 0Jo (1+x3)(1+x23%
= Entry 45.
T NTaaa\O(2n-2k\(2k -
Gryn2=)0 ;( ) ek (198)
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