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Summation ldentities fok-Fibomacci andk-Lucas
Numbers using Matrix Methods

M. B. Dhakne and A. D. Godase

Abstract—In this paper we defined general matricesMy(n,m), and

Tk,n and Sk(n, m) for k-Fibonacci number. Using these matrices we k—vVk?+4
find some new summation properties for k-Fibonacci and k-Lucas r2 = 2 )
numbers.

Charateristic roots verify the properties,
Index Terms—k-Fibonacci number, k-Lucas number, Recurrence

relation, Matrix algebra. ro—ro=\Vk2+4= \/Z’ 2)
MSC 2010 Codes — 11B39, 11B37,11B99 oo =k, (3)
T1.T = —1. (4)

I. INTRODUCTION

ANY authors defined generalized Fibonacci numbers @net forms forFy,, and Ly, are

varying initial conditions and recurrence relation [1-7]. i —rh

This paper represents an interesting investigation about some Fin = rL— 7o ®)
special relations between matricés;: Fibonacci numbers and
k— Lucas numbers.This investigation is valuable to obtain new L —gnogm 6
k— Fibonacci k— Lucas identities by different methods.This pa- k=11 H T2 (©)
per contributes t&— Fibonaccik— Lucas numbers literature,andrrom the definition of thé:—Fibonacci numbers,one may deduce
encourage many researchers to investigate the properties of stehvalue of any k-Fibonacci number by simple substitution on
number numbers. the corresponding, ,,. For example,the seventh element of the

This paper is organized as follows. Section Il contains some-Fibonacci numberfy ; is 5473. By doingk = 1;2;3; - - - the
preliminary results. In Section I, the matridy (n, m) is defined respective k-Fibonacci numbers are obtained. Sequgfice} is
and using it some properties éf— Fibonacci andk— Lucas the classical Fibonacci number afif, ,,} is the Pell number. It
numbers are derived. In Section IV, the Matfix ,, is defined and is worthy to be noted that only the firs¢ k—Fibonacci numbers
using it some properties df— Fibonacci and:— Lucas numbers are referenced in The On-Line Encyclopedia of Integer Sequences
are derived. In Section V, the Matris(n,m) is defined and [10] with the numbers given in Tablé. For k& even with12 <
using it some properties df— Fibonacci and:— Lucas numbers k > 62 sequencegF}. ,,} are referenced without the first term

are derived. Fy.0 = 0in [10].
The firstl 1k-Fibonacci sequences as numbered in The On-Line
Il. SOME PRELIMINARY RESULTS Encyclopedia of Integer Sequences [10]:
In this section, some definitions and preliminary results are Fin | AO00045
given which will be used in this paper. Fy 4, | A000129

Definition 1. The k— Fibonacci number{Fj. , }»en is defined as, Fsn_| A006190
Front1 = kFin + Fino1, With Fyo = 0, Fiy = Lfor n > 1 Fan | A001076

— Fs, | A052918
Definition 2. The k— Lucas number{Ly ,}nen is defined as, .

Lionir = kLin + Lin 1, With Lo = 2, Ly = kforn > 1 Fon | AD05668
F;,, | A054413
Characteristic equation of the initial recurrence relation is, Fs. | A041025
7’2 _ k’l’ _ 1 — 07 (1) Fg,n A099371
Fion | A041041
and characteristic roots are Fi1,, | A049666
k4 VEZ+4 The most commonly used matrix in relation to the recurrence
= 2 relation (1) is
E o1
A. D. Godase is a Research Scholar in the Department of Mathematics, Dr. M= 1 0 (7)
B. A. M. University, Aurangabad, Maharashtra, India. (E-mail: mathematics-
dept@vpcollege.net) which for & = 1 reduces to the ordinarg)- matrix studied
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to develop various summation identities involving terms from the = My (n,m)* T
numbersFy, , and Ly, ,,.

Several identities fotFy,,, and L, are proved using Binet and expanding gives

forms in [11-14]. Some of these are listed below. iy
Yy (_1\(r—=1)(n+1) ;2r—1 i i+t
Fint1+ Frn—1 = Lin (8) Z (D) (=1) Fion i Mie(nsm)
=0
Fyny1+ L1 =AF;, 9) = My (n,m)* T
Fron —2(—=1)" = AF? 10 _ o
k2 (-1) kon (10) Using (18) to equate upper left entries gives
Fk,m-{-n - (_1)mLk,n—m = Fk,mLk,n (11) i=r
Lk,ern - (_1)mLk,nfm = AFk,ka,n (12) Z (:) (_1)(T_1)(n+1)L}c,an,(i+t)n+m
i=0
Fk,m-}-an,n—m - Fk2n = (_1)n_m+1FkQ.m (13)
’ . = Fi,@2r+t)n+m
LimanLinm— L, = (=1)""™F, 14 . .
kymtn ko = (=1) k,m 911 similar way we can obtain
Fk,m+an,r+m - (_1)ka,an,r = Fk,ka,n+r+m i=r
Lk,ank,n + AF‘kmnF‘kn - 2Lk,(m+1)n (15) Z (;ﬂ) (_1)”(T*Z)Fk,2in+m
=0
Fk,ank,n + Lk,man,n = 2Fk,(m+1)n (16) _ Lzﬂan,Tn-l-m
Ly + (D)™ TULE = AP anymFem (A7) o
Lk,ernLk,n + (_1)m+1Lk,nmek.,n = AFk,Qan,m Z (%T) (_1)2nT_i(n_l)F/€72in+m
=0
Fk,m+2ran,2n+m + (_1)m+1Fk,2ran,2n = Fk,2(r+1)n+ka,m 9
. . . . = ATF]ngk,aner
In [14], matrix M is generalized using PMI ’
1=2r+1
Fk,n-i—l Fk,n 2T+1 —1 n(2r_i+1)+i+1Fk in+m
M" = ; (z ) ( ) \2in+
Fk.n Fk.nfl
d d — ATF27‘+1L . -
wheren is an integer. b Tk @rilnt
1=27
. THE MATRIX Mj(n, m) Z G") (1) 2° LY Frintm
We now give a generalization of the matri¥ and use it to =0
produce summation identities involving terms from the sequences = ATF,SVQF;C,W
Fk,n andL;m.
Definition 3. IV. THE MATRIX T} p,
Finsm  (—=1)™H1E,, We now give another generalization of the matriX and
Mj,(n,m) = ’ ’ (18) use it to produce summation identities involving terms from the
) P (=)™ F sequences’, , and Ly, ,.
wherem andn are integers. Definition 5.
Lk,n Fk,n
Theorem 4. Let My(n,m) be a matrix as in (18). Then Thn = (20)
Fk,rner (—1)m+1Fk77«n AFk,n Lk,n
My (n,m)" = Fy wheren is an integer.

Fk,rn (_1)m+1Fk,rn—m . .
) ) . ) ‘Theorem 6. Let T}, ,, be a matrix as in (20) then
Proof: This result can be easily established using the Prin-

ciple of Mathematical Induction. [ - - Linm — Frnm

We find that characteristic equation &f (n,m) is Ty, =2 N (21)
Fk,nm Lknm

A2 — FymFren A + (_1)nFI§m =0 (19) . L ’ . . .

_ ’ Proof: : Using Principle of Mathematical induction
and by Cauchy-Hamilton theorem (PMI),from (20) it is clear that the result is true fon = 1.
Mig(n,m)? — Fiy Frn Mio(n, m) + (—1)nF;f,mI —0 Assume that the result is true for (IH)

Multiplying both sides of equation (25) byZ;.(n, m)! gives Liim Fie.nm

T, =2m!
(Fk,ka,an(na m) - (_1)nF]§,mI)TMk(na m)t AFk,nm Lk,nm
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Now consider o Frorntm (=1 o
Tt =T T = FoNA 1
’ Fk,27‘n (_1)m+ Fk,2rn—m
Lk,nm Fk,nm Lk,n Fk,n Sk (n’ m)Qril
__ om—1
=2 Lk,2(7'71)7l+m (_1)m+1Lk,2(r'fl)n
AFk,nm Lk,nm AFk,n Lk,n = FIE:JQAril
, Lk,Z(T'fl)n (_1)m+1Lk,2(r71)nfm
Lie,mn Lo+ Proof: This theorem can be established using the Principle
S Ay nm Fio,n LigmnFhn + Fomn Linn of Mathematical Induction. [ |
=2 The characteristic equation &f;(n, m) is
A(Lk,man,n+
Fk,ank,n) Lk,ank,n + A}71677sz‘]€.,71 AQ - AF’k,nF‘k,m/\ - A(_l)anQn =0
Using (14) and (15) gives and by Cauchy-Hamilton theorem
Lk,n(erl) Fk,n(erl) Sk(n, m)2 — AFk7an7mSk (n, m) — A(—l)nFE,nI =0
= 2m

Manipulating above equation gives
AFk,n(m-l—l) Lk,n(m-i—l) P 9 a g

Hence proof. n AFy i (Frn Sy (nym) 4+ (=1)" Fy 1) = Sy (n, m)?
The characteristic equation @, ,, is

and
A2 = 2Lp A+ 4(=1)" =0 (22) (2Sk(n,m) — AFynFeml) = AFR L7,
and by Cauchy-Hamilton theorem Hence
T = 2Lk T +4(=1)"1 =0 (23) A"F  (FinSk(n,m) + (=1)" Fy i I)" = Sk(n,m)*
Using (16) and (17) gives,we see that (28k(n,m) — AFynFrom)®" = A"FZ LY T
Linm+t  Frnm+t (2Sk(n,m) — AFkyanymI)QTJrl
T Ty = 2™ (24) o
AFk,nert Lk,nert = ATFk,TfnLan(zsk(na m) - AFkﬂle-,mI)
Consider the case = 1,we can show by PMI Now expanding previous four equations and equating upper left
entries of the relevant matrices gives respectively to
T = 27 (B Ty + 2Fp (25) | J pecivey
wherem > 2 Y () (D" IFAS B L gm
Equation (25) produces i:wz_:wen S
Z (f)F;:;i_lF;i,an,Hert = Frnrystt (26) T Z () (—1)"(T_i)A%F,i7an,m+m
=0 1=0,i—odd
The methods applied td/j(n,m) in previous section when - F
. . . L. = L'k 2nr+m
applied toT}, produce most of the summation identities that
we have obtained so far. y

> (N 2ATET E e

1=0,i—even

V. THE MATRIX Si(n,m)

We now give one more generalization of the matdik and N
1=2r—

use it to produce summation identities involving terms from the o\ mi A 20=1mi on
sequences),,, and Ly, ,,. N Z (i) 2'a Fin Lhintm
’ ’ i=0,i—odd
Definition 7.
Lk,ner (_1)m+1Lk,n o1 '
Sk(n,m) = (27) Ciing ) i .
) +1 L LU T
L (=1 Ly S ) 2ATE T F Y Fingm
. i=0,i—odd
wheren, m are integers.
1=2r—1
Theorem 8. Let Si(n,m) be a matrix as in (27) then for all - Z (2r+1) 2%%&27:17%“%”1
integerr i=0i—even 7
_ 2r+1
Sk (n7 m)Qr = ALan Fk,m



INTERNATIONAL JOURNAL OF MATHEMATICS AND SCIENTIFIC COMPUTING (ISSN: 2231-5330), VOL. 5, NO. 2, 2015

VI. CONCLUSION

The madrices My (n,m), Tk, and Si(n,m) are defined for
k Fibonacci andk Lucas numbers and some new summation
properties are established. Same approach can be applied for
generalized Fibonacci numbers.
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