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Abstract

Coupled Fibonacci sequences involve two sequences of integers in which the elements of one
sequence are part of the generalization of the other and vice versa. K. T. Atanassov was first
introduced coupled Fibonacci sequences of second order in additive form. There are 8 different
schemes of generalization for the Tribonacci sequences in the case of two sequences & there
are 16 different schemes of generalization for the Tetranacci sequences in the case of two
sequences [1]. I introduce their recurrent formulas below.
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1. INTRODUCTION:

In the recent years much work has been done in this field but its multiplicative form is

less known. The coupled Fibonacci sequence was first introduced by K. T. Atanassov and

also discussed many curious properties and new direction of generalization of Fibonacci
sequence in [1]. He defined and studied about four different ways to generate coupled
sequences and called them coupled Fibonacci sequences (or 2-F sequences). K. T.

Atanassov [1] notifies four different schemes in multiplicative form for coupled

Fibonacci sequences.

2. RECURRENT FORMULAS OF THE GENERALIZED MULTIPLICATIVE
FIBONACCI SEQUENCE OF THIRD ORDER:
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We can construct 8 different schemes of generalized multiplicative Fibonacci
sequence in the case of two sequences. We introduce their recurrent formulas below.
Everywhere let, X, =C,,Y,=C,, X, =C,,Y, =C,, X, =C,,Y, =C, and assume that
n 20 is a natural number, where C,,C,,C,,C,,C,,C; are given constants and Z is one

of the symbols X or Y.

The different schemes are as follows:

2 X, 0X,
T {Yn+3 n+l1 7"2

{ n+3 2 X 1Yy
Y,

n+3 n+2Y +1Y > : Y,uX,
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The first scheme is trivial. All of the others are nontrivial; they have the

following recurrent formulas for n > 0:
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n
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3. RECURRENT FORMULAS OF THE GENERALIZED FIBONACCI
SEQUENCE OF THIRD ORDER:

We can construct 8 different schemes of generalized Fibonacci sequence of third
order in the case of two sequences. We introduce their recurrent formulas below.
Everywhere let X, =C,,Y, =C, X, =C,,Y, =C,, X, =C,, Y, = C, and assume that
n 20 is a natural number, where C,,C,,C,,C;,C,,C; are given constants and Z is

one of the symbols X or Y.

The different schemes are as follows:

T { n3= X+ X, 0+ X, T { n3=X 2+ X, 4T,
V=Y o+l a+Y, Y, 3=V, o+l 0+ X,

T { i3 = +2+Y+1+X T { n3= Yoatt,
Yn+3 Xn 1+Yn > +3_ n+2+ +1+X

T { n+3= +2+X at+X, T { n+3= +2+X aty,
V3= Xyt +Y, Yy 3=X, 0t 0+ X,

T {Yn+3 Y, +X, T {Yn+3 2ty

n3= n+2+ RED A ni3= n+2+X A+,

The first scheme is trivial. All of the others are nontrivial; they have the

following recurrent formulas for n > 0:

—ForT,:7, =7, ,+7,,+7

n+5 n+4 n+3?2

--—-For 7; : Zn+6 = 2Zn+5 +Zn+4 _ZZn+3 _Zn+2 +Zn )
-—-ForTl,:7, =27 .~7 ,+27Z, =L,
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-—-Forl,:72, . .=22 .—7Z ,+2Z ,+2Z ,+Z,

n+6 n+4 n+2 n+l

____ForT = 3Zn+4 +2Z ,,+2 _2Zn+1 s
—ForT,: =324+ 2,2+ 2,

—-ForTl,: 2 =7 ,+4Z +7Z ,—7Z,

n+4 n+3

—-For1,:7Z =72 ,+2Z +3Z ,+27Z +Z,

n+4 n+3 n+2 n+l

4. RECURRENT FORMULAS OF THE GENERALIZED MULTIPLICATIVE
FIBONACCI SEQUENCE OF FOURTH ORDER:

We can construct 16 different schemes of generalized multiplicative Fibonacci
sequence in the case of two sequences. We introduce their recurrent formulas below.
Everywhere let, X, =C,,Y, =C, X, =C,.Y, =C,, X, =C,.Y, =C,, X, =C,, Y, =C,,
and assume that» > 0 is a natural number, where C,C,,C,,C;,C,,C;,C,,C, are given
constants and Z is one of the symbols X or Y.

The different schemes are as follows:

{ n+d= n+3 n+2X X, T { n+4= n+3 2 X ¥y
Y+4— n+3 +1Y ’ Yn+4 n+3 Y+1X 2

=X,3X 4 X, 3 XY, Y,
T n+4 +1 n+4= n+1
{Yn+4 n+3 X +1Y ’ T {Yn+4 n+3 X +1X ?

T { n+d = n+3 X, X, T { nia=X43Y00 X, 1Y,
Yn+4 n+3 Y+1Y ’ Yn+4_ n+3Xn+2Y +1X ?

T . { n+d = n+3 X +1X { n+d = X +1Y
7 Y+4* n+3 Y+1Y > Y+4_ n+3 Y+1X 4

T -{ n+d4= 2Y X, { PIVES SUEY A0 ) &

9 * Y+4_ 3 X X oY, s 10 Y, 4= n+3X X X,

T { nia=Yn3Y, 2 X, 0 X, { n+d4= X+1Y
11 Y+4— n+3X Y+1Y > 12 : Y+4_ n+3 Y+1X
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. +4= +3 Y+1X . n+4 = Y+1Y
]-{3 : {Yn . X+1Y > T : {Y n+4= n+3 X +1X

n+d4 = n+3

Y AR & Y, Y,

T . n+d= n+l T . n+d= n+1
15 ° {Y n+3 X +1Y : {Y n+4= n+3 X +1X

The first scheme is trivial. All of the others are nontrivial; they have the

following recurrent formulas for n > 0:

-—ForT :72 .=7 .7 7 Z. .

n+7"n+6""n+5
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5. RECURRENT FORMULAS OF THE GENERALIZED FIBONACCI

SEQUENCE OF FOURTH ORDER:

We can construct 16 different schemes of generalized Fibonacci sequence of fourth

order in the case of two sequences. We introduce their recurrent formulas below.

Everywhere let, X,

=G Y, =G, X, =GY, =G, X, =C. Y, =C, X,

-C,.Y,=C, ,

and assume that» > 0 is a natural number, where C,,C,,C,,C,,C,,C,,C,,C, are

given constants and Z is one of the symbols X or Y.

The different schemes are as follows:

{ n+d= X+ T - { n+d= X1,
V4= n+3+ +2+Y Aty ’ 20, = n+3+ +2+Y At X,
T { na=X 3t X o+l + X, T { ned= X3+ X, 0+l +Y,
Yn+4_ n+3+Y +2+X +1+Yn > 4- Y+4_ n+3+ +2+X +1+X ’
T { nia=Xp 3+l o+ X, + X, T - { nd= + X0+,
Yn+4_ n+3+ +2+Y +1+Y > 6 Y+4_ n+3+ +2+Y +1+X 2
T { nra =Vt X 0+ X, 0 +X, T { ned=Y3+ X, 0+ X, o+,
Yn+4 n+3+Y +2+Y +1+Y ’ 8" Y+4* n+3+ +2+Y +1+X

b

T { 4= X3t 0+l o+ X, { =X 3t Y oY, Y,
Yn+4_ n+3ﬁL +2+X +1+Y 4 10 Y+4_ n+3+X +2+X +1+X
{ w3t 0+ X, X, { nia=Y, +X,11Y,
Y+4_ n+3+ +2+Y +1+Y ’ Y+4— n+3+ +2+Y +1+X

T { n+d= +3+X 2+t X, { n+d = Y+3+X 2ty a+Y,

13 ° W, +Y, 0+ X, Y, 14 Y,. 3+Y, ,+ X, g+ X,

+3+ +2+Y +1+X

{ n+d=
Y Xn+] +Yn
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The first scheme is trivial. All of the others are nontrivial; they have the

following recurrent formulas for n > 0:

-—-For1 :Z2 =72 +7Z  +2Z +7Z

n+7 n+6 n+5 n+4?

—-ForT,:Z, =27

n+7

+Z,.-32,.,-2Z

-—-ForT,: 7, ,=27Z

n+7

+Z,. 27

n+5

——-Forl,:7Z =27

n+7

----Foi’TS 4 = 2Zn-¢-7 - Zn+6 +27,

n+8 n+5

—-ForT, :7, =27 .—Z7

n+8 n+6

+27Z —Z

n+4

n+3 Z
+ Zn+6 - Zn+5 - ZZH+4 -
+ Zn+4 -

+Z

n+2?

+ Zn+4 - 2'Zn+3 - 22n+2 - Zn ’

Zn+3 + Zn+1 + Zn ’
2Zn+3 _Zn+2 _2Zn+l _Zn’
n+2 +Zn’

wwForTy: 2, = 2,0+ 22, 422,537,532, 22, ~ Z,,
—ForT,:2,,=32,,+22,~Z,,~Z,,+Z,,
—ForT,:7,,=2Z,,-7,—2Z,,,+Z,,+Z,,—Z,,
-—-Forl,:7, =27 ,—Z A2 ,+27Z .+3Z ,+27Z  +Z,
w—ForT, 2, =7, +4Z, 432, ~Z,s—Z,0 —Z,,
—Forl,,:Z2,,=32, + 2, ,+22,3+2,,+2Z,,+Z,
—-ForT,:Z,=32,,+3Z,,~Z,,~Z,,

——-ForT,,:Z, =72 +4Z +Z ,+2Z +Z ,+Z,
—Forl\s:Z,s=2,+22, +52,,+22, 5+ 2, ,~Z,
-—Forl, :7 =72  +2Z +3Z  ,+4Z +37Z ,+2Z +Z,

Conclusion:

In this paper I introduced recurrent formulas for coupled Fibonacci sequences of third &

fourth order under different schemes. The proofs for these facts can be shown by

induction. An open problem is the construction of an explicit formula for each of the

schemes given above.
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