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Abstract

Free fall through the Earth, considered as a sphere of radially symmet-
ric mass density, along the axis of rotation, is calculated using a general
differential equation in newtonian gravity theory. The passage time is
calculated and, further, the shape of the tunnel required if the fall is
started at an arbitrary point other than a pole, so that the rotation
of the Earth comes into play, is determined. Also a general relativis-
tic case with constant density along the axis is considered. — In this

general form the article may also be of some pedagogical value.

Consider a little marble dropped from the surface of Earth into a thin channel
through the centre. In the idealization of spherical shape, constant density,
no air resistance and disregarding that Earth’s rotation (or just assming
motion along the Earth’s axis of rotation) this results in an oscillatory motion
with period time 7" given by T' = Ty = 2 R\/R/(GM) where R denotes the
radius and M the mass of the Earth and G Newton’s gravitational constant.
Numerically this equals approximately 84 minutes. Incidentally this equals
exactly the orbital period of an artificial satellite in the limit of zero height.
This much is well-known.

In this article we will relax the condition of constant density. A general result
will derived for radial symmetric density and applied to some particular
cases. Next, the effect of Earth’s rotation will be considered and, finally,
the case of no rotation and constant density will be treated using general

relativity. Apart from this last case newtonian theory is used.



1 General formula for period time

Theorem 1 (Equation of motion). If the density of the sphere is p(r) where

r is the distance from the centre, then

r2i + 4nG / £2p(&)de =0 (1)
0

Proof: The mass at less distance to the centre of the sphere than r is given
by the integral 4 fOT E2p(€)d¢. If the falling marble has mass m Newton’s

second law gives

mf:_m.G-zLTr/OrS?p(é)dﬁ‘:z

from which the theorem immediately follows. U

If, in particular, the density is constant, p(§) = po, the differential equation

becomes
4tGpg
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so 7 is a harmonic function of time with angular frequency \/47wGpg/3 cor-

responding to the period time

7+

r =0,
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as mentioned above.

Theorem 2 (Period time). With assumptions as above the period time is

given by
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Proof: Multiplying equation (1) with 7 we get
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Next, define a function F,

H=-1- /0 ep(e) e+ [ ee)ds
(r) = / £2p(€) de.

Since r is a function of time ¢, D,F(r) = 7+ F'(r), and equation (5) leads to

with derivative

the separable differential equation
Dy + 871G - DyF(r) =0 . (6)

From (6)
i* + 8nGF(r) = C (7)

where C' is some constant. If ¢ = 0 when the body is released, then r(0) = R
and 7(0) = 0, and from (7), C = 81GF(R) so

2 = 87G(F(R) — F(r)) (8)

where F(R) > F(r). In the time intervall 0 < ¢ < T'/4, r decreases so (8)

gives

f*:—\/SWG'\/F(R)_F(T)

and

_ 1 /R dn
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so the period time T is given by
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Finally, F' is replaced by the functions f and g,
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and so we get the proposed expression
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2 Examples

2.1 Constant density

1

F(m) +9(n) = g(R) = cpo- (R* —n?)

T:,/2./R dn TR o
G Jo /%PO(RZ—TF) GM

the well-known result mentioned in the abstract. We will use this as a

comparison in later cases.

2.2 Linear density function I

p(r) = po(1 —7/R)

which means that the density is maximal at the centre of the Earth and

decreasing to zero at the surface.

R

f(n) = po/ E—€2/RdE = po [€%/2 - 53/(33)]5 — o <1Rz Lyl 3)
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Inserting this into the integral in equation 2 we get the period time in the

form of an elliptic integral,



[ 2 /R dn 12R [ 2R /1 dx
G 0 \/773 _ 2R772 + R3 P0 GM 0 \/m
(10)

approximately (T ~ 0.8475Tp),

where we have used

R

R
M= 47r/0 p(€) €2 d = 47rp/0 (1—€&/R)€2dE = mp R*/3

2.2.1 Transformation of the elliptic integral into standard (Jaco-

bian) form
For a general algorithm, see [1], ch IX. A variable transformation z = 1 — y/?

gives

1 1
I:/ wzg./ __dy
0o Vad—222+1 0o V1+y?2—y?

and then t? = ¢ — y? where ¢ = (1 +/5)/2 and t = \/éx give

Ve dt
1—2./
VT Vb — 1226 — 1 — 12

and
I 2 1 dx B
V20 =1 Jspq V1= 221 — k222
2 do
V5 Jeo1 V1= 22V1 — k222

where

he YO VP os507.
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2.3 Linear density function II
p(r)=po(l—kr/R),0<k<1

With k£ = 0 the density is constant while with £ = 1 we regain the previous
case. In that case the density is zero at the surface, as is usual in star models
but with 0 < k < 1 the surface density is po(1 — k) > 0.
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The integrand has a singularity at

=1 =\/3/2—1/k+ V(UJk— 1/2)(1/k + 3/2) > 3/2

and the variable transformation y? = 1% — z? gives
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where

k2 =207 4+2/k—3>¢? .

Finally, the transformation x = ¢t gives
1

T4 [/ 6 / dt 1
mGpok VI—2/1- 22 &

Vi-1/9?

where x = ¢/k < 1.

The mass M is

R
4 3 k
M —47rp0/r2(1 —kr/R)dr = Fp;R (1 - 34)
0

and T can be expressed in M and k instead of py and k:

1
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2.3.1 Special case, k =2/3

If k = 2/3 then ¢ = V3, k = V2v3, x = 1/v/2 and we get the lower

integration limit
V1—1/Y2=4/1-1/V3.

Thus

RV3 (! dt
T:4R\/-/ (~ 0.9353T%)
GM _ — 12 _ 1 42
V1-1/v3 /1 =12,/ >3t

2.4 Quadratic density function

p(r) = po(1 —kr?/RY),0< k<1

rVea | v

where
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A variable transformation n = Rx yields
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Here K denotes a complete jacobian elliptic function of the second kind.
Further,

R k 41 R3 py
M =4 2 2 etie = — 3k

and so, finally,
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2.4.1 Special case, k=0

In this case we regain T' = Ty = 2nR+/R/(GM) since the integral equals
/2.

2.4.2 Special case, k=1

In this case the mass density decreases to zero at the surface of the sphere

as is assumed in star models.

2R [2 ! dz
T =4R \/> / (~ 0.8651Tp)
GM\V 7 3
V NN
2.4.3 Special case, k=2/3

3R (! dz
T =2Ry/ / ~ 0.9293T}) .
GM 0 \/1—%2\/1—1:2/4( 0)




2.5 Generalization

We will now consider the case p(r) = po(1 — s(r/R)) where s(z) is an "arbi-
trary” function defined for 0 < z < 1 and with s$(0) = s'(0) = 0 and s(1) = 1.
Thus, pg is still the central density and the density is zero at the surface.

We use equation 2,

VR dn
Ve /0 VIm) +9(n) — g(R)

where

R n
f(n) = / ep(6)de and 9(?7)=717~ /0 €2p(¢) de.

To get a somewhat simpler form, first let £ = Ry in the two integrals:

1
f(n) = RQPO/ y(1 —s(y))dy and

/R
g(n) = 717 - R®po /077 y*(1 = s(y)) dy.

Next, let n = Rx in the integral for 7"

2 1 Rdzx
- \/;/o VI(@®z) + g(Rz) — g(R)

where




1
T2,/ de (12)
mGpo Jo +/h(x)
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where

Mass instead of central density:
R 1
M = trpy [ €1 s(6/R) ¢ = tmpuR® [ (1 s(w) do
0 0

1 4 3 1 4 3 1 1
TFPOZJ\]Z. ; x2(1—s(x))dx:ﬁ(3—/0 x%(m)dx)

T = 4R\/GTM\/1 — 3/01 2?s(z) dz - /1 C:zx) (13)
0

2.5.1 Earth model I

343 ,
atinhg <z <
10 x if 0<z<1/7
s(x) =
91x — 11
_— if 1/7<x<1
90z —10 [Tsws
Equation (13) gives
T~4.79R i ~ 0.761
2.5.2 Earth model II
x? if 0<x<1/5
@ 2/2 if 1/5 <z < 7/13
s(z) =
(52 +13)/27 i 7/13 < x < 19/21
(260 — 6)/27  if 19/21 <z < 1

In this model the density jumps at two points inside the Earth. The calcu-

lation is left to the reader.
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2.5.3 Earth model II1
s(x) =z

where a > 1 is some suitable constant. We will just give some results.

Period time (min):

7149  if a=1
72.97 if a=2
o) 8106 if a=25
7058 if a=1/2
7024 if a=1/3
69.60  if 1/25

If a > 1 then T' ~ 84 minutes, i e the same as when s(z) = 0. This is to be
expected since s(z) ~ 0 except when z is very near 1, corresponding to an

almost constant mass density.

Some more models:

s(x) = 528 — 5% — 52* + 623, T ~ 73.13minutes.
s(z) = 5a% — 1927 + 242* — 1123 + 222, T =~ 73.13 minutes.
s(x) =4z(1 — x), T ~ 110.23 minutes.

3 Tunnel through rotating Earth

Up to now we have not considered the rotation of the Earth. Now we will
see what happens if rotation is taken into account. We suppose that the
mass density is constant, that the rate of rotation is constant and that the
Earth is still a sphere, i e flattening disregarded. According to Newton the
gravitational field depends just on the mass distribution at any time!, so at
a distance r < R from the centre of the Earth with radius R and mass M
the gravitational acceleration is still GMr/R3.

!The field can vary if the field generating matter is moving but the field does not
depend explicitly on the motion. In Einsteins theory of gravitation, where the field is

determined by the energy-momentum tensor of matter, this is not so.
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Since the Earth rotates the falling marble will have horisontal velocity when
it is dropped. If the Earth’s matter had not been there but the field strength
still proportional to 7, the marble would have moved in an elliptic orbit
with midpoint at the centre of the FKarth. This was proved by Newton in
his cumbersome though, of course, ingeneous geometrical way [3]. A much
easier way is to notice that the motion is harmonic in all space directions 2.

This orbit shows how the tunnel must be drilled!

3.1 Start at the equator

The orbit will be an ellipse as seen from an inertial system S, following the
centre of the Earth 3. The falling marble will move from one end of the major
axis of the ellipse to the other end as seen from S and the time elapsed will
be like before, T = Ty = 2rR\/R/(GM). Since the Earth is rotating the
tunnel must end at the equator, but somewhat to the west of the antipode
since Earth rotates from west to east. Let the coordinates of the marble
be (£(t), n(t)) in the equatorial plane in S and (x(t), y(t)) in the rotating
system attached to the Earth.

Figure 1: Rotating zy-system

Then

&(t) = %Q sin(wt)
(14)

n(t) = —Rcos(wt)

2This was pointed out to me by Tomas Carnstam, Lund University, Lund, Sweden.
3We neglect the motion of the Earth in a non-linear orbit. The motion during the free

fall period is just a few minutes of arch as seen from the sun.
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where w = \/GM/R3 and ( is the angular velocity of the Earth.

z(t) = %Q sin(wt) cos(§2t) — R cos(wt) sin(2t)

y(t) = —%Q sin(wt) sin(Q2t) — R cos(wt) cos(Qt)

- (g — 1)sinf[(w + Q)t] + (% + 1) sinf[(w — Q)¢]
T2

(15)

Q Q
—(; + 1) cos[(w + Q)t] + (; — 1) cos[(w + Q)t]
When t =T/2, (£,1) = (0, R) and then from (14), w-T/2 =m,s0 T =Ty =
27R\/R/(GM), i e the passage time is independent of the rate of rotation
of the Earth.

From the first part of (15),

z(T/2) = Rsin(QTT) = Rsin(%)

y(T/2) = Rcos(QTT) = RCOS(?)

Thus, the location of the end of the tunnel is on the equator at a distance
a = RnQ/w from the antipode, as measured along the equator. The minimal
distance from the orbit/tunnel to the centre of the Earth can also be found

from (15).

2 02 2
°+y = 2 +R <1—w2>cos (wt)
so the smallest distance is d = RQ/w. For the Earth a ~ 1175km corre-
sponding to a longitude difference of around 10, 6° from the antipode, and
d ~ 374 km.

3.2 General case

If the marble is dropped at any point except from a pole the orbit as viewed

from the reference frame will still be an ellipse.
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/ .
C v,=RQsing,

R(<p0+7t,7r-00)
Figure 2: Marble dropped from any point

&(t) = %Q sin(6p) sin(wt)

n(t) = Rsin(fy) cos(wt) (16)

¢(t) = Rcos(bp) cos(wt)

;

x(t) = &(t) cos(Qt) — n(t) sin(Qt) = Rsin(fp)[Q/w sin(wt) cos(2t) — cos(wt) sin(§2t)]

y(t) = —&(t) sin(Qt) — n(t) cos(Qt) = Rsin(fp)[—Q/w sin(wt) sin(Qt) — cos(wt) cos(2t)]

z(t) = ¢(t) = Rcos(by) cos(wt)
(17)
At the end of the tunnel ¢t = 7T/2 = 7/w, wt = 7 and (17) gives

( 2(T/2) = Rsin(fp) sin(7Q/w)

y(T/2) = Rsin(fp) cos(m2/w)

2(T/2) = —Rcos(fo)

An alternative form is
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() = gsin(eg) { (2 _ 1) sinf(w + Q)] + <2 + 1> sinf(w — Q)t]}

y(t) = gsin(%) {— (g 4 1) cos](w — Q)] + (2 - 1> cos|(w + Q)t]}

z(t) = Rcos(6p) cos(wt)
(18)

by which we can get the smallest distance from the centre:
R? 0? 02
224y’ 422 = - sin2(90)-{1 +—+ (1 — 2) cos(2wt)}+R2 cos?(fp) cos? (wt) =
w w

RQ Q2 9 QQ 9
=3 {1 + 7 sin (6o) + <1 — gsin (90)) cos(th)}

The smallest distance from the centre (corresponding to wt = 7/2) is RQ2sin(6p) /w.

4 General relativistic calculation of period time

Using general relativity things become much more complicated. However,
for constant mass density (and, as before, no rotation and spherical symme-
try) the exact metric is known. We will derive a differential equation, from

which the period time of the falling marble is found numerically.

4.1 The metric
dr? = —A(r) dr® — 12(d6° + sin® 0 dg?) + ¢ B(r) df?

and the energy-momemtum tensor

T,uu =Py + (p+ p)uuuu

is assumed (perfect fluid). Einsten’s field equations give (see [5], ch. 11 or
[4]) the following functions A(r) and B(r).

Outside the star, r > R:
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2GM
B(r)=Ar'=1—-""— where M =4nR?p/3 .
T

Inside the star, r < R:

oG M2t
1= 2R3

2
1 2GM 2G Mr?
B<T>—4{3'\/1— AR 1‘0233}

The marble will follow a grodesic with constant # and ¢. We need those I'! ab

which are non-zero. These are (prime denotes derivative with respect to r
and the coordinates are numbered (2!, 22, 23, 2%) = (r, 0, ¢, t))
1 9 _ A

L, = =
=59 "5 T aa

1 8922 r
1’11 I 11 . —_
22 29 or A
1 0
1 094 2B’
Fl _ _ 11 ZIes
(- uT Y Ty T oA

The geodesic equations and the metric give (dot denotes derivative with

respect to 7)

Al 2B .

. a9 t2 _
T+ oa" + 24 0
—Ar?+ B2 = 0
Elimination of £? gives
"Toa" Taa' T B T
from which
1 (A B\ ., B’
L 1A B 19
=73 { A B} Yy (19)
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This equation has been solved approximately by means of the Runge-Kutta
method?.

For the Earth

(M~ 5.972-10**kg

2m ~ 8870-10"3m

6.371-105m

=y
&Q

and G ~6.6743 - 107" Nm? kg—2.

The period time turns out to be 1.99 us shorter than the newtonian value
To.

5 Conclusion

We have derived the period time for free fall through the Earth. General
expressions have been found with mass density an arbitrary function of the
distance from the centre of the Earth, disregarding rotation. For the case
of constant density rotation has been considered, the necessary shape of the
tunnel and the period time were calculated. Finally, for constant density, a

general relativistic calculation of the period time was performed.

For further research it would be interesting to try to take flattening into
account and find the orbit of the marble relative the rotating Earth. Also it
could be of some interest to apply the general relativistic method to bodies

such as neutron stars.
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