Solving Boolean Equation
Oh Jung Uk

Abstract

If VP:proposition, B(P) is the truth value(0 or 1) of P then we can solve a boolean
equation by using these below.

n

B(pyVpyV..Vpy) =1+ —[(1 + pi) (mod 2)
k=1

{(xl,xz, x| | [B@d = 00mod 2) = (ﬂ{ (x) | B(x;) = 1(mod z>})
i=1 i=1

={(xq,x2, .., xp) |(1,1,1, ..., D}

Introduction

We have started to study because we don’t know how to apply many Boolean laws to Boolean
algebra. So, We study to redefine Boolean algebra using by mod 2, to reprove Boolean laws, and we
study the method of solving Boolean equation.




1. Redefine Boolean algebra and basical theorem

Definition 1.1) VP : proposition

o B(P) = {0, truth value of P .is False
1, truth value of P is True
e IfB(P) =2z(0or1)then B(P) = z(mod 2)
( But, we can omit B( ) like as B(P) = P(mod 2) for usability. )
Ex) P =pV q(p,q : proposition), If the truth value of P is True

then B(P) =B(pV q) =P = 1(mod 2)

Theorem 1.1) vn € N, VP : proposition

{ZnB(P) =2nP=0(mod?2)
2n+1)B(P)=B(P)=(2n+1)P=P(mod?2)

(B(P))"=P*=B(P) =P(mod?2)

—B(P)=—-P=B(P)=P(mod?2)

Proof)

{ZnB(P) =2 xnB(P) = 0 X nB(P) = 0(mod 2)
(2n+1)B(P) = 2nB(P) + B(P) =0+ B(P) =B(P)(mod 2)

{B(P) =1(mod2)= (B(P))"=(1)"=1=B(P) (mod 2)
B(P)=0(mod2) = (B(P))" = (0)"=0=B(P) (mod2)

{B(P)El(modZ):—B(P)E—lxl =-1=0-1=2-1=1=B(P)(mod?2)
B(P) = 0(mod2)= —B(P)=—-1x0 =0 = B(P) (mod 2) "

Theorem 1.2) Vp, q : proposition
B(c) = 0(mod 2),B(t) = 1(mod 2)(where, c : contradiction, t : tautology)
B(~p)=1+B(p)=1+p(mod?2)
B(p Aq) = B(p)B(q) = pq(mod 2)
B(pVvq) =B(p)+B(q) +B@)B(q) =p+q+pq(mod2)
B(p = q) =1+ B() +B(P)B(q) =1+p+pq(mod2)
B(p<—=q)=1+B({(p)+B(@) =1+p+q(mod 2)

Proof)

. . ~p PAq pPVq P—q P g
1+p rq ptq+pq | 1+p+pqg | 1+p+gq

0 0 1 0 0 1 1

0 1 1 0 1 1 0

1 0 0 0 1 0 0

1 1 0 1 1 1 1

| |




Theorem 1.3) Vp, g : proposition
B(p XOR q) = B(p) + B(q) =p + q(mod 2)
B(p NAND q) =1+ B(p)B(q) =1 + pq(mod 2)
B(pNORq) =1+ B(p) + B(q) + B(p)B(q) =1+ p + q + pg(mod 2)
B(pXNORqg)=1+B(p)+B(@)=1+p+q(mod 2)

Proof)
p XOR g p NAND ¢g p NOR g p XNOR ¢g
P 1 p+q 1+ pq 1+p+q+pq l+p+g
0 0 0 1 1 1
0 1 1 1 0 0
1 0 1 1 0 0
1 1 0 0 0 1

| ]
Corollary 1.1) Vp,q : proposition
B(p=q) e p+pqg=0(mod2)
B(p ©q) ©p+q=0(mod 2)
Proof)
Bp=>qg)eoBp—-q)=1(mod2)e1+p+pg=1(mod2) ©p+pq=0(mod2)
BpegeBp—q=1(mod2)e1+p+qg=1(mod2) ©p+q=0(mod2) m
Corollary 1.2) Vp,q : proposition,
Bpvg)=p+q+pq=1+1+p)(1+q)(mod2)
Bp->q=1+p+pqg=1+p(1+qg)(mod?2)
Bp—q@)=1+p+q=1+1+ppp+q+pq) =1 +p+pq)(+q+qp)(imod?2)
BpXORq@)=p+q=Q+pq)(p+q+pg) =1+ A +p+pqg)(1+q+qgp)(mod2)
Proof)
Bpvg)=p+q+pq=1+1+p+q+pg=1+p(Q1+q)+1+g
=1+0+p)(A+qg)(mod?2)
Bp->q=1+p+pqg=1+p(1+qg)(mod?2)
Bp—qg=1+p+q=1+p+q+pqg+pq=1+pg)+{@+q+pq)
= (1 +pq)+ (p+q+pq)+ppq +qprq + pqprq + pq
=Q+pp)+@+q+pg+(p+q+pepq+pq
=1 +pg)+ {@+q+pg(1+pq)+pq
=A+pqg+p)+{P+q+p)(A+pg) =1+ 1 +pg)(p+q+pq)
=[1+p+pq)+q9Q+p+pq) +pq(l+p+pq)
=1 +p+pq)1+q+pqg)(imod 2)
BpXORq)=p+q=1+1+p+q=1+Blp—q =0 +pg)(+q+pq)
=1+(Q+p+pe)(1+qg+pqg)(mod2) m




Corollary 1.3) Vpy, : proposition,

n
DBy Ap2 A .Apy) = npk (mod 2)
k=1

n
2)B(p,Vp,V..Vvp,) =1+ 1_[(1 + pi) (mod 2)
k=1

Proof)

2
1) B(py Apy) = npk (mod 2) by Theorem1.2
k=1

n
Assume B(p1 Ap; A ... Apyp) = npk (mod 2) =
k=1

n
B(p1 APy A e APy APpy1) = B((P1 AD2 A ADp) ADpyp) = ( pk)pn+1
k=1

n+1

= 1_[ pr (mod 2)
k=1

2
2)B(pyVp) =1+ 1_[(1 + py) (mod 2) by Corollary1.2
k=1

n
Assume B(p; Vp,V ..Vp,) =1+ 1_[(1 + py) (mod 2) =
k=1

B(p1V DV .V Py VPns1) EB((P1 VD2V .V DR) VDnys)

n

=1+ 1+<1+1_[(1+Pk)) (1 + Pp+1)

k=1

=1+ <1 +1+ H(l + Pk)> A+pps) =1+ (n(l + pk)> 1+ pns1)
k=1 k=1

n+1
1+ <1_[(1 + pk)> (mod 2) m

k=1




2. Redefine Boolean laws

2)p-oq=~(pA~q)
Proof)
B(p->q)=1+p+ pq(mod 2)
B(~(pA~q))=1+B(pA~q)=1+p(1+q)=1+p+pq(nod2) m
2)poq=@-q9Ar(Qq-p)
Proof)
B(p & q)=1+p+ q(mod 2)
B(o->q)A(qg-p)) =B - qB(@—-p) =1+p+pg)1+q+qp)
=1+q+qp+p+pq+p*q+pq+pqg®+p*q’
=1l+q+qp+p+pq+pq+pq+pq+pqg=1+q+p+6pq
=14+p+qg(mod2) m

2.3) ~(~p) = p (Law of Double Negation )
Proof)
B(~(~p))=1+B(~p)=1+(1+p)=2+p=p(mod2) m
24) pAp =p, pVp =p (Laws of Idempotency)
Proof)
1)B(pAp)=pp=p*=p(mod2) m
2)B(pVp)=p+p+pp=p+p+p’=p+p+p=3p=p(nod2) m

25) p - q = ~q - ~p (Contrapositive Law )
Proof)

B(p - q) =1+p+pq(mod 2)

B(~q->~p)=1+B(~q) +B(~q)B(~p)=1+1+q9)+(1+q9) (1 +p)
=1+(1+q+A+p+q+qgp)=3+2q+p+pq
=1+p+pg(mod?2) m

26) ~pAq) =~pV~q,~(pVq) =~pA~q (De Morgan’s Laws )
Proof)

1)B(~(pAq))=1+B(mAq) =1+ pq(mod2)

B(~pVvV~q) =B(~p) + B(~q) + B(~p)B(~) =(1+p)+ 1+ )+ 1 +p)(1 +q)
=(1+p+A+q)+A+p+q+qgp)=3+2p+2q+qp
=1+pg(mod?2)m

2)B(~(pvq@))=1+B(pVvq) =1+ (p+q+pq)(mod?2)

B(~pA~q) =B(~p)B(~q) =(1+p)A+q)=1+q+p+pg(mod2)m




2N pAq=qAp, pVq=qVp (Commutative Laws )
Proof)
1) B(p Aq) = pq(mod 2),B(q Ap) = qp(mod 2) m
2)B(pvq) =p+q+pq(mod2),B(qVp)=q+p+qp(mod2)m

28) P AQAT=PA(GAT), (PV VT =pV(qVr)(Associative Laws)
Proof)
1)B((pAq) AT) = (pg)r = pqr(mod 2),B(p A(q AT)) = p(qr) = pqr(mod 2) m
Z)B((qu)Vr)EB(qu)+r+B(qu)rEB(qu)(1+r)+r
=(p+q+pA+r)+r=p@P+q+pgp)A+r)+r+1+1
=@+q+pg+ DA+ +1=(+D+q@+p)A+7r)+1
=p+1DA+q9@A+71)+1(mod 2)
B(pV(qu))Ep+B(qu)+pB(qu)Ep+(1+p)B(qu)
=p+(A+p)(q+r+gr)=1+1+p+ QA +p)(q+7r+qr)
=1+Q+p)A+q+r+q)=1+Q+p)(1+r+q1+1))
=1+(1+p)A+q9)@A+7r)(mod2) m

29)pA(@Vvr) =A@V (pAT),
pv(@Ar)=((pVq A (pVr)(Distributive Laws )
Proof)
DB(pA(qvr))=pB(qVr) =p(qg+r+qr) =pq+pr+ pqr(mod 2)
B(pA@Q)V(AT))=BAq)+BlAT)+B({@AqQB{DAT)
= (pq) + (1) + ) (pr) = (pq) + (pr) + (p*qr)
= (pq) + (pr) + (pqr) = pq + pr + pqr(mod 2) m
2)B(pVv(qAT))=p+B(gAT) +pB(qAT) =p+qr+pqr(mod 2)
B(ove)A(pVvr)=BlVvBVvr)=@+q+pq)@+r+pr)
=p?+qp +p%q +pr + qr + pqr + p?r + qpr + p?qr
=p+qp+pq+pr+qr+pqr+pr+ qpr+ pqr
=p+2pq+2pr+qr+3pqr =p+qr+pqgr(mod 2) m




210) pAte ppVto tpVeco ppAcoScc>p,p>t
Proof)

DBpAtep)=1+BAt)+B)=1+@x)+p=1+p+p=1+2p
=1(mod2) m

2)B(pvtet)=1+B(pVvt)+B)=1+@(p+1+pxD)+1=1+(p+1+p)+1
=34+2p=1(mod2) m

3) BpVceop)=1+B(pVve)+Bp)=1+(p+0+px0)+p=1+({p)+p
=14+2p=1(mod2) m

HB(pAceoc)=1+BpAc)+B)=1+(px0)+0=1+0)+0=1(mod2) m

5B(c=>p)=1+B()+Bl)p=1+0)+O0Oxp)=1+(0)+(0)=1(mod2) m

6)Bp—-t)=1+p+pBt)=1+p+(ppx1)=1+p+(p)=1+2p=1(mod2) m

211) pA~p=c,pV~p=t
Proof)
DBpA~p)=p(l+p)=p+p’=p+p=2p=0=B(c)(mod2) m
D)Blpv~p)=p+(1Q+p)+p(Q+p)=p+1+p+p+p?=1+3p+p=1+4p=1
=B(t)(mod2) m

2.12) p = p VvV q (Law of addition)
Proof)
Bp->pVq)=1+p+pBlpVv@) =1+p+p+q+pq =1+p+ ®*+pq+p’q
=1+p+(@+pq+pq) =1+2p+2pg=1(mod2) m

213) pAq = p,p A q = q (Laws of Simplification)
Proof)
DBpAq->p)=1+BlpAq) +BpAQp=1+pq+pq(p) =1+pq+pq
=1+pq+pg=1+2pg=1(mod?2) m
)BopAg->q@)=1+BlpAQ+B@Aqq=1+pq+pq(q) =1+pq+pq
=1+pq+pg=1+2pg=1(mod?2) m

214) pAq - 1r =p - (q - r) (Exportation Law)
Proof)
B(pAq—->1r)=1+B(pAq)+B(pAqr=1+pq+ pqr(mod 2)
Blp->(q@-7r)=1+p+pBlg->1r)=1+p+p(l+q+qr)=1+p+p+pq+pqr
=14+2p+pq+pqr =1+pqg+pqr(mod?2) m




215) (p » @) A(q » r) = (p —» r)( Transitive Law)
Proof)

B(p-A(@->1>@->1)=1+B((0>A@@->n)(1+B@-1)
=1+ +p+p)A+q+qr)(1+ 1 +p+pr))
=1+A+p+pe)A+q+qr)2+p+pr)
=1+ +p+pe)A+q+qr)(p+pr)
=1+A+p+pg)A+q+qgr)(A+1r)p
=1+ Q+p+pq+q+pq+pq*+qr+pqr+pg*r)(1+rp
=1+ +p+pqg+q+pqg+pq+qr+pgr+pgr)(1+1)p
=1+Q+p+3pg+q+qr+2pqgr)(1+1)p
=1+Q+p+pg+q+qgr)p(l+717)
=1+ (p+p®+p*q+pq+pgr)1+7)
=l1+(p+p+pg+pq+pgr)(1+r)=1+2p+2pq+pqr)(1+71)
=14+ (pgr)(1+71) =1+ (pgr + pqr?) =1+ (pqr + pqr) = 1 + (2pqr)
=1(mod2) m

216) (p » q) © (p A~q - g A ~q)(Reductio ad Absurdum)
Proof)
B(p->q@) e @A~q>qA~q))=1+Bp~>q) +BpA~q->qA~q)

E1+(1+p+pq)+(1+B(p/\~q)(1+B(q/\~q)))

E1+(1+p+pq)+(1+(p(1+q))(1+q(1+q)))

=1+1+p+pg)+(1+@+pe)(L+q+q%)

=1+ +p+pg) +(1+@+p)A+q+q)

=1+ 1 +p+pg)+(1+@+p)+29)
=1+Q+p+p)+(1+@+pg)=1+2(1+p+pqg) = 1(mod 2) m




2.17) (p Vv q) A ~p = q (Disjunctive Syllogism)
Proof)

B(0V)A~p=q)=1+B((pV)A~p)(1+q) =1+B(Vg(1+p)(1+q)
=1+(@+q+pp(1+p)(1+q)
=1+@+p°+q+qp+pq+p*9(1+q)
=1+(@+p+q+qp+pq+pp)(1+q)=1+Cp+q+3pg)(1+q)
=1+(@+pe)(A+q) =1+(q+q*+pq+pqg*)
=1+(@+q+pqg+pq) =1+ 2q+2pg)=1(mod2) m

2.18) (p » q) Ap = q (Modus Ponens)
Proof)

B(p->Ap—=q)=1+B((p->Ap)1+q) =1+ (A +p+pgp)1+9q)
=1+@+p*+p*U+)=1+@+p+p9(A+q)
=1+Q2p+p)(1+q) =1+pq(1+q)=1+pq+pq®>=1+pq+pq
=1+2pqg=1(mod2) m

2.19) (p » @) A ~q > ~p(Modus Tollens)
Proof)

B((p > ) A~q—~p)=1+B((p - ) A~q)(1+ B(~p))
=1+Q+p+p)1+(1+ 1 +p))
=1+A+p+p)A+R+p)=1+(1+p(1+q)A+qp
=1+ (A++pA+)p=1+(1+q +pA+)p
=1+ +QU+pp=1+0++p)=1+1+q@ +p)
=1+(1+q9Cp)=1+1+¢)(0)=1(mod2) m




20 (> AT —>5s)=>(~qV~s—>~pV~7),
pP-q@A@—>s)=(~qAN~s—> ~pA~r)(Destructive Dilemmas)
Proof)
DB((p > @) A~ 5) > (~qV~s > ~pV~r))
=1 +B((p G s))(l +B(~qV~s—>~pV ~r))

=1+(1+p+qA+r+5) (1+ (1+B(~qV~s)(1+B(~pV~r))))

E1+(1+p+q)(1+7‘+s)(1+(1+(1+qs)(1+(1+pr)))>

(** Vx, y: proposition, B(~x V ~y) = B(~x) + B(~y) + B(~x)B(~y)
=14+ +0+y)+A+x)A+y)=2+x+y+ A +x+y+xy)
=1+2x+2y+xy=1+xy(mod?2))

=1+A+p+qg)@A+7r+s)A+gs)pr
=1+((Q+p+q+r+pr+qr+s+ps+qs)

+ (qs +pqs + q%s + rqs + prqs + q*rs + qs* + ps?q + q*s?) )pr
=1+((Q+p+q+r+pr+qr+s+ps+qs)

+(gs + pqs + qs + rqs + prqs + qrs + qs + psq + qs))pr
=1+Q+p+q+r+pr+qr+s+ps+5qgs+2pgs+ 2rqs + prqs)pr
=1+Q+p+q+r+pr+qr+s+ps+qs+prgs)pr
=1+ (pr + p?r + qpr + r’p + p?r? + qpr? + spr + p?sr + qspr + p*r?qs)
=1+ (pr+pr+qpr+rp+pr+qpr+ spr + psr + qspr + prqs)
=14 (2pr + 2qpr + 2pr + 2spr + 2qspr) = 1(mod 2) m

2)B((p > AT > 5) > (~qA~s > ~pA~T))
E1+B((p—>q)/\(r—>s))(1+B(~q/\~s—>~p/\~r))

E1+(1+p+q)(1+r+s)(1+(1+(1+q)(1+s)(1+(1+p)(1+r))))

=1+ 1+p+U+7+5)(2+ A+ A +5)(1+ @ +p)(A +1)))

=1+0+p+A+r+)A+A+)(1+ A +p)(1+71))
=1+(p+A+)A+Pr+A+))A+)(1+ A +p)(1+71))
=1+ @A+ +A+HNCA+s)+A+))(1+ A +p)A+7))
=1+(pA++A+)rA+s)+ 1 +9))1+Q+p)A+7))
=1+(1+p)A+A+rA+s)(1+ 1 +p)A+71))
=1+(1+p)A+A+NA+s)+ 1 +p)?A+qA +7r)?(1+5s)
=1+0+pA+A+NA+s)+A+pA+q)A+r)(1+5)
=1+20+pA+q9A+r)(A+s)=1(mod2) m

10



22) po> A (T —>s)=>(pPVr-qVs),
(P->q@)A@—>s)=(pAr - qgAs)(Constructive Dilemmas)
Proof)
DB((p-> AT —>s)>@Vr-qVs))
= 1+B((p—>q)/\(r—>s))(1+B(er—>qu))

=1+4+B(p > q)B(r —s) (1 + (1 +B(pvr)(1+B(g VS))))

=1+4+B(p—-q)B(r—ys) (2 + B(p Vr)(l + B(q Vs)))

=1+B( - q)B(r —>s)B(er)(1 +B(qu))
=1+ +p+pA+r+rs)p+r+pr)(1+(q+s+qgs))
=1+AQ+p+pg)A+r+rs)(p+r+pr)(1+qg)(A+5s)
=1+(1+pA+Q)A+A+r1+9))A+s)(p+7r+pr)
=1+(A++pA+ ) (A +s)+r(1+95)?)(+1+pr)
=1+(A++pA+)(A+s)+r(1+9))(+7+pr)
=1+0+9A+pA+s)A+r(A+1+p+7r+pr)
=1+1+A+p)A+s)Q+r(1+Q+p)A+1))
=1+(1+A+p)A+s)A+r)+A+q)A+p)?(A+s)(1+71)2
=1+0+9A+pA+s)A+N+A+q9A+p) A +s)(1+71)
=14+20+9)A+p)A+s)(A+r)=1(mod2) m

DB((@-> AT —>3)> (AT —>qAs))
= 1+B((p—>q)/\(r—>s))(1+B(p/\r—>q/\s))

=1+4+B(p » q)B(r = s) (1 + (1 + B(pAr)(l + B(q /\s))))

=1+B(p—->qBr—-ys) (2 + B(p /\r)(l + B(q /\s)))

=1+B(p - q)Br->s)BpAr)(1+B(qAs))
=1+A+p+pg)A+r+rs)(pr)(1+gs)
=14+Q+r+rs+p+pr+prs+pq+pqr+pqrs)(pr)(1+qs)

=14 (pr+pr? +risp+p?r+p?r? + p?ris + p?qr + p?qr? + p?qr?s)(1 + gs)
=14 (pr+pr+rsp+pr+pr+prs+pqr+pqr+pqrs)(1+ qs)

=1+ (4pr + 2rsp + 2pqr + pqrs)(1 + qs)

=1+ (pqrs)(1+qs) =1+ pqrs + pq?rs? =1+ pqrs + pqrs = 1 + 2pqrs
=1(mod2) m

11



3. Solving Boolean equation

Lemma3.l) Vn,i € N,Vx; : proposition
{(xl,xz, x| HB(xi) = 1(mod 2)} - (ﬂ{ (x;) | B(x;) = 1(mod z)})
i=1 i=1
= {(xlrx2r "')xn) |(1'1'1' '1)}
{(xl,xz, x| HB(xi) = 0(mod 2)} - (ﬂ{ (x;) | B(x;) = 1(mod z)})
i=1 i=1
= {(xlerI "')xn) |(1'1;1; '1)}C
Proof)
Let Vn,i € N, Vx; : proposition

Fori1<i<n{(x)|(0),1}={x]01}

Assume AB(x;) = 0(mod 2) = nB(xi) = B(x1)B(x3) ... B(x,) = 0(mod 2)

i=1

Therefore HB(xi) = 1(mod 2) = VB(x;) = 1(mod 2)

i=1

5 { G Xgy s %) | HB(xi) = 1(mod 2)} - (ﬂ{ ;) | B(x;) = 1(mod 2)}>
i=1 i=1
={(xq, %2, .., xp) | (1,1,1,...,1)}

And 1_[ B(x) = 0(mod 2) = ~(VB(x,) = 1(mod 2))

i=1

S { Gt Xgy o ) | HB(xi) = 0(mod 2)} - (ﬂ{ (x;) | B(x;) = 1(mod 2)}>
i=1 i=1

={(xy,x2, ..., xy) | (1,1,1,..., 1)} m

12



Method ) Steps of solving Boolean equation
Step 1) We change Boolean equation to product of mod 2 using by 1.x.

Step 2) We get sets of solution using by Lemma3.1.

Example) vn,i € N, Vx; : proposition
e Ex1)B(xy A~xy Ax3) = 1(mod 2)
Step 1)
B(xy A ~xy Ax3) = 1(mod 2) = x,;(1 + x,)x3 = 1(mod 2)

Step 2)
{(x1) | x; = 1(mod 2)} {(x1) | x; = 1(mod 2)}
>N {(x)]|1+x,=1(mod2)} | = n {(x;) | x, = 0(mod 2)}
N {(x3) | x3 = 1(mod 2)} N {(x3) | x3 = 1(mod 2)}

= {(x1,%2,x3) | (1,0,1)}

e Ex2)B(xyVxyVx3)=1(mod 2)

Step 1)
B(xyVxyVx3)=1(mod2) =1+ (1 +x)(1 +x)(1 + x3) = 1(mod 2)

= 14+ x)(1+x)(1+ x3) = 0(mod 2)

Step 2)
{(x1) |14+ x; = 1(mod 2)} ¢ {(x)) | x, = 0(mod 2)} ¢
S| N {(x)]|1+x,=10mod 2)} | =N {(x3) | x, = 0(mod 2)}
N {(x3) |1+ x3 = 1(mod 2)} N {(x3) | x3 = 0(mod 2)}

= {(x1,x2,x3) | (0,0,0)}°
= {(xy,x2,x3) | (0,0,1), (0,1,0), (0,1,1), (1,0,0), (1,0,1), (1,1,0), (1,1,1)}
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e Ex3)B(x;V (~x; Ax3)) = 1(mod 2)
Step 1)
B(x1 V (~x; /\x3)) =1(mod2)=>1+(1+ xl)(l + B(~x, /\x3)) = 1(mod 2)
>51+0+x)A+A+xy)x3) =1(mod2) = (14 x)(1+ (1 + x3)x3) = 0(mod 2)
Step 2)

( {(x1) |14+ x; = 1(mod 2)} )C
N {(x,x3) |1+ (1 + x)x3 = 1(mod 2)}

= ( {(x1) | x; = 0(mod 2)} )c
N {(XZ,X3) I (1 + Xz)x3 = O(mOd 2)}

{(x1) | x; = 0(mod 2)} ¢ {(x1) | x; = 0(mod 2)} ¢
={ 4 ( {(2) | 1+ x; = 1(mod 2)})C = ( {(x2) | x = 0(mod 2)})C
N {(x3) | x3 = 1(mod 2)} N {(x3) | x3 = 1(mod 2)}
_(, o ) _( (o )
N {(XZ,X3) | (0'1)}C N {(XZJXB) | (0,0), (1'0)' (1'1)}

= {(x11x21x3) | (0,0,0), (0,1,0), (0,1,1)}C
= {(xq,x2,x3) | (0,0,1), (1,0,0), (1,0,1), (1,1,0), (1,1,1)}

o Ex4)B((xy Axy A~x3) V (~x1 Axy A~x3)) = 1(mod 2)
Step 1)
B((x1 Axy A~x3) V (~x; Axy A ~x3)) = 1(mod 2)
= 1+ (14 By Axg A~x3))(1 4 B(~xy Axy A ~x3)) = 1(mod 2)
= 1+ (14221 +23)) (14 (1 + x1)x,(1 + x3)) = 1(mod 2)
= (1 +20,(1 +x3)) (1 + (1 + x1)x,(1 + x3)) = 0(mod 2)
Step 2)

( {(x1,x2,%3) | 1+ x12,(1 + x3) = 1(mod 2)} )C
N {(x,x0,%x3) |1+ (14 x)x,(1 + x3) = 1(mod 2)}

_ ( {(x1, %2, %3) | x1%2(1 + x3) = 0(mod 2)} )C
N {(x1,%2,%x3) | (1 + x1)x5,(1 + x3) = 0(mod 2)}

{(x1) | 24 = 1(mod 2)} “\° {(x) |21 = 1(mod 2)3 \“\
N {(x3) | x, = 1(mod 2)} N {(x3) | x, = 1(mod 2)}
N {(x3) | (1 + x3) = 1(mod 2)} _ N {(x3) | x3 = 0(mod 2)}

( {Cx) | (1 +x;) = 1(mod 2)} ) < {(x) | x; = 0(mod 2)} )

N[N {(x)|x, =1(mod 2)} NN {(x2)|x, =1(mod 2)}
N {(x3) | (1 + x3) = 1(mod 2)} / \ N {(x3) | x3 = 0(mod 2)} /

_ ( {(xq,x2,x3) | (1:1:0)}C>C _ ( {(x1,x2,%3) | (1,1,0)})
N {(x1'x2ix3) | (01110)}6

U {(x11x2'x3) | (01110)}
= {(x1'x2lx3) I (0,1,0), (1,1,0)}

14



4. Application

4.1. Proof of validity

Example) Hq, H, : Hypothesis, C : Conclusion
Hy: x1V (x2 Ax3)
Hy: x1Vxy = xy

C: x1Vxy

H,ANH, = C & B(H; ANH, - C) = 1(mod 2)
=1+ B(x; V (x3 Ax3))B(x1 V x3 = x4)(1+ B(x1 V x4)) = 1(mod 2)
B(x; V (3 Ax3))B(x1 V x3 = x4)(1 + B(x1 V x4)) = 0(mod 2) =

1+ +2) @ +02)) (1+ 1+ A+ 1)@ +212)) A +2)) (14 (14 (1 + 1)1 + 1)) )

= (14 A+ 1)@ +2623)) (1+ (1 + A+ 2) (@ +22)) (1 +24)) (A +x1)(1+x4))

= 0(mod 2)

e Method 1) deployment
Let 1+ p =p' for Vp : proposition

(14 (L +2) (@ +52)) (T4 (14 (L + 1)@ +22)) (1 +2)) (1 + 1) (A +x,))

= (1+ 20" (2x3) )1+ (1 + 2x1"x5)x,") (1" x4")

= (1+ 20" (2x3) (A + 20" + 20" % %) (1" x4")

= (1 + 20" (2x3) ) Cer"xa" + 31 24" 24" + 31 x4 %1 %5 %4")

= (1 + 20" (2x3) ) Cer "2y + 21 24"+ 210" %5"%4") = (1 + %1 (x223)") (21 x4 + 2x1"%5"%4")
= (1 + 20" (2x3) ) (o1 "x2"x4") = x0"25"x8" + 21"%5 %4 %1 (2%3)

= x5 %" F 0 x 10, (ax3) = x0" x5 %"+ x1 %5 %" (1 4 x5x3)

=x1' 0" x," F o xy x, oy x4 X005 = 2x1 %5 %"+ X1 x5 x4 X5 x5

= a1 (1 + x5)x4 %33 = x1" (X5 + 232)x4" x5 = 21" (2 + x2)%4" x5

= x1' (2x3)x4" %3 = x,"(0)x,'x5 = 0(mod 2)

~ B(H AH, » C) = 1(mod 2)
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e Method 2) using by solving method of 3.
(14 (1 +2) (@ +52)) (14 (14 (1 + 1)@ +x2)) (1 +22)) (4 + 1) (A + )

= 0(mod 2)

{(x1,x2,23) | 1+ (1 + x)(1 + x,x3) = 1(mod 2)} ¢
= (n {Oc, x2,x) [ T4+ (1 + (14 %) (1 +x5))(1 + x4) = 1(mod 2)})
N {(x,x) | A+ x)(1 + x4) = 1(mod 2)}

n {(x1 X2, X4) | (1 +@A+x)A+ xz))(l + x,) = 0(mod 2)}
N {(x,x0) | (1 +2x)(1 + x4) = 1(mod 2)}

c c

( {Cr1, %2, %3) [(1 4 x1)(1 + x2%3) = 0(mod 2)} >C

{(x1) | (1 + x;) = 1(mod 2)} )
ﬂ {(x2,x3) | (1 + x2x3) = 1(mod 2)}
{(x1,x2) | 1+ (1 +x)(1 + x,) = 1(mod 2)})

n {(x4) |1+ x4 = 1(mod 2)}
\n () 1 (1 +2,) = 1(mod 2)}) /
n {(xy) | (1 + x4) = 1(mod 2)}
{(x1) | x1 = 0(mod 2)} )
ﬂ {(x2,%3) | x223 = 0(mod 2)}
{(x1,22) | (1 +2x1)(1 + x3) = 0(mod 2)})
ﬂ {(x4) | x4 = 0(mod 2)}

{(xy) | x; = 0(mod 2)}
\n n {(xl) |x1 = 0(mod 2)}) /

=1 N
C Cc

n
{(x1) | x; = 0(mod 2)} ¢
{(x2) | x, = 1(mod 2)})

ﬁ {(x3) | x3 = 1(mod 2)}

{(x1) | (1 + x;) = 1(mod 2)})0 ‘
N {(x2) | (1 +x3) = 1(mod 2)}

N {(x4) | x4 = 0(mod 2)}

8
.
( {(x1) | x; = 0(mod 2)})
8
!
(

N () | 24 = 0(mod 2)}

{(x1) | x; = 0(mod 2)} °\° {(x) 1 (0)} ¢
{<x2>|x2_1<modz>}) n( {<x2>|<1>}>C
n {(x3) | x3 = 1(mod 2)} N {() | (1}
{<x1>|x1_o<mod2)})> _ ( ( {(x1>|<0)}>C>C
N {(xz) | x; = 0(mod 2)} n N {(x) | (0)}
N {(x4) | x4 = 0(mod 2)} N {(xs) | (0)}

{(x1) | %, = 0(mod 2)} () | (0))
) n <n {(xa) | (0)})

c

N () | 24 = 0(mod 2)}
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(G 1 (0} ) i / ( {Gx) 1 (0} ) ’
(0 e L L1 N {(x2,23) [ (0,0), (0,1, (LO)}
{(xl,x2>|<o,o>}6)c) =kn( {(xl,xz)|<o,1),<1,0),(1,1)})0 )
N () | ()} N {(xa) 1 (0}
N ({(x1,x4) 1 (0,0)})

( {(x1,22,%3) | (0,0,0), (0,0,1), (0,1, 0)}C>C

N ({(x1,x4) | (0,00}

N {(x1,%2,%4) | (0,1,0),(1,0,0), (1,1,0)}¢
N {(x1,x4) | (0,0)}

{(x1,%2,x3) 1 (0,1,1),(1,0,0),(1,0,1),(1,1,0), (1,1,1)}
N {(x1, %5, %) | (0,0,0),(0,0,1),(0,1,1), (1,0,1), (111)})

N {(x1,%4) | (0,00}

:< {(xg, % 23, %) | (0,1,1,1), (1,0,0,1), (1,0,1,1), (1,1,0,1), (1,1,1,1)} )C
N {(x1,x4) | (0,0)}

=@°=U

Let {(x)[(*)} = {(x)[(0), (1)} = U = {(xx1, x2, x3, x4) | (5,%,%,%) }

(1, x2,%3,24) | B(Hy A Hy = €) = 1(mod 2)} = {(x1, X2, X3, x4) | (x,%,%,%)}
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4.2. Simplification

Example)
X y z F(x,y,2)

0 0 0 0
0 0 1 0
0 1 0 1
0 1 1 0
1 0 0 1
1 0 1 0
1 1 0 1
1 1 1 0

B (((~x) AYAN2D))V(XACYIA2)V (xAYA (~z))) (by SOP(Sum of Product))

=1+ (1+B((~0) Ay A (~2)) (1+B(x A (~y) A (~2))) (14 B(x Ay A (~2)))

=1+ (1 +(1+x)y(1+ Z))(l +x(1+y)AQ+ Z)) (1 + xy(1+ Z))
=1+(1+Q+0yQ+2)+x1+y)A+2) + 1 +x)y(1+2)x(1+y)(1+2))(1
+xy(1+ 2))
=1+Q+A+0)yA+2)+x1+y)A+2)+ &+ 2Dy +y) (A +2)3)(1
+xy(1 + 2))
=1+ (1 +A+x)yQA+2)+xA+y)A+2)+x+x)+y)A+ Z))(l +xy(1+ Z))
=1+ (1 +A+x)yQ1+2)+x1+y)A+2)+ 2x)2y)(1 + z))(l + xy(1+ Z))
=1+ (1 +(1+x)yQ+2)+x1+y)Q+ Z))(l +xy(1+ z))

=1+ (1 +(1+x0y+x1+y))Q +z)) (1+xy(1+2)

=1+(1+@+xy+x+x9)(1+2)(1+xy(1 +2))
=1+(1+@+x+2xy)(1+2)(1+xy(1 +2))
=1+(1+@+x00+2)(1+xy(1+2)
=S14+0+@+x0)A+2)+xy(1+2)+xy(y+x)(1 +2)?)
= 1+(1+(y+x)(1+z)+xy(1+z)+xy(y+x)(1+z))

E1+(1+((y+x)+xy+xy(y+x))(1+z))

=1+ (1+ @ +x+xy+xy* +x2y)(1+2))
=1+(1+@+x+xy+xy+xy)(1+2)
=1+(1+@+x+x)A+2)=1+1+@+x+xy)(1+2)
=(W+x+xy)(A+2z)(mod 2)
“Foy,z2)=W+x+xy)(1+2) EB((xVy)A(~z))(mod 2)
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