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Abstract

It is presented a simple proof that,

SRCIE
—(2n+1)3 32

1 Introduction

It is known that Léonard Euler evaluated the series,

Z .

7'1,2
n=1

answering the Basel problem [1]

It is little known that he evaluated empirically also the value of what is
known today as

+oo 1)
e =2 (Z(n +)1)3

n=0

the Dirichlet Beta function evaluated at 3.

*Thanks go tohttp://les-mathematiques.net|and http://math.stackexchange.com
for inspiration.
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Actually, he empirically stated that [2],

1 X o :H(tan(zl;)):g
< ) ()

= \(2kn+m)* (2kn —m)? mm

And from this formula, evaluated at m = 1,n = 2, he stated explicitly a
value for 5(3) [2].

Assuming only that,

Z(2n+1)3 T 32

n=0

Detailed computations are provided to show there is no catch.

2 Some preliminary computations

Lemma 2.1. Forn > 0, integer, and 5 > a > 0, real, the following formula
holds.
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Proof.

For n > 0, integer,
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Lemma 2.2.
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(2.2) / D% =T
0 xr — 1 6
Proof.
0<a<p<l,real,
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/ ne dx:/ xnwdas—/ (x) In zdx
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From [2.1], it follows that,
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and then, for n > 0, integer,
N+1

1/ N+1 _
/0< o )lnxdaj— Zk:?

Define the function f for x > 0, real,

x—Oﬂmz
v=1,f(1) =
zlnx
0,1 =
00,1, f(r) = 20
Observe that,
. Inz . Inz—1Inl
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= (In)'(1)
=1

and, from , it follows that f is continuous.

and then, there exist m, M, real, such that, for x € [0, 1],
m< f(x) <M

Therefore, for z € [0;1], N > 0, integer,
ma®™ < 2V f(z) < MaN

and then, for N > 0, integer,

m /1 Nt n g M
— < X
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Therefore,
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Since,
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Lemma 2.3.
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Proof.
Since, for k > 1,
_1\k
‘< DF[_ 1
k2 | T k2

the series is convergent.

For N > 1, integer,
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Lemma 2.4.

Ulnz 2
2.5 dz = -
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Let € > 0, real, and N > 0, integer,
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From , it follows that,
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From [2.3], it follows,
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Define the function g for = > 0, real,
x=0,¢9(0)=0
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From [2.3], it follows that g is continuous and then, there exist m, M, real,
such that for = € [0, 1],

m<glx) <M

Therefore, for z € [0,1], N > 0, integer,
ma™ < a2Vg(z) < M2

and then, for N > 0, integer,

m /1 2Nt n g M
0

< dx <
N+1-— 1tz “=N+1

Therefore,
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and then, from [2.4] , it follows that,
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Lemma 2.5.
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Proof.

|
From , it follows that the function z — %, defined and continuous
x
on |0, +o0[, can be extended to a defined and continuous function on
[0, 400l

N > 0 integer. The same applies to the functions

T (1 — (—xQ)N—H) Inx
T — e and z — a2

continuous on |0, 4o00/.
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, defined and



From , it follows that for N > 0, integer,
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N > 0 integer. Define the function h for x > 0, real,

x=0,h(0)=0
23 nz
0, h = —

From [2.3], it follows that h is continuous and then, there exist m, M, real,
such that for z € [0, 1],

m < h(x) <M
Therefore, for = € [0;1], N > 0, integer,
mz?N < x2Nh(a:) < Mz?N

and then, for N > 0, integer,

m /1 22N3 n g M
< dr <
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and then, from , it follows that,
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Lemma 2.6.

For x > 0, real, and N > 0, integer,

N 1)kg2k+1 22N+3
(2.7) |arctanx = Z 2k:+ 1 + Ry(z)and |Rn(z)| < AN 13
Ry is a continuous function on [0;+00].
Proof.
Define for x > 0 and N > 0, integer,

T (_tZ)NJrl
R = ———dt
( t2)N+1

The function Ry is an antiderivative of ¢t — e , defined and

continuous on [0, +o0o[. Therefore, Ry is continuous on [0; 4o00].
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Since for ¢, real, 0 < ———= <1 then for N > 0, integer,

1+t
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<
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Lemma 2.7.

LarctanzIna = (—1)k
2. ——dr=— )y ————
(28) /0 z v ; 2k +1)3

Proof.

Since for k£ > 1, integer,

(—1)* 1
(2k+1)3| — (2k+1)3
+oo (_1)k
then the series ; m is convergent.
Since,
arctanz . arctanz — arctan(0)
im ——— = lim
z—0 T z—0 z—0

= (arctan)’(0)
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That is,

arctanx
(29) [lim —— =1
z—0 T
arctanx
Thus, it follows that the function * - ———— defined and continuous on
x

10, 400, can be extended to a defined and continuous function on [0, +00].

and then, there exist, m, M, real, such for x €]0; 1],

arctanz Ilnx

mher < —— < Mnx
x
. Varctanzlnz | |
Thus, the integral / —— dx is convergent.
0 X

From , it follows that for N > 0,integer, z > 0,
Ry(z)Inzx
T

< N2 |In g

Ry(z)Inz

From , it follows that x — , a defined and continuous

x
function on |0; 00|, can be extended to a defined and continuous function
on [0; +oo.

The same applies to the function 2 — 22 Inz, defined on ]0; +o0[ for

k > 0, integer.
B
Moreover, for a, 3, real, such that [a; 8] C [0;1], / In zdx is convergent.

Therefore, for N > 0, integer, “
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From [2.7], it follows that,

/1 Ry (x) LESN
0 X

and, from , it follows that,
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1
(2N +3)2
Therefore,
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and,
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3 Main result

Let,

1
logy
G:—/ dy
o 1+y2
1
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14 y?

-
e
L:/ arctan y logy
- [

———dy
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In Iny arctany

1
Since for z €]0, 1], =7

5| < —Inz and for , B such that [, 8] C [0, 1],

+x

g . U lnz )
In xdx is convergent then ——dz is convergent.
a 0 1 +x
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From [2.3], it follows that the integral J is convergent since
yarctany Iny

1+ y?
on [0;1].

can be extended to a defined and continuous function
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Since,

2 2y _ 2
lim In(1+ y*) ~ lim In(1+ %) —In(1 + 0%)
y—0 Yy y—0 y—O
.2y
= lim
y—>01+y2
=0

then, from [2.3], it follows that the function
InyIn(1 + ?)
B R
1+y
on [0;1].

can be extended to a defined and continuous function

Indeed, for y €]0; 1],
Inyln(l+ ¢

1+ 92
Therefore, K is convergent.

In(1 4+ y?) " 1
1+9y2

=ylny x

For y €]0; 1],
arctany Iny — ylny x arctany « 1

14y Y 14y

From [2.3] and , it follows that this function can be extended to a defined
and continuous function on [0;1]. Therefore, L is convergent.

Lemma 3.1.

7Gln2 3
2 64

Proof.
Define for = € [0, 1] the function R:

z Lzl
R@):/ Ogtdt:/ @log(ey)
0 1+t 0 l—l—ﬂjy

Observe that R is continuous and, from H, it follows that, R(1) =

7I.2

TR
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L:ﬂ/ f(z) dx
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3 1
L=-"_ / vlog(zy) dxdy
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3 1 y=1
LT / [logxlog(l + m])] dp
0

48 1 +x2 =0
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sdy — 7 5y
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From it follows that,
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Therefore,

Lemma 3.2.

™ 1
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Proof.

Define for all y € [0, 1],

S(y) = /Oy tln(t)dt

1+t

14,2

ty* In(t
[ o,
0

1+ 122

Observe that S is continuous and, from , it follows that, S(1) = —

J = [S(y) arctan y]l /01
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@.
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Since, from [2.2]and [2.5, it follows that,

1 2
1

/ nt o™

o t—1 6

/1 Int 2
dt = ——
o 1+t 12

then,

J:—leGan—lT;:;—;K—F;M
Lemma 3.3.
(3.3) | K = M — 27 — 567;3 - GI;Q +253(3)
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Proof.

Define for all y € [0, 1],

T(y) = /0 ’ 1111?2 dt

LoyIn(t
:/ yn(2y)2dt

Observe that 7" is continuous and, T'(1) = —G.

InyIn(1 + 3?) 'NE /1 2yT'(y)
K= —————=dy = |T'(y) In(1 — d
[ gy = [ )] - [ 2

29/ lnty)
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=—-GIn2— dtd dtd
Gln // A+ )1+ 2)5Y ™ // A+ e+

2y1
 Cn2 _/ [ Yy nyarctan(ty)] iyt
0 t=0

1+ 42
/1 Intarctan(ty) + Int arctany n Intarctan(ty) — Intarctany  2Intarctan(ty) y=1 i@t
0 1+t t—1 t -
1 1 1
T Int T Int Intarctant
=—Gn2—-2J+ L+ — dt + M — — dt — 2 ————dt
. ++4/01+t+ 4/0t—1 /0 /
1
Intarctant
sine,fom [ g ) en
0
573 Gln?2
K=M-2J—— — 2
T~ % 5 +2003)

From and , it follows that,
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