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By F.W.Nietzsche, a German philosopher.



International J.Math. Combin. Vol.2(2016), 1-15

Smarandache Curves and Applications
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Abstract: In this paper, we investigate Smarandache curves according to type-2 Bishop
frame in Euclidean 3- space and we give some differential geometric properties of Smaran-
dache curves. Also, some characterizations of Smarandache breadth curves in Euclidean 3-

space are presented. Besides, we illustrate examples of our results.
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81. Introduction

A regular curve in Euclidean 3-space, whose position vector is composed by Frenet frame
vectors on another regular curve, is called a Smarandache curve. M. Turgut and S. Yilmaz
have defined a special case of such curves and call it Smarandache TBy curves in the space
E} [10]. Moreover, special Smarandache curves have been investigated by some differential
geometric [6]. A.T.Ali has introduced some special Smarandache curves in the Euclidean space
[2]. Special Smarandache curves according to Sabban frame have been studied by [5]. Besides, It
has been determined some special Smarandache curves E3 by [12]. Curves of constant breadth
were introduced by L.Euler [3].

We investigate position vector of curves and some characterizations case of constant breadth

according to type-2 Bishop frame in E3.

82. Preliminaries

The Euclidean 3-space E® proved with the standard flat metric given by

<,>=da} + daj + dr}

1Received November 26, 2015, Accepted May 6, 2016.
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where (21, 72, ¥3) is rectangular coordinate system of E3. Recall that, the norm of an arbitrary
vector a € E3 given by |la|| = /< a,a >. ¢ is called a unit speed curve if velocity vector v of
¢ satisfied |Jv]| =1

The Bishop frame or parallel transport frame is alternative approach to defining a moving
frame that is well defined even when the curve has vanishing second derivative. Omne can
express parallel transport of orthonormal frame along a curve simply by parallel transporting
each component of the frame [8]. The type-2 Bishop frame is expressed as

& 0 0 —& &1
S 1 =10 0 —e || & (2.1)
B €1 €2 0 B

In order to investigate type-2 Bishop frame relation with Serret-Frenet frame, first we
B'=—7N = 5151 + 6252 (22)

Taking the norm of both sides, we have

Moreover, we may express
e1(s) = —7cosb(s), €a(s) = —7sinb(s) (2.4)

By this way, we conclude 0(s) = Arctan i—2 The frame {&;,&, B} is properly oriented,
1

and 7 and 6(s) = [ k(s)ds are polar coordinates for the curve a(s).

C—un

We write the tangent vector according to frame {&1, &2, B} as
T =sinf(s)& — cosb(s)&2
and differentiate with respect to s

T'=kN = 0'(s)(cosf(s)& + sinf(s)&2) (2.5)
+sin0(s)&; — cosB(s)&, '
Substituting & = —e1B and £, = —e3B in equation (2.5) we have
kN = 6'(s)(cos 0(s)&1 + sinf(s)&2)

In the above equation let us take 0'(s) = k(s). So we immediately arrive at

N = cosf(s)&1 + sinf(s)éa



Smarandache Curves and Applications According to Type-2 Bishop Frame in Euclidean 3-Space

Considering the obtained equations, the relation matrix between Serret-Frenet and the type-2

Bishop frame can be expressed

T sinf(s) —cosf(s) 0 &
N | = | cosf(s) sinf(s) 0 | .| & (2.6)
B 0 0 1 B

§3. Smarandache Curves According to Type-2 Bishop Frame in E?

Let a = a(s) be a unit speed regular curve in E% and denote by {£§, &5, B} the moving Bishop

frame along the curve a. The following Bishop formulae is given by

€ = —e7B7, €8 = —e§B%, B = efey + 368

3.1 &16-Smarandache Curves

Definition 3.1 Let o = a(s) be a unit speed reqular curve in E® and {£5, €S, B} be its moving

Bishop frame. £&1&3-Smarandache curves can be defined by
Bs™) = (65 +65) (3.1)
\/5 1 2 :

Now, we can investigate Bishop invariants of &;&;-Smarandache curves according to o =
a(s). Differentiating (3.1.1) with respect to s, we get

: d ds* -1
=B e vep)Be

= ds* ds 2
(3.2)
ds* -1
where Is* .
S « «
gzﬁ(fl +52) (33)
The tangent vector of curve 3 can be written as follow;
Tp = —B" = —(e7¢7 +6563) (3.4)
Differentiating (3.4) with respect to s, we obtain
dly ds*
.2 (3.5)

=18l +e38y

ds* ds
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Substituting (3.3) in (3.5), we get

I \/5 [eWale}? (e ale?
Ts= M(Elgl +e5¢5)

Then, the curvature and principal normal vector field of curve g are respectively,

V2

« «
el +¢&5

(€)% + (e3)°

7 = s =

1
Np = ———— (167 +555)

(e9)% + (¢%)

On the other hand, we express

1 P oBe
a)2 a)2
(51) + (52) E(ft Eg 0

So, the binormal vector of curve [ is

1
By = ———— (367 — £763)
(9)” + (&5)

We differentiate (3.2); with respect to s in order to calculate the torsion of curve 3

B= {5 +eqegler

+ 6968 + (9)]€g + [£9 + 3]} B

and similarly
-1
p= E(alf? + 0265 + 65 B)

where
«

o1= 3efef+efes+2eTes- (1) - (e7)" €3
. . ' 2 3

do= 2efef+efe§+3e5ed-ef (€3)° - (€9)

03= ef +¢€5

The torsion of curve 3 is

= ey T T e (ERes + (65))01 — (65 +e5)(e1)” + =fe8)]62)

3.2 &1 B-Smarandache Curves

Definition 3.2 Let o = a(s) be a unit speed reqular curve in E® and {£5, €S, B} be its moving
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Bishop frame. & B-Smarandache curves can be defined by

B(s") = —= (& + BY) (3.6)

7

Now, we can investigate Bishop invariants of £; B-Smarandache curves according to a =

a(s). Differentiating (3.6) with respect to s, we get

Looapg odst -1, . o
f= I ds \/5(513 + ef&T +e5¢5)
(3.7)
ds* -1
Ts oo = E(—E?Ba +eTET +e565)
where
* a2 )2
ds 2
The tangent vector of curve 3 can be written as follow;
1 [eFale’? (e ale? (0% (0%
Ts = 5 5 (eT€r +e585 — e BY) (3.9)
2(e7)” + (¢3)
Differentiating (3.9) with respect to s, we obtain
dlgs ds* 1 o o o
F—= 7 (& +a +3 B”) (3.10)
ds* ds an2 an2] 2
[2(e8)° +(5)°]

where _ .
m= efeges+ey (e3)”
po=2(e%)" eg-2eTetes+2 (ef)" e3-2 (e7)” e5-€f (£9)

pz= efeses —2(ef) + (e9)% (e5)” — ef (9)°

Substituting (3.8) in (3.10), we have

| ﬁ (o3 (o3 (o7
Tﬁ = 2(#151 + p2és + usBY)

[2(e8) + ()]

Then, the first curvature and principal normal vector field of curve  are respectively
V2 \/ﬁ
=Kg=T— % 32 + ps +
H H 8= E‘f‘)2+(5§‘)2]2 M 125) M3
1

———— (&1 + p2&y + psBY)
Vit ps 4 s

Ng =
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On the other hand, we get
1 (o7 (o7 «
Bg= (126§ +p3ed )€

2 2
Vi tp3+p3/2(€9)” 4 (€9)

— (&7 +pslT) €5+ (noef-pey) BY]

We differentiate (3.7) with respect to s in order to calculate the torsion of curve g8

B= SH{[2(e5) +e5)ep
+[—efes +ef — (e9)°)68 _51 “}

and similarly

-1
(1€ +Toéy +T'3B%)

G

where
Ti= -6efed+ed+2(9)
I'y= —25.‘1"52 -£9 53‘4—52 2e§eg+ef (53‘)2—53‘83‘4—(53‘)3
T3= -

The torsion of curve 3 is

)2 a\214 )
A= T Eiﬁ;l(i%igié) {[(-e5e5-5+ (€5)")T

-2((e9)% — )Tt (-eeg-e5 + (e3)°)T3)e
[(ef — 2(e9)*)Ts + e§T1]eg )

3.3 & B-Smarandache Curves

Definition 3.3 Let a = a(s) be a unit speed reqular curve in E3 and {£§, £S5, B} be its moving
Bishop frame. & B-Smarandache curves can be defined by

B(s™) = (62 +B%) (3.11)

%\

Now, we can investigate Bishop invariants of & B-Smarandache curves according to o =

a(s). Differentiating (3.11) with respect to s, we get

- dB ds*
B=—m oo = (e B e +e56)

gs: ds (3.12)
Tp - s (e7€Y + €585 —e5BY)
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where
ds* _ [(e0)’ +2(e5)”
= 3.13
ds 2 ( )
The tangent vector of curve 3 can be written as follow;
a2 a2
2(ef)” + (%)
Differentiating (3.14) with respect to s, we obtain
dlgs ds* 1 o o o
e 7 (€T +mgs +135%) (3.15)
s* ds o2 2] 2
()" +2(5)°]

where .
m= 2(ef (€§)-e5es)

m= (e3)7es + (67)” ef-efefes
a2 L« a3 o4 a4 a2 [ a2
m= () eg+ 2(e5)" - (e7) -2(ef) -3 (1) (¢9)
Substituting (3.13) in (3.15), we have

| \/5 « « «
Ty = 5 (m&T +m285 +n3B?)

[2(e8) + (7]

Then, the first curvature and principal normal vector field of curve § are respectively

V2V s+

(e +2(5)]

1
—————= (&} + S +n3B*)
n +1n3 + 3

Ns =

On the other hand, we express

1
Bs= [(m2e5 +n3e5)ET

2 2
Vit (€9)” +2(€%)

— (m&5+msst) &5+ (n2e7-mes) B

We differentiate (3.12); with respect to s in order to calculate the torsion of curve 3

B= L{lever+es — () ler

+[e5 — 2(c9)%)és — e B}
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and similarly

B = %(mé? + 1285 +n3BY)

where
m= -efed —befef+et+ (e7) €8 + (ef)
M= -4e5e5 + €5 + 2e5
n3= -€5

The torsion of curve g is

o 2 e 214 . . 2
- [i Vli)(njfngiiy 2]) {572 + (5 — 2(c5)*)ms)es
1 2 3

+[2(e8)? m+(efes-e8+ (9)")me

+(-efes+ef)nsles }
3.4 &€& B-Smarandache Curves

Definition 3.4 Let a = a(s) be a unit speed reqular curve in E® and {£5, €S, B} be its moving

Bishop frame. £{&2B-Smarandache curves can be defined by

B(s") = (€8 +65 + BY) (3.10)

Now, we can investigate Bishop invariants of £{*¢; B-Smarandache curves according to

a = «(s). Differentiating (3.16) with respect to s, we get

b dﬁ dS* «a a e} oo aco
= ds* ds %[(51 +£9)BY — ef &y — €583
(3.17)
dS* 1 a o o [e X afe] (e ¥aod
Tp - ds _3[(51 +e9)B — ef €y — €565))]
where
ds* _ [2[(e9)” + efeg + (c3)°) (3.18)
ds 3 |

The tangent vector of curve 3 can be written as follow;

7, - NGB (o 5B 3.19)

V2 +eves + (69)7)
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Differentiating (3.19) with respect to s, we get

dlp ds* (A&PH+A288 +A3B%)
ds* ds
2v2 [(3)° +5eg + (65)°]

(3.20)

e

where

A= [5%{‘—2 (a‘f‘)2 -e§edu(s)-ey [QE?E?+E?E%+E?ES‘+253‘ES‘]
do= [e5-2(e9)” -efesu(s)-egles + efes + 2e5e5]
As=  [e9-eSu(s)+ed (2600 +3e0eg +ePed+265¢S]
aflo ( a)2 )2
+e[ef (65)” +2(e9)7]
Substituting (3.18) in (3.20), we have

VB(AMEL+A2E5+ A3 BY)

T, =
a o2 4 o o (2]’
4[(51) +5152+(52)}

Then, the first curvature and principal normal vector field of curve  are respectively

3VAT + A3+ N2
e

2
4[(e5)” +eteg + ()]

(3.21)

1
Np = ———=—= (M&]" + Ma&§ + A3B?)

VA2 4+ A3+ )3

On the other hand, we express

. & & B
Bj= det | ef e (e +e5)
(6% 2 [ePNe} (07 2
\/2[(51) +51 52+ (52) ] "V )‘%—F)‘%—"Ag )\1 )\2 )\3

So, the binormal vector field of curve 3 is

1

\/2[(51) +efes+(e5)7] - v )‘%‘H‘%‘H‘%

Bs =

{l(e7 +e5)M

— e AgJET [T Aa- (e + €3) 165 +[eT Ao-e5 M | B}

We differentiate (3.20) with respect to s in order to calculate the torsion of curve (3
B= -Js{[2(ef)" +efep-efles

+[2 (69)" +efed-e5165+ [e7+ €] B}
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and similarly

5 = -%(015? + 028y + 03B”)

where
m= Adefef+3efes-ef-2(ef)” - (e7)" €8

ma= befegtefes+etes-e5-2(e9) -ef (€%)
ns= e5+eg
The torsion of curve 3 is

o 16[(e%)24+e%eS +(5)?)? 2 y p 2
mim MDD (0 (o) tefeg oo +He5-2 () <Fe8)on

+(2(e9) +efeg-e)osled+[-e9-265+2 (63)° +e5e3 )

2

+(-2(e9)? -efeg +ef)o2 + (2 (€9)? +efeg-e9)os)es )

§4. Smarandache Breadth Curves According to Type-2 Bishop Frame in E?

A regular curve with more than 2 breadths in Euclidean 3-space is called Smarandache breadth

curve.

Let o = a(s) be a Smarandache breadth curve. Moreover, let us suppose o = «(s) simple
closed space-like curve in the space E3. These curves will be denoted by (C). The normal plane

at every point P on the curve meets the curve at a single point ) other than P.

We call the point @ the opposite point P. We consider a curve in the class I' as in having

parallel tangents &; and & opposite directions at opposite points o and a*of the curves.

A simple closed curve having parallel tangents in opposite directions at opposite points

can be represented with respect to type-2 Bishop frame by the equation
a’(s) = a(s)+ A+l +nB (4.1)

where A(s), ¢(s) and n(s) are arbitrary functions also o and o* are opposite points.

Differentiating both sides of (4.1) and considering type-2 Bishop equations, we have

do*  ds*  dA dy
d—s—fl ds (d_s +ne1+ D&+ (-

ds 27752)52 (4.2)

+ (—Ae1 — pea + d—Z)B
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Since & = —&; rewriting (4.2) we have

X ds*

>z 11—
ds e ds

d
d—w = —@52 (4'3)
S

d
ST = et + pes
ds

If we call 6§ as the angle between the tangent of the curve (C) at point a(s) with a given

do
direction and consider g5 = we have (4.3) as follow:
s

d\ €1
s 0
7 n——f(0)
do . _ 22 (4.4)
do K
d’l] €1 135}
il AL -2
do K
1
where f(0) =0+ 6", d = —, 0* = — denote the radius of curvature at o and o* respectively.
K K
And using system (4.4), we have the following differential equation with respect to A as
RS k d e d’\N €2 e d, k. d, e
W_[E@(Z)]doﬁ[@ K de(sl)do( )
Kk d? dA g1 d &1 8%
A
51d92( )]dﬁ [/qu( )- 52/@] +
(4.5)

d?f K k d ,e1..df
tn e 50w

6% €1 d k.d e Kk d?

e S w )+51d92( )]f(0) =0

Equation (4.5) is characterization for o*. If the distance between opposite points of (C)
and (C*) is constant, then we can write that

la* — ol = A? 4+ ¢? +1? = I? = constant (4.6)

Hence, we write

dA dp dn
)\@ @—i— 0 =0 (4.7)

Considering system (4.4) we obtain

A-f(0) =0 (4.8)
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We write A = 0 or f(#) = 0. Thus, we shall study in the following subcases.

Case 1. )\ = 0. Then we obtain

0 i 060 o 9
= — [ = f(0)ds, = —dh)=do
7 g&f() ¢ JQHH )— (4.9)
and
df df L T,sin’l 7

W_@_[(H) p— —Ecosﬂ]f:() (4.10)

General solution of (4.10) depends on character of T Due to this, we distinguish following
K
subcases.

Subcase 1.1  f(6) = 0. then we obtain

€1
A= —db
s
0 e,
o=—[n—=df (4.11)
0 K
0 o 0 &,
= [ A\—df —=db
7 { — +gwﬁ

Case 2. Let us suppose that A # 0, ¢ # 0 ,n # 0 and A, ¢,  constant. Thus the equation
(4.4) we obtain L _0and 22 =o0.
K K
) A3\ . ) 02
Moreover, the equation (4.5) has the form —= = 0 The solution (4.12) is A = L1%5 +
Ls6 + L3 where L1, Ly and L3 real numbers. And therefore we write the position vector ant

the curvature
@ =a+ A& + A6 + A3B
where A; = A\, A; = p and A3 = 7 real numbers. And the distance between the opposite points
of (C) and (C*) is
|a* — al = A3 + A2 + A2 = constant

85. Examples

In this section, we show two examples of Smarandache curves according to Bishop frame in E3.

Example 5.1 First, let us consider a unit speed curve of E3 by

B(s)= (% sin(9s) — 8_£5)O sin(25s),

15
_ 2 7 cos(258). —2 &i
306 cos(95)—|—850 cos(25s), 136 sin(8s))
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Fig.1 The curve 8 = (3(s)

See the curve 3(s) in Fig.1. One can calculate its Serret-Frenet apparatus as the following

T = (% cos9s + 394 cos 25s, :2,)2 sin 9s — % sin 25s, i‘; cos 8s)

N = (32 csc8s(sin9s — sin 25s), — 2 csc 8s(cos9s — cos 25s), %)

B = (3 (25sin9s — 9sin 25s), — (25 cos 9s + 9 cos 25s), —12 sin 8s)
Kk = —15sin8s and 7 = 15 cos 8s

In order to compare our main results with Smarandache curves according to Serret-Frenet
frame, we first plot classical Smarandache curve of 3 Fig.1.

Now we focus on the type-2 Bishop trihedral. In order to form the transformation matrix
(2.6), let us express

S

15
0(s) = —/15 sin(8s)ds = 5 cos(8s)
0
Since, we can write the transformation matrix

T sin(£2 cos8s) — cos(%2 cos8s) 0 &
N cos(22 cos8s)  sin(22 cos8s) 0 |- &2
B

0 0 1 B

13
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=
m -
L ial

!:.':I
b Ew  CFI
lissaly

0

]
=

Fig.2 £1& Smarandache curve

By the method of Cramer, one can obtain type-2 Bishop frame of 3 as follows

&= (sinB(22 cos9s — 2 cos25s) + 55 cos f csc8s(sin 9s — sin 25s),

15

37 cos 0 csc 8s(cos 9s — cos 25s),

sin 0(2 sin 9s — 2 sin 25s) —

15 8
12 sinf cos 8s + 1= cos 6)

fo= (—cosf(22 cos9s — 2 cos25s) + 12 sin f csc 8s(sin9s — sin 25s),
15
-cos (32 sin9s — 2 sin 25s) — 35 sin 0 csc 85(cos 9s — cos 25s),

— 12 cos B cos8s + == sin6)

B = (3(25sin9s — 9sin25s), — 3 (25 cos 9s + 9 cos 25s), —12 sin 8s)

where 0 = COS(SS) So, we have Smarandache curves according to type-2 Bishop frame of the
unit speed curve 8 = a(s), see Fig.2-4 and Fig.5.
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Fig.3 & B Smarandache curve
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81. Introduction and Preliminary Notes

The concepts of the natural lift curve and geodesic sprays have first been given by Thorpe in
[17]. Thorpe proved the natural lift @ of the curve « is an integral curve of the geodesic spray iff
« is an geodesic on M. Caligkan at al. studied the natural lift curves of the spherical indicatries
of tangent, principal normal, binormal vectors and fixed centrode of a curve in [16]. They gave
some interesting results about the original curve, depending on the assumption that the natural
lift curve should be the integral curve of the geodesic spray on the tangent bundle T’ (52). Some
properties of M-vector field Z defined on a hypersurface M of M were studied by Agashe in
[1]. M-integral curve of Z and M-geodesic spray are defined by Caligkan and Sivridag. They
gave the main theorem: The natural lift @ of the curve a (in M) is an M-integral curve of the
geodesic spray Z iff  is an M-geodesic in [8]. Bilici et al. have proposed the natural lift curves
and the geodesic sprays for the spherical indicatrices of the the involute evolute curve couple in
Fuclidean 3-space. They gave some interesting results about the evolute curve, depending on
the assumption that the natural lift curve of the spherical indicatrices of the involute should
be the integral curve on the tangent bundle T’ (52) in [6]. Then Bilici applied this problem
to involutes of a timelike curve in Minkowski 3-space (see [7]). Ergin and Caligkan defined
the concepts of the natural lift curve and geodesic spray in Minkowski 3-space in [10]. The

analogue of the theorem of Thorpe was given in Minkowski 3-space by Ergiin and Caligkan in

1Received June 6, 2015, Accepted May 8, 2016.
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[10]. Caligkan and Ergiin defined M-vector field Z, M-geodesic spray, M-integral curve of Z, M-
geodesic in [9]. The analogue of the theorem of Sivridag and Caligkan was given in Minkowski
3-space by Ergiin and Caligkan in [10]. Walrave characterized the curve with constant curvature
in Minkowski 3-space in [16]. In differential geometry, especially the theory of space curve, the
Darboux vector is the areal velocity vector of the Frenet frame of a spacere curve. It is named
after Gaston Darboux who discovered it. In term of the Frenet-Serret apparatus, the darboux
vector W can be expressed as W = 7T + kB, details are given in Lambert et al. in [13].

Let Minkowski 3-space R} be the vector space R? equipped with the Lorentzian inner
product g given by

g(X,X)=—2% + 25+ 23

where X = (71,79,73) € R3. A vector X = (x1,72,23) € R3 is said to be timelike if
g(X,X) < 0, spacelike if g(X,X) > 0 and lightlike (or null) if g (X, X) = 0. Similarly, an
arbitrary curve o = a(t) in R} where t is a pseudo-arclength parameter, can locally be
timelike, spacelike or null (lightlike), if all of its velocity vectors « (t) are respectively timelike,
spacelike or null (lightlike), for every t € I C R. A lightlike vector X is said to be positive (resp.
negative) if and only if z; > 0 (resp.z1 < 0) and a timelike vector X is said to be positive

(resp. negative) if and only if 21 > 0 (resp. 1 < 0).The norm of a vector X is defined by [14]

X1 = Vg (X, X)].

We denote by {T (t), N (¢), B (t)} the moving Frenet frame along the curve . Then T, N and
B are the tangent, the principal normal and the binormal vector of the curve «, respectively.

Let a be a unit speed timelike space curve with curvature x and torsion 7. Let Frenet
vector fields of a be {T, N, B}. In this trihedron, T is timelike vector field, N and B are
spacelike vector fields.For this vectors, we can write

TxN=B, NxB=-T, BxT=N,
where x is the Lorentzian cross product, [4]. in space R? . Then, Frenet formulas are given by
T =kN,N =kT + 7B, B = —7N, [16].

The Frenet instantaneous rotation vector for the timelike curve is given by W = 7T + kB.
Let o be a unit speed spacelike space curve with a spacelike binormal. In this trihedron,
we assume that T and B are spacelike vector fields and N is a timelike vector field. In this
situation,
TxN=B, NxB=T, BxT=-N,

Then, Frenet formulas are given by
T =kN,N =xT+7B, B =N, [16].

The Frenet instantaneous rotation vector for the spacelike space curve with a spacelike

binormal is given by W = 7T — kB.
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Let a be a unit speed spacelike space curve with a timelike binormal. In this trihedron, we

assume that T' and N are spacelike vector fields and B is a timelike vector field.In this situation,
TxN=-B, NxB=T, BxT=N,

Then, Frenet formulas are given by,

’

T =kN,N =—kT+ 7B, B =1N, [16].

The Frenet instantaneous rotation vector for the spacelike space curve with a timelike
binormal is given by W = —7T + kB.

Lemma 1.1([15]) Let Xand Y be nonzero Lorentz orthogonal vectors in R}. If X is timelike,
then Y is spacelike.

Lemma 1.2([15]) Let X and Y be pozitive (negative ) timelike vectors in R3. Then
g (X,Y) < XY
whit equality if and only if X and Y are linearly dependent.

Lemma 1.3([15]) (1) Let X and Y be pozitive (negative) timelike vectors in R3. By the Lemma

2, there is unique nonnegative real number ¢ (X,Y) such that
9 (X,Y) = [ X[[[[Y] cosh (X,Y),

the Lorentzian timelike angle between X and Y is defined to be p (X,Y).
(2) Let X and Y be spacelike vektors in R} that span a spacelike vector subspace. Then

we have

lg (X, V) < I XY
Hence, there is a unique real number ¢ (X,Y) between 0 and w such that
g(X,Y) = [[X[[[[Y]lcosp (X,Y),

the Lorentzian spacelike angle between X and Y is defined to be v (X,Y).

(3) Let X and Y be spacelike vectors in R$ that span a timelike vector subspace. Then we
have

9 (X, Y) >[I X[[[Y]-
Hence, there is a unique pozitive real number ¢ (X,Y) between 0 and 7 such that
g (X, V)| = | X[ [[Y][ coshp (X, Y,

the Lorentzian timelike angle between X and Y is defined to be ¢ (X,Y).

(4) Let X be a spacelike vector and Y be a pozitive timelike vector in R3. Then there is
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a unique nonnegative reel number ¢ (X,Y) such that
lg (X, V)| = [ X[[[Y[lsinhe (X,Y),
the Lorentzian timelike angle between X and Y is defined to be ¢ (X,Y).

For the curve o with a timelike tanget, let 6 be a Lorentzian timelike angle between the

spacelike binormal unit —B and the Frenet instantaneous rotation vector W.

a) If |k| > |7|, then W is a spacelike vector. In this situation, from Lemma 3 (3) we can
write

k = ||W]|| cosh 8, T = ||W| sinh @

[W> = g(W,W) = k2 —72and C = % = sinh T + cosh B, where C' is unit vector of
direction W.

b) If || < |7|, then W is a timelike vector. In this situation, from Lemma 3 (4) we can
write

k = ||W]| sinh@, 7= ||W| cosh@

W =—g(W,W)=— (k% —72) and C = cosh 6T + sinh §B.
For the curve a with a timelike principal normal, let # be an angle between the B and the
W, if B and W spacelike vectors that span a spacelike vektor subspace then by the Lemma 3

(2) we can write
Kk =|W]| cosf, 7=|W]|sind

HWH2 =g(W,W) =#k%2+7%and C = sin0T — cos0B.

For the curve o with a timelike binormal, let 6 be a Lorentzian timelike angle between the
—B and the W.

a) If || < |7], then W is a spacelike vector. In this situation, from Lemma 3 (4) we can
write

k = ||W]| sinh @, 7= ||W| cosh@
W =g(W,W) =72~ &*and C = — cosh§T + sinh §B.
(b) If |x| > |7], then W is a timelike vector. In this situation, from Lemma 3 (1) we have

k = ||W]|| cosh 8, T = ||W| sinh@

[W|* = —g(W,W) = — (2 — k2) and C = — sinh §T + cosh §B.

From [10], we know that if o be a unit speed timelike space curve, then the natural lift
@ of « is a spacelike space curve; if a be a unit speed spacelike space curve with a spacelike
binormal, then the natural lift @ of « is a timelike space curve; if o be a unit speed spacelike
space curve with a timelike binormal, then the natural lift @ of « is a spacelike space curve. If

a be a unit speed timelike space curve and @ be the natural lift of a, then from [12] we know



20 Evren ERGUN and Mustafa CALISKAN

that

K)oy T () gy 5

and if « be a unit speed spacelike space curve with a spacelike binormal and @ be the natural
lift of «, then

K (8)
W]

7 (s)
gl

7 ()
g

K (8)
W]

T(s)=N(s), N(s)= T (s)+ B(s) , B(s) = T (s) - B(s),

and if a be a unit speed spacelike space curve with a timelike binormal and @ be the natural
lift of «, then

0]
W]

)
Wil

B(s) , B(s) = 7—(S)T(s)—i— K(S)B(s).

T (s)=N(s), N(s) = vl W1

T (s)

Definition 1.1([4]) Let M be a hypersurface in R and let o : I — M be a parametrized

curve. o is called an integral curve of X if
—(a(s)) =X (a(s)) (forall seI),
where X is a smooth tangent vector field on M. We have

T™™ = |J TpM = x (M),
PeM

where TpM is the tangent space of M at P and x (M) is the space of vector fields on M.

Definition 1.2([5]) A parameterized curve a: I — M, a: 1 — TM given by

a(s) = (a(s),0 () =0’ (5) (e
is called the natural lift of a on T M. Thus, we can write

da d /s /
== (0" ) aw) = Dar9a’ )

where D is the Levi-Civita connection on R} .

A ruled surface is generated by a one-parameter family of straight lines and it possesses a
parametric representation
X (s,v) = a(s)+ve(s),

where « (s) represents a space curve which is called the base curve and e is a unit vector

representing the direction of a straight line.

The striction point on a ruled surface X is the foot of the common normal between two

consecutive generators (or ruling ). The set of striction points defines the striction curve given
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as
g (o/, e/)
B(s) =als)— I (s) [2].
The distribution parameter of the ruled surface X is defined by ([2])

det (a/,e,e/)
e~ T 2
lle’l

and the ruled surface is developable if and only if P, = 0.

82. Ruled Surface Pair Generated by Darboux Vectors of a Curve and
Its Natural Lift in R}

In this section the darboux vector W of the natural lift @ of a curve « are calculated in terms
of those of o in R . We obtained striction lines and distribution parameters of ruled surface
pair generated by Darboux vectors of the curve o and its natural lift @. Let o be a unit speed

timelike space curve. Then the natural lift @ of « is a spacelike space curve.

Proposition 2.1 Let « be a unit speed timelike space curve and the natural lift @ of the curve

a be a space curve with curvature ® and torsion T. Then

Wil

B _/q, (8)7 () + K (s)T (s)
m(s)’T(S>_ .

Rlo)= = () WP

Proposition 2.2 Let « be a unit speed timelike space curve and the natural lift @ of the curve

a be a space curve.

(2) If the natural lift @ is a unit speed spacelike space curve with a spacelike binormal, then

T (m/ (S)T(S)—FFL(S)T/ (s)) N+B

hll

(s
(s)

~—

W:

=

w(s) W)

(i) If the natural lift @ is a unit speed spacelike space curve with a timelike binormal, then

W_T@T+<A@T@+n@%@»N+B
n (s) R (s) W]

Let X and X be two ruled surfaces which is given by

X (s,v) = a(s) +vC (s), X (s,v) =a(s)+vC (s)

The striction curves of X and X are given by (s) = a(s) — AC (s) and 3(s) = @ (s) —
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uC (s),respectively. The distribution parameters of the ruled surfaces X and X are defined by

B det (o/,C, C/) -

det (a’,a 6’)
o= T

2

o

Proposition 2.3 If the natural lift @ is a unit speed spacelike space curve with a timelike

binormal, then

P —
(K" (s)]” = [7" (5)]
HWHFL(S)UI (s)

H=—= 2 )

- [T k()0 (3)] 4 [0 () + [0 () 7 ()]

7075 (o) (I 4 5)0 )

r(s)?

Poc =0, Py =

r(s)?

‘_ {_n’(s)f(s)ﬂ(s)f’(s) +r(s)o (S)r +o' () + o (s) 7 (s)]

H/(S)T(S)+H(S)T/ (s)

where o (s) = FEBIGE

Proposition 2.4 If the natural lift @ is a unit speed spacelike space curve with a spacelike

binormal, then

’

) E—
[ (s)]” = [7" (5)]
) 7] % (50" ()
u= ’ ! 2 2 27
_ [—n (s)TS():)-:(S)T () _ K (s)o (S)] + [0 (8)]" + -0 (s) 7 (s)]

= @re 6 () (S)>

|
Q
—~
3
N~—
\]
@
S~—
[\v]
|
=
@
S—
7N

‘_ [_H’(sms)ﬁ(s)r’(s) —k(s)o (S)} i [—o" (s)]° + [0 (8) 7 ()]

r(s)?

K ()T (s)+r(s)T (5)

where o (s) = EBTGE

Let o be a unit speed spacelike space curve with a spacelike binormal. Then the natural

lift @ of « is a timelike space curve.

Proposition 2.5 Let a be a unit speed spacelike space curve with a spacelike binormal and the

natural lift @ of the curve a be a space curve with curvature & and torsion 7. Then

—K (8)T(s) +r(s)T (s)

-
w () WP

m(s)’T(S) -

% (s)
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Proposition 2.6 Let a be a unit speed spacelike space curve with a spacelike binormal and the

natural lift @ of the curve a be a space curve, then

W= T(S)T+ (—Iil (S)T(S)+Ii(2$)7'l (s)) N4B.
k (s) K (s) W]

Let X and X be two ruled surfaces which is given by

X (s,v) = a(s) +vC (s), X (s,v) =a(s)+vC (s)

Proposition 2.7 The striction curves of X and X are given by (3(s) = a(s) — AC (s) and
B(s) =a(s) — uC (s),respectively. The distribution parameters of the ruled surfaces X and X

dct(a/ 1010/ _ det (E/ ,6,6/
are defined by Po = I and P& = |6' 2. Then we have
P—C) R—
[ (s)]” + [7" (s)]
(2T (s)+o (s)) k() | W)
H== ’ ’ 2 )
{_N (S)TS();;S(S)T (S)} —[27(s) + o (s)]2 +lo(s)T (s)]2
- ki (s) (w th(s)o <S>> o (s)r(s)°
PC = 07 P = ! !’ 2
' | T ) 4 ()0 (s)] = [27 () + 0 ()" + [0 (5) 7 ()
where o (s) = TR (3)

() W2

Let a be a unit speed spacelike space curve with a timelike binormal. Then the natural

lift @ of « is a spacelike space curve.

Proposition 2.8 Let o be a unit speed spacelike space curve with a timelike binormal and the

natural lift @ of the curve a be a space curve with curvature & and torsion T.Then

’

Wil F(s) = 2 (s)7(s) —K(s)T (s)

F) = e T S T e

Proposition 2.9 Let o be a unit speed spacelike space curve with a timelike binormal and the

natural lift @ of the curve a be a space curve.

(¢) If the natural lift @ is a unit speed spacelike space curve with a spacelike binormal, then

1), (K &) k()7 (s)
W=-— T N — B.
A ( w (3) WP )
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(ii) If the natural lift @ is a unit speed spacelike space curve with a timelike binormal, then

SO P <,; (5)7(5) + (5) <s>> NiB
n(s) R () 7]

Let X and X be two ruled surfaces which is given by

X (s,v) =a(s) +vC(s), X (s,v) =a(s)+vC (s)

The striction curves of X and X are given by 3(s) = a(s) — AC (s) and ((s) = @(s) —
uC (s),respectively. The distribution parameters of the ruled surfaces X and X are defined by

det (o/,C, C/) _— det (6/,6, 6,)

Po =

Proposition 2.10 If the natural lift @ is a unit speed spacelike space curve with a timelike
binormal, then

’

T (s)
A= —
[ ()" = [+ (5)]
(27’ (s)+ o (s)) K (8) ||W||

2 ||WH7

p=- / ’ 2 ,
{_H o (s)} +[27(s)+ 0" (5))* = [0 ()7 (5)]”
7 o(6) (M o (5) 0 (5)) 0 (57 o)
Po=0, Pg= : : 2
‘ [—n (s)TS()S")‘f(s)T () _ (s)o (s)} +[27(s) + o (S)]2 o (s)r (s)]2
where o (s) = 5T +r(s)r(s)

w(s) W12

Proposition 2.11 If the natural lift @ is a unit speed spacelike space curve with a spacelike
binormal, then

) —
7 () = [ (s)]

(_27 (s)+o (S)) K (s) [[W]]

M - / ’ 2 R
[_ —K (S)TS();;;(S)T (s)} + [_27_ (S) +o (S)]2 _ [O’ (S) . (S)]2
_ K (s) (—ij(s)a(s)) —o(s)7(s)?
PC = 0, PC = - ; >
' {_ OO | (5) 0 ()] + [-27 (5) — o (5)]2 ~ [0 ()7 (s)]°
where o (5) = M

w(s) W2
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Example 2.1 Let a(s) = (%s, 2 cos (V3s), 3sin (\/53)) be a unit speed (timelike curve)

timelike circular helix with

T(s) = (?,—?sin(x/ﬁs),?cos(ﬁs)),

N(s) = (O, — Cos (\/gs) ,—sin (\/gs)) ,
B(s) = —?,2—\3/55111 (ﬁs),—?cos (\/gs)) and k =1,7=2,
C(s) = (1,0,0)

X (s,t) = <2—\3/§s +t, % cos (\/gs) , % sin (\/§S)>

and

X (s,t) = (? + %,—? sin (\/55) : ?cos (\/gs) + i) )

”"{/I////

Figure 1

Example 2.2 Let a(s) = (cosh (i) , —=,sinh (i)) be a unit speed spacelike hyperbolic
helix with
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and

Figure 2

Example 2.3 Let a(s) = (‘/Tgs, 2 cos (V/3s) , Zsin (\/gs)) be a unit speed (spacelike curve
with timelike binormal) spacelike circular helix with

T(s) = (ﬁ 2v3 sin (\/—s> icos (\@s)) ,
N(s) = (0, — cos (\/55) ,— sin (\/53)) ,
B(s) = % —£ (\/—s) \/——cos (\/§S)> and Kk =2,7=1

3 3
C(s) = (1,0,0)
X (s,t) = (?s +1t,— cos (\/—s) —sin (\@s))

and

X (s,t) = <§s - %t, —¥ sin (\/gs) , 27\/5 coS ( 35) - %t)
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Abstract: The book graph denoted by B2 is the Cartesian Product Sp41 x P> where
Sn+1 is a star graph with n vertices of degree 1 and one vertex of degree n and P» is the path
graph of 2 vertices. Let X, , denote the generalized form of Book graph where a family of
p cycles which are n in number, is merged at a common edge. The generalized flower graph
is obtained by merging ¢ copies of X, , with a base cycle C; of length ¢ at the common
edges. The resultant structure looks like flower with petals. In this paper we discuss some

properties satisfied by Tutte polynomial of this special graph and the related graphs.
Key Words: Tutte polynomial, recurrence relation, flower graph.
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§81. Introduction and Preliminaries

Tutte polynomial is a polynomial in two variables x,y with remarkable properties and it can
be defined for a graph, matrix and more generally for matroids. Tutte polynomial is closely
associated with many graphical invariants and in fact the following are the special cases of
Tutte polynomial along particular curves of (z,y) plane.

1) The chromatic and flow polynomial of a graph;

2) The partition function of a Q-state Pott’s model;

4) The weight enumerator of a linear code over GF(q);

(
(2)
(3) The Jone’s polynomial of an alternating knot;
(4)
(5) The all terminal reliability probability of a network;
(6) The number of spanning trees,number of forests, number of connected spanning sub-
graphs, the dimension of bicycle space and so on.
Tutte polynomial is widely studied for the reason that it provides structural information

about the graph.
Definition 1.1 (i) Let G = (V, E) be an undirected connected multi-graph. The Tutte polyno-

1Received November 3, 2015, Accepted May 12, 2016.



30 Nithya Sai Narayana

mial of the graph G is given by

T(G,ay) = 1if B(G) =6
= 2T (G.e,x,y) if e € FE and e is a cut edge;
= yT'(G—e,z,y) if e€ E and e is a loop;
= T(G-e,x,y)+T(Ge,x,y)if e € E and e is neither a loop nor a cut edge.

(ii) If G is a disconnected graph with connected components Gy,Ga, -+ , Gy with t > 2,
t

then the Tutte Polynomial of G denoted by T'(G,x,y) is defined as T(G,z,y) = [[ T(Gi,x,y).
i=1

Tutte polynomial of some of standard graphs are given below.

Theorem 1.2 Let T, be a tree on n vertices and let Cy, be a cycle on n vertices then

(1) T(Tn, x, y) — xnfl;i1
(2) T(Cryzy) =y + . o',

=1

Theorem 1.3 Let G be a bi connected graph. Let u,v be two vertices in G such that u,v are
joined by a path P? of length s where degree of each vertex in P?® is two except possibly for u,v
then

TG)=(1+z+2*+-- 2" HT(G - P*) + T(G.P%).

Proof Let e, eq,---es be the s edges in the path P?, then

T(G) T(G—e1)+T(G.e1)
= 25T(G - P*) + 2" 2T(G — P*) +---2°°T(G — P*) + T(G.P?)
(G is bi — connected, e’ is not a bridge in G — G; — Gy --- — G4_1)

1+z+2>+- 25 HT(G - P*) + T(G.P*). O

We study the Tutte polynomial of generalized Book graph. Cartesian product of two graphs
G1,Gs denoted by G1 x G is a graph with V(G x G2) = V(G1) x V(G2) and two vertices
(u1,v1), (uz,v2) of G1 x Go are adjacent if and only if either u; = uz and (vq, v2) is an edge in
G2 or v1 = vy and (u1,uz) is an edge of Gy. The book graph denoted by By, 2 or simplyB,, is
the Cartesian Product S,,+1 X P» where S,,+1 is a star graph with n vertices of degree 1 and
one vertex of degree n and P is the path graph of 2 vertices. It can be observed that book

graphs are planar. Some book graphs and their planar representation are given below.

— — .

Figure 1 Book graph B4 , Bs and their Planar representation
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We make a generalization of this graph. Through out this section T(G,z,y) = T(G)
denotes the Tutte polynomial for the graph G. We make use of the following notation. X, ,
denote a graph with n number of p-cycles with a common edge e = zy and let Y, , = X,, , — €
and Z,, = X, p.e. Note that Z,, , is actually a graph with n number of p — 1 cycles with a

common vertex.

Figure 2 X35, X535 ,X26

Thus B,, = X, 4 is a particular case of the graph we have defined which we call as gener-
alized book graph. We first arrive at some recurrence relation satisfied by these graphs. Before

we prove the relations satisfied by these graphs we will prove some preliminary results.

Notations and Conventions 1.4

(1) Let G; and G4 be two disjoint graphs each of them having a unique identified vertex.
The graph obtained by merging an identified vertex of G; to an identified vertex of Ga is
denoted by G1 x Gos.

(2) Let G1, G2 be two disjoint graphs each of them having two designated vertices namely
z,y and z’,y’. The graph obtained by merging the identified vertex x with 2’ and the vertex y
with 3’ is denoted by G1 * Ga.

(3) Let G be a graph with an identified vertex v. The graph obtained by taking n copies
of G and joining all the copies at the identified vertex v is denoted by G(*).

(4) Let G1,G2 be two disjoint graphs each with two identified vertices x,y and z/,y’
respectively. Let zy € FE(G) and z'y’ € E(G’). The graph obtained by merging the two
vertices x, 2’ and y,y’ and the edges xy and 2y’ to a single edge is denoted by G1 ® Gs.

Proposition 1.5 G be a graph which can be expressed as G = H x P, where P} is a tree of
order | + 1, then T(G) = z'T(H).

p=1 "
Proposition 1.6 T(C’é")) =T(Cp)" = [y + > xk} .
k=1

p—1
Proof Induction on n. Forn = 1,T(C,) = y+ Y. 2* by Theorem 1.2. Let v be the identified
k=1

vertex. Assume that the result is true for n — 1. Let G = C,(,n). Note that Clg") = C,(,nfl) x Chp.
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Let e be any edge adjacent to v. By recurrence relation

TG) = T(G—-e)+T(G.e)
= T(C{"™V x Pyy) + T(C"Y x Cpy)
= 2P ')+ T(C Y x Cpoy)
= 2P T(C) + T(C Y x Pyg) + T(C ™Y x Cps)
= 2O V) + 2P 2T(C V) + T(C ™Y X Cps)
by using Proposition 1.5
= @ ' +a" P4 )T(C) + T(C Y x Ch)
= (PP 44 I)T(C’Ignfl)) + yT(CZ(,”*l)) as C1 is a loop
= (@ 4P 4t y)T(CIS"*”)
p—1 p—1 n—1 p—1 n
S Ty y+zxk] | .
k=1 k=1 k=1

§2. Tutte Polynomial of Generalized Book Graph

Theorem 2.1 Let X,, , denote a graph with n number of p-cycles with a common edge e = xy
and let Y, , = X, p — € then,

Xnp and Yy, , satisfy the following recurrence relations
(1) T(Xnp)=TYnp)+T(Cp-1)";

(it) T(Yn,p) = [E xk} T(Yn-1,p) +T(Xn-1,) for n > 2 with T(Yy,) = aP~1.
Proof (i) e is neither a loop nor a cut edge and hence using recurrence relation of Tutte
polynomial

T(Xn,p) = T(Xnyp —e)+ T(Xn,p.e)
= T(Yny) + T(CS) = T(Ynp) + T(Cpor)"

using Proposition 1.6. This proves (1).

(ii) Clearly, Y7 , = a path of length p — 1 and hence T'(Y1,) = 2P~1. We prove this result
by induction on n.

For n =2, T(Ys,) = T(Ya, —€') + T(Y2p.¢') where ¢’ is any edge of Ys, adjacent to =
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other than e.

T(Yap) = 2" *T(Y1p)+T(Y1p+Pp-2)
= 2T (Y1p) + 2" T (Y1) + T(Y1p * Pp3)
= aPPT(Yi,) + 2" T (Vi) + -+ 2T (Yip) + T(Yap + Pr)

SRR

which proves the result for n = 2.

Yl p + T(Xl p)

Assume that the result is true for a graph Y,,_1 ,. Consider Y,, , and let €’ is any edge of
Y,,—1, adjacent to x other than e. Then,

T(Ynp) =TYn1p—€)+T (V1€

= 2" 2T (Yyo1,p) + T(Yno1,p * Pp2

=27 (V1) + 27 T(Ye1) + T(Yn 15 %Pp s

=aP T (Y1) + 2P T (Yao1p) + -+ + xT(Yn 1p) + T(Yn_1p %Py

Zx

which proves the result for n > 2. O

)
)
)
)

'n, 1 P + T(anlqp)a

n—2
Theorem 2.2 (i) T(Y,,) = b" 1P~ + [Z Vb+y— 1)"_1_7“] forn >2;

n—2 p—2
(ii) T(Xpp) =b""taP™! + [E bE(b+y — 1)"1]“} +(b+y—1)", where b= Y z* for
k=0 k=0

n > 2.

Proof By Theorem 2.1,
T(Yop) = | 2" T(Vac1p) + T(Xao1y)
= Z " T(Ynflﬁp) + T(Ynfl,p) + T(Opfl)nil

= Z z* T(Yn—l,p) + T(Cp—l)nil
Lk=0 i
= V(Y1) + T(Cy)

Note that T(Cp—1) = 2?24+ 2P 2 + .-+ +y = b+y — 1. We solve the recurrence
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relation,

T(Y1,) = a7
T(Y2p) = bT(Yl,p)"'T(Cp—l)

= bxP 7l 4+ (y+b—-1)= blaP~ ! 4+

2—-2
S b4y - 1)2—1—’f1 ,

k=0
T(Y3,p) = bT(Y2,p)+T(Cp—1)2

= V2P L4 0T(Cpy) + (y+b—1)?
= VP 4 bly+b—1)+(y+b—1)32

3—2

by — 1Ptk
k=0

T(Y47p) = bT(Y&p) + T(Cp,1)3

= V2P 0?T(Cpy) + 0T (Cpr)* + T(Cpy)?
= V2 +Pb+y—1)+bb+y—1P2+0b+y—1)>°

4-2
> b4y - 1)41’“] :
k=0

= plgpl g

)

= prlgpl g

Assume that by induction

n—3
T(Vary) = W20 4 | 050+ y - 1>"“] ,
k=0
T(Yn,p) = bT(Yn—l,p)'i‘T(Cp—l)n_l
n—3
— b{bn_2$p_1 + Zbk(b-i-y— 1)n—2—k }—l—(b—i—y— 1)71—1
k=0

= T 00+ y = )" A0+ y = )"+ by — 1)
= 0P by =) T b0y - 1) P (b y - 1)

n—2

k=0

— bnflxpfl 4

This completes the proof of (7).
T(Xnp) = T(Yap)+0+y-1)"

n—2
= P D ey - )R+ by - D),
k=0

which completes proof of (7). O
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Remark 2.3 Forn =1,

T(Xnp) = T(Cp)
= P 4Py by — 1),

which matches with the Theorem 2.2

An equivalent representation of Tutte polynomial for generalized book graph is the follow-

ing.

n

—1
bk(y +b— 1)n—1—k:| y

Theorem 2.4 T(X,,) = zb" + [
k=0

Proof By Theorem 2.2,

T(Xp,p) =b" 1o~ 4 +b+y-1)"<

n—2
S b +y -1k
k=0

p—1 _ 1
b = 2P 24P 34 ... 1041 =
z—1
= 2P l=blz—-1)+1=br—b+1

= 2Pt = (br — b+ 1B = 2b™ — b+ b
Hence,

T(Xpp) = xb"—b"+b" !+ +(b+y—1)"

n—2
Sk (h 4y — 1)k
k=0

= 2" ="+ bty - bbby — 1)
"0 +y — 1)+ (b+y -1 (*)

Now consider

zb"™ +

n—1
Z bk(y +b— 1)71—1—19] y
k=0

=ab" +y[(y+b— D" by +b— 1" b
=ab" + (y+b—1—(b—1)[(y+b—1)"" by +b—1)""2 4 "]
="+ (y+b—1) [(y+b—1)" by +b—1)"2 4 0]
-1 [(y+b—1)"" by +b—1)" 24 D]
:xbn‘F[(y_b_1)n+b(y—b—|—1)”*1+...+bn71(y+b_1)}
~b([ly+b—1)" " by +b—1) 2 b
+[(y‘f'b—l)n_l+b(y+b—1)"_2+...+bn—1]



36 Nithya Sai Narayana

=ab"+ (y+b—1D)"+by+b—1D" b (y+b— 1)

“by+b—-1)" =Py +b—1)" = =" by —1) = D"

+y+b—1D" by +b—1)" 2 0" R (y b — 1) F 0
=zt +(y+b—1)" ="+ (y+b—1)""+by+b—1)""2

0"y +b— 1)+ b (%)

From (*) and (**) we get

n—1

T(Xpp)=ab"+ [ Y bFy+b-1)""""y m
k=0

§3. The Generalized Flower Graph

The generalized flower graph is obtained by merging X,, , at each of the edge of a basic cycle of
length t. We define the generalized complete flower graph and generalized Flower graph with
k petals.

Definition 3.1 (i) A graph in which i copies of X, p is taken and is merged with any of the i
out of t edges of the base cycle C; of length t where, 1 <1i < t—1 is called a generalized flower
o

(79) A graph obtained by taking a base cycle Cy of length t and t copies of X, , and merging

the two graphs at the common edge of X, , with each of the edge of the basic cycle Cy is referred

graph with i petals and is denoted by G

to as Generalized Flower Graph or Generalized Complete Flower graph and is denoted by Gy, p ;.
In fact Gy pt = Gﬁf}pyt.

(i4i) The graph obtained by taking i copies of X, , with each of the cycle containing a
designated edge and joining the i copies at the end vertices of the designated edges is denoted
by H,(fgg

(3)
2,4,6

Figure 3 Generalized complete flower graph G2 4 5 and flower graph G
with 3 petals and generalized flower graph with one petal

Theorem 3.2 Let X,, ,, has the common edge e. Let Gﬁ});,t be the generalized flower graph with
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one petal. Then,

TG, = (Lt +a 4+ 22T (X ) +yly+b - 1"

Proof Let e; be any edge on C; other than e. By deletion contraction formula we get

T(Gn,p,t) = xt_QT(Xn p) + T(Gn,p,t—l)

= 33t72T(Xn,p) + xtigT(Xn,p) et ‘TT(Xnyp) + T(Gn7p72)
= (@422 4+ 2" DT(Xp,) + T (X)) + yT( 1)
= (L+a+a® 4+ 42" )T (Xpp) +yly +b—1)",

which completes the proof. O
Corollary 3.3 T(Gypp) =b"a" 1+ S bF(b+y—1)"F 4+ (y+b—1)"F!
k=1

Proof By Theorem 2.5 taking p = ¢t we get

T(Gupp) = (Lta+a®+ o ta )T (Xnp) +yly +b-1)"
n—2
— b{bnll'pl + Zbk(b+y _ 1)n717k + (b+y— 1)11} +y(y+b— 1)71
k=0

n—2
= paP 4 Z P b+y—1)" R bbb+ y—1D)"+yly+b—1)"
Lk=0

n—2
= Va4 DOV oy )" o+ y) by — 1)
Lk=0

= Va4 DY VT oy )" R bty -1+ ) (y+b— )"

- prgp—1 + Z bk+1(b_|_ y— 1)n717k + (b—|— y— l)n + (y +b— 1)n+1
Lk=0 J
= VP 4 bb+y— 1) by 1) 0 (D y — 1)

++y—1"+ (b+y—1)"

Z bk-i-l(b + y— 1)n—k
k=0

= bl 4 +(y+b—1)",

Lemma 3.4 Let u,v be two vertices of a graph G which are joined by n disjoint paths of length
p—1, namely Py, Ps,--- P, such that degree of each of vertices in Py, Ps,--- P, other than u,v
is 2 in G and removal of these n paths does not disconnect u and v, then

T(G) = b"T(G") + T(G),

n—1
Z by 4+b—1)n ik
k=0
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where G’ is obtained from G by removing the n disjoint paths of length p — 1 between u,v and
identifying u,v and G" is the graph is obtained by removing the n disjoint paths of length p — 1
from G.

Proof Using Theorem 1.3, T(G) = bT(G — P1) + T(G.Py). But

T(G.P)=T(C}~| xG)=(y+b—1)"""T(G).

Hence
T(G) = bT(G—-P)+(y+b—1)""'T(G"
= bI(G—Pi—P)+(y+b—1)"T(G)] + (y+b-1)"""T(G")
= VPT(G-P —P)+[bly+b—1)"2+(y+b—1)""']T(G)
= VT(G—-P —P—Py)+ [VP(y+b—1)"3 +by+b—1)""2
+y+b-1)"T(G)
= VI G—-Pi—P P+ [V N y+b—1)"+b0"2(y+b-1)" +---
+b(y+b—1)""+ (y+b— )" T(G)
n—1
= VTG + | D y+b-1)"F| TG,
k=0
which completes the proof. O

From the above theorem we get another method of proving Theorem 2.4.
n—1
Corollary 3.5 T(X,,) =ab"+ | 3. VF(y+b—1)""17k |y,
k=0

Proof Applying Lemma 3.5 to X,, ;we get G” = Ky and G’ = a single loop so that
T(G") =2z, T(G') = y and we obtain the result. m|

Theorem 3.6 Let H,(f,) denote a graph obtained by taking i copies of X, , and joining it at a

common vertex in succession. Then, H,(fz, = [T(Xnp)]"

Proof Let e = uv be the common edge of the i*" copy of X, ,,. If G” is the graph obtained
by removing the n distinct paths of length p—1, then the resultant graph is a graph obtained by
joining the ¢ —1 copies of X, , with edge e = uv at the vertex u and hence T'(G") = xT(Hr(f;;l)).
If G’ is obtained by removing n disjoint paths of length p — 1 between wu,v and identifying u
and v then, T(G") = yT(H,(zi,;l)). Thus using Lemma 3.4
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@

Figure 4 HSL graph G” and G’ segregation

n—1

T(HS),) = ab"T(HGD) +y |30y +b— 1) | T(H, )
k=0
n—1
= {xb" +y > ty+b—1nth } T(H)
k=0
= [T(Xnp ) T(HTY)
= [T(Xn,p)]2 T(Hr(zi,;z))a
[T(Xn,p)]i_l T(Hr(z%z))) = [T(Xn,p)]i_l T(me) = [T(Xn,p)i} : o

Corollary 3.7 Let G denote a graph obtained by taking i copies of X, , and t copies of Ko

and joining it in succession in any order then,
T(G) = xtT(HT(Z;) =z [T(Xn,p)]l .
Theorem 3.8 Let Gy denote a graph obtained by taking t copies of X, , and taking ©

product with Cy in succession, then

t—2
T(Gnpe) = 0" Z(bn + ay)k(bnx + ay)t_l_k
k=0

+(" + ay) Pay(b+y — 1) + (0" + ay) Py(b+y — 1)*",

n—1
where a = {Z by +b— 1)"‘1_7“} .
k=0
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Proof Let G” be the graph obtained by removing n distinct paths of length p — 1 between

the two vertices which are end points of common edge e of any copy of X,, , on the cycle C;
and let G’ be the graph obtained by removing n distinct paths of length p — 1 as described for
G" and identifying the two end vertices of e in Cy. Then by Lemma 3.4.

Figure 5 G, . graph G” and G’ segregation

T(Gnpt) =0"T(G") + aT(G"),

n—1
where o = | 3 b¥(y +b— 1)""17%|. Also using deletion contraction formula of Tutte polyno-
k=0

mial T(G) = yT (G ps—1) and
T(GH) = T(Hr(zt,;l)) + T(Gnm,t—l) = T(Xn,p)t_l + T(Gnm,t—l)

from Theorem 3.6. But by Corollary 3.5,

n—1

Z iy4+b—1)"" 1k y=b"z +ay
k=0

T(Xpp) =xb™ +

Thus, T(G") = (b"z + ay)' ' + T(Gn pi—1) and

T(Gnpt) = "0z +ay) ™ +0"T(Grpi-1) +ayT(Grpi-1)
= b"(b"z+ ay)t T+ (b" + ay)T(Gnm,t—l)
= 0"z +ay) T+ (0" +ay) B0 " + ay) T+ (0" + ay)T (G pi—2)]
= 0"z +ay) T 0"+ ay) (0" + ay) + (0" + ay)?* T (G pi—2)
= b"(b"z +ay) Ly (b + ay)t72(b” + ay)
+(O" + ay)? [0 (0" + ay)' P + (0" + ay)T (G pt—3)]
= H(b"x+ ay)t_l + 0" (b"x + ay)t_Q(b" + ay)
+0" (b + ay) 20" 4+ ay)? + (0" + ay)*T(Grpi—3)
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= V'(b"x+ay) 070" + ay) 20" + ay)
+0" (V" + ay) 0" +oy)? 4+ (0" 4 ay) T (Gt -2))

= (0" +ay) T+ 00" + ay) 20" + ay) + (b + ay) (0" + ay)?
+o A (0" + o) TPT(Grp )

But

T(Gnp2) = b"T(Xnp)+ayb+y—1)"+yb+y—1)>"
= b'(V"z+ay)+ayb+y—1)"+yb+y—1)*>"

Thus

T(Gupi) = b0 0"z +ay) ™" +0" 0"z + ay) (0" + ay)
FO (0" + ay) 0" + ay)? + - + ("2 + ay)2 (" + ay)i >
+(" + ay) 2 (0" + ay) + ay(b+y —1)" + y(b+y — 1)*"]
O+ ay) 4 B + ay) (" + ay)
+0" (0" 4+ ay) 30" + o) + - -
(0" + ay)2 (0" + ay)' " + 6"V + ay) (" + ay)' 2
+(b" + ay)tﬂay(b +y—1"+ (" + ay)t72y(b ty— 1)2n

t—2

- Z(bn—kay)k(bnt’t—kay)tilik
k=0

+(" +ay) Pay(b+y — )"+ (0" + ay) 2y(b+y — 1)*"
which completes the proof. a

. . i_2 .
Theorem 3.9 T(Gsp )= (+z+ a7 e+ ay) +0" S (B Hay) (e +ay) TR+

k=0
(0" +ay) Pay(b+y—1)" + (0" + ay) " y(b+y — 1)*"

Proof In G .t there are t —i sides of C; without petals. Let e be any side of G .t Without
petal. Clearly e is neither a loop nor a bridge. Applying deletion and contraction formula

G = A TTHD) + TG, , )
= @ TIT(H)) + 2T T (HS)) + TG, )
i— i— —i—(t—1 i (2)
L e I AV 40 5 ())+T(G e z))

= (Il4z+ 427 YTHD, +TGD )

I
o)

n,p,i

= (I+z+-+27" (X} ,) + T(Gnpa)
i—2

_ (1—|—x—|—---—l—CL't_i_l)(bnx—l—ay)i—l—bn Z(b”—l—ay)k(bnx—i—ay)i_l_k
k=0

+(" +ay) Pay(b+y —1)" + (0" + ay) Py(b+y — 1)*"
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84. Conclusion

Tutte Polynomial has been an open topic for research for mathematicians for the last 30 years.
It is a two variable polynomial which reduces to many graph polynomials associated with the
graph. It gives various information about the graph like the number of spanning trees, number
of cyclic orientations not resulting in oriented cycles and colorability of graphs.

In this research paper, Tutte polynomial of many specialized graphs have been studied in
detail. The properties and Tutte polynomials of , generalized Book graph, Generalized Book
graph with petals, Complete Generalized Book graph have been arrived at which in turn reveal

various other related information by substituting appropriate values for the two variables.
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set V U S, where S is the collection of all minimal equitable dominating sets of G and two
vertices u,v € V U S are adjacent if u,v are not disjoint minimal equitable dominating sets
in S or u,v € D, where D is the minimal equitable dominating set in S or v € V and v is
a minimal equitable dominating set in S containing u. In this paper, we initiate a study of
this new graph valued function and also established necessary and sufficient conditions for

EE,D(G) to be connected and complete. Other properties of EE,D(G) are also obtained.
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81. Introduction

All graphs considered here are finite, undirected with no loops and multiple edges. We denote
by p the order(i.e number of vertices) and by ¢ the size (i.e number of edges) of such a graph
G. Any undefined term and notation in this paper may be found in Harary [5].

A set of vertices which covers all the edges of a graph G is called vertex cover for G.
The smallest number of vertices in any vertex cover for G is called its vertexr covering number
and is denoted by ap(G) or ag. A set of vertices in G is independent if no two of them are
adjacent. The largest number of vertices in such a set is called the vertex independence number
of G and is denoted by 8o(G) or By. The connectivity k = k(G) of a graph G is the minimum
number of vertices whose removal results a disconnected or trivial graph. Analogously the edge-
connectivity A = A(G) is the minimum number of edges whose removal results a disconnected
or trivial graph. The diameter of a connected graph is the maximum distance between two
vertices in G and is denoted by diam(G). If G and H are graphs with the property that the

identification of any vertex of G with an arbitrary vertex of H results in a unique graph (up to
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2Received April 18, 2015, Accepted May 13, 2016.



44 B.Basavanagoud, V.R.Kulli and Vijay V. Teli

isomorphism), then we write as G e H for this graph.

A subset D of V is called a dominating set of G if every vertex in V — D is adjacent to
at least one vertex in D. The domination number v(G) of G is the minimum cardinality taken
over all minimal dominating sets of G. (See Ore [12]).

A subset D of V is called an equitable dominating set if for every v € V' — D, there exists a
vertex u € D such that uv € E(G) and |deg(u) —deg(v)| < 1. The minimum cardinality of such
a dominating set is called the equitable domination number of G and is denoted by v¢(G). For
more details about graph valued functions, domination number and their related parameters we
refer [1-4, 6 - 10, 12]. The opposite of equitable dominating set is the Smarandachely dominating
set with |deg(u) — deg(v)| < 1 for Yuv € E(G).

The purpose of this paper is to introduce a new graph valued function in the field of

domination theory in graphs.

§2. Entire Equitable Dominating Graph

Definition 2.1 The entire equitable dominating graph EE,D(G) of a graph G with vertex set
V' US, where S is the collection of all minimal equitable dominating sets of G and two vertices
u,v € VUS adjacent if u,v are not disjoint minimal equitable dominating sets in S or u,v € D,
where D is the minimal equitable dominating set in S or u € V and v is a minimal equitable

dominating set in S containing u.

In Fig.1, a graph G and its entire equitable dominating graph EE,D(G) are shown. Here
Dy ={1,3}, Do = {1,4}, D3 = {2,3} and D4 = {2,4} are minimal equitable dominating sets
of G.

Fig.1

§3. Preliminary Results

The following will be useful in the proof of our results.

Theorem 3.1([5]) For any nontrivial graph G, ag + o =p = a1 + P1.

Theorem 3.2([5]) A connected graph G is Fulerian if and only if every vertex of G has even

degree.
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84. Results

First we obtain a necessary and sufficient condition on a graph G such that the entire equitable

dominating graph FE,D(G) is connected.

Theorem 4.1 For any graph G with at least three vertices, the entire equitable dominating
graph EE,D(G) is connected if and only if A(G) < p— 1.

Proof Let A(G) < p—1 and u, v be any two vertices in G. We consider the following

cases:

Case 1. If u and v are adjacent vertices in G, then there exist two not disjoint minimal equitable
dominating sets D; and Dy containing v and v respectively. Therefore by the definition 2.1, u
and v are adjacent in EE,D(QG).

Case 2. Suppose there exist two vertices u € D; and v € D5 such that u and v are not
adjacent in G. Then there exists a minimal equitable dominating set D3 containing both « and
v and by definition 2.1, Dy and Dy are connected in EE,D(G).

Conversely, suppose EE,D(G) is connected. Suppose A(G) = p — 1 and u is a vertex of
degree p — 1. Then the degree of u in FE,D(G) is minimum. If every vertex of G has degree
p — 1, then every vertex of G forms a minimal equitable dominating set. Therefore EE,D(G)
has at least two components, a contradiction. Thus A(G) < p — 1. O

Proposition 4.1 EE,D(G) = pky if and only if G = Kp;p > 2.

Proof Suppose G = Kp;p > 2. Then clearly each vertex of G' will form a minimal equitable
dominating set. Hence by definition 2.1, EE,D(G) = pKas.

Conversely, suppose EE;D(G) = pK»> and G # K. Then there exists at least one minimal
equitable dominating set D containing two vertices of G. Then D will form C3 in EE,D(G), a
contradiction. Hence G = Kp;p > 2. O

Theorem 4.2 For any graph G, EE,D(Q) is either connected or it has at least one component
which is Ko.

Proof If A(G) < p—1, then by Theorem 4.1, EE,D(G) is connected. If G is complete
graph K,;p < 2 and by Proposition 4.1, then each component of EE;D(G) is K.

Next, we must prove that §(G) < A(G) =p —1. Let vy, v, - -, vy, be the set of vertices in
G such that deg(v;) = p— 1, then it is clear that {v;} forms a minimal equitable dominating set

and which forms a component isomorphic to K». Hence EE,D(G) has at least one component
which is Ko. O

In the next theorem, we characterize the graphs G for which EE,D(G) is complete.

Theorem 4.3 EE,D(G) = K,12 if and only if G is K1 p;p > 3.

Proof Suppose G = K p;p > 3. Then there exists a minimal equitable dominating set D
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contains all the vertices of G i.e |D| = |{u, v1,v2,v3, -+ ,v,}| = p+1. Hence EE,D(G) = K.

Conversely, EE,D(G) = K12, then we prove that G is K1 p;p > 3. Let us suppose that,
G # Kip;p > 3. Then there exists a minimal equitable dominating set D of cardinality is
maximum p i.e |D| = [{v1,v2,vs, -+ ,vp}| = p, a contradiction. Therefore G must be K7 ,;p >
3. |

Theorem 4.4 Let G be a nontrivial connected graph of order p and size q. The entire equitable

dominating graph is a graph with order 2p and size p if and only if G = Kp;p > 2.

Proof Let G be a complete graph with p > 2, then by Proposition 4.1, G = K,; p > 2.
Conversely, suppose EE;D(G) be a (2p, p) graph. Then pK» is the only graph with order
2p and size q. O

In the next results, we obtain the bounds on the order and size of EE,D(G).

Theorem 4.5 For any graph G, 2p < p’ < @ + 1, where p’ denotes the number of vertices
in EE,D(G). Further, the lower bound is attained if and only if G is either Py or Kp;p > 2

and upper bound is attained if and only if G is Ks U Ka, K3 Ko or Cy U K7.

Proof The lower bound follows from the fact that the twice the number of vertices in G
and the upper bound follows that the maximum number of edges in G.

Suppose the lower bound is attained. Then every vertex of G forms a minimal equitable
dominating set or every vertex of G is in exactly two minimal equitable dominating sets. This
implies that the necessary condition.

Conversely, suppose G is Py or K,;p > 2. Then by definition of entire equitable dominating
graph, V(EE,D(G)) = 2p. If the upper bound is attained. Then G must be one of the following
graphs are K3 U Ko, K30 Ky or Cy U K;.

If G = K3 U Ko, then every vertex of GG is in exactly two minimal equitable dominating
sets hence

V(EE,D(G)) = p(pT_l) 1= % +1.

Suppose G = K3 e K. Then the pendant vertex of G is in all the minimal equitable
dominating sets and forms (p — 1) minimal equitable dominating sets. Therefore the upper
bound holds.

Now if G is C4U K;. Then every equitable dominating sets contains an isolated vertex and
they are not disjoint sets and by definition 2.1. Therefore upper bound holds.

Conversely, suppose G is one of the following graphs K3 U Ko, K5 e K5 or C4 U K;. Then
it is obvious that V(EE,D(G)) = 221 4 1. u
Theorem 4.6 For any graph G, p < ¢ < % + 1, where ¢’ denotes the number of edges in
EE.D(G). Further, the lower bound is attained if and only G = K, > 2 and the upper bound
is attained if and only if G is K3 U K.

Proof The proof follows from Theorem 4.5. O
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In the next result, we find the diameter of EE,D(G).

Theorem 4.7 Let G be any graph with A(G) < p — 1, then diam(EE,D(G)) < 2, where
diam(Q) is the diameter of G.

Proof Let G be any graph with A(G) < p—1, then by Theorem 4.1, EE,D(G) is connected.

Let u,v be any arbitrary vertices in EE,D(G). We consider the following cases.

Case 1. Suppose u,v € V, u and v are nonadjacent in G. Then there exists a minimal
equitable dominating set containing u and v and by definition 2.1, dgg, p(g)(u,v) = 1. If u and
v are adjacent in G and there is no minimal equitable dominating set containing u and v, then
there exists another vertex w € V which is not adjacent to both v and v. Let Dy and Dy be
two minimal equitable dominating sets containing (u,w) and (w,v) respectively. This implies
that dpp, p(a)(u,v) = 2.

Case 2. Suppose u € V and v € S. Then v = D is a minimal equitable dominating set of
G. If u € S, then u and v are adjacent in FE,D(G). Otherwise, there exists another vertex
w € D. This implies that

dEEqD(G)(ua v) < dEEqD(G)(ua w) + dEEqD(G)(wvv) =2.

Case 3. Suppose u,v € S. Then u € D; and v € Dy are two minimal equitable dominating
sets of G and by Definition 2.1, dgg, p(a)(u,v) = 1. |

We now characterize graphs G for which SE,D(G) = EE,DG. A semientire equitable
dominating graph SE,D(G) of a graph G is the graph with vertex set VU S and two vertices
u,v € VUS adjacent if u,v € D, where D is a minimal equitable dominating set or u € V' and

v = D is a minimal equitable dominating set containing u ([1]).

Proposition 4.2([3]) The semientire equitable dominating graph SE,D(G) is pKs if and only
ifG=K,;p>2.

Remark 4.1([3]) For any graph G, SE,D(G) is a subgraph of EE,D(G).

Theorem 4.8 For any graph G, SE,D(G) C EE,D(G). Further, equality G, SE,D(G) =
EE,D(G) if and only if G has exactly one minimal equitable dominating set containing all

vertices of G.

Proof By Remark 4.1, SE,D(G) C EE,D(G). Suppose SE,D(G) = EE,D(G). Then by
Theorem 4.3, D is the only minimal equitable dominating set contains all the vertices of G.
Therefore G must be K; ,;n > 3.

The converse is obvious. O

In the next results, we discuss about ag and §y of EE,D(G).

Theorem 4.9 For any graph G with no isolated vertices,

(1) ao(EEyD(G)) = |S| + 1, where S is the collection of all minimal equitable dominating
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sets of G;
(2) Bo(EE;D(G)) =(G).

Proof (i) Let G be graph of order p. Let S = {s1, S2,---5;} be the set of all minimal
equitable dominating sets. Then by definition 2.1 and Theorem ??7. Therefore the minimum
number of vertices in EE,D(G) which covers all the edges. Hence ag(EE,D(G)) = |S| + 1.

(#3) By definition of EE,D(G), for any vertex v; ; 1 <i < p of EE,D(G) are not adjacent.

Hence these vertices forms a maximum independent set of EE,D(G). Hence (ii) follows. O

In the next two results, we prove the vertex connectivity and edge- connectivity of EE,D(G).

Theorem 4.10 For any graph G, k(EE,D(G)) = min{min(degrr,p(c),-,-,vi) mini<j<n|S;|},

where S;’s is the collection of all minimal equitable dominating sets of G.

Proof Let G be any graph with order p and size q. We consider the following cases.

Case 1. Let u € vj(EE,D(G)) for some i, having the minimum degree among all v} in
EE,D(G). If the degree of u is less than any other vertex in EE,D(G), then by deleting the

vertices which are adjacent to u, results a disconnected graph.

Case 2. Let v € S; for some j, having the minimum degree among all S;’s in EE,D(G). If
degree of v is less than any other vertex in FE,D(G), then by deleting all the vertices which

are adjacent to v. This results the graph is disconnected. Hence the result follows. O

Theorem 4.11 For any graph G, N(EE,D(G)) = min{min(degrr,p(c),-,-,vi) min1<j<n|S;j|},
where S;’s is the collection of all minimal equitable dominating sets of G.

Proof Let G be any (p,q) graph. We consider two cases.

Case 1. Let u € v[(FE,D(G)), having minimum degree among all v, in EE,D(G). If the
degree of u is less than any other vertex in EE,D(G), then by deleting those edges of EE,D(G)

which are incident with u, results a disconnected graph.

Case 2. Let v € §;, having the minimum degree among all vertices of S;. If degree of v is
less than any other vertex in EE,D(G), then by deleting those edges which are adjacent to v,

results in a disconnected. Hence the result follows. O

Next, we prove the necessary and sufficient condition for EE,D(G) to be Eulerian.
Theorem 4.12 For any graph G, EE,D(G) is Eulerian if and only if one of the following
conditions are satisfied:

(1) There exists a vertex w € V is in all minimal equitable dominating sets and cardinality
of every minimal equitable dominating set D of G is even;
(2) Ifv € V is a vertex of odd degree, then it is in odd number of minimal equitable

dominating sets, otherwise it is in even number of minimal equitable dominating sets of G.

Proof Suppose A < p—1 and by Theorem 4.1, EE,D(G) is connected. Suppose EE,D(G)
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is Eulerian. on the contrary if condition (i) is not satisfied, then there exists a minimal equitable
dominating set contains odd number of vertices and does not contains a vertex of odd degree,
a contradiction. Therefore by Theorem 3.2, EE,D(G) is Eulerian. Hence condition (1) holds.

Suppose (2) does not hold. Then there exists v € V of even degree which is in odd number

of minimal equitable dominating sets, a contradiction. Hence (ii) hold.

Conversely, suppose the conditions (1) and (2) are satisfied. Then every vertex of EE,D(G)
has even degree and hence EE,D(G) is Eulerian. O

§5. Domination in FE,D(G)

We calculate the domination number of EE,D(G) of some standard class of graphs.

Theorem 5.1 For any graph G with no isolated vertices.

(1) If G=K,;p>2, then y(EE;D(K,) = p;
(2) If G=Kip;p >3, then v(EE,D(K1,) = 1;
(3) If G=C,, p>3, then y(EE,D(C,) = 2.

Theorem 5.2 For any graph G, v(EE,D(G)) =1, if and only if G is K1 p;p > 3.

Proof If G is K1 p;p > 3, then there exists a minimal equitable dominating set D con-
tains all the vertices of G and by Theorem ?7, it is clear that, EE,D(G) is complete. Hence
WEE,D(G)) = 1.

Conversely, suppose Y(EE,D(G)) = 1 and G # Kip;p > 3. Then there exists a mini-
mal dominating set D in EE,D(G) of cardinality greater than or equal to 2, a contradiction.
Therefore G must be K ,;p > 3. O

We conclude this paper by exploring one open problem on EE,D(G).

Problem 1. Give necessary and sufficient condition for a given graph G is entire equitable

dominating graph of some graph.
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Abstract: A radio mean labeling of a connected graph G is a one to one map f from the
vertex set V' (G) to the set of natural numbers N such that for each distinct vertices u and
vof G, d(u,v)+ [w-‘ > 1+diam (G). The radio mean number of f, rmn (f), is the
maximum number assigned to any vertex of G. The radio mean number of G, rmn (G) is
the minimum value of rmn (f) taken over all radio mean labeling f of G. In this paper we
find the radio mean number of Jelly fish, subdivision of jelly fish, book with n pentagonal
pages and (K1, : m).
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§1. Introduction

For standard terminology and notion we follow Harary [6] and Gallian [4]. Unless or otherwise
mentioned, G = (V(G), E(Q)) is a simple, finite, connected and undirected graph. A graph
labeling is an assignment of integers to the vertices, or edges, or both, subject to certain
conditios. Graph labeling used for several areas of science and few of them are communication
network, coding theory, database management ete. In particular, radio labeling applied for
channel assignment problem. The concept of radio labeling was introduced by Chatrand et al.
[1] in 2001. Also in [2, 3], radio number of several graphs were found. Motivated by the above
labeling, Ponraj et al. [7] introduced the notion of radio mean labeling of G. A radio mean

labeling is a one to one mapping f from V (G) to N satisfying the condition
d (u,v) + {MW > 14 diam (@) (1.1)

for every u,v € V (G). The span of a labeling f is the maximum integer that f maps to a
vertex of Graph G. The radio mean number of G, rmn (G) is the lowest span taken over all
radio mean labelings of the graph G. The condition 1.1 is called radio mean condition. In
[7, 8, 9], they have found the radio mean number of some graphs like three diameter graphs,
lotus inside a circle, gear graph, Helms, Sunflower graphs, subdivision of complete bipartite,

corona of complete graph with path, one point union of cycle Cg and wheel related graphs. In

1Received October 26, 2015, Accepted May 15, 2016.
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this article we find the radio mean number of Jelly fish, subdivision of jelly fish, book with n
pentogonal pages and (K7, : m). We write d(u,v) for the distance between the vertices u and
v in G. The maximum distance between any pair of vertices is called the diameter of G and
denoted by diam(G). Let  be any real number. Then [z] stands for smallest integer greater

than or equal to z.

82. Main Results

First we look into the Jelly fish graphs. Jelly fish graphs J (m,n) obtained from a cycle Cjy :
uvzyy by joining x and y with an edge and appending m pendent edges to v and n pendent

edges to v.

Theorem 2.1 The radio mean number of a jelly fish graph J(m,n) is m + n + 4.

Proof Let V(J(m,n)) = {u,v,z,y} U{u;v; : 1 <i<m;1l<j<n}and E(J(m,n)) =
{uy, yv, vz, zu, zy} U {uu;,vv; 0 1 <3 < m;l < j < n}. Itis clear that diam(J(m,n)) = 4.
The vertex labeling of J(1,1), J(1,2) given in Figure 1 shows that their radio mean numbers

are 6, 7 respectively.

5

Figure 1

Assume m > 2 and n > 3. We define a vertex labeling f as follows. Assign the label 1 to
u1. Then put the label 2 to vy, 3 to v and so on. In this sequence v,, received the label n + 1.
Then assign the label n 4+ 2 to us, n + 3 to ug and so on. Clearly label of u,, is m + n. Then
assign the labels m+n+ 3, m+n+ 1, m +n + 2, m + n + 4 respectively to the vertices u, v,
x, y. Now we check the radio mean condition

d (u,v) + {M-‘ > 1+ diam (J(m,n))

for all u,v € V(J(m,n)). It is easy to verify that the vertices u, v, x, y are mutually satisfies

the radio mean condition.

Case 1. Check the pair (u,u;).

> 6.

Al + [ LTI ] gy [t S L]
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Case 2. Consider the pair (u,u;).

> 8.

e e e R e

Case 3. Check the pair (z,u;).

> 6.

o [LELEL W) 5 g [mtns2id]

Case 4. Verify the pair (z,v;).

Aoy + | LRI gy [t 2222 5 g

2 2

Case 5. Consider the pair (y, u;).

d(y,us) + [MW S04 {ww >

2 2

Case 6. Check the pair (y,v;).

)+ [LOSI0] 5o [meneds2] o

Case 7. Check the pair (v,v;).

O e R e

2 2
Case 8. Verify the pair (v,u;).

MW z3+{m+n—+1+ﬂ >

b+ [0 :

Case 9. Consider the pair (u;,v;).

PPN FACAE 001 BN 11 Y

Hence rmn(J(m,n)) =m+n+ 4. O

Now, we find the radio mean number of subdivision of jelly fish graph. If z = uv is an edge
of G and w is not a vertex of of G, then z is subdivided when it is replaced by the lines uw and

wv. If every edges of G is subdivided, the resulting graph is the subdivision graph S(G).

Theorem 2.2 For a subdivision of graph Jp, n,

rmn (S (Jmn)) =
2m 4+ 2n + 11 otherwise
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Proof Let V(S(Jmn)) ={zi:1<i <9 U{u,u): 1 <i <mpU{v;,0}:1<j<n}and
E(S(Jmmn)) = {zizig1 : 1 <@ < T} U{zg21, 2729, 2923} U {zlui,uiug,zwj,vjv;— 1<i<m,1<
j <n}. Clearly diam(S(Jmn)) = 8.

Casel. m=n=1.

In this case 1 should be a label of the vertex u; or ) or v1 or v{. If not, 1 is a label of any

one of the remaining vertices , say x, and suppose 2 is a label of any other vertex, say z’. Then
! 142
d(w, ') + [7"”(@;“3”1 <6+ [—; w <3,

a contradiction.
Subcase 1. wu; receives the label 1.

Then 2 should be a label of v} otherwise we get a contradiction as previously. For satisfying
the radio mean condition, 3 should be a label of a vertex which is at least at a distance 6 from the

vertex v and 7 from uy, such a vertex doesn’t exists. Therefore, in this case, rmn(S(Jy,1)) > 14.
Subcase 2. u) receives the label 1.

Then 2 should be a label of either v; or v{. Otherwise as in subcase a, the radio mean
condition is not satisfied. If vy or v} receives the label 2 then 3 can not be a label of any of the

remaining vertices. Suppose 3 is a label of any other vertices , say z, then

i)+ [ L)
or

)+ [LEHI0]
or

o)+ [HOLELE]

a contradiction. Thus, here also rmn(S(J1,1)) > 14. By symmetry, the same case arises when
v1 or v} receives the label 1. Therefore in all the cases rmn(S(J11)) > 14. Now we will try to
label the vertices of S(J1,1) with the property that the sum of the distance between the any pair
of vertices and the mean value of labels of that pair of vertices exceeds the integer 9. We drop
the label 1 from the set of integers {1,2,---,13} and add a new label 14 . Thus the labels are
{2,3,---,14}. Suppose [, m, n are any three vertices of S(.J1,1) with their respective labels are
2, 3, 4. Then d(I,m) > 6, d(I,n) > 6 and d(m,n) > 5. It is clear that, such type of vertices [,
m, n doesn’t exists. So rmn(S(J1,1)) > 15. Now consider the labels from the set {3,4,---,15}.
Since the vertices with labels 3 and 4 are at least at a distance 5, any one of the vertices with
these label should be a pendent vertex and the other is either zg or z9 or z4. Now suppose

either 3 or 4 is a label of zg or z4 then 5 can not be a label of any of the rest vertices. So 3 or
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4 should be a label of z9. Suppose 3, 4 are the labels of u/, z9 then 5 should be the label of v}.
Then 6 can not be a label of any of the remaining vertices. The same problem arises when 4, 3
are the labels of u}, zg. By symmetry, if we assign the label 3 or 4 to the vertex v} , then 6 can
not be a label of any other vertices as discussed above. Hence rmn(S(Jy,1)) > 16. Consider

the labeling given in Figure 2.
8

4 15 10 -BI 13 6 14

11 2 12

Figure 2
From Figure 2, it is clear that rmn(S(J1,1)) < 16. Hence rmn(S(J1,1)) = 16.
Case 2. m#1,n#1.
Subcase 1. m +n <4.
As discussed in case 1, clearly it is not possible to label the vertices of S(Jp, ) from the

sets {1,2,---,2m+2n+9} and {1,2,--- ,2m+2n+10}. That is rmn(S(Jm.n)) > 2m+2n+11.
The following Figure 3 shows that rmn(S(Jm,n)) < 2m + 2n + 11 where m +n < 4.

6 10 15_e5
13y 8 16 ~e4

Figure 3

Hence rmn(S(Jmn)) =2m+2n+ 11 form+n <4 and m # 1, n # 1.
Subcase 2. m+n > 4.

Define an injective map f : V(S(Jm,n)) — {1,2,---,2m+2n+ 11} by f(v]) =3, f(v1) =
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2m + 2n + 2,
flu,) = i+3, 1<i<m
f) = m+2+1, 2<1<n
fn—iy1) = m+n+2+i, 1<i<n-1
fUm—iy1) = m+2n+1+i, 1<i<m

f(zs) =2m+2n+3, f(z2) =2m+2n+4, f(z1) =2m+2n+5, f(zg) = 2m + 2n + 6,
=2

f(z7) m—+2n+7, f(z6) =2m+2n+38, f(z5) =2m+2n+9, f(z4) = 2m + 2n + 10 and
f(z9) =2m + 2n + 11. Now we check the radio mean condition that
sy [HE10]

for every pair of vertices u,v € V(S(Jm,n))-

Case 1. Consider the pair (z;, ;).

Az, 25) + [f(zi)Jrf(zj)w S14 [2m+2n+3+2m+2n+ﬂ > 1.

2 2

Case 2. Check the pair (u;, u}).

d(uiauli)+ ’Vw-‘ >1+ ’727%—*—722”4_5-‘ > 0.

Case 3. Check the pair (u}, u;), i # j.

>34

> 9.

) [ L0

{4+m+2n+2—‘
2

2

Case 4. Examine the pair (u;, u;).

duss, 03) + {f(ul»)Jrf(uj)w > 94 {m+2n+2+m+2n+3-‘ > 11,

2

Case 5. Verify the pair (uj, u}).

i) + |
Case 6. Check the pair (u}, z;).

d(uj, z;) + [Mw >2+ [ww 2 11.

2 2
Case 7. Examine the pair (u;, 2;).

S (ui) +f(2j)w

>1
5 +

2m+2n+3++m+2n+2
d(uivzj)+

—‘212.
2
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Case 8. Verify the pair (u;,v;).

Case

Case

Case

Case

Case

Case

Case

Case

Case

f(ui)‘f'f(vj)-‘ > 64 {m+2n+2+m+n+3

s > 14.
d(ui,vi) + { 5 5 -‘ > 14

9. Consider the pair (u;,v}).

10.

11.

12.

13.

14.

15.

16.

17.

i)+ ’
d(ui,v;) + {M-‘ > 74+ ’Vw-‘ > 13.
Examine the pair (u;, v}).
N+ A
d(vz’-,v'-) + M > 8+ ﬁ > 12.
J 2 2
Verify the pair (u},v;), i # j.
! .
o+ [OEH0) o frmenes)

Check the pair (v;,v;), 7 # j.

> 11.

d(vi, vj) + {w-‘ S 94 {m+n+3—;—m+n+4"

Verify the pair (vj,v}), i # j. In this case, obviously m > 2.

> 9.

d(vi,v) + >

Consider the pair (v;, v}).

d(vi,v}) + [7“”);“””} > 1+ [Lf“ﬂ > 9.

Check the pair (v;, v}).

flvi) + f(vﬂ

d(vi,v}) + { )

Verify the pair (v;, 2;), i # j.

d0r, 25) + {w" S 14 {m+n+3+22m+2n+3-‘ > 12,

Check the pair (v}, z5), © # j.

f (i) +f(2j)w

>2
5 +

2
d(), =) + [ [M

> 10.
aaE
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Hence rmn(S(Jmn)) < 2m + 2n + 11 where m +n > 4. As in argument in case 1,
rmn(S(Jm,n)) > 2m + 2n + 11 for this case also. Hence rmn(S(Jm,n)) = 2m + 2n + 11 when
m-+n > 4. O

Next investigation is about book with n pentogonal pages. n copies of the cylce C5 with

one edge common is called book with n pentogonal pages.

Theorem 2.3 The radio mean number of a book with n pentogonal pages, BP,, is 3n + 2.

Proof Let V(BP,) = {u, v}U{u;, v;,w; : 1 <i < n}and E(BP,)U{u, v}U{uu;, u;w;, wv;, v;v :
1 <4 < n}. Note that

) 2 if n=1
diam(BP,) =
4  otherwise

For n = 1,2, the labeling given in Figure 4 satisfies the radio mean condition.

5

1 5

Figure 4

For n > 3, define an injective map f : V(BP,) — {1,2,--- ,3n+ 2} by

flw;) =1, 1<i<n
f(Op—iv1) =n+i, 1<i<n
fup—it1) =2n+1 1<i<n

fu)=3n+1, and f(v)=3n+2

Now we check the condition

for every pair of vertices u,v € V(BP,).

Case 1. Check the pair (u;, w;).

(s, wi) + V(ui)Jrf(wi)w >4 FmJﬂ > 6.

Case 2. Verify the pair (v;, w;).

A0 w5) + lrf(vi)-i-f(wi)—‘ S14 Prﬁﬂ > 5,
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Case 3. Examine the pair (u;,v;).

> 8.

g 4 [ LI g ot e 2]

Case 4. Consider the pair (w;,u;).

A, ;) + ’Vf(wi);‘f(uj)-‘ >34 F+22n+1-‘ 57

Case 5. Consider the pair (v;, w;).

d(vi, w;) + {MW >3+ {LHW > 6.

Case 6. Verify the pair (u;,v;).

d(uz, v;) + [WW >34 {L;Hﬂ > 9.

Case 7. Check the pair (w;, w;).

s, 05) + V(wi);f(wj)w S 4q Fizf‘ > 6.

Case 8. Examine the pair (u;, u;).

d(ui,uj) + {w—‘ > 2+ {w—‘ > 10.

Case 9. Consider the pair (v;, v;).

f(vi)';f(vj)-‘ >,

Sog {n—i—l—;—n—i—f‘

o+ |

Since W(”);f(m)—‘ = 3”“;“”} > 6, the pair (u,z) for every x € V(BP,) satisfy the
radio mean condition. Similarly the pair (v, y) for every y € V(BP,) also satisfy the condition.
Hence rmn(BP,) < 3n+ 2. Since f is injective, rmn(BPF,) = 3n + 2. O

The following result is used for the next theorem.

Theorem 2.4([7]) Let G be a (p,q)-connected graph with diameter = 2. Then rmn(G) = p.

Let (K5, : m) denotes the graph obtained by taking m disjoint copies of K7 , and joining
a new vertex to the centers of the m copies of Kj ,,. Let V({(K1, :m)) = {v}U{v; : 1 <i <
m}U{u} 1 <i<m,1<j<n}and E(Ki,:m)) = {vv;:1<i<m}U{vul:1<i<
m,1 <j<n}
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Theorem 2.5 For integers m,n > 1,

6 if m=2n=1
rmn((Kypn:m)) =
mn +m -+ 1 otherwise

Proof First we observe that

2 if m=1
diam({(Kypn:m)) =
4 otherwise

Casel. m=1.

In this case (Kj 1) = Kq 11, which is a 2-diameter graph and hence by Theorem 2.4,
rmn({(Ky,: 1)) =n+ 2.

Case 2. m =2.

Subcase 1. n =1.

Since 1 and 2 are labels of the vertices which are at least at a distance 3, either 1 or 2 is a
label of a pendent vertex. Assume that the label of ui is 1. Then 2 is a label of either vy or u?.
Then 3 can not be a label of the remaining vertices. Similarly we can show that if 2 is a label
of u}, 1 is a label of either vy or u? and then 3 can not be a label of the remaining vertices.
Hence rmn({K1 1 : 2)) > 6. Obviously, Figure 5 shows that rmn({(Ky1 :2)) <6.

5§ 3 41 b
Figure 5
Hence rmn({K11 :2)) = 6.
Subcase 2. n > 2.

Define an injective function f : V((K1,:2)) — {1,2,---,2n + 3} by f(ul) =1, f(v) =
27’L+1, f(vl) :2TL+3, f(UQ) :2TL+2,

We now check whether the labeling f is a required labeling. It is easy to check that the

pairs (v1,v2), (v1,v) and (ve, v) satisfy the radio mean condition.

Subcase 1. Check the pair (uf,u3), i # j.

u? u?
iy [ o [123).
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Subcase 2. Verify the pair (u7,u}).

d@&@)+{ﬂﬁﬁgiﬁﬁw24+{E§iw2@

Subcase 3. Consider the pair (uj,uj), i # j.

d(u},u}) +

R

Fui) + f(uj)
2

224%]25.

2

Subcase 4. Examine the pair (u},v;).

S eI g [LE2058] 5 5

Subcase 5. Check the pair (u},v).

d(u},v) + {ww > 24 {%w > 5.

Subcase 6. Consider the pair (u},vs).

d( 1 )JMWZH{MWZI

Uis 2 2 2

Subcase 7. Verify the pair (u?,vs).

Mw 21+[ww > 5.

. va) + | 19 !

Subcase 8. Check the pair (u?,v).

d(u?,v) + [ww >2+ [%w > 6.

Subcase 9. Examine the pair (u?,vy).

LR -

d(u, v1) + >3+

2+2n+3
2
Therefore, rmn({Ki . : 2)) < 2n + 3. But rmn({(K1,, : 2)) > 2n + 3 and hence

rmn((Kin:2)) =2n+ 3.

Case 3. m > 3.

For n = 1, m = 3, Figure 6 shows that rmn((K7,1 : 3)) = 7. Now we consider the cases
n>2,m=3andn>1,m > 4. Define a function f: V((Ki,:m)) — {1,2,--- ,mn+m+1}
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2
5

1 7 a4 6 3
Figure 6

We show that f is a valid radio mean labeling.

Subcase 1. Check the pair (u?, ui)

oty | L LOD o Lo

’ 2

Subcase 2. Consider the pair (u],u}), j # r.

d(u,up) + {Mw >4+ Fizﬂ > 6.

Subcase 3. Verify the pair (v;,v;).

fvi) +f(Uj)-‘

> 2+

> 8.

2

2 3
d(’Uiu’Uj)‘f"’ {mn—i— —;—mn—i— -‘

Subcase 4. Examine the pair (v, u?).

i

d(v,ul) + {M—‘ >94 {mn—;l—l—l" > 5.

Subcase 5. Verify the pair (v, v;).

d(v,v;) + [MW >1+ [m"“LHm””W > 6.

2 2
Subcase 6. Check the pair (v;, u;)

For n > 2 and m = 3,
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If n > 1 and m > 4 then,

s ) + F(vi) +f(u§)l — {mn+2+1-‘ .-

2 2

Subcase 7. Consider the pair (vi,uf), i # k.

. :
s, b) + [f(w);f(uﬂ - {mn+22+2" .
Hence rmn({K1 : m)) = mn+m+ 1. O

Example 2.6 A radio mean labeling of (K7 5 : 4) is given in Figure 7.

»Nn

22
20 2
16 6
12 o10

25 21 23

8 14
4 8

4

19 15 11 7 3

Figure 7
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Abstract: Let G1 and G2 be two simple connected graphs with disjoint vertex sets V(G1)
and V(G2), respectively. For given vertices a1 € V(G1) and a2 € V(G2), a splice of G1 and
G2 by vertices a1 and as is defined by identifying the vertices a1 and a2 in the union of G1
and G2 and a link of G and G2 by vertices a1 and a2 is obtained by joining a; and a2 by an
edge in the union of these graphs. The modified Schultz index of a simple connected graph
G is defined as the sum of the terms d(u|G)d(v|G)d(u,v|G) over all unordered pairs {u, v}
of vertices in G, where d(u|G) and d(u,v|G) denote the degree of the vertex u of G and the
distance between the vertices u and v of G, respectively. In this paper, explicit formulas
for computing the vertex and edge-modified Schultz indices of splice and link of graphs are

presented.

Key Words: Distance, vertex-degree, modified Schultz index, edge-modified Schultz index,

splice, link.

AMS(2010): 05C07, 05C12, 05C76.

§1. Introduction

In this paper, we consider connected finite graphs without any loops or multiple edges. A
topological index Top(G) of a graph G is a real number with the property that for every
graph H isomorphic to G, Top(H) = Top(G). There are numerous topological indices that
have been found to be useful in chemical documentation, isomer discrimination, quantitative
structure-property relationships (QSPR), quantitative structure-activity relationships (QSAR),
and pharmaceutical drug design [7, 10]. The Wiener index is the first reported distance-based
topological index which was introduced in 1947 by Wiener [19, 20] who used it for modeling
the shape of organic molecules and for calculating several of their physico-chemical properties.
The Wiener index of a graph G is defined as the sum of distances between all pairs of vertices
of G,
WG =Y duv|G),

{uv}CV(G)

where d(u,v|G) denotes the distance between the vertices u and v of G which is defined as the

1Received May 24, 2015, Accepted May 6, 2016.
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length of any shortest path in G connecting them.
The molecular topological index or Schultz index [17] was introduced by Harry Schultz in
1989. The Schultz index of a graph G is defined as

SG) = > [dw|G)+dw|G)]d(u,v|q),
{u,v}CV(G)

where d(u |G) denotes the degree of the vertex u of G.

The vertex version of the modified Schultz index [9]of a graph G was introduced by Ivan
Gutman in 1994 as

S*G) = > dw|G)d(v|G)du,v|G).
{uw}CV(G)

The modified Schultz index is also known as Gutman indez.

The edge versions of the modified Schultz index [15] were introduced by Khormali et al.
in 2010. Two possible distances between the edges e = uv and f = zt of a graph G can be
considered. The first distance is denoted by dy(e, f |G) and defined as

die, fIG)+1 e#f,

do(e, f1G) =
ole, f1G) 0 o= f

where di(e, f|G) = min{d(u, z|G),d(u,t|G),d(v,z|G),d(v,t|G)}. It is easy to see that,
do(e, f|G) =d(e, f|L(G)), where L(G) is the line graph of G.
The second distance is denoted by d4(e, f |G ) and defined as

dy(e, f1G) e [,

da(e, fIG) = 0 oz f

where dy(e, f|G) = max{d(u,z |G),d(u,t|G),d(v, z |G),d(v,t|G)}.

Related to the distances dg and d4, two edge versions of the modified Schultz index can be
defined. The first and second edge-modified Schultz indices of G are denoted by (W,.),,(G) and
(W)e, (G), respectively and defined as

(We,(G) = > d(e|G)d(f|G)die, fIG),  i€{0,4},

{e,f}CE(G)

where d(e |G) denotes the degree of the edge e in G which is the degree of the vertex e in the
line graph L(G). For more information on the edge-modified Schultz indices, see [14].

In this paper, we compute the vertex version and edge versions of the modified-Schultz
index for splice and link of graphs. Readers interested in more information on computing
topological indices of splice and link of graphs can be referred to [1 C 6, 8, 12, 13, 16, 18].

82. Definitions and Preliminaries

Let G be a graph with vertex set V(G) and edge set E(G). We denote by V(e) the set of two
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end-vertices of the edge e of G. For u € V(G) and e = ab € E(G), we define
Dy (u,e|G) = min{d(u,a|G),d(u,b|G)},  Dz(u,e|G)=max{d(u,a|G),d(u,b|G)}.

Note that, D;(u,e|G) is a nonnegative integer and Dj(u,e|G) = 0 if and only if u € V(e).
Also, Dy(u,e|G) is a positive integer and Da(u,e|G) =1 if and only if u € V(e) or u and the
end vertices of e form a 3-cycle in G.

For u € V(G), let N(u|G) denote the set of all first neighbors of w in G. We denote by
d(u|G), the sum of degrees of all neighbors of u in G, i.e.,

SulG)y=" > d|qG).

vEN(u|G)
We denote by M;(G), the first Zagreb index [11] of G which is defined as
M(G)= Y dulG)*.
ueV(G)
The first Zagreb index can also be expressed as a sum over edges of G,

MGy = > [du|G)+d(v|G)].
uwveE(G)

Let e be an edge of G with V(e) = {a,b}. It is easy to see that, d(e|G) = d(a|G) +
d(b|G) — 2. Therefore,
S del6) = M)~ 2 E(G).

e€E(Q)

Also for u € V(G), we have

o de]G) =d(u|G)(d(u]G) —2) +6(u|G),

e€E(G);ueV(e)

> [d(e|G) +d(f|G)] = (d(u|G) — 1) [d(u|G)(d(u|G) - 2) + (u|G)].
{e.fYCE(G);ueV (e)NV (f)

§3. Results and Discussion

In this section, we compute the vertex version and edge versions of the modified Schultz index

for splice and link of graphs.

3.1 Splice

Let G; and G2 be two graphs with disjoint vertex sets V(G1) and V(G2) and edge sets E(G1)
and E(G2), respectively. For given vertices a; € V(G1) and as € V(G2), a splice [8] of G1 and
G2 by vertices a1 and ag is denoted by (G1.G2)(a1, az2) and defined by identifying the vertices
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a1 and ao in the union of G; and G2. We denote by n;, m; and «;, the order and size of
the graph G; and the degree of a; in G;, respectively, where ¢ € {1,2}. Tt is easy to see that,
’V((Gl.Gz)(al, CLQ))‘ =n1 +ng — 1 and ‘E((Gl.GQ)(al, CLQ))‘ =my + mas.

In the following lemmas, the degree of an arbitrary vertex of (G1.G2)(a1,as) and the
distance between two arbitrary vertices of this graph are computed. The results follow easily

from the definition of the splice of graphs, so their proofs are omitted.

Lemma 3.1 Let u € V((G1.G2)(a1,a2)). Then

d(u|Gy) u € V(G1) \{ar},
d(u |(G1G2 )((Il, ag)) = d(u |G2) (IS V(GQ) \ {ag},
a1 + ao U =a; or u = as.

Lemma 3.2 Let u,v € V((G1.G2)(a1,az)). Then

d(u,v|Gr) u,v € V(Gh),
d(u,v[(G1.G2)(a1,a2)) = ¢ d(u,v|G) u,v € V(Ga),
d(u,a1|G1) + d(az,v|G2) u€V(Gy),v € V(Gs).

In the following theorem, the modified Schultz index of (G1.G2)(a1, az2) is computed.

Theorem 3.3 The modified Schultz index of G = (G1.G2)(a1,az2) is given by

S*(G) =5*(G1) + 8*(G2) +2ma > d(u|Gy)d(u,a1|Gy)
u€V(G1)\{a1}

+ 2m1 Z d(u |G2)d(u,ag |G2)
u€V(G2)\{az2}

Proof We partition the sum in the formula of S*(G) into three sums as follows.

The first sum S; consists of contributions to S*(G) of pairs of vertices from G;. Using
Lemmas 3.1 and 3.2, we obtain

S1= Z d(u|Gr)d(v[G1)d(u,v|Gr)
{u,v}EV(G1)\{a1}
Flata) Y dwlG)dwailGr)
weV(G1)\{a1}
:S*(Gl)—FOéQ Z d(u|G1 )d(u,al |G1)
weV(G1)\{a1}

The second sum S consists of contributions to S*(G) of pairs of vertices from G5. Similar
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to the previous case, we obtain

Sp=8*(Ga)+ar > d(u|G2)d(u,ay|Ga).
u€V(G2)\{az}

The third sum S3 is taken over all pairs {u, v} of vertices in G such that u € V(G1) \ {a1}
and v € V(G2) \ {az}. Using Lemmas 3.1 and 3.2, we obtain

53 = Z Z d(u |G1 )d(’U |G2 ) [d(u, al |G1 ) + d(ag, v |G2 )}
weV (G1)\{a1} veV(G2)\{az2}
:(2m2 — 042) Z d(u |G1 )d(u, a1 |G1 )
weV(G1)\{a1r}
+ (2m1 —al) Z d(u|G2)d(u,ag |G2)
u€V(G2)\{az}

The formula of S*(G) is obtained by adding S7, Sz and S5 and simplifying the resulting

expression. O

In the following lemmas, the degree of an arbitrary edge of (G1.G2)(a1, a2) and the distances
dop and d4 between two arbitrary edges of this graph are computed. The results are direct

consequences of Lemmas 3.1 and 3.2, respectively, so their proofs are omitted.

Lemma 3.4 Let e € E((G1.G2)(a1,az)). Then

d(e|Gh) e € E(Gh),a1 ¢ V(e),

B d(e|G1) + as e € E(Gy),a1 € V(e),

d(e](G1.G2)(a1,az2)) = de|Ga) o € B(G) a0 ¢ V(e),
d(6|G2)+041 GEE(GQ),CLQ GV(G).

Lemma 3.5 Let G = (G1.G2)(a1,a2) and e, f € E(G). Then

do(e, f1G1) e, f € E(G),

(i) do(e, fIG) = { do(e, f|G2) e, f € E(G2),
Di(a1,e|G1) + Di(az, f|G2) +1 e € E(Gh), f € E(Ga),
da(e, f|G1) e, f € E(G),

(i) dale, fIG) = ¢ du(e, f|G2) e, f € E(G2),
Ds(ay,e|Gr1) + Da(asg, f|G2) e € E(Gh), f € E(G2).

In the following theorem, the first and second edge-modified Schultz indices of (G .G2)(a1, az)

are computed.

Theorem 3.6 The first and second edge-modified Schultz indices of G = (G1.G2)(a1,a2) are
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given by

(Z) (W*)eo (G) = (W*)eo (Gl) + (W*)eo (G2)

+ as Z d(f|G1)do(e, f1G1)
e,fEE(G1);a1€V (e)\V (f)
+a Z d(f|G2)do(e, f1G2)

e,fEE(G2);a2€V (e)\V(f)

+ (Ml(Gg) —2m2+a1a2) Z d(6|G1 )Dl(a1,€|G1)
e€E(G1)

+ (Ml(Gl) —2m + 041042) Z d(f|G2)D1(az, f|G2)
FEE(G2)

=+ (Ml(Gl) — 2m1) (Ml(GQ) — 2m2) =+ 042(041 — 1)5(&1 |G1) + 041(042 — 1)5((12 |G2)
+ arag [M1(G1) + M1 (G2) + (a1 + a2)2 - ;(al + az) — 2(mq + mg — 2)].
(1) Wi)es(G) = (Wi)es(G1) + (Wi)e, (G2)

+ s Z d(f|G1)da(e, f1G1)
e,fEE(G1);a1€V (e)\V (f)
+ o > d(f |Gz )da(e, f|G2)

e,fEE(G2);a2€V (e)\V (f)
+ (Ml(GQ) —2m2+a1a2) Z d(€|G1 )DQ(a1,6|G1)
e€E(G1)

+ (M1(G1) — 2m1 + anag) Z d(f|G2)Da2(az, f|G2)
fEE(G2)
+ > [d(u|G1) + d(v|G1)]d(u,v |G1)
{u,v}CN(a1|G1)
+o Z [d(u|G2) + d(v|Gs)]d(u,v|G2)
{u,v}CN(az2|G2)

+a2(a2+2a1 —4) Z d(u,v|Gy)
{u,v}CN(a1|G1)

+ aq (al + 209 —4) Z d(u,v|Ge)
{u,v}CN(az2|G2)

+ a1 [Ml(Gl) + Ml(GQ) — 2(m1 + mo — 041042)}.

Proof We prove the first part of the theorem. The second part can be proved by a similar

method. At first, we partition the sum in the formula of (W,),, (G) into three sums as follows.

The first sum S consists of contributions to (W), (G) of pairs of edges from G;. In order

to compute S1, we partition it into three sums Sy1, S12 and Si3 as follows.

The sum S7; is equal to

S = > d(e|G)d(f|G)do(e, f|G).

{e,f}CE(G1);a1 ¢V (e)UV ()
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Using Lemmas 3.4 and 3.5, we obtain

S = > d(e|G1)d(f |G1)do(e, f|G).
{e.f}CE(G1);a:1¢V (e)UV (f)

The sum Sps is equal to

S12 = > d(e|G)d(f|G)do(e, f|G).

{e,f}CE(G1);a1EV (e)NV ()

Note that, for every pairs {e, f} of edges in G such that a; € V(e)NV(f), do(e, f|G1) = 1.

Now, using Lemmas 3.4 and 3.5, we obtain

Spo = > (d(e|G1) + az2) (d(f|G1) + a2)
{e,f}CE(G1);a1€V(e)NV(f)
= > d(e|Gr)d(f |Gr)

{e,f}CE(G1);a1€V(e)NV (f)

+as(ar — D[ar(ar — 2) +6(ar |Gh )] + az® (‘3;1) :

The sum Si3 is equal to

Si3 = Z d(e|G)d(f |G )dole, f |G).

e,fEE(G1);a1€V(e)\V(f)
Using Lemmas 3.4 and 3.5, we obtain

Sig = 3 (d(e|Gy) + a2)d(f |G1)do(e, f1G1)
e,fEE(G1);a1€V(e)\V(f)

= > d(e|G1)d(f |G )dole, f|G1)
e,fEE(G1);a1€V(e)\V(f)

+ a2 Z d(flGl)dO(evflGl)

e,fEE(G1);a1€V (e)\V (f)

By addlng Sll; 812 and Slg, we obtain

S1 =(W.)eo (C1) + a22(6“21> T an(on — Das( —2) + 6(ar |G1)]
+ > d(f|G1)do(e, f|G1).

e,fEE(G1);a1€V (e)\V (f)

The second sum Ss consists of contributions to (W), (G) of pairs of edges from Gs.
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Using the same argument as in the computation of S7, we obtain

Sa :(W*)eo (GQ) + 0412 <OZ22> + 041(042 — 1) [042(042 — 2) + 5((12 |G2 )]

+ aq Z d(f|G2)d0(67f|G2)

e, fEE(G2);a2€V (e)\V(f)

The third sum Ss is taken over all pairs {e, f} of edges in G such that e € E(G;) and
f € E(G2). In order to compute S3, we partition it into four sums Ss;, S32, S35 and S34 as
follows.

The sum S3; is equal to

Ssi= > > delG)d(f|G)do(e, fG).

e€FE(G1);a1¢V (e) fFEE(G2);a2¢V (f)

Using Lemmas 3.4 and 3.5, we obtain

S31 = Z Z d(€|G1 )d(f|G2)[D1(a1,e|G1)+D1(a2,f|G2)—|—1]
e€E(G1);a1¢V (e) FEE(G2);a2¢V (f)

[My(Ga) — 2mg — ag(ag — 2) — (a2 |G2)] > d(e|G1)Di(a,e|Gy)
e€E(G1)
+ [My(G1) = 2m1 — aa(ar = 2) = 8(ar [G1)] D d(f|G2)Di(az, f|Ga)
fEE(G2)
=+ [Ml(Gl) —2mq — al(al — 2) — 6((11 |G1 )]
X [Ml(Gg) — 2m2 — Oég(ag — 2) — 6((12 |G2 )]

The sum Sss is equal to

S= > > delG)d(f|G)do(e, fG).

e€E(G1);a1¢V (e) fEE(G2);a2€V (f)

Using Lemmas 3.4 and 3.5, we obtain

Sm= > S de]G)(d(f|Ga) +ar) [Diar,e|Gr) +1]

e€E(G1);a12V (e) fEE(G2);a2€V (f)

2[042(042 - 2) + 6((12 |G2) + alag] [ Z d(e |G1 )Dl(al,e |G1)
e€E(G1)

+ Ml(Gl) —2mq — 041(041 — 2) — 5(a1 |G1 )]
The sum S33 is equal to

S33 = > > d(e|G)d(f|G)do(e, f|G).

e€E(G1);a1€V (e) fEE(G2);a2¢V (f)
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Using the same argument as in the computation of S32, we obtain

S33 :[al(al — 2) + 5(@1 |G1 ) + 041042} [ Z d(f |G2)D1(a’27 f |G2)
fEE(G2)

+ M1 (Gg) - 2m2 - 042(042 - 2) — 5(@2 |G2 )}
The sum Ss4 is equal to

Ssa= > > delG)d(f|G)do(e, fG).

e€FE(G1);a1€V(e) fEE(G2);a2€V ()

Using Lemmas 3.4 and 3.5, we obtain

S34 = Z Z (d(e|Gr) + az) (d(f|G2) + oa)

e€E(G1);a1€V (e) FEE(G2);a2€V (f)

:[al(al — 2) + 5((11 |G1) + 041042} [042(042 — 2) + 5((12 |G2) + 041042}.

By addlng 831, 832, 833 and S34, we obtain

Sy =(My(Ga) — 2ma + aras) Y d(e|G1)Di(ar,e|Gh)
e€E(G1)

+ (Ml(G1) —2my + 041042) Z d(f |G2)D1(az, f|G2)
fEE(G2)

+ (Ml(Gl) — 2m1)(M1(G2) — 2m2)

+ ajae [Ml(Gl) —2mq + M,y (Gg) —2mo + 041042}.

The formula of (W), (G) is obtained by adding 51, S2 and S5 and simplifying the resulting
expression. a

3.2 Link

Let G; and G2 be two graphs with disjoint vertex sets V' (G1) and V(G2) and edge sets E(G1)
and E(G2), respectively. For vertices a; € V(G1) and as € V(G2), a link [8] of G; and Gs
by vertices a; and as is denoted by (G ~ G2)(a1,a2) and obtained by joining a1 and as by
an edge in the union of these graphs. We denote by n;, m; and «;, the order and size of the
graph G; and the degree of a; in G;, respectively, where ¢ € {1,2}. It is easy to see that,
[V ((G1 ~ G2)(a1,a2))| = n1 +n2 and |[E((G1 ~ G2)(a1,a2))| = m1 +ma + 1.

In the following lemmas, the degree of an arbitrary vertex of (G; ~ G2)(a1,a2) and the
distance between two arbitrary vertices of this graph are computed. The results follow easily

from the definition of the link of graphs, so their proofs are omitted.



74 Mahdieh Azari

Lemma 3.7 Let u € V((G1 ~ G2)(a1,az)). Then

d(ulGy) we V(G \ {ai},

d(u GQ u V GQ as},

d(u|(G1 ~ G2 )(a1,a2)) = a(ll ) ue_ a( )\ {az2}
o+ 1 U= as.

Lemma 3.8 Let u,v € V((Gy ~ G2)(ay,a2)). Then

d(u,v|Gr)

u,v € V(Gy),
d(u,v|(Gy ~ G2)(a1,a2)) = d(u,v|Gs)

u,v € V(Ga),

d(u,a1|Gr) +d(az,v|G2) +1 uweV(Gi),v e V(Ga).

In the following theorem, the modified Schultz index of (G ~ G2)(a1,az2) is computed.
Theorem 3.9 The modified Schultz index of G = (G1 ~ Ga)(a1,az2) is given by

S*(G) =5%(G1) + 5%(G2) +2(ma +1) >
u€V(G1)\{a1}

+2(my + 1) Z d(u|G2)d(u, a2 |G ) + 2(mq + ma + 2myms) + 1.
ueV(G2)\{az2}

d(u |G1 )d(u, a1 |G1 )

Proof We partition the sum in the formula of S*(G) into three sums as follows.

The first sum S} consists of contributions to S*(G) of pairs of vertices from G;. By Lemmas
3.7 and 3.8, we obtain

S1 = Z d(u|G1)d(v |Gy )d(u,v[Gr)
{u,v}CV(G1)\{a1}

+la+1) > dw|Gr)d(u,ar|Gy)
ueV(G1)\{a1}

=S*(G))+ Y. du|Gy)d(u,a1|Gh).
u€V(G1)\{a1}

The second sum S consists of contributions to S*(G) of pairs of vertices from G5. Similar
to the previous case, we obtain

Sp=S5%(Ga)+ Y d(u|G2)d(u,az|Gs).
uweV (G2)\{az2}

The third sum Ss is taken over all pairs {u, v} of vertices in G such that v € V(G1) and
v € V(G2). In order to compute S3, we partition it into four sums Ss;, Ss2, S33 and S34 as
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follows.

The sum Ss; is taken over all pairs {u, v} of vertices in G such that v € V(G1) \ {a1} and

v = ag. Using Lemmas 3.7 and 3.8, we obtain

Spu=(az+1) Y d(u|Gi)[d(u,a1|Gy) +1]
ueV (G1)\{a1}

=(az+1) Z d(u|Gy)d(u, a1 |G1) +2my — oq].
ueV(Gi)\{ar}

The sum Ss is taken over all pairs {u, v} of vertices in G such that u € V(G2) \ {a2} and
v = ap. Similar to the previous case, we obtain

Ssp=(on+1)[ > d(u|G2)d(u,az2|Gz) +2ms — ).
weV (G2)\{az2}

The sum Ss3 is taken over all pairs {u, v} of vertices in G such that v € V(G1) \ {a1} and
v € V(G2) \ {az}. By Lemmas 3.7 and 3.8, we obtain

S33 = Z Z d(u|G1)d(v |Gz ) [d(u, a1 |G1) + d(az,v|Ga) +1]
u€V (G1)\{a1} veV(G2)\{az2}
=@2my—a2) > du|Gi)d(u,a1|Gy)
weV(G1)\{a1}

+ (2m1 —041) Z d(Ung)d(ag,’U|G2)+ (2m1 —041)(27712 —ag).
vEV(G2)\{az}

The sum S34 is equal to

S34 = d(a1 |G)d(a2 |G)d(a1,a2 |G) = (a1 + 1) (042 + 1)

By adding Ss1, S32, S33 and S34, we obtain

S3 :(2m2 + 1) Z d(u|G1 )d(u,al |G1)
u€V(G1)\{a1}
+ (2m1 + 1) Z d(v|Ge)d(az,v|Gs)
veV(G2)\{a2}

—|— 2(m1 —|— mao —|— 2m1m2) —|— 1

Now, the formula of S*(G) is obtained by adding S, S2 and S5 and simplifying the resulting

expression. O

In the following lemmas, the degree of an arbitrary edge of (G1 ~ G2)(a1,az) and the
distances dy and d4 between two arbitrary edges of this graph are computed. The results are

direct consequences of Lemmas 3.7 and 3.8, respectively, so their proofs are omitted.
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Lemma 3.10 Let e € E((G1 ~ G2)(a1,az2)). Then

d(e|Gy) e€ E(G1),a1 ¢ V(e),
d(6|G1)+1 eEE(Gl),al EV(G),
d(e |(G1 ~ GQ)(CLl,CLQ)) = d(e |G2) e c E(GQ),(IQ ¢ V(e),
d(e|Gz) +1 e € E(Gq), a2 € V(e),

a1 + Qo e =ayas.

Lemma 3.11 Let G = (G1 ~ G2)(a1,a2) and e, f € E(G). Then

do(e, f|G1) e, f € E(Gy),
do(e, f1G2) e, f € E(Ga),

(i) do(e, fIG) = Diar,e|Gi)+1 e € B(G1), [ = aiaz,
Di(az,e|G2) + 1 e € E(Ga), f = aras,
Di(a1,e|Gy) + Di(az, f|G2) +2 e€ E(G1), f € E(G2),
dy(e, f|G1) e, f € E(Gy),
da(e, f1G2) e, f € E(Ga),

) d4(e,f|G)= Dy(a,elGr) +1 e € E(Gh), f = a1aq,
Dy(az,e|G2) +1 e € E(Ga), f = a1as,
Dy(a1,e|G1) + Da(az, f|G2)+1 e € E(Gy), f € E(Ga).

In the following theorem, the first and second edge-modified Schultz indices of (G; ~
G2)(a1,a2) are computed.

Theorem 3.12 The first and second edge-modified Schultz indices of G = (G1 ~ G2)(a1, az)
are given by

(1) (Wa)eo(G) = (Wi)eo (Gr) + (Wi )eo (G2) + > d(f|G1)do(e, f|G1)
e,f€E(G1);a1€V ()\V(f)

+ Z d(f |G2 )dO(evf|G2)

e,fEE(G2);a2€V (e)\V(f)

+ (Ml(Gg) —2m2+2a2+a1) Z d(e|G1 )Dl(a1,6|G1)
e€E(G1)

+ (M1(G1) — 2m1 4 201 + az) Z d(f|G2)D1(az, f|G2)
fEE(G2)

+ 2(M1(G1) - 2m1) (Ml(GQ) - 2m2) + (011 - 1)5(&1 |G1 ) + (042 - 1)5(0,2 |G2)
+ (3042 + 041)(M1 (Gl) — 2m1) + (3041 + ag)(Ml (Gg) — 2m2)

+ 0413 + 0123 + 40&10&2 - 3<Oé21> - 3<0;2> .
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(i) (Wa)ea(G) = (Wi)es (G1) + (Wi )es (G2) + > d(f1G1)da(e, f1G1)
e JEB(G1)ia1EV(O\V(f)

+ > d(f|G2)da(e, f|G2)
e,fEE(G2);a2€V (e)\V(f)
+ (Ml(GQ) —2m2+2a2+a1) Z d(e|G1 )Dg(al,e|G1)
e€E(G1)
+ (M1(G1) — 2mq + 201 + az) Z d(f|G2)D2(az, f|G2)
FEE(G2)
+ Z [d(u|Gr) +d(v|Gr)]d(u,v |Gy )
{u,v}CN(a1]|G1)
+ Z [d(u|Go) +d(v|Ga)]d(u,v|G2)
{u,v}CN(az2|Gz2)
+ (201 — 3) > d(u,v|G1) + (202 — 3) > d(u,v|Gy)
{u,w}CN(a1|G1) {u,v}CN(az2|Gz2)
+ (Ml (Gl) - 2m1) (Ml (Gg) - 2m2) + (3042 + 041)(M1 (Gl) — 2m1)

+ (30&1 + OéQ)(Ml(GQ) — ZTI’LQ) + (041 + 042)2 + 3o .

Proof We prove the second part of the theorem. The first part can be proved by a similar
method. At first, we partition the sum in the formula of (W,)., (G) into three sums as follows.

The first sum S consists of contributions to (W), (G) of pairs of edges from G;. In order

to compute S1, we partition it into three sums Si1, S12 and Si3 as follows.

The sum Sp; is equal to

S = > d(e|G)d(f |G)da(e, f|G).

{e,f}CE(G1);a1 ¢V (e)UV ()

Using Lemmas 3.10 and 3.11, we obtain

Su1 = 3 d(e |G )d(f |G )dale. |G,

{e,f}CE(G1);01€V (e)UV (f)
The sum S5 is equal to
Sz = Z d(e|G)d(f |G)da(e, f|G).

{e,f}CE(G1);a1EV (e)NV (f)

Using Lemmas 3.10 and 3.11, we obtain
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S12 = > (d(e]G1) + 1) (d(f]G1) + 1)da(e, f1G1)
{e,f}CE(G1);a1€V(e)NV (f)
= > d(e|G1)d(f |G )da(e, F|Gr)

{e,f}CE(G1);a:1€V(e)NV (f)

+ > [d(u|Gy) +d(v]G1)]d(u,v|Gy)
{u,v}CN(a1|G1)

+ (201 — 3) Z d(u,v|Gy).

{u,v}CN(a1|G1)

The sum Si3 is equal to

Si3 = Z d(e|G)d(f |G )da(e, f|G).

e,fEE(G1);a1€V(e)\V(f)

Using Lemmas 3.10 and 3.11, we obtain

Si3 = > (d(e]G1) + 1)d(f |G1)da(e, f1G1)

e,fEE(G1);a1€V (e)\V (f)

= Z d(e|G1)d(f |G1)da(e, f|G1)

e,fEE(G1);a1€V (e)\V (f)

+ Z d(f|G1)da(e, f|G1).

e,fEE(G1);a1€V(e)\V(f)

By adding S11, S12 and Si3, we obtain

Sy =(Wa)e, (G1) + > [d(u|G1) + d(v|Gy)]d(u,v |Gy )
{u,v}CN(a1|G1)

+ (201 — 3) > d(u,v|Gy) + > d(f |G1)da(e, f|Gy).

{u,v}CN(a1|G1) e,fEE(G1);a1€V(e)\V (f)

The second sum Sy consists of contributions to (W), (G) of pairs of edges from G5. Using

the same argument as in the computation of S7, we obtain

So =(Wi)e, (G2) + > [d(u]Ga) + d(v|G2)]d(u,v|G2)
{u,v}CN(az2|G2)

+ (202 — 3) > d(u,v|Gy) + > d(f1G2)da(e, f|Ga).

{u,v}CN(az|G2) e,f€E(G2);a2€V (e)\V (f)

The third sum Ss is taken over all pairs {e, f} of edges in G such that e € E(G;) and
f = aias. In order to compute S3, we partition it into two sums S3; and S3o as follows.

The sum S3; is equal to

Sz1 = > d(e|G)d(f |G)da(e, f|G).

e€E(G1);a1¢V (e),f=a1az
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Using Lemmas 3.10 and 3.11, we obtain

Sy = 3 d(e|G1)(o1 + az)[D2(ar,e|Gr) + 1]
e€E(G1);a1¢V (e)

:(a1 + ag)[ Z d(e |G1 )Dg(al,e |G1 ) + Ml(Gl) —2mq — 2041((11 - 2) — 25(@1 |G1 )]
e€E(G1)

The sum Sss is equal to
Szo = Z d(e|G)d(f|G)da(e, f|G).
e€E(G1);a1€V (e), f=a1a2

Using Lemmas 3.10 and 3.11, we obtain

S39 =2 Z (d(6|G1)—|—1)(041—|—042) = 2(0&14—042)[041(041 —2)+5(a1 |G1)+041].
e€E(G1);a1€V (e)

By adding S3;1 and S32, we obtain

S3 = (041 + 042)[ Z d(e |G1 )Dg(al,e |G1) + Ml(Gl) —2my + 2(11}.
e€E(G1)

The fourth sum Sy is taken over all pairs {e, f} of edges in G such that e € E(Gz) and

f = aias. Using the same argument as in the computation of S, we obtain

Sy = (041 + 042)[ Z d(e |G2)D2(a2,6 |G2) + Ml(Gg) —2mo + 2a2}.
e€E(G2)

The fifth sum S5 is taken over all pairs {e, f} of edges in G such that e € E(G1) and
f € E(G3). In order to compute S5, we partition it into four sums Ss1, Ss2, Ss3 and Ssyq as
follows.

The sum Ss; is equal to

Ss1 = Z Z d(e|G)d(f|G)da(e, f|G).

e€E(G1);a1¢V (e) FEE(G2);a2¢V (f)

Using Lemmas 3.10 and 3.11, we obtain

Sy1 = Z Z d(€|G1 )d(f|G2)[D2(a1,e|G1)+D2(a2,f|G2)+1]
e€E(G1);a1¢V (e) FEE(G2);a2¢V (f)

:[Ml(GQ) —2mg — ag(ae — 2) — d(az |G2 )]
[ Y d(e|G1)Da(ar,e|Gr) — aifar —2) — 6(a[G1)]
e€E(G1)
+ [My(Gr) = 2m1 — (a1 —2) = 3(a1 |G )]
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x [ Z d(f|G2)D2(az, f|G2) — az(az — 2) — 8(az |G2))]
FEE(Ga)

+ [Ml(Gl) — 2m1 — 041(041 — 2) — 5(a1 |G1 )] X [Ml(GQ) — 2m2 — 042(042 — 2) — 5((12 |G2 )}
The sum S5 is equal to

Sso = > > d(e|G)d(f |G)da(e, f|G).

e€E(G1);a1¢V (e) fEE(G2);a2€V (f)

Using Lemmas 3.10 and 3.11, we obtain

S2= ), S de]Gi)(d(f[G2) +1) [Daar.e|Gr) +2]

e€E(G1);a1¢V (e) fEE(G2);a2€V (f)

:[042(042 — 1) + 5(@2 |G2 )] [ Z d(e |G1 )Dz(al,e |G1) — 041(041 — 2) — 5(a1 |G1)
e€E(G1)

+ 2(M1(G1) - 2m1 - 041(041 - 2) — 6((11 |G1 ))]
The sum Ss3 is equal to

Sss= > > de|G)d(f|G)dale, fG).

e€E(G1);a1€V(e) fFEE(G2);a2¢V (f)
Using the same argument as in the computation of S52, we obtain

Sss =[a1 (a1 — 1)+ 6(ar [G1)][ D d(f|G2)Di(az, f|Ga) — az(az — 2) — 8(a2|G2)
fEE(G2)

+ 2(M1(G2) — 2mo — 042(042 — 2) — 5((12 |G2 ))}
The sum Ss4 is equal to

Ssa= > > delG)d(f|G)dale, fG).

e€E(G1);a1€V (e) fEE(G2);a2€V ()

Using Lemmas 3.10 and 3.11, we obtain

Ssa=3 Y. Y. (delGr) + 1)(d(f|G2) +1)

e€E(G1);a1€V(e) fEE(G2);a2€V (f)
:3[a1(a1 — 1) + 5(a1 |G1 )] [042(042 — 1) + 5(@2 |G2 )]

By addlng 851, 852, 853 and S54, we obtain

Sy :(Ml(Gg)—2m2+a2) Z d(e|G1 )Dg(a1,6|G1)
e€E(G1)

+ (Mi(Gr) —2mi+a1) > d(f|G2)Dafas, f|Ga)
fEE(G2)
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+ (Ml(Gl) — 2m1) (Ml(GQ) — 2m2) + 20&2 (Ml(Gl) — 2m1)
+ 20[1 (Ml(GQ) — 2m2) + 30&10&2.

The formula of (W), (G) is obtained by adding S1, S2, S3, Ss and Ss and simplifying the

resulting expression. a
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Abstract: The aim of this paper is to discuss the folding of Cayley graphs of finite group.We
prove that, for any finite group G, |G | = n and H is a subgroup of G. Then Cayley graph
I’ = Cay(G,S) of G with respect to S = H\{lg} can be folded into a complete graph K,
where r = |H|. Hence every Cayley graph I' = Cay(G, S) of valency n—1 can not be folded.
Also every Cayley graph I' = Cay (G, S) of valency one can be folded and T = Cay(G, S) ,
where S is generating set, every elements in it is self inverse and |S| = %|G| , can be folded

to an edge. Theorems governing these types of foldings are achieved.
Key Words: Cayley graph, folding, graph folding.

AMS(2010): 54C05, 54A05.

81. Introduction

It was Robertson, S.A. [7] who in 1977 introduced the idea of folding on manifolds. Following
this first paper there has been huge progress in the folding theory. All are focusing on topology
and manifolds .Many other studies on the folding of different types of manifolds introduced
by many others [5], [6], [8]. Also a graph folding has been introduced by E. El-Kholy [4].
But EL-Ghoul in [3], turns this idea to algebras branch by giving a definition of the folding
of abstract rings and studying its properties. Zeen El-Deen in [9] introduced the folding of
groups and studying its properties. Some applications on the folding of a manifold into itself
was introduced by P. Di.Francesco [2].

Graph Theory began with Leonhard Euler in his study of the Bridges of Kénigsburg prob-
lem. Since Euler solved this very first problem in Graph Theory, the field has exploded, be-
coming one of the most important areas of applied mathematics we currently study. Generally
speaking, Graph Theory is a branch of Combinatorics but it is closely connected to Applied
Mathematics, Topology and Computer Science.

There are frequent occasions for which graphs with a lot of symmetry are required. One
such family of graphs is constructed using groups. The study of graphs of groups is innovative
because through this description one can immediately look at the graph and deduce many
properties of this group. Cayley graphs are an example where graphs theory can be applied

to groups. These graphs are useful for studying the structure of groups and the relationships

1Received September 14, 2015, Accepted May 18, 2016.
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between elements with respect to subsets of these groups (for example, generating sets, inverse
closed sets,- - -, etc.).

Cayley (1878) used graphs to draw picture of groups as we will see in the following defini-
tions.

§2. Definitions and Notations.

We will start putting down some definitions which are needed in this paper. We begin with a
short review of some basic definitions and properties of graphs. A graph T' consists of a set of
elements called vertices V(I'), and a set of unordered pairs of these elements, called edges E(T).
We will write (z,y) for directed edge, and zy or {z,y} for an undirected edge. we will only
deal with simple graphs; that is, graph with no loops and no multiple edges and we will define
all graphs to have a nonempty vertex set. A graph with no edges, but at least one vertex, is
called empty graph.

It is important to note that a graph may have many different geometric representation,
but we just use these as a visualization tools and focus on V(T') and E(T') for our analysis.

A graph is said to be connected if every pair of vertices has a path connecting them.
Otherwise the graph is disconnected. The valency of a vertex is the number of edges with the
vertex as an end point.If all the vertices of a graph have the same valency then it called a
regular graph. A graph is complete if every vertex is connected to every other vertex, and we
denote the complete graph on n vertices by K,. A graph is said to be bipartite if its vertex
set can be partitioned into two sets, V7 and V5 , such that there are no edges of the form
{z,y} where x,y € Vi or z,y € Vo . The complete bipartite graph K,, , is a bipartite
graph with vertex set Vi |JVa , such that Vi and V, have size m and n respectively, and
edge set {{z,y}, =€ V1 ,y € Va}. A clique of a graph is its maximal complete subgraph.

Definition 2.1 Let S be a subset of a finite group G . The Cayley digraph T' = Cay(G,S)

of G with respect to S is the directed graph given as follows. The vertices of T' = Cay(G, S)

are the elements of the group G . There is an arc between two vertices g and h if and only
if g th € S . In other words, for every vertex g € G and element s € S , there is an arc
from g to gs .

Notice that if the identity 1 of G isin S, then there is a loop at every vertex, while if
1 ¢ S, the digraph has no loops. For convenience we will assume that the latter case holds; it
makes no difference to the results. Also notice that since S is a set, it contains no multiple

entries and hence there are no multiple arcs.

Definition 2.2 A Cayley digraph can be consider to be a Cayley graph if whenever S is closed
inverse, that is ; if s € S, we also have s™' € S, since in this case every arc is a part of a

digon, and we can replace a digons with undirected edges

Definition 2.3 A non empty subset S of a group G is called a Cayley subset if S = S~! and
1¢ ¢ S.
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It should be noted that, the Cayley graph depends very much on the given Cayley subset
as well as on the group. Also Cayley graph T' = Cay(G,S) has valency |S| and that ' =
Cay(G, S) is connected if and only if S is generating set for G ie., (S)=G .

The complement S of Cayley subset S with respect to G* = G\ {1¢} is also a Cayley
subset .Because if € S then z ¢ S and since S is a Cayley subset then z~! ¢ S .Hence
z7t €S jie, S isa Cayley subset. It is clear that The T = Cay(G,S) and T = Cay(G,S)
have the same vertex set as G , where vertex g and h are adjacent in T = Cay(G,S) if
and only if they are not adjacent in T' = Cay(G,S) .

Definition 2.4([4]) A graph map f : Ty — Ty between two graphs T'; and Ty is a graph

folding if and only if f maps vertices to vertices and edges to edges, i.e., if,

(1) for each v € V(I'1), f(v) is a vertex in V(T'2);
(2) for each e € E(T'1), f(e) is an edge in E(T'3).

Note that if the vertices of an edge e = (u,v ) € E(I'1) are mapped to the same vertex,
then the edge e will collapse to this vertex and hence we cannot get a graph folding.

In the case of a graph folding f the set of singularities, > f , consists of vertices only.
The graph folding is non trivial iff > f # ¢ . In this case the no. V(f(I'1)) < no. V(T'y) ,
also no. E(f(I'1)) < no. E(I'y) .

83. Folding of Cayley Graphs

In this section we will discuss the folding of Cayley graph I' = Cay(G, S) to asubgraph I'* of it.
We notice that not every Cayley graph T' = Cay(G,S) can be folded into a subgraph of it, for
example, Let G = S3 be the Symmetric group of order 6, G = {(),(12),(13),(23),(123),
(132)andlet S ={(12),(123),(132)}since S is generating set and |S| = 3,
so I' = Cay(Ss,S ) is connected graph of valency 3 . This graph cannot be folded into the
induced subgraph I'* which shown in Figure 1. Because the vertex (2 3) is adjacent with the
vertices (123 ), (1 2) and (1 3) then it can not mapped by any folding to these vertices.
Also the vertex (2 3) can not mapped to the vertex () because the edge {(1 3) ,(2 3)} has
no image in I'*. Finally the vertex (2 3) can not mapped to the vertex (1 3 2) because the
edge {(1 2),(2 3)} has no image in I'™*.

() (12) () (12)

132) (13) (13)

(123) (23) (123)
r -

Figure 1 T = Cay(G,S) can not be folded into T**
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It is known that, up to isomorphism , for any finite group G , there is 1 Cayley graph of
G of valency zero. which is a trivial graph and this graph has a trivial foldings since there are

no edges, then any graph map on the vertices is a graph folding.

Theorem 3.1 Let G be a finite group and H is a subgroup of G. Then Cayley graph
I'=Cay(G,S) of G with respect to S = H\{lg} can be folded and the end of these foldings
is a complete subgraph (clique) K, where r=|H| i.e.,

the map ¢ : T = Cay(G,S) — K, 1is graph folding.

Proof Let G be a finite group and H is a subgroup of G. Define the set S to be
the subgroup H with the identity removed S = H \ {1g},so S is closed inverse. Then we
can define Cayley graph T'* = Cay(H,S) as follows, from the definition, there exist an edge
between {lg} and every element x € S . Also for all x,y € S there exist an edge between

them, because, since S is inverse closed, then
xr iyt eSS, zyteH and yr ' € H = xy ' #1 or yr~ ' #1
= ayteS or yrtes

Then Cayley graph of H with respect to S is a complete graph K .

Also we can define Cayley graph T = Cay(G,S) such that {g,h} be an edge of
I' = Cay(G,S) if gh™t € S and hence gh~! an element of H . From the properties
of cosets gh™! € H implies that Hg = Hh . This means that, two vertices are adjacent if and
only if they are in the same cosets .Thus I' = Cay(G,S) is a graph depicting or describing
the cosets of H in G .

Since the number of the cosets of H in G is the index m = |G : H| , thus there
are m components in I' = Cay(G,S) each of which is a clique of size |H| ie., K| .
Then T = Cay(G,S) ={H,Hxy,Hxs,...,Hxy—1} where z;¢ H i=1,2,--- m—1

We can define a graph maps ¢; : I' = Cay(G,S) — I'* = Cay(H,S) by

¢;V(Hzx;) — V(H) , where, ¢;(ax;)= a forall aec H .

These are graph foldings since any edge in Hz; be in the form e = {az;, bx;} where a, b € H
will mapped under ¢ into the edge €’ = {a,b} in H . Then ¢; preserves the edges between
vertices. The end of these foldings is the folding ¢ : I' = Cay(G,S) — K, where K, isa
complete subgraph (clique) and r = |H]| . O

Example 3.1 Let G=Ds = {a, B|a*= > = (aB)? =1; aBa =} bethe
dihedral group of order 8, G = {1, «a, o2, o3, 3, a8, a?3, o33 }.

(1) Let H =(a) ={1, a, a®, o } be a subgroup of G . Since H is closed inverse
but not generating set of G and |G : H| =2 .So there exist two cosets of H in G i.e.,
H HB =18, aB, a?8, a®8 }. Let S = H\ {1}, then T = Cay(Ds,S) has two disjoint
component { H , HB } each of which is a clique of size r = |H| =4, see Figure 2.
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«
o agﬁ o

w®

Figure 2 Folding of Cayley graph I' = Cay(Dsg, {a, o?, a3 })
Then, the map ¢ : I’ = Cay(G,S) — T = Cay(H,S) = K, defined by

— %

¢:V(HB) — V(H) , where ¢ (o ) = o ,i=0,1,2,3 where o € H

This is a graph folding since it preserves the edges between vertices and the limit of the foldings
is a clique of order 4.

(2) Let H =(p) ={1,5} be asubgroup of G , H is closed inverse but not generating
set of G . Since |G : H| =4, there exist four cosets of H in G ie., { H ,aH,o’H,o*H }
Let S = H\ {1}, then T = Cay(Dsg,S) has four disjoint component { H ,aH,o’H,o*H }
each of which is a clique of size r = 2 , see Figure 3.

B af o8 A’B B
Figure 3 Folding of Cayley graph T' = Cay(Ds, {8 } )
Then the maps ¢; : T = Cay(G,S) — T'* = Cay(H,S) = K, defined by
¢i : V(a'H) — V(H) where ¢; (a'a)= a , i=0,1,2,3 where a € H
are graph foldings and the end of these foldings is a clique of order 2.

Theorem 3.2 For any finite group G of order n, |G | =
Cay(G,S) of valency n — 2 can be folded to a clique of order

Every Cayley graph T' =

oz 3

Proof Let G be a finite group of order n, G = {1,a1,a2, - ,an—1 } ,let S be a Cayley
subset of G , since the identity element 1 ¢ S and valency of Cayley graph T' = Cay(G, S)



88 M.R.Zeen El-Deen

is the valency of S ,if T' has valency n—2 so |S| =n — 2. From the definition of Cayley
graph, the identity element is adjacent to all the elements in S and since I' = Cay(G, S) has
no loop, then there exists exactly one element y € G, y ¢ S not adjacent with the identity
element. this means that the two elements which is not in S is not adjacent and they adjacent
to all elements in S . For any element a; € S, since |a;| =n—2 , {l,a;} € E(I') and
{y,a;} € E(T') then there exist one element b € S such that {b,a;} ¢ E(I') and a; must
adjacent to all other elements in S. Then, the vertices of T' = Cay(G,S) can be partitioned

into § sets {Aj, A, ,A%} each set has two vertices which are not adjacent, for example
A ={1,y}, y¢S and A; ={ax, ar }, ag, ar € S such that a; and a, not adjacent
and each elements in A; are adjacent to all elements in A; , i#j, 4,j=1,2, -, 5.

Then we have a complete 7 partite graph Kz 2.. 2, so we can define 3 foldings on I' as
follows ¢y : I' — I'* defined by
(bk(x):y?foayEAla Zak: 17277%

are graph foldings and the end of these foldings is a clique of order 3 . |

Example 3.2 Let G =Dy3 = {a, B|a®= 2= (aB)? =1; aBfa =708} be the
dihedral group of order 6 , G = {1, a, o2, 8, a8, ?B8 },and S ={ a, o2, 3, a3 } be a
Cayley subset of G . The Cayley graph I' = Cay(Dg,S ) is shown in Figure 4.

1 0426 1

a25 5
Figure 4 Folding of Cayley graph I' = Cay(D¢,{ , o2, 3, a3 })

The vertices of the graph I' = Cay(Ds, S ) can divides into § =3 sets, each set has two ele-
ments which are not adjacent in T' = Cay(Dsg, S ) .So we have Ay = {1, o238}, A2 = {a, 3},
Az = {a? aB } . Then we can define three foldings ¢1( a?8) =1, ¢2( ) = o? and
#3( aB) = a® . The composition of these foldings is the map ¢ : V(I' = Cay(Dg, S )) — V(I =

Cay(Dg, S )) defined by

1 if ze A
¢ () =1« if ze A

o? if ze As

Since the image of any edge of E (I') will be the edge, then ¢ is a graph folding.

Proposition 3.1 For any finite group G , |G | =n . Every Cayley graph T = Cay(G, S) of
valency n — 1 can not be folded.
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Proof Let G be a finite group |G| = n , let S be a Cayley subset of G , since
valency of Cayley graph T' = Cay(G,S) is the valency of S ,if T' has valency n —1 so
S| =n—1. Then S=G\{lg} isa generating and closed inverse which implies that Cayley
graph T' = Cay(G,S) is connected. Let H = SU{l} =G ,so H is asubgroup of G and
the index |G : H| =1 . Then we have one component which is a clique of order |S|=n—1
ie, I'=Cay(G,S) = K,_1, so every vertex of I' is adjacent to all other vertices. Then we
can not define any folding on I' since mapping any vertex to another will collapse the edge
between them. a

Proposition 3.2 For any finite group G . Every Cayley graph T' = Cay(G,S) of valency

one can be folded.

Proof Let G be a finite group |G| = n . Up to isomorphism, there is one Cayley
graph I' = Cay(G,S) of valency one. This graph T' = Cay(G,S) is disconnected graph
consists of 3 disconnected components each component is an edge between two vertices. Since
it S ={a}, aeG we have two cases

(i) If a is self inverse, a = a~!, then H = {1, a } is subgroup of G. Then from Theorem 3.1
I' = Cay(G, S) consists of disjoint components {H, Hx;}, x; ¢ H, i=1,2,...,5—1, where
H is a clique of order two, i.e., there is an edge between the two vertices on Hx; = {x;, ax;}.
so each Hz; is a clique of order two. This graph I' = Cay(G, S) can be folded into H .

(ii) If @ is not self inverse a # a~! , then H is not subgroup of G . Let S =
H\{lg} ={a}, then T = Cay(G,S) consists of an edge between elements of H = {1,a }.
For any other vertex x € G, then 7! € G so there exists only one vertex y € G such that
xy~! = a € H , which implies an edge between z and y . Then the graph ' = Cay(G, S)
is disconnected graph consists of disconnected components each component is an edge between
two vertices, if |G| =n then I' consists of % disconnecting edges, which can be folded into

one component. . o

84. Folding Cayley Graph of Non-Abelian Group
In this section we will discuss the folding of Cayley graph of finite non-abelian groups.

Theorem 4.1 For any finite non-abelian group G . Every Cayley graph of G with respect
to a Cayley subset S , T = Cay(G,S) , where S is generating set, every elements in it is
self inverse and |S| = |G| , can be folded to an edge.

Proof Let G be a finite non-abelian group, |G| =n and S C G such that S is
generating set, every elements in it is self inverse and |S| = |G| . Since the valency of Cayley
graph ' = Cay(G,S) is equal to the valency of S then |I'| = [S| = 1|G|. If z and
y€S then 27! =2 €S and y =y ! €S but there is no edge between x and y in
I' = Cay(G, S) , since if there exist an edge between them this must implies that 71y € S

1 1 ,.-1

and 7' y=xy ,but zy ¢ G because (v y) =y 1z =y x # xy . So to have a

graph I' = Cay(G,S) of valency %|n|, every element in S must connected to every element
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in G— S . Then we have a complete bipartite graph I' = Cay(G,S) = K» = .
Let G ={ai,a2,---,az,b1,by,--- ;bn } = V(') andlet S = {ai,az,---,az } ,then
each vertex of S is joined to each vertex of (G —S) by exactly one edge, thus
ET) = { (a1, b1), (a1, b2) , -, (a1, bg) ,(az, b1), (a2, b2), -, (az, bg)

)t ,(CL%, bl)a (agv b2) T a(a%a b%)}
Now, let ¢:V(T) — V(') be a graph map defined by

al if z€ S
by if z€e G-S

¢ (z) =

Thus the image of any edge of E (T') will be the edge ( a; , b1 ), then ¢ is a graph folding.O

Example 4.1 Let G = S3 be the Symmetric group of order 6, G = {(),(12),(13),(23),(123),
(132)tandlet S ={(12),(13),(23) }since S is generating set, every elements in it

is self inverse and |S| = %|G| =3,s0 I'=Cay(Ss,S ) has valency 3 and the vertices of T
can be partitioned into two sets S and G — S such that there are no edges between any two
vertices on the same set, see Figure 5. Then I' = K33 which can be folded by the function

(12) if z€ S

@210 i seaos
()
(12) (13) (23) (12)
(12 (13) 'Y
.,
(132) 123) \
(2'3> () (123)  (132) ()

Figure 5 Folding of Cayley graph T' = Cay(Ss,{(1 2),(13),(23) })
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Abstract: Triangle-trees are a kind of graphs derived from Koch networks. The Merrifield-
Simmons index of a graph is the total number of the independent sets of the graph. We
prove that Pﬁn, & is the triangle-tree with maximal Merrifield-Simmons index among all the

triangle-trees with n triangles and k pendant triangles.
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§1. Introduction

The Koch networks (see [10], [13]) are derived from the Koch fractals (see [4], [9]) and are
constructed iteratively. Let K,, , (m is a natural number) denote the Koch network after g
iterations. Then, the family of Koch networks can be generated in the following way: initially
(g = 0), K o consists of a triangle with three nodes labeled respectively by z,y, z, which have
the highest degree among all nodes in the networks. For g > 1, K,, 4 is obtained from K, 41
by performing the following operation. For each of the three nodes in every existing triangle in
K, g—1, we add m groups of nodes. Each node group contains two nodes, both of which and
their ‘mother’ node are connected to one another forming a new triangle. In other words, to
get Ky, 4 from Ky, 41, we can replace each triangle in K, 41 by a connected cluster on the
right-hand side of the arrow in Fig.1.

Note that a Koch network does not have any cycle except for the triangles, we can call

such a graph a triangle-tree.

Definition 1.1 Let T® (n is a natural number) denote a triangle-tree with n triangles. The
family of triangle-trees can be generated in the following way: initially n =1, TS consists of a
triangle with three vertices labeled respectively by x,y, z. Forn > 2, T is obtained from T> |
by adding a pair of new vertices u,v, both of them are joined to a vertex of T> | and the edge
wv is also added to form a new triangle. In other words, to get T2 from T2 |, we add a new

triangle to T2 | by identifying a vertex of the new triangle with a vertex of TS ;.

LSupported by National Natural Science Foundation of China, No. 11401576.
1Received June 4, 2015, Accepted May 20, 2016.
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m=1
=

m =2

Fig.1

U2 V4 V6 Von—2 U2n
U1 U3 Us v7 V2n—3 U2n—1 VU2n41
P Sa
Fig.2

Obviously Koch networks are all triangle-trees. Suppose T2 is a triangle-tree, A is a
triangle of T, if there are two vertices with degree two in A, we call the triangle A a pendant
triangle of T2. The triangle-path P> (see Fig.2) is the only triangle-tree with only two pendant
triangles and the triangle-star S5 (see Fig.2) is the only triangle-tree with n pendant triangles.
For any two triangles A; and A, of T2, if Ay and Ay have a common vertex, we say A; and
Ay are adjacent, and the distance between A; and As is 1, denoted by d(A1, As) = 1. If Ay
and As do not have a common vertex, there is only one triangle-path between them. If the
triangle-path between A; and As contains d triangles, we say the distance between A; and
Ay is d — 1, denoted by d(A1, Ay) = d — 1. The diameter of a triangle-tree is denoted by d*,
defined as

d?(T2) = max{d(A,A") | A, Alare two triangles of T2},

Throughout this paper G = (V,E) is a finite simple undirected graph with vertex set
V = V(G) and edge set E = E(G). The neighborhood of a vertex v € V is the set Ng(v) =
{w: w € Viow € E}, dg(v) = |Ng(v)|, and Ng[v] = Ng(v) U {v}. For S C V, we use
G — S for the subgraph induced by V(G) \ S, G[S] for the subgraph of G induced by S and
Ng(v) ={w:w € S,vw € E(G)}. For F C E(G), we use G— F for the subgraph of G obtained
by deleting F'.

Let G be a graph on n vertices. Two vertices of G are said to be independent if they
are not adjacent in G. A k-independent set of G is a set of k-mutually independent vertices.

Denote by fi(G) the number of the k-independent sets of G. For convenience, we regard the
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empty vertex set as an independent set. Then fo(G) = 1 for any graph G. Let a(G) denote
the cardinality of a maximal independent set of G.

The Merrifield-Sommons index was introduced by Prodinger and Tichy in 1982, which is
defined by

although it is called Fibonacci number of a graph in [8]. It is one of the most popular topological
indices in chemistry, which was extensively studied in monograph [7]. Now there have been
many papers studying the Merrifield-Simmons index. In [8], Prodinger and Tichy showed
that, for trees with order n, the star has the maximal Merrifield-Simmons index and the path
has the minimal Merrifield-Simmons index. In [6], Li et al characterized the tree with the
maximal Merrifield-Simmons index among the trees with given diameter. In [11], Yu and Lv
characterized the trees with maximal Merrifield-Simmons indices, among the trees with given
pendant vertices. For more results on Merrifield-Simmons index, see [1-3], [5] and [12].

Due to the similarity of triangle-trees and ordinary trees, it is very interesting to study the
Merrifield-Simmons indices of triangle-trees. It is easy verify that, among all the triangle-trees
with n triangles, S& is the triangle-tree with maximal Merrifield-Simmons index and P2 is
the triangle-tree with minimal Merrifield-Simmons index. As noting this result is similar to
the result of ordinary trees, we consider all the triangle-trees with n triangles and k& pendant
triangles. It is very interesting to find that PkAﬂ% . (as shown in Fig. 3) is the triangle-tree with
maximal Merrifield-Simmos index among all such triangle-trees, and this result is also similar

to the result of ordinary trees.

P&k
Fig.3
§82. Lemmas and Results
We first introduce the following lemma, which is obvious and well-known.

Lemma 2.1 For a graph G, we have

(1) i(G) =i(G —v) +i(G = N[v]) for any v € V(G);
(2) i(G) =i(G —e) —i(G — Nle]) for any e € E(G);
(3) If G = G1 U Ga, then i(G) = i(G1)i(G2).

Using the above lemma, we can derive some recursion formulas on the Merrifield-Simmons
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index of the triangle-path P2. Denote a,, = i(P2). It is easy to see that a; = 4,as = 10, a3 =
24. Let Q,, = P® — vy, where v; is one of the vertices with degree two of the pendant-triangle
of P2 (as shown in Fig 2) and b, = i(Q,). It is easy to see that by = 3,by = 7,b3 = 17. Let
R, = @, —v2n+1, where vay, 11 is one of the vertices with degree two of another pendant-triangle

of P2 (as shown in Fig.2). It is easy to see that ¢; = 2,co = 5,¢3 = 12.

By Lemma 2.1, we know

an = bn + bnflv
bn =ap-1+ bn—l =Cn+ Cn—1,

Cn =bp_1+cCn_1.
So we have

anrl = 2bn + bnflv
Ap+4+1 = 2an + Ap—1,

Cn+1 = 2¢y, +cpo1.

Let P,CA = A1Ay--- Ay be a path of a triangle-tree T?, where A; = vo;_1v2U2i41. If
dra (’Ul) > 6, dTA(’UQ]H_]) > 6, dpra (’Ugi) =2 (1 <1 < k) and dra (’Ugi_H) =4 (1 <i<k-1),
we call P2 an internal triangle-path of T2. If the triangle A; = v1v9v3 is a pendant triangle of
T2, dpa(vags1) > 6, dpa(ve;) =2 (1 < i < k) and dpa (vei41) =4 (1 <i <k — 1), we call P~
a pendant triangle-path of T2. Let s(T2) be the number of vertices in T2 with degree not less
than 6 and p(T?) be the number of pendant triangle-paths in 72 with length not less than 1.

R OGN

e
Operation I

AN/AN/AN L SANSA

@ @ . -
/ TOA
v Gy

Fig.4

Denote 'Z;ZA,C (3 <k <n-—1) be the set of all triangle-trees with n triangles and k pendant



96 Xuezheng Lv, Zixu Yan and Erling Wei

triangles. In the following, we shall define two kinds of operations of T4 € ’Z;fk and show that
these two kinds of operations make the Merrifield-Simmons indices of the triangle-tree increase

strictly.

If T2 ¢ ’Trfk, TA % PkA’nf,C and p(T?) # 0, then T® can be seen as the triangle-trees T2
or T as shown in Fig.4, where AjAy--- Ay (s > 2) is a pendant path of T2 with s triangles,
G1 and Go are two subtriangle-trees of T4 and |V (G1)| > 3,|V(Ge)| > 3. If TS is obtained

from T/ or T4 by Operation I (as shown in Fig.4), it is easy to see that TS € ’Z;ZA,C

Now we show that operation I makes the Merrifield-Simmons indices of the triangle-trees

increase strictly.

Lemma 2.2 If TS is obtained from TP or TS by operation I, then i(TS) > i(TH) and
i(Tg) > i(Ts).

Proof Let Ng,[v] = Vi, Na,[u] = Vo in TR, Ng,[u'] = V4 in T§ and Ng,[w] = V3 in TE.

If s > 3, by Lemma 2.1, we have

(T = (T =) +i(T = Npalv))
= Z(Gl — ’U)(2Z(G2 — u)bs + ’L(GQ - ‘/g)bs_l) + Z(Gl — ‘/i)Z(GQ - u)bs,
i(T3Y) = (T3 —v) +i(T3" — Ngalv])

= (G — 0)(i(Ca — u)as +i(Ga — V)bs) +i(Gr — V1)i(Ga — u')bs,

(1) = iT§ —v) +i(Ty — Npa[v])
= ’L(Gl — ’U)(?)Z(GQ — w)cs + ’L(GQ — Vg,)Csfl)
+Z(G1 — V1)(3Z(G2 — ’LU)Csfl + ’L(GQ — V;),)CS,Q).

Obviously, i(G2 — w) = i(Ge — ') = i(G2 — u) and i(Ga — V3) = i(Ga — V) = (G2 — V3),

so we have

i(Tg) —i(T)

=i(G1 —v)i(G2 —u)(3cs — 2bs) +i(G1 — v)i(Ga — Va)(cs—1 — bs—1)
+i(G1 — V1)i(G2 — u)(3cs—1 — bs) + i(G1 — V1)i(Ga — Va)cs—a

=i(G1 — v)i(Ga — u)cs—2 — i(G1 — v)i(G2 — Va)cs—o

—i(G1 — V1)i(Ga —u)cs—a + i(G1 — V1)i(Ge — Va)es—o

=cs_2(i(G1 —v) —i(G1 — V1)) (i(G2 — u) — i(Gy — V2)).

Since s > 3,¢5_2 > 0, i(G1 —v) —i(G1 — V1) > 0 and i(G2 — u) — i(G2 — V2) > 0, we know
i(TE) —i(TP) > 0 when s > 3.
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Similarly,

i(Ty) —i(T3")

=i(G1 —v)i(G2 —u')(3cs — as) +i1(G1 — v)i(Ga — Vi) (cs—1 — bs)
+i(G1 — V1)i(Ga — u')(3cs—1 — bs) +i(G1 — V1)i(Ga — V3 )cs—o

=i(G1 —v)i(G2 — u')(cs—a + 2¢5_1) +i(G1 — v)i(Ga — V3 )(—cs_2 — 2¢s_1)
+i(G1 — V1)i(G2 — v/ ) (—cs—2) +i(G1 — V1)i(Gy — V3 )cs—2

= cs—2(i(G1 —v) —i(G1 = V1)) (i(G2 — ') — i(G2 = V)
+2¢5_1i(G1 —v)(i(Ge —u') — i(Ge — V3)) > 0.

Therefore, i(T{) —i(T§) > 0 when s > 3. If s = 2, similarly, we have

i(Ty") —i(T1)

=i(G1 —v)i(G2 — u)(3ca — 2b) + i(G1 — v)i(Ga — Va)(c1 — by)
+i(G1 — V1)i(G2 — u)(3c1 — ba) +i(G1 — V1)i(Ge — Va)

= (i(G1 —v) —i(G1 = V1))(i(G2 — u) —i(G2 — V2)).

i(Tg) —i(T3Y)

=i(G1 —v)i(G2 —u')(Bca — az) + i(G1 — v)i(G2 — V5 )(c1 — ba)
+i(Gr = Vi)i(Ga — ') (3er — ba) + i(Gr — V1)i(Ga — V)

= (i(G1 —v) —i(G1 = V1)) (i(G2 — ') —i(G2 = V3))
+4i(G1 —v)(i(Ge —u') —i(G2 — V3)) > 0.

Therefore, i(T5) — i(T) > 0 and i(T¢) — i(T5) > 0 when s = 2. O

From Lemma 2.2, we can immediately get the following result.

Lemma 2.3 Let T® € T5,(3 <k <n—1), T 2 PS,_, and p(T*) > 1.

(1) If s(T?) = 1, we can finally get a triangle-tree T'® by operation I with i(T'2) > i(T4),
and p(T'®) = 1; it is easy to see that T'™ = P,fn_k;

(2) If s(T?) > 1, we can finally get a triangle-tree T'> by operation I with i(T'>) > i(T*)
and p(T"™) = 0.

If T2 € ’Z;A)k(?) <k<n-1),T” % Pﬁk and p(T?) = 0, then we can find two pendant
triangles A; and A} of T2 such that d(A,A}) = d®(T?). Suppose A; = vuju} and A} =
vuv}, where uy,uf,v1,v] are the vertices with degree 2 and d(u) > 6, d(v) > 6. Then the
triangle-tree can be seen as the triangle-tree T2 shown in Fig 5, where Ay, Ay, -+, A, are

pendant triangles with common vertex u, A}, A}, --- | A} are pendant triangles with common

s t
vertex v, G is the subgraph of T2 induced by V(T%) \ ( _!1 V(A)U _!1 V(A;))
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\

Operation II

/

Fig.5

Note that if d(A1,Ay) = 3, then = = y; if d(A;,Ay) > 4, then |[V(Gy)| > 5. T2 is a
triangle-tree got from T2 by moving the pendant triangles AL, A%, .-+ A} from v to u, and
T'Ais a triangle-tree got from T by moving the pendant triangles As, As,--- , A, from u to
v. We say both of T'2 and T"2 are obtained from T2 by Operation II. It is easy to see that
T'A T2 €T, p(T'®) =p(T"®) =1 and s(T'2) = s(T"2) = s(T*) — 1.

Lemma 2.4 IfT'2 and T"2 are obtained from T2 by Operation II, then either i(T'2) > i(T2)
or i(T"2) > i(T?).

Proof 1f d(A1,A}) > 3, then Ng,(u) = {x,2’'} and Ng,[v] = {y,y’}. Note that if
d(Aq,A}) =3, then = y. By Lemma 2.2, we have

i(T%) = (T —u) +i(T> — Npalu])

3 (3%(G1) +i(Gr — {y.y'}) + 3%(G1 — {=, 2'}}) +i(Gr — {z,2",y,4'}),

(T2 = (T —u) + (T = Nyralu))
3S+t_1(3i(G1) + i(Gl _ {y7y/})) + 37;(G1 — {.’L‘,x/}) + i(Gl — {x, x', y,y'})’

(T = (T —u)+i(T"® = Npwalu])
= 33" 7N(G) + (G~ {y.y'}) + 3T TN(GL — {z,2"}) +i(G1 — {z, 2", y,y'}).
It is easy to see that

I(T'2) —i(T2) = 33— )G — {ny'}) — (G — {a,2'}),
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iW(T"2) —i(T2) = 33~ = 1)(371(G1 — {=,2'}) —i(G1 — {y,5'}))-

Note that s,¢ > 2. If i(T'2) — i(T2) < 0, we have 3~ %(Gy — {y,y'}) < i(Gy — {z,2'}).

Then we have
(T —i(T2) > 3371 = 1)(3°713 1 = 1)i(G1 — {y,¥'}) > 0.
If d(Aq, A}) = 2, we have T2 = T2, Suppose Ng, (u) = {v,w}, Ng,(v) = {u,w}, then
W) —i(T?) =33 = 1)(3* ' = 1)i(G1 — w) > 0.

Therefore, if T2 and T"'2 are obtained from T2 by operation II, then either i(T/A) >
i(T2) or i(T"2) > i(T2). O

Theorem 2.5 Let T2 € ’];A)k Then i(T2) < 3*1b,_p11+by_g, the equality holds if and only
if TA = P2, 4.

Proof By Lemma 2.1, it is easy to see that

i(Pfy_y) =35 b k1 + boi.

Since 7% = {P}} and PY = P2, 75, = {S8} and S5 = P§, _,, we may assume
3 <k <mn-—1 Tt is sufficient to show that i(T?) < i(PkA,nfk) for any T4 € ’Trfk and
TS % PR,

For T2 € Trfk(?) <k<n-—1)and TA % PkAynf,67 we know 1 < s(T?) < n — k, we shall
show i(T4) < i(PkAﬁnfk) by induction on s(T?). When s(T?) = 1, since T4 2 PkAynik, we
have p(T2) > 2. By (1) of Lemma 2.3, we have i(T4) < i(PkA’nfk). Suppose the result holds
for any triangle-tree T2 with s(T'2) = s — 1. Let s(T?) = s > 2. If p(T®) # 0, by (2)
of Lemma 2.3, we can get a triangle-tree T € ’Z;fk such that p(T{f) = 0, s(Tf) = s and
i(Tf) > i(T?). Then by Lemma 2.4, we can get a triangle-tree T5* € ’Trfk from T such that
p(T9) = 1,5(TF) = s — 1 and i(T§) > i(TL). By the induction hypothesis, we have

i(T2) < i(TP) < i(T5) < i(PEa_p)-

Therefore, if T2 € Tnék, then i(T2) < 3 b, i1 + by g = z'(P,fn_k) and the equality
holds if and only if T4 = P,fn_ ko |

Lemma 2.6 For3 <k <n, (P2, o, o) > i(PS i igr_s)
Proof By Lemma 2.1, it is easy to see that
(P2 o p2) = 3" bp_gp1 + b,

i(PnAkar&ka) =3""2by_jy2 + k1.
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Since b, 11 = 2b,, + by—1, we have

i(P/fn—k) - i(PnA—k+3,k—3) = 3 b i1 bk — 3" b g0 + byega

(372 — 1) (bp_s1 — bp_g) > 0.

Hence i(P$7k+27k72) > i(P$7k+37k73) for3<k<n. O

From Theorem 2.5 and Lemma 2.6, we can immediately get the following result.

Corollary 2.7 Let T be a triangle-tree with 2n + 1 vertices and n triangles. Then

(1) i(T?) < 3™ + 1 and the equality holds if and only if T® =2 S5 ;
(2) If TA 2 S5, then i(T?) < 7x3" 243 and the equality holds if and only if T> = P?fnfg.
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81. Introduction

Since the revelation in 1994 [10], there are a lot of works on codes over finite rings. The
structure of certain type of codes over many finite rings are determined such as cyclic, quasi-
cyclic. Recently, it is introduced the class of skew codes which are generalized the notion cyclic,
quasi-cyclic in [5,6,12,14].

In [1], T. Abualrub, P. Seneviratre studied skew cyclic codes over Fs +vFy, v? = v. In [2],
T. Abualrub, A. Ghrayeb, N. Aydin, I. Siap introduced skew quasi-cyclic codes. They obtained
several new codes with Hamming distance exceeding the distance of the previously best known
linear codes with comparable parameters.

In [4], they investigated the structures of skew cyclic and skew quasi-cyclic of arbitrary
length over Galois rings. They shown that the skew cyclic codes are equivalent to either
cyclic and quasi-cyclic codes over Galois rings. Moreover, they gave a necessary and sufficient
condition for skew cyclic codes over Galois rings to be free.

Jian Gao, L.Shen, F. W. Fu studied a class of generalized quasi—cyclic codes called skew
generalized quasi-cyclic codes. They gave the Chinese Remainder Theorem over the skew
polynomial ring which lead to a canonical decomposition of skew generalized quasi-cyclic codes.
Moreover, they focused on 1-generator skew generalized quasi-cyclic code in [7]. J.Gao also
presented skew cyclic codes over F, + vF}, in [8].

The MacWilliams identity supplies the relationship between the weight enumerator of a
linear code and that of its dual code [11]. The distribution of weights for a linear code is

important for its performance analysis such as linear programming bound, error correcting

1Received August 20, 2015, Accepted May 22, 2016.
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capabilities, etc. There are a lot of work about the MacWilliams identities in [3,9,15].

This paper is organized as follows. In section 2, we give some basic knowledges about the
finite ring S. In section 3, we define a new Gray map from S to F3, Lee weights of elements
of S and Lee distance in the linear codes over S. In section 4, we define a new non trivial
automorphism and we introduce skew codes over S. In section 5, we obtain the MacWilliams

identities and give an example.

82. Preliminaries

Let S be the ring s + uFy + vFy where u? = u, v2 = v, wv = vu = 0 and Fy, = {0,1}, a
finite commutative ring with 8 elements. S is semi local ring with three maximal ideals and a

principal ideal ring. It is not finite chain ring.

The ideals are follows;

Iy = {0}, =5

I, = {0,u}, I, ={0,v}, liuto ={0,1+u+v}
ILivw = {0,u,v,u+v}, 114, ={0,0,1+u,1+u+v}
Lo = {0,u,14v,1+u+v}

A linear code C' over S length n is a S—submodule of S™. An element of C is called a
codeword.

For any = = (xo, 21, ,Zn-1), ¥ = (Yo,Y1," - ,Yn—1) the inner product is defined as

n—1
L.y = Z TilYi
=0

If z.y = 0 then x and y are said to be orthogonal. Let C be linear code of length n over
S, the dual code of C
Ot ={z:VyeC xy=0},

which is also a linear code over S of length n. A code C is self orthogonal if C C C* and self
dual if C' = C*.

A cyclic code C over S is a linear code with the property that if ¢ = (¢o,¢1,- - ,cn_1) € C
then o (C) = (ep—1,c0,+* ,en—2) € C. A subset C of S™ is a linear cyclic code of length n iff it
is polynomial representation is an ideal of S [z] / (z™ — 1).

Let C be code over Fy of length n and é = (é, 61, ,én—-1) be a codeword of C. The
Hamming weight of ¢ is defined as wy (¢é) = Z?:_Ol wp (é;) where wy (é;) = 1if 6, = 1 and
wy (é;) = 0 if ¢, = 0. Hamming distance of C' is defined as dy (C) = mindy (¢, é) , where for
any ¢ € C, ¢ # ¢ and dpy (¢, ¢) is Hamming distance between two codewords with dg (¢, é) =
wg (c—¢).

Let a € F3™ with a = (ag, a1, ,a3n—1) = (a(o) |a(1)‘ a(2)) ,a e Fyfori=0,1,2. Let
¢ be a map from F3" to F3" given by ¢ (a) = (0 (a(o)) ‘U (a(l))’ o (am)) where o is a cyclic
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shift from FJ' to FJ' given by o (a®@) = ((a*"=V), (a®0), (@) .-+ (alt"=2)) for every
a® = (a®9 ... a1 where a(*7) € Fy, 0 < j <n — 1. A code of length 3n over F; is said
to be quasi cyclic code of index 3 if ¢ (C) = C.

83. Gray Map

Let = a + ub + uc be an element of S where a,b,c € F». We define Gray map ¥ from S to
F3 by

v . S—F}
U(a+ub+ve) = (a,a+b,a+c)

The Lee weight of elements of S are defined wy, (a + ub+ ve) = wy(a,a + b, a + ¢) where
wpy denotes the ordinary Hamming weight for binary codes. Hence, there is one element whose
weight is 0, there are u,v,1 + u + v elements whose weights are 1, there are 1 +u,1 +v,u+v
elements whose weights are 2, there is one element whose weight are 3.

Let C be a linear code over S of length n. For any codeword ¢ = (cg, - ,¢n—1) the
Lee weight of ¢ is defined as wy, (¢) = E;:Ol wr, (¢;) and the Lee distance of C is defined as
dr, (C) = mindy, (¢, é), where for any é € C, ¢ # ¢ and d, (¢, ¢) is Lee distance between two
codewords with dr, (¢c,é) = w, (c — ¢) . Gray map ¥ can be extended to map from S™ to F3".

Theorem 3.1 The Gray map ¥ is a weight preserving map from (S™, Lee weight) to (F3™, Ham—

ming weight). Moreover it is an isometry from S™ to F3".

Theorem 3.2 If C is an [n,k,dr] linear codes over S then W (C) is a [3n,k,dy] linear codes

over Fy, where dg = dj,.

84. Skew Codes over S

We are interested in studying skew codes using the ring S = Fs +uFs +vF, where u? = u, v2 =
v,uv = vu = 0.. We define non-trivial ring automorphism 6 on the ring S by 6 (a + ub+ vc) =
a + vb + uc for all a + ub+ vc € S.

The ring S[z,0] = {ao +a1x + -+ an_12""1 : a; € S, n € N} is called a skew polyno-
mial ring. This ring is a non-commutative ring. The addition in the ring S[z, 6] is the usual
polynomial addition and multiplication is defined using the rule, (az?)(bx’) = af’(b)z**7. Note
that 02(a) = a for all a € S. This implies that 6 is a ring automorphism of order 2.

Definition 4.1 A subset C of S™ is called a skew cyclic code of length n if C satisfies the
following conditions,

(1) C is a submodule of S™;
(i4) If ¢ = (co,c1, - yen—1) € C, then gg (c) = (H(Cn,l),H(co), e ,O(Cn_g)) e C.
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Let (f(z)+ (2™ —1)) be an element in the set S,, = S [z, 0] /(2™ — 1) and let r(x) € S [z, 0]

Define multiplication from left as follows:

for any r(z) € S [x,0].

Theorem 4.2 S, is a left S [z, 0]-module where multiplication defined as in above.

Theorem 4.3 A code C in Sy, is a skew cyclic code if and only if C is a left S [z, 0]-submodule
of the left S|z, 0]-module S, .

Theorem 4.4 Let C be a skew cyclic code in S, and let f(x) be a polynomial in C of minimal
degree. If f(x) is monic polynomial, then C = (f(x)) where f(x) is a right divisor of (z™ —1).

Theorem 4.5 Let n be odd and C be a skew cyclic code of length n. Then C is equivalent to
cyclic code of length n over S.

Proof Since n is odd, ged(2,n) = 1. Hence there exist integers b, ¢ such that 2b + nc = 1.
So 2b=1—nc=1+ zn where z > 0. Let a(x) =ag+ a1z +--- + an_12"" ! be a codeword in
C. Note that z%a(z) = 0% (ag)z'*" + 6%°(a1)x?T*" + -+ + 0% (ap_1)2" " = a1 + apz +
-+ a,_22""2 € C. Thus C is a cyclic code of length n. O

Corollary 4.6 Let n be odd. Then the number of distinct skew cyclic codes of length n over S
is equal to the number of ideals in S [z /(z™ — 1) because of Theorem 7. If ™ —1 =[]._, p; (z)
where p;(x) are irreducible polynomials over Fy. Then the number of distinct skew cyclic codes
of length n over S is [],_,(si + 1)2.

Example 4.7 Let n = 15 and g(z) = 2* + 2® + 2% + 2 + 1. Then g(x) generates a skew cyclic
codes of length 15. This code is equivalent to a cyclic code of length 15. Since z!® —1 =
(x+D(@®+z+ 1) (z* + 2+ 1)(z* + 23 + 1)(2* + 23 + 22 + 2 + 1), it follows that there are 28
skew cyclic code of length 15.

Definition 4.8 A subset C of S™ is called a skew quasi-cyclic code of length n if C' satisfies

the following conditions:

(1) C is a submodule of S™;

(i1) If e = (0,0, -~ €0,1—1,€1,0," " +€1,i—1," " 1€s—1,0, - ,€s—1,1—1) € C, then 19,5, (e) =
(O(es—1,0),- - ,0(€s—1,1-1),0(e0,0), - ,0(e0,1—1),0(€s—2,0), -+ ,0(es—2,4-1)) € C.

We note that 2 — 1 is a two sided ideal in S [z, 0] if m|s where m = 2 is the order of §. So
S [x,0] /(x® — 1) is well defined.

The ring M. = (S [z,0] /(x* —1))! is a left My = S[z,60] /(z® — 1) module by the following
multiplication on the left f(z)(gi(x), -, qi(x)) = (f(x)g1(x), -, f(x)gi(z)). If the map ~ is
defined by

y: 8" — M!
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(€0,0,° " 1€0,1—1,€1,0, "+ ,€L1—15" " ,€s5-1,0, " s€s—1,1—1) — (Co(x), -+ ,c—1(x)) such that e;(z) =
Zf;& e jxt € M! where j = 0,1,--- ,1 — 1 then the map 7 gives a one to one correspondence
S™ and the ring M.

Theorem 4.9 A subset C of S™ is a skew quasi-cyclic code of length n = sl and index [ if and
only if v(C) is a left Ss-submodule of M.

85. MacWilliams Identities

Let the elements of S be represented as S = {f1, f2, -, fs} ={0,L,u,v, 1+ u, 1 +v,u+v,1+

u + v} where the order of elements is fixed.

Definition 5.1 Define x : S — C* by x(a+ub+wvc) = (—1)*+t*+e. x is a non-trivial character
of each non-zero ideal I of S. Hence we have ), .; x(a) = 0.

Lemma 5.2 Let C be a linear code over S of length n. Then for any m € S™,

Z em) = 0,if m¢ Ct

ceC IC|,if m e C+

~

Theorem 5.3([11]) Let C be a linear code over S of length n and f(c) =3, on x(c.m)f(m).
Then ¥ eci £m) = & Soee Fl6).

Let A is a 8 x 8 matrix.A matrix defined by A(Z,7) = x(fif;). The matrix A is given as
follows

1 1 1 1 1 1 1
-1 -1 -1 1 1 1 -1
-1 -1 1 1 -1 -1 1
-1 1 -1 -1 1 -1 1

1 1 -1 1 -1 -1 -1

1 -1 1 -1 1 -1 -1

1 -1 -1 -1 -1 1 1
-1 1 1 -1 -1 1 -1

N
Il
= e T T S = S SO S

Definition 5.4 Let C be a linear code of lengthn over S, then Leec(x,y) = > .cc g3 —wr(e)ywr(e)
can be called as the Lee weight enumerator of C and Hame(x,y) = Ececxnwa(c)ywH(c) can

be called as the Hamming weight enumerator of C. Besides,

Swec(z,y, z,w) = Z gno(e)yn(e) jna(e)yns(e)
ceC

is the symmetric weight enumerator where n;(c) denote the number of elements of ¢ with Lee
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weight 0,1, 2,3, respectively.

Definition 5.5 The complete weight enumerator of a linear code C over R is defined as

ny (€) nyg(c)
cwec (1, e, T8) = D ec Ty e

in the vector c.

where ny,(c) is the number of appearances of f;

The complete weight enumerator gives us a lot of information about the code, such as the
size of the code, the minimum weight of the code and the weight enumerator of the code for

any weight function.

We can define the symmetrized weight enumerator as follows.

Definition 5.6 Let C be a linear code of length n over S. Then define the symmetrized weight
enumerator of C' as

SwEC(I, Y, va) = Cwec(wivya Y,z, 2, Zvy)

Here x represents the elements that have weight 0 (the 0 element), y represents the elements
with weight 1 (the elements u, v, 1 +u+v), z represents the elements with weight 2 (the elements

14+ u,1+v,u+ v), w represents the elements with weight 3 (the element 1).

Theorem 5.7 Let C be a linear code of length n over S and let C* be its dual. Then

cwect (T1, %2, ,x8) = ﬁcwec(A.(xl xy --- xg) ') where ()T denotes the transpose.

Theorem 5.8 Let C be a linear code of length n over S and let C+ be its dual. Then
Swegi(x,y,z,w) = ﬁSwec(:C—i—w—i—?)y—i—?)z,x—w—3y+3z,x—w+y—z,x+w—y—z).

Proof The proof follows simply from calculating the matrix product
Alzwyyzzzy)'

where ()T denotes the transpose. O

Theorem 5.9 Let C be a linear code of length n over S. Then,

(79) Leeci(z,y) = ﬁLeec(x +y,z—y).

Proof (i) Let wr(¢) = n1(c) +2n2(c) 4+ 3ns(c) where n;(c) denote the number of elements of
¢ with Lee weight 0,1, 2, 3, respectively. Since n = ng(c) + ni(c) +na2(c) + ns(c), 3n —wr(c) =
3no(c) + 2n1(c) + na(c). From the definition,

Z IanwL(c)wa(c) _ Z xSno(c)Jrin(c)+n2(c)yn1(c)+2n2(c)+3n3(c)

ceC ceC

= > 2Py (yPa) Oyt = Swee (@b Py, e, )
ceC

Leec(z,y) =
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(4i) From Theorems 5.7 and 5.8,
1
Cl
2 — P+ ay —ay? 2 4yt — 2%y — ay?)

_ %Swec((x +9)% (@ +9)* (@ —y). (@ —y)*(@ +y). (2 —y)*)

Leegi(x,y) Swec (x® + 322y + 3y2x + y°, 2° — y — 32%y + 3a1,

1
= —Leec(z+y,z—y). O
IC]
Theorem 5.10 Let C be a linear code of length n over S. Then we have

(1) Hames(z,y) = ﬁHamc(x + Ty, —y);
)

(i1) Hame (z,y) = Swec(,y,y,y)-

Proof (i) It is straightforward from [13].
(#4) The Hamming weight wp(c) is defined as wg(¢) = no(c) + n1(c) + na(c) + ns(c).

Hamc(x’ y) = Z x"*wH(C)ywH(C) _ Z xnﬂ(c)ynl(C)+n2(C)+n3(c)
ceC ceC
= Swec(xayvyay)' U

Example 5.11 Let C' = {(0,0), (v,v)} be a linear code of length 2 over S. The Lee weight
enumerator is Leec(z,y) = 2% + 2%y?; the Hamming enumerator is Hamc(x,y) = 22 +y2. Lee
weight enumerator of C+ is Leec(z,y) = 25 + 4a®y + Toty? + 823y3 + T22y* + 529 + o/5;

Hamming weight enumerator of C is

Hameo (z,y) = 2% + 6xy + 2597
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Abstract: Let G be a graph. If u,v € V(G), a u — v geodesic of G is the shortest path
between u and v. The closed interval I[u, v] consists of all vertices lying in some u - v
geodesic of G. For S C V(G) the set I[S] is the union of all sets I[u, v] for u,v € S. A set S
is a geodetic set of G if I(S) = V(G). The cardinality of a minimum geodetic set of G is the
geodetic number of G, denoted by g(G). In this paper, we study the nonsplit geodetic number
of a graph gns(G). The set S C V(G) is a nonsplit geodetic set in G if S is a geodetic set and
(V(G) — S) is connected, nonsplit geodetic number gns(G) of G is the minimum cardinality
of a nonsplit geodetic set of G. We investigate the relationship between nonsplit geodetic
number and geodetic number. We also obtain the nonsplit geodetic number in the cartesian

product of graphs.

Key Words: Cartesian products, distance, edge covering number, Smarandachely k-

geodetic set, geodetic number, vertex covering number.
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81. Introduction

Asusual n = |V| and m = | E| denote the number of vertices and edges of a graph G respectively.
The graphs considered here are finite, undirected,simple and connected. The distance d(u,v)
between two vertices u and v in a connected graph G is the length of a shortest v — v path in
G. It is well known that this distance is a metric on the vertex set V (G). For a vertex v of
G, the eccentricity e (v) is the distance between v and a vertex farthest from v. The minimum
eccentricity among the vertices of G is radius, rad G and the maximum eccentricity is the
diameter, diam G. A u — v path of length d(u,v) is called a u — v geodesic. We define I[u, v] to
the set (interval) of all vertices lying on some u — v geodesic of G and for a nonempty subset S of
V (G), I[S] = UyvesI[u,v]. A set S of vertices of G is called a geodetic set in G if I[S] = V(G),
and a geodetic set of minimum cardinality is a minimum geodetic set, and generally, if there is
a k-subset T of V(G) such that I(S)UT = V(G), where 0 < k < |G| — |S|, then S is called a
Smarandachely k-geodetic set of G. The cardinality of a minimum geodetic set in G is called

1Received December 3, 2014, Accepted December 6, 2015.
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the geodetic number and is denoted by g (G). The concept of geodetic number of a graph was
introduced in [1,4, 7], further studied in [2, 3], and the split geodetic number of a graph was
introduced in [10]. It was shown in [7] that determining the geodetic number of a graph is an
NP-hard problem.

A set of vertices S in a graph G is a nonsplit geodetic set if S is a geodetic set and the
subgraph G [V — S] induced by (V(G) — S) is connected. The minimum cardinality of a nonsplit
geodetic set, denoted g,s (G), is called the nonsplit geodetic number of G.

Figure 1.1

Consider the graph G of Figure 1.1. For the vertices u and y in G d (u,y) = 3 and every
vertex of G lies on an u — y geodesic in G. Thus S = {u,y} is the geodetic set of G and so
g (G). Here the induced subgraph (V(G) — S) is connected. So that S is a minimum nonsplit
geodetic set of G. Therefore nonsplit geodetic number g,s(G) = 2.

A vertex v is an extreme vertex in a graph G, if the subgraph induced by its neighbours
is complete. A vertex cover in a graph G is a set of vertices that covers all edges of G. The
minimum number of vertices in a vertex cover of G is the vertex covering number ag (G) of G.
An edge cover of a graph G without isolated vertices is a set of edges of G that covers all the
vertices of G. The edge covering number a; (G) of a graph G is the minimum cardinality of an

edge cover of G. For any undefined term in this paper, see [1, 6]

82. Preliminary Notes

We need the following results to prove our results.

Theorem 2.1 FEvery geodetic set of a graph contains its extreme vertices.
Theorem 2.2 For any tree T with k pendant vertices, g(T) = k.

Theorem 2.3 For any graph G of order n, a1(G) + $1(G) = n.
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Theorem 2.4 For cycle C,, of order n > 3,

2 if n even,

9(Cn) = .
3 if n odd.

Theorem 2.5 If G is a nontrivial connected graph, then g(G) < g(G x Ka).

83. Nomnsplit Geodetic Number

Theorem 3.1 For cycle C,, of order n > 3,

241 if n is even,

Ins(Cn) = 2n . .
LE +2 if nis odd.

Proof Suppose C,, be cycle with n > 3, we have the following

Case 1. Let n be even. Consider Co, = {v1,v2, -, vz, v1} be a cycle with 2p vertices.
Then v,41 is the antipodal vertex of v1. Suppose S = {v1,vp41} be the geodetic set of G.
It is clear that (V(G) —S) is not connected. Thus S is not a nonsplit geodetic set. But
S" = {vi,v2, - ,vp41} is a nonsplit geodetic set of G. So that g,s(G) < (p+1). If S; is any
set of vertices of G with |S1| < |S’| then Sy contains at most p-elements. Hence V(G) — S; is
not connected. This follows that g,.(G) =p+1= 4 + 1.

Case 2. Let n be odd. Consider Copr1 = {v1,v2,- -+ ,V2p+1,v1} be a cycle with 2p+1
vertices. Then vp41 and v,qo are the antipodal vertices of v1. Now consider S = {v1,vpi1, Upy2}
be the geodetic set of G and it is clear that (V(G) —.S) is not connected. Thus S is not a
nonsplit geodetic set. But S” = {v1,v2, -+, Upt1,Upta} is a nonsplit geodetic set of G so that
gns(G) < p+2. If S; is any set of vertices of G with |S1| < |S’| then S; contains at most
p-elements. Hence (V(G) — S) is not connected. This follows that

n

gns(G) =p+2= b

|+2 =

Theorem 3.2 For any nontrivial tree T with k-pendant-vertices, then gns(T) = k.

Proof Let S = {v1,v9,---,v;} be the set containing pendant vertices of a tree T. By
Theorem 2.2, g(T') > |S]. On the other hand, for an internal vertex v of T there exist pendant
vertices x,y of T such that v lies on the unique x-y geodesic in T. Thus, v € I'[S] and I [S] =
V(T).Then ¢g(T) < |S|. Thus S itself a minimum geodetic set of T.Therefore g(T) = |S| = k
and (V' — S) is connected. Hence g¢,,5(T) = k. O

Theorem 3.3 For any integers v, > 2,gns(Kys) =1+ s — 1.

Proof Let G =K, g, such that U = {uq,ug, -+ ,up}, W = {wr,ws,- -+ ,ws} are the partite
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sets of G, where r < sand also V =UUW.

Consider S = UUW —x for any x € W. Every wpy € W, 1 <k < s—1 lies on u; — u;
geodesic for 1 <4 # j < r, so that S is a geodetic set of G. Since (V(G) — S) is connected and
hence S itself a nonsplit geodetic set of G . Let S’ be any set of vertices such that |S’| < |S|. If
S’ is not a subset of U then (V(G) — S’} is not connected and so S’ is not a nonsplit geodetic
set of G. If S’ is not a subset of W — z, again S’ is not a nonsplit geodetic set of G, by a
similar argument.If S” = U then S’ is a geodetic set but (V(G) — S’) is not connected, so
S’ is not nonsplit geodetic set. If S’ = W — x then S’ is not a nonsplit geodetic set of G.
From the above argument, it is clear that S is a minimum nonsplit geodetic set of G. Hence
Gns(Kr,s) =|S|=r+s—1. O

Theorem 3.4 If G is a star then gns(G) =n —1.

Proof Let V(G) = {v1,va, -+ ,Un—-1,0n} and let S = {v1,va, -+ ,v,—1} be the set of pen-
dant vertices of G and is the geodetic set of G. Clearly, the subgraph induced by (V(G) — S = vy,)
is connected. Hence S = {vy,va, -+ ,vp—1} is @ minimum nonsplit geodetic set of G. Therefore
gns(G) =n — 1. O

Theorem 3.5 For any nontrivial connected graph G different from star of order n and diameter
d, gns(G) <n—d+1.

Proof Let u and v be the vertices of G for which d(u,v) = d and let u = vg,v1, -+ ,v4 = v
be a u — v path of length d. Now S = V(G) — {v1,ve, - ,v4-1} then I[S] = V]G] and
consequently g,s(G) <|S| <n—-d+1. O

Theorem 3.6 For any tree T, gns(T) + g(T) < 2m.

Proof Suppose S = {v1,v2,v3,-- ,v} be the set of all pendant vertices in T , forms a
minimal geodetic set of I[S] = V(T') . Further {ui,uz,us, -+ ,w} C V(G) — S is the set of
internal vertices in T'. Then (V(G) — S) forms a minimal non split geodetic set of T', it follows
that |S| + |S| < 2m . Hence gns(T) + g(T) < 2m. O

Theorem 3.7 For any graph G of order n, gns(G) < ¢95(G), where G is not a cycle..

Proof Let G be any graph with n vertices. Consider a nonsplit geodetic set S = {v1,va, -+ , v}
of a graph G. Since (V(G) — S) is connected, the set S is not a split geodetic set of G. Now,
we consider a set S’ = S U {a,b} for any a,b € V(G) such that (V(G) — S’) is disconnected.
Therefore S’ is the split geodetic set of G with minimum cardinality. Thus |S| < |S’|. Clearly

gnS(G) < QS(G)- O
Theorem 3.8 Let G be a cycle of order n then g5(G) < gns(G).

Proof Let G be a cycle of order n, we discuss the following cases.

Case 1. Suppose n is even. Let S = {v;,v,;} be the split geodetic set of G where v;, v; are the
two antipodal vertices of G. The v; — v; geodesic includes all the vertices of G and (V(G) — S)
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is disconnected. But S" = {v;,vi+1, - ,v;} is a nonsplit geodetic set of G and the induced
subgraph (V(G) — S’) is connected. Thus [S| < |S’|. Clearly gs(G) < gns(G).

Case 2. Suppose n is odd. Let S = {v;, vj,vx} be the split geodetic set of G. By the Theorem
2.4, no two vertices of S form a non split geodetic set and (V(G) — S) is disconnected. But
S" = {v;,viq1,- - ,vj, v} is a nonsplit geodetic set of G and the induced subgraph (V(G) — S7)
is connected. Thus |S| < |S']. Clearly g5(G) < gns(G). O

Theorem 3.9 For the wheel W,, = k1 + Cp—1 (n > 5),

5 if n is even
gns(Wn) = e

Tl if n is odd

Proof Let W,, = K1+Cp,—1 and let V (W,,)={x, u1,ua, - ,upn_1}, where deg(z) =n—1>
3 and deg(u;) = 3 for each i € {1,2,--- ,n — 1}. We discuss the following cases.
Case 1. Let n be even. Consider geodesic

P {ur,ug,us}, Q: {usz,ua,ust, -, R {ugn-1,U2n, U2n+1, }-

It is clear that the vertices usg, uyg - - - , 2y lies on the geodesic P, Q and R. Also uy, us, us,- -+ ,

U2p—1,U2n+1 1S & minimum nonsplit geodetic set such that (V(G) — S) is connected and it has

n : _n
5 vertices. Hence gns(Wn) = 5.

Case 2. Let n be odd. Consider geodesic

P {ur,uo,us},Q: {us,ug,ust, -, R: {u2n_1,Uan, Uant1, }-
It is clear that the vertices ug, uy, - - - , 2, lies on the geodesic P, Q and R. Also uy,us, us,
© ,U2n—1, Uzp+1 18 & minimum nonsplit geodetic set such that (V(G) — S) is connected and it
has an vertices. Hence g,s(W,,) = an |

Theorem 3.10 Let G be a graph such that both G and G are connected then gns(G)+ gns(G) <
n(n—3) + 2.

Proof Since both G and G are connected , we have A(G)-A(G) < n—1.Thus Go(G), Bo(G) >
2. Hence,

gns <N —1=gps(G) <2(n—1)—n+1= g,s(G) <2m —n+ 1.

Similarly, gns(G) < 2m —n + 1. Thus,

Ins(G) + gns(G) < 2(m+ (M) =20 +2 = gns(G) + gns(G) < nln —1) — 2n +2
= gns(G) + gns(G) <n® —n —2n +2
= gns(G) + gns(G) <n® —3n+2
= gns(G) + gns(G) < n(n—3) +2. O

Theorem 3.11 For any nontrivial tree T, gns(T) > ao(T).
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Proof Let S be a minimum cover set of vertices in 7. Then S has at least one vertex and
every vertex in S is adjacent to some vertices in (V(G) — S). This implies that S is a nonsplit
geodetic set of G. Thus g,s(T) > ao(T). O

Theorem 3.12 For any nontrivial tree T with m edges, gns(T) < m — |—0‘1§T)] +2,where a1 (T)

is an edge covering number.

Proof Suppose S’ = {ey,ea,---,e;} be the set of all end edges in T and J C E(T) — 5’
be the minimal set of edges such that |S" U J| = 1(T). By the Theorem 2.2 S’ is the minimal
geodetic set of G. Also it follows that (V(G) — S’) is connected. Clearly,

S'UJ
2

@) < 1B = || £ |+ 22 ) < - [0 2 .

Theorem 3.13 For a cycle C,, of order n, ¢,s(G) = ag(Cy) + 1.

Proof Consider a cycle C), of order n. We discuss the following cases.

Case 1. Suppose that n is even and ag(C,,) is the vertex covering number of C,,. We have by
Theorem 3.1, g,s(G) = & + 1 and also for an even cycle, vertex covering number ag(Cy) = 5.
Hence,

gns(G) = g +1=0ap(C,) + 1.

Case 2. Suppose that n is odd and «ag(C},) is the vertex covering number of C,,. We have by
Theorem 3.1, g,s(G) = | §] + 2 and also for an odd cycle, vertex covering number ao(Cyp) =
| 5] + 1. Hence,

n

Ins(G) = |_2

Theorem 3.14 If is a connected noncomplete graph G of order n,gns < (n — k(G)) + 1, where

J+2:>gns(G):a0(Cn)+1. O

k(QG) is vertex connectivity.

Proof Let k(G) = k. Since G is connected but not complete 1 < k(G) < n — 2. Let

U = {u1,ua, - ,ux} be a minimum cut set of G, let G1,Gs,- -, G,(r > 2) be the components

of G —U and let W = V(G) — (U — 1) then every vertex u;(1 < i < k) is adjacent to at least

one vertex of G; for every (i < j < r). Therefore, every vertex u; belongs to a W geodesic
path. Thus

gns(G) = W[ < (V(G) =U) +1 < (n - £(G)) + 1. O

84. Corona Graph

Let G and H be two graphs and let n be the order of G. The corona product Go H is defined as
the graph obtained from G and H by taking one copy of G and n copies of H and then joining
by an edge, all the vertices from the i*"-copy of H with the i*"-vertex of G.

Theorem 4.1 Let G be a connected graph of order n and H be any graph of order m then
gns(G o H) = nm.
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Proof Let S be a nonsplit geodetic set in Go H, v; € V(G),1 <i<mnandu; € V(H),1<
j < m. For each v; there is a copy Hv; which contains u; vertices. Clearly V(Hu;) NS is a
geodetic set of G o H and (V(G) — S) is connected. Further every wy € (G o H) lies on the
geodesic path in S. Therefore S is the minimum nonsplit geodetic set. Thus, |S| = gns(Go H) =

nm. O

85. Adding a Pendant Vertex

An edge e = (u,v) of a graph G with deg(u) = 1 and deg(v) > 1 is called an pendant edge and

u an pendant vertex.

Theorem 5.1 Let G’ be the graph obtained by adding an pendant edge (u,v) to a cycle G = C,
of order n > 3, with uw € G and v ¢ G, then

2 if n is even

3 ifnis odd

Ins (G/) =

Proof Let {u1,ug,us, -+ ,un,u1} be a cycle with n vertices. Let G’ be the graph obtained
from G = C,, by adding an pendant edge (u,v) such that u € G and v ¢ G. We discuss the
following cases.

Case 1. For G = Cy,, let S = {v,u;} be a non split geodetic set of G’ , where v is the pendant
vertex of G’ and diam(G’) = v — u; path , clearly I[S] = V[G']. Also for all z,y € V(G') — S,
(V(G") — S) is connected. Hence, g,s(G') = 2.

Case 2. For G = Coy,41, let S = {v,a,b} be a non split geodetic set of G’ |, where v is
the pendant vertex of G’ and a,b € G such that d(v,a) = d(v,b). Thus I[S] = V[G'] and
(V(G") — S) is connected. Hence, g,s(G') = 3. O

Theorem 5.2 Let G’ be the graph obtained by adding a pendant vertez (u;, v;)fori=1,2,3,--- ,n
to each vertex of G = Cy, such that u € G; ¢ G, then g,s(G') = k.

Proof Let G = C,, = {u1,ua,us, - ,un,u1} be a cycle with n vertices. Let G’ be the
graph obtained by adding an pendant vertex {u;,v; },i =1,2,3,---,n to each vertex of G such
that u; € G and v; ¢ G. Let S = {v1,va,vs, -+, v} be a non split geodetic set of G'. Clearly
I[X]# V(G"). Also, z,y € V(G') — S with V(G’) — S connected. Thus, g,s(G’) = k. m

Theorem 5.3 Let G’ be the graph obtained by adding k pendant vertices {(u,v1), -, (u,vx)}
to a cycle G = C,, of order n > 3, with u € G and {v1,ve, - ,vr} ¢ G. Then

k+1 ifnis even

gns(G/) = ) .
k+2 if nisodd

Proof Consider {uy,ug,us, - ,un,u1} be a cycle with n vertices. Let G’ be the graph



116 Tejaswini K M, Venkanagouda M Goudar and Venkatesh

obtained from G = C,, by adding k pendant edges {u;v1, u;v2,- - ,u;v;} such that u; a single
vertex of G and {v1,vs2,v3,- - , v} does not belongs to G. We discuss the following cases.
Case 1. Let G = Cy,. Consider X = {v1,v9,v3, -+ ,v5} Uu; , for any vertex u; of G . Now

S = {X} be a non split geodetic set , such that {vy,ve,v3, - , v} are the pendant vertices of G’
and u; is the antipodal vertex of w; in G. Thus I[X] = V[G’]. Consider P = {v1,v2,v3,- -, Us}
as a set of pendant vertices such that |P| < |S| is not a non split geodetic set i.e for some vertex
uj € Voo yuj ¢ I[P]. If P = X, then P is not nonsplit geodetic set. Thus S is a minimum non
split geodetic set of G’ and (V(G’) — S) is connected. Thus, ¢,s(G') =k + 1.

Case 2. Let G = Cyy,41. Consider S = {v1,v9,v3, - ,vk,a,b} be a non split geodetic set,
where {vy,v2, -+ ,ux} ¢ G are k pendant vertices of G’ not in G and a,b € G such that
d(u,a) = d(u,b). Thus I[S] = V[G']. Also z,y € V(G') — S it follows that (V(G') — S) is
connected. Therefore, gns(G') =k + 2. O

86. Cartesian Products

The cartesian product of the graphs H; and Hy written as H; X Ho, is the graph with vertex
set V(Hy) x V(Ha), two vertices uy, us and vy, ve being adjacent in Hy x Ho iff either uy = vy
and (ug,v2) € E(Hy), or ug = vz and (u1,v1) € E(Hy).

Theorem 6.1 Let K5 and G = C), be the graphs then

2 if n is even
gns(Ka X G) =< 3 ifn>5isodd
4 if n=3

Proof Consider G = C,, let K3 x G be graphs formed from two copies G; and G5 of G.
Let V = {v1,v9, -+ ,v,} be the vertices of G; and W = {w1, wa, - - ,w,} be the vertices of G
and U =V UW. We consider the following cases.

Case 1. Let n be even. Consider S = {v;,w;} be the non split geodetic of Ko x G such that v;
to w; path is equal to diam(Ky x G) which includes all the vertices of Ky x G. Hence (U — S)
is connected. Therefore, g,s[K2 x G] = 2.

Case 2. Let n be odd. Consider S = {v;, w;, v} be the non split geodetic set of K2 x G such
that v; to w; path is equal to diam (K2 x G) and is equal to w; —vgpath and also v; —w; Uw; — vy,
path includes all the vertices of K2 xG. Hence (U — S) is connected. Therefore, g,s[K2xG] = 3.

Case 3. For n = 3, let S = {v;,w;j,v;} be the geodetic set of Ky x G, that is v; — w; is
equal to diam(Ks x G) and is equal to w; — vy and also I[S] = U(K2 x G). But (U — S) is not
connected. Let S = SU{v,} = {v;, w;, vk, v, } be the non split geodetic set of Ko x G. Hence,
(U — S’) is connected. Therefore, g,,s[K2 x G] = 4. O

Theorem 6.2 For any complete graph K, of order n, gns[Ka X K, =n+ 1.
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Proof Consider Ko x K,, be graph formed from two copies of G; and G5 of G. Now, let
us prove the result by mathematical induction,

For n =2, gns[ka X K] = 3, since Ko x Ko = Cy by Theorem 3.1 we have g,,s[C4] = 3 the
result is true.

Let us assume that the result is true for n=m,that is g,s[K2 x K] =m + 1.

Now, we shall prove the result for n = m+1. Let S = {v1,v2,v3, -+ , Um42} be the nonsplit
geodetic set formed from some elements in G; and the elements which are not corresponds to
elements in Gy of Ko x K,,11. Clearly I[S] = V(K2 x K,,). Let P be any set of vertices
such that |P| < |S|. Suppose P = {v1,v2,v3, -, s} which is not non split geodetic set,
because I[P] # V[K2 X Ky41]. So S itself a minimum geodetic set of Ko x K,,41. Hence,
Ins|[ Ko X K1l =m+ 14 1. Thus, g,s(K2 X K,,) =n+ 1. |

Theorem 6.3 For any complete graph of order n >3, gns(K, x K,) = n.

Proof We shall prove the result by mathematical induction, For n > 3, let us assume that
the result is true for n = m, that is gs(Kpm X Kp) = m.

Now, we shall prove the result for n = m + 1. Let S = {v1,v2,v3, -+ ,Um+1} be the non
split geodetic set formed from some elements in G; and the elements which are not corresponds
to elements in Gy of K11 X Kpq1. Clearly I[S] = V(K32 x K,,) . Now, consider P be any set
of vertices such that |P| < |S|. Suppose P = {v1,v2,v3,- -+ , v, } which is not non split geodetic
set, because I[P] # V(K41 X Kpy1). So S itself a minimum geodetic set of K1 X Kippg1.
Hence, gns(Kmt1 X Kmt+1) =m+ 1. Thus g,s(K, x K,) =n. |

Theorem 6.4 Let G and H be graphs then g,s(G x H) > max{g(G),g(H)}.Equality holds
when G,H are complete graphs and n > 3.

Proof If S is a minimum geodetic set in G x H then we have I[S] = Ugpesl]a,b] =
Ua,bESI[alu bl] X I[ag, bg] - (Ual,bleSI[ala bl]) X (Ua27b2€SI[a27 bg]) = I[Sl] X I[Sg],V(G X H) =
I[S] C I[S1] x I]S2]. Therefore S1 and Sy geodetic set in G, H respectively, so gns(G x H) =
|S| > max{|si1], |s2]} > max{g(G),g(H)}, proving the lower bound.

Consider complete graphs G, H with vertex sets V(G) = {u1,us,--- ,up} and V(H) =
{v1,v2,- -+ ,v,} where without loss of generality p > ¢. Then g(G) = p and g(H) = q. Let

S = {(ulva)v (u2; 1}2), ) (uqvvq)v (uqulv'Uq)a (uq+25 vq)a ) (Up,’Uq)}.
It is straight forward to verify that S is a non split geodetic set for G x H. Hence,
gns(G x H) < |S| < p=max{g(G),g(H)} < gns(G x H), so equality holds. O

Theorem 6.5 Let G =T and H = Ky be the graphs with g(G) = p > g(H) = q > 2 then
gns(G x H) < pg—q.

Proof Set X = G x H. Let S = {¢1,92,....9p} and T = {hq,ha,--- , hy} be the geodetic
sets of G and H respectively, and U = {(S x T')/ U}/_; {(gi, h;)}}-

We claim that Ix[U] = V(X). Let (g,h) be an arbitrary vertex of X.Then there exists
indices ¢ and i’ such that g € Ig[g;, gi7] and there are indices j and j’ such that h € Ig[h;, hj].

Since p,q > 2 we may assume that ¢ = i/ and 7 = j'. Indeed ,if say ¢ = g¢; then 7’ to be an
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arbitrary index from {1, 2, - - - , p} different from . Set B = {(g;, h;), (g:, hj’), (gir, hj), (gi, hjr) }-

Suppose that one of the vertices from B is not in U. We may without loss of generality
assume (g;,h;) AnU. This means that ¢ = j. Therefore i’ # j and ¢ # j'. Then we infer
that (g,h) € Ix[(gi,hj),(gir,h;)]. Otherwise, all vertices from B are in U, then (g,h) €
Ix[(gi, hy), (9ir, hjr)]. Hence, gns|G x H] < pg —q. m

Theorem 6.6 Let Ko and T be the graphs then gns(Ko X T) = gns(T).

Proof Consider a tree T'. Let Ko x T be a graph formed from two copies 7} and 75 of T
and S be a minimum non split geodetic set of K5 x T. Now, we define S’ to be the union of
those vertices of S in 77 and the vertices of T7 corresponding to vertices of T5 belonging to S.
Let v € V(Ty) lies on some x — y geodesic,where z,y € S.Since S is a non split geodetic set
by Theorem 3.2, i.e., gns(T) = k at least one of z and y belongs to V;. If both x,y € V; then
z,y € S’. Hence, we may assume that z € Vi,y € V5. If y corresponds to = then v =z € 5’.
Hence, we assume that y corresponds to y’ € S’ where y' # x. Since d(z,y) = d(z,y’) + 1 and
the vertex v lies on an x — y geodesic in K5 x G. Hence, v lies on x — y geodesic in G that is
9s(G) < s[5 % G).

Conversely, let S contains a vertex with the property that every vertex of T} lies on z — w
geodesic T for some w € S. Let S’ consists of x together with those vertices of T corresponding
to those S — {z}. Thus, |S’| = |S|]. We show that S’ is a non split geodetic set of Ky x T.
Hence ¢p,s(K2 X T) < gns(T). Thus, gns(Ka X T) = gns(T). O

Theorem 6.7 Let K5 and G = P, be the two graphs,

2 ifn>3

gns(K2 XG): .
3 ifn=2

Proof Consider a trivial graph K; as a connected graph. Let G; and Gy be the two
copies of G and also V(G1) = {a1,az2, -+ ,an}, V(G2) = {b1,ba, -+ ,bp}. Let S = {a1,b,}
be the non split geodetic set of Ko x G and also d(aq,b,) = diam(a,b,). Thus, V — 8§ =

{az,as, - ,an,b1,b2, -+ ;by_1} is the induced subgraph and it is connected. Hence g,s[K2 X
G]=2.
Similarly,the result is obvious for n = 2 that is g,s[K2 x G] = 3. O

87. Block Graphs

A block graph has a subgraph G; of G(not a null graph) such that G is non separable and if
(G is any other graph of G, then G; U G2 = G or G U Gs is separable. For any graph G a
complete subgraph of G is called clique of G. The number of vertices in a largest clique of G is
called the clique number of G and denoted by w(G).

Theorem 7.1 For any block graph G, gns(G) = n — ¢; where n be the number of vertices and

c; be the number of cut vertices.
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Proof Let V = {v1,va,- -+ ,v,} be the number of vertices of G. Consider S be the geodetic
set of G and (V(G) — S) is connected. Thus S itself a nonsplit geodetic set of G. Since every

geodetic set does not contain any cut vertices. Hence, ¢,,s(G) = n — ¢;. O

Theorem 7.2 For any block graph G, gns(G) < w(G) + 2¢; where w(G) be the clique number

and c; be the number of cut vertices.

Proof Let V.= {v1,va, -+ ,v,} be the number of vertices of G. In a block graph, every
geodetic set is a nonsplit geodetic set. Consider S be the geodetic set of G and (V(G) — S) is
connected. Thus S itself a nonsplit geodetic set of G. By the definition, the number of vertices
in a largest clique of G is w(G) and also every geodetic set does not contain any cut vertices of
G. It follows that g,s(G) < w(G) + 2¢;. O

Theorem 7.3 For any block graph G, gns(G) = ao(G) + 1 where ag(G) be the vertex covering
number.

Proof Let G be a block graph of order n. Now, we prove the result by mathematical
induction.

For ¢; = 1, the vertex covering number of G is
a(G)=n—ci—1=a0(G)=n—-1-1=ap(G)+1=n-1,

by Theorem 7.1, we have
gns(G) =n —¢; = gns(G) =n — 1.

Therefore, gns(G) = ap(G) + 1. Thus the result is result is true for ¢; = 1. Let us assume that
the result is true for ¢; = m that is g,s(G) = ap(G) + 1.

Now, we shall prove the result for ¢; = m + 1, where m+1 is the number of cut vertices.
Let S = {v1,v2, -+ ,v,} be the minimum nonsplit geodetic set of G. Since every geodetic set

does not contain any cut vertex, by Theorem 7.1 we have g,,s(G) =n — m — 1. Therefore,
ap(G)=n—c—-1=a(G)=(n—-m-1)—1=ap(G)+1=n—m—1.

Thus, gns(G) = ao(G) + 1. |
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Abstract: In this paper we introduce new graph labeling called k-difference cordial la-
beling. Let G be a (p,q) graph and k be an integer, 2 < k < |[V(G)|. Let f : V(G) —
{1,2,--- ,k} be a map. For each edge wv, assign the label |f(u) — f(v)|. f is called a k-
difference cordial labeling of G if |v(i) — vs(5)] < 1 and |ef(0) —ef(1)] < 1 where vy(x)
denote the number of vertices labelled with z, ef(1) and ef(0) respectively denote the num-
ber of edges labelled with 1 and not labelled with 1. A graph with a k-difference cordial
labeling is called a k-difference cordial graph. In this paper we investigate k-difference cor-
dial labeling behavior of star, m copies of star and we prove that every graph is a subgraph
of a connected k-difference cordial graph. Also we investigate 3-difference cordial labeling

behavior of some graphs.

Key Words: Path, complete graph, complete bipartite graph, star, k-difference cordial

labeling, Smarandachely k-difference cordial labeling.

AMS(2010): 05C78.

81. Introduction

All graphs in this paper are finite and simple. The graph labeling is applied in several areas
of sciences and few of them are coding theory, astronomy, circuit design etc. For more details
refer Gallian [2]. Let G1, G respectively be (p1,q1), (p2,¢2) graphs. The corona of G with
G2, G1 ® G4 is the graph obtained by taking one copy of G; and p; copies of G2 and joining
the i'" vertex of G, with an edge to every vertex in the i*" copy of G5. The subdivision
graph S (G) of a graph G is obtained by replacing each edge uv by a path wwv. The union
of two graphs G; and G3 is the graph G7 U Gy with V(G UG2) = V (G1) UV (G2) and
E(G1UG2) = E(G1) U E(Gz). In [1], Cahit introduced the concept of cordial labeling of
graphs. Recently Ponraj et al. [4], introduced difference cordial labeling of graphs. In this
way we introduce k-difference cordial labeling of graphs. Also in this paper we investigate the
k-difference cordial labeling behavior of star, m copies of star etc. |z] denote the smallest

integer less than or equal to z. Terms and results not here follows from Harary [3].

1Received June 4, 2015, Accepted May 26, 2016.
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82. k-Difference Cordial Labeling

Definition 2.1 Let G be a (p,q) graph and k be an integer 2 < k < |V(G)|. Let f : V(G) —
{1,2,--- ,k} be a function. For each edge wv, assign the label |f(u) — f(v)|. [ is called a
k-difference cordial labeling of G if |v(i) —vp(§)] < 1 and |ef(0) —er(1)] < 1, and Smaran-
dachely k-difference cordial labeling if |vy(i) —vs(j)] > 1 or |ef(0) —ep(1)] > 1, where vy(z)
denote the number of vertices labelled with x, e;(1) and ef(0) respectively denote the number
of edges labelled with 1 and not labelled with 1. A graph with a k-difference cordial labeling
or Smarandachely k-difference cordial labeling is called a k-difference cordial graph or Smaran-

dachely k-difference cordial graph, respectively.

Remark 2.2 (1) p-difference cordial labeling is simply a difference cordial labeling;
(2) 2-difference cordial labeling is a cordial labeling.

Theorem 2.3 Every graph is a subgraph of a connected k-difference cordial graph.

Proof Let G be (p,q) graph. Take k copies of graph K. Let G; be the i*" copy of K.
Take k copies of the f(@ and the i*" copies of the K(@ is denoted by G}. Let V(G;) = {u? :
1<j<k1<i<p} Let V(G)) ={v! :1<j <k,1<i<p}. The vertex and edge set of
super graph G* of G is as follows:

Let V(G*) = O V(G U O V(G Ufw; i 1<i<k}U{w).

k . .
E(G*) = ‘L_Jl E(G)UW{uiv] :1<i < (5),1<j <k—1}0{ufw,wof : 1 <i < (8)}u{ujw, :

1<y Sk}U{uguéJrl 1< j<k—-1}U{wws}.

Assign the label i to the vertices of G;, 1 < ¢ < k. Then assign the label i + 1 to the
vertices of G, 1 < i < k — 1. Assign the label 1 to the vertices of G},.. Then assign 2 to the
vertex w. Finally assign the label i to the vertex w;, 1 < i < k. Clearly vy (i) = p+ (§) + 1,
i=1,3,...,kvp(2)=p+ (§) +2and ef(1) = k(5) + k, es(0) = k(5) + k + 1. Therefore G* is
a k-difference cordial graph. O

Theorem 2.4 If k is even, then k-copies of star K1 p is k-difference cordial.

Proof Let G; be the i'" copy of the star K; ,. Let V(G;) = {uj,v{ 1< <k1<i<p}
and E(G;) = {ujv{ :1<yj <k 1<i<p}. Assign the label i to the vertex u;, 1 < j < k.
Assign the label i + 1 to the pendent vertices of G;, 1 < i < % Assign the label kK — i+ 1

to the pendent vertices of G ;, 1 <1 < % — 1. Finally assign the label 1 to all the pendent
2

k
vertices of the star Gy. Clearly, v;(i) =p+1,1<i <k, er(0) =es(1) = 7]9 Therefore f is a
k-difference cordial labeling of k-copies of the star K ,. i

Theorem 2.5 Ifn =0 (mod k) and k > 6, then the star K1 ,, is not k-difference cordial.

Proof Let m = kt. Suppose f is a k-difference cordial labeling of K; ,. Without loss

of generality, we assume that the label of central vertex is r, 1 < r < k. Clearly v;(i) = ¢,
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1<i<mnandi#r vi(r) =t+1. Then ef(1) < 2t and ef(0) > (k — 2)t. Now e;(0) >
(k—2)t — 2t > (k — 4)t > 2, which is a contradiction. Thus f is not a k-difference cordial. O

Next we investigate 3-difference cordial behavior of some graph.

§3. 3-Difference Cordial Graphs
First we investigate the path.

Theorem 3.1 Any path is 3-difference cordial.

Proof Let ujus ... u, be the path P,. The proof is divided into cases following.

Case 1. n =0 (mod 6).

Let n = 6t. Assign the label 1, 3, 2, 1, 3, 2 to the first consecutive 6 vertices of the path
P,,. Then assign the label 2, 3, 1, 2, 3, 1 to the next 6 consecutive vertices. Then assign the
label 1, 3, 2, 1, 3, 2 to the next six vertices and assign the label 2, 3, 1, 2, 3, 1 to the next six
vertices. Then continue this process until we reach the vertex u,,.

Case 2. n=1 (mod 6).

This implies n — 1 =0 (mod 6). Assign the label to the vertices of u;, 1 <i<n—1asin
case 1. If u,_; receive the label 2, then assign the label 2 to the vertex wy,; if u,_1 receive the
label 1, then assign the label 1 to the vertex u,,.

Case 3. n =2 (mod 6).

Therefore n—1 =1 (mod 6). As in case 2, assign the label to the vertices u;, 1 <i < n—1.
Next assign the label 3 to .

Case 4. n =3 (mod 6).

This forces n — 1 = 2 (mod 6). Assign the label to the vertices u1, ug, ...u,—1 as in case

3. Assign the label 1 or 2 to u, according as the vertex u,_s receive the label 2 or 1.

Case 5. n =4 (mod 6).

This implies n — 1 = 3 (mod 6). As in case 4, assign the label to the vertices uj, ug, - -,
Up—1. Assign the label 2 or 1 to the vertex u,, according as the vertex u,,_1 receive the label 1
to 2.

Case 6. n =5 (mod 6).

This implies n — 1 = 4 (mod 6). Assign the label to the vertices uy, ug, -+, up—1 as in
Case 5. Next assign the label 3 to wu,,. O

Example 3.2 A 3-difference cordial labeling of the path Py is given in Figure 1.

1 3 2 1 3 2 2 3 1

Figure 1
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Corollary 3.3 Ifn =0,3 (mod 4), then the cycle C,, is 3-difference cordial.

Proof The vertex labeling of the path given in Theorem 3.1 is also a 3-difference cordial
labeling of the cycle C,,. O

Theorem 3.4 The star K1, is 3-difference cordial iff n € {1,2,3,4,5,6,7,9}.

Proof Let V(K1) = {u,u; : 1 <i<n}and E(Ky,) = {uy; : 1 <i<mn}. Our proof is

divided into cases following.
Case 1. ne{l1,2,3,4,5,6,7,9}.

Assign the label 1 to u. The label of u; is given in Table 1.

n\u; | w1  us uz ug uz uUg Uy Ug Ug

1 2

2 2 3

3 2 3 1

4 2 3 1 2

5 2 3 1 2 3

6 2 3 1 2 3 2

7 2 3 1 2 3 2 3

9 2 3 1 2 3 2 3 1 2
Table 1

Case 2. n¢{1,2,3,4,5,6,7,9}.

Let f(u) = x where z € {1,2,3}. To get the edge label 1, the pendent vertices receive the
label either  — 1 or o + 1.

Subcase 1. n = 3t.
Subcase 1a. z=1orz=3.

When = =1, ef(1) =t or t + 1 according as the pendent vertices receives t’s 2 or (t+1)’s
2. Therefore ef(0) = 2t or 2t — 1. Thus ef(0) —ey(1) =t —2 > 1, t > 4 a contradiction.
When x = 3, ef(1) =t or t + 1 according as the pendent vertices receives t’s 2 or (t+1)’s 2.
Therefore ef(0) = 2t or 2t — 1. Thus e;(0) — es(1) = ¢ or t — 2. Therefore, e;(0) —es(1) > 1, a

contradiction.
Subcase 1b. z = 2.

In this case, ef(1) = 2¢ or 2t + 1 according as pendent vertices receives t's 2 or (t-2)’s 2.
Therefore e (0) =t or t — 1. ef(1) —es(0) =t or t +2 as t > 3. Therefore, ef(0) — esf(1) > 1,
a contradiction.

Subcase 2. n=3t+1.
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Subcase 2a. z =1 or 3.

Then ef(1) =t or t+ 1 according as pendent vertices receives t’s 2 or (t+1)’s 2. Therefore
er(0) =2t+1or 2t ef(0) —es(1) =t+1ort—1ast>3. Therefore, ef(0) —es(1) > 3, a

contradiction.
Subcase 2b. = = 2.

In this case ef(1) = 2t or 2t + 1 according as pendent vertices receives t’s 1 and t’s 3 and
t’s 1 and (t+3)’s 3. Therefore e;(0) =t+1ort. ef(1) —ef(0) =t —1or ¢ ast > 3. Therefore,
ef(0) —ef(1) > 1, a contradiction.

Subcase 3. n =3t+ 2.
Subcase 3a. z =1 or 3.

This implies ef(1) =t + 1 and ef(0) = 2t + 1. ef(0) —ep(1) = ¢t as t > 3. Therefore,
er(0) —es(1) > 1, a contradiction.

Subcase 3b. = = 2.

This implies ef(1) = 2t + 2 and ef(0) = t. ep(1) —ep(0) =t + 2 as t > 1. Therefore,
ef(1) —er(0) > 1, a contradiction. Thus K1 ,, is 3-difference cordial iff n € {1,2,3,4,5,6,7,9}.
O

Next, we research the complete graph.
Theorem 3.5 The complete graph K,, is 3-difference cordial if and only if n € {1,2,3,4,6,7,9,10}.

Proof Let u;, 1 < i < n be the vertices of K,,. The 3-difference cordial labeling of K,
n € {1,2,3,4,6,7,9,10} is given in Table 2.

n\u; | U1 uz us ug Uy U Uy U Ug Ul

1 1

2 1 2

3 1 2 3

4 1 1 2 3

6 1 1 2 2 3 3

7 1 1 1 2 2 3 3

9 1 1 1 2 2 2 3 3 3

10 2 2 2 2 1 1 1 3 3 3
Table 2

Assume n ¢ {1,2,3,4,6,7,9,10}. Suppose f is a 3-difference cordial labeling of K.
Case 1. n =0 (mod 3).

Let n = 3t, ¢t > 3. Then vy (0) = vp(1) = vy(2) = t. This implies e;(0) = () + (5) + (%) +
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t? = @ Therefore ef(1) = t2 + 12 = 2t2. €f(0) — ef(1) = @ —2t2>1last >3 a
contradiction.

Case 2. n=1 (mod 3).

Let n=3t+1,¢t> 3.

Subcase 1. wv¢(l) =t+1.

Therefore vy(2) = vy(3) = t. This forces e;(0) = ("T") + () + (&) +t(t + 1) = 3(5t2 + ¢).
er(1) = t(t + 1)+t = 2t> +t. Then ef(0) — ef( )=3(t2+1)— (2t*+t) >1last >3, a
contradiction.

Subcase 2. v¢(3) =t+ 1.

Similar to Subcase 1.

Subcase 3. vf(2) =t+1.

Therefore vy(1) = v;(3) = t. In this case e;(0) = @ and ef(1) =t(t+1)+t(t+1) =
2t% + 2¢. This implies ef(0) —ef(1) = # — (2t +2t) > 1 as t > 3, a contradiction.

Case 3. n =2 (mod 3).

Let n=3t+2,t>1.

Subcase 1. wv¢(1) =t.

Therefore vy (2) = vy(3) =t + 1. This gives e;(0) = (1) + ("5") + (‘B +t(t +1) = 5t2j3t
and ef(1) = t(t4+1)+(t+1)% = 26243t+1. This implies e;(0)—ey (1) = 353 (2243t 4+1) > 1
as t > 1, a contradiction.

Subcase 2. v¢(3) =t.

Similar to Subcase 1.

Subcase 3. v¢(2) =t.

Therefore vy(1) = v5(3) = ¢+ 1. In this case ef(0) = (t'gl) + (tgl) + (O +E+1)t+1) =

SE45642 and ef(1) = #(t + 1) + ¢(t + 1) = 262 + 2¢. This implies e;(0) — ef(1) = B2 _
(2t2 +2t) > 1 as t > 1, a contradiction. O

Theorem 3.6 If m is even, the complete bipartite graph K, , (m < n) is 3-difference cordial.

Proof Let V(Kpn) = {usv; 01 <i<m,1<j<n}and E(Ky,)={wv;:1<i<
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m,1 < j <n}. Define a map f: V(K,,) — {1,2,3} by

f(us)
+i)
)
)

flu

SE

f(vi
UCEES

f(vz[mT“ﬂ 7%71“‘)

f(UQ(L;”] 7%+i)

Since ef(0) = ef(1) =

1, 1<i<®

2, 1§z§%

3, 1<i<[mge]

Clsis[mr] oy
i [me]on

, 1<i<n-2[m]

2, 1<i<n-—2[2d2]

if

m+n=1,2 (mod 3)
m+n=0 (mod 3)
m+n=1,2 (mod 3)
m+n=0 (mod 3)

75+, f is a 3-difference cordial labeling of Ky, .

Example 3.7 A 3-difference cordial labeling of K g is given in Figure 2.

Figure 2

Next, we research some corona of graphs.

Theorem 3.8 The comb P, ® K, is 3-difference cordial.

Proof Let P, be the path uwjus...u,. Let V(P, ® K1)

E(P,® K1) =E(P,) U{uw;:1<i<n}.

Casel. n=

0 (mod 6).

Define a map f : V(G) — {1,2,3} by

f(UGi—S) = f(UGi) =
f(u6i74) = f(UGifl) =
flusi—z) = flugi2) =

In this case, ef(0) =n — 1 and ef(1) =n.

Case 2.

n=1 (mod 6).

e
IN

IN

IN

IN
IN

127

V(P,)U{v; : 1 <i<n}and

IN

o3 o3 o3

Assign the label to the vertices u;, v; (1 <7 <n—1) as in case 1. Then assign the labels

1, 2 to the vertices u,, v, respectively. In this case, e;(0) =n —1, ef(1) = n.
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Case 3. n =2 (mod 6).

As in Case 2, assign the label to the vertices u;, v; (1 < —1). Then assign the labels

3, 3 to the vertices wuy, vy, respectively. In this case, ef(0) = ( J=n-—1.
Case 4. n =3 (mod 6).

Assign the label to the vertices u;, v; (1 <i <n —1) as in case 3. Then assign the labels
2, 1 to the vertices uy,,, v, respectively. In this case, ef(0) =n —1, ef(1) = n.

Case 5. n =4 (mod 6).

As in Case 4, assign the label to the vertices u;, v; (1 < —1). Then assign the labels
2, 3 to the vertices uy,, vy, respectively. In this case, ef(0) =n — 1 ef(l) =n.

Case 6. n =5 (mod 6).

Assign the label to the vertices u;, v; (1 <i < n—1) as in case 5. Then assign the labels 3,
1 to the vertices uy,, vy, respectively. In this case, ef(0) =n — 1, ef(1) = n. Therefore P, ©® K

is 3-difference cordial. O

Theorem 3.9 P, ® 2K, is 3-difference cordial.

Proof Let P, be the path ujus-- . Let V(P, ®2K;) = V(P,) U{vj,w; : 1 <i<mn}
and E(P, ®2K;) = E(Pn)U{uivi,uiwi : 1 <i<n}.

Case 1. n is even.

Define a map f : V(P, ®2K;) — {1,2,3} as follows:

flugic) = 1, 1<i<2
flug) = 2, 1<i<2
flozic) = 1, 1<i<2
flug) = 2, 1<i<2
flw) = 3, 1<i<2

In this case, vs(1) = vs(2) = vs(3) = n, ef(0) = 2 and ef(1) = 22 — 1.
Case 2. n is odd.

Define a map f : V(P, ® 2K1) — {1,2,3} by f(u1) = 1, f(uz) = 2, f(uz) =3, f(v1) =
flvs) =1, f(wr) = f(wz) =3, f(v2) = f(ws) =2,

flugige) = 2, 1<i<n3
flugips) = 1, 1<i<253
s _

(
(

IN
IN
3

f

V2i+3

|
W o= N =N
e

IN

~

IN

3

i

)

)
Vgiy2) =

)

)

IN
IN
S
|
o

(w1+3
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Clearly, vs(1) = vs(2) = vf(3) = n, ef(0) = ef(1) = 321, =

Next we research on quadrilateral snakes.

Theorem 3.10 The quadrilateral snakes Q,, is 3-difference cordial.

Proof Let P, be the path wjus---u,. Let V(Q,) = V(P,) U{vi,w; : 1 <i <n-—1}
and E(Qp) = E(P,) U {uv;,v;w;,w;ui+1 : 1 < i < n—1}. Note that |[V(Q,)| = 3n — 2 and
|E(Qn)] = 4n — 4. Assign the label 1 to the path vertices u;, 1 <4 < n. Then assign the labels
2, 3 to the vertices v;, w; 1 <7 < n — 1 respectively. Since vs(1l) =n, vs(2) = v¢(3) =n —1,
ef(0) = ef(1) = 2n — 2, f is a 3-difference cordial labeling. O

The next investigation is about graphs By, 5, S(K1.), S(Bn.n)-

Theorem 3.11 The bistar By, ,, is 3-difference cordial.

Proof Let V(Bpn) = {u,v,u;,v; 0 1 < i <n} and E(Byy) = {uv,uu,vv; : 1 <i < n}.
Clearly By, has 2n + 2 vertices and 2n + 1 edges.
Case 1. n =0 (mod 3).

Assign the label 1, 2 to the vertices u and v respectively. Then assign the label 1 to the
vertices u;, v; (1 <4 < %). Assign the label 2 to the vertices Un i, Vg (1 <i< %). Finally
assign the label 3 to the vertices wzn |, v2n ; (1 <@ < 7). In this case ef(1) = n+1 and
ef(0) =n.

Case 2. n=1 (mod 3).

Assign the labels to the vertices u, v, u;, v; (1 <4 <n—1) as in Case 1. Then assign the

label 3, 2 to the vertices uy, vy, respectively. In this case ef(1) = n and e;(0) = n + 1.
Case 3. n =2 (mod 3).

As in Case 2, assign the label to the vertices u, v, u;, v; (1 <i <n —1). Finally assign 1,
3 to the vertices uy,, v, respectively. In this case e;(1) = n and ef(0) = n + 1. Hence the star
By, is 3-difference cordial. O

Theorem 3.12 The graph S(K.,,) is 3-difference cordial.

Proof Let V(S(K1,)) = {u,u;,v; : 1 <i<n}and E(S(K1,)) = {vu;,uw 0 1 <i<n}.
Clearly S(K1,,) has 2n + 1 vertices and 2n edges.
Case 1. n =0 (mod 3).

Define a map f : V(S(K1,,)) — {1,2,3} as follows: f(u) =2,

Fu) = 1, 1<i<t
flugps) = 2, 1<i<2t
Fo) = 3, 1<i<2t
flvaess) = 1, 1<i<t
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As in Case 1, assign the label to the vertices u, u;, v; (1 < i < n —1). Then assign the

label 1, 3 to the vertices u,, v, respectively.

Case 3. n =2 (mod 3).

As in Case 2, assign the label to the vertices u, u;, v; (1 < i < n —1). Then assign the

label 2, 1 to the vertices u,,, v, respectively. f is a 3-difference cordial labeling follows from

the following Table 3.

Theorem 3.13 S(B,,,) is 3-difference cordial.

Values of n | vp(1) | vp(2) | v(3) | ef(0) | ep(1)
n =3t 2t 2t+1 2t 3t 3t
n=3t+1 | 2t+1 | 2t+1 | 2t+1 | 3t+1|3t+1
n=3t+2 | 2t+2 | 2t+2 | 2t+1 | 3t+2 | 3t+2
Table 3

Proof Let V(S(Bnn)) = {u, w, v, uj, w;,v;, 2 0 1 < i <n}and E(S(By.n)) = {uw, wo, uu;, u;w;, vv;, v;2; :
1 <4 <n}. Clearly S(By,) has 4n + 3 vertices and 4n + 2 edges.

Case 1. n =0 (mod 3).

Define a map f : V(S(Bn,n)) — {1,2,3} by f(u) =1, f(w) =3, f(v)

Case 2. n=1 (mod 3).

|
w [N} — \'C}O — [\

T = T e T = S S
ININ IN NN
(AN VAN VAN VAN VAN

IN
IN

S 3

3

w3 w3 w3

2,

As in Case 1, assign the label to the vertices u, w, v, u;, v;, w;, z; (1 <i<n—1). Then

assign the label 1, 2, 1, 3 to the vertices u,,, wy, vy, 2z, respectively.

Case 3. n =2 (mod 3).

As in Case 2, assign the label to the vertices u, w, v, u;, v;, w;, z; (1 <i <n —1). Then

assign the label 2, 2, 1, 3 to the vertices ., Wy, Vn, 2, respectively. f is a 3-difference cordial

labeling follows from the following Table 4.
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Values of n ve(1) | ve(2) | vr(3) | er(0) | ef(1)

_ 4n+3 4n+3 4n+3 4n+2 4dn+2
n =0 (mod 3) 3 3 3 5 5

_ 4n+5 4n+2 4n+2 4n+2 4dn+2
n=1 (mod 3) 3 3 3 5 5

_ 4n+4 4n+4 4n+1 4n+2 4dn+2
n =2 (mod 3) 3 3 3 5 5

Table 4

Finally we investigate cycles Cf).

Theorem 3.14 Cf) is 3-difference cordial.

Proof Let u be the vertices of Cit) and i*" cycle of Cit) be uuiubuiu. Define a map f from
the vertex set of Cit) totheset {1,2,3} by f(u) =1, f(ub) =3,1<i<t f(ul)=1,1<i<t,
fu)=2,1<i<t Clearly vs(1) =t +1, vp(2) = vf(3) =t and e;(0) = es(1) = 2¢. Hence f

is 3-difference cordial. O
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81. Introduction

All graphs considered here are simple, connected,undirected graphs. Let G be a graph with
vertex set V(G)={v1,v2,v3, - ,v,} and edge set E(G) = {e1,ea,e3, - ,em}. We refer the
reader to Harary [3].

R.Fabila-Monroy and et.al. introduced a model in which, k£ indistinguished tokens move
from vertex to vertex along the edges of a graph. This idea is formalized as follows, for a graph
G and integer k > 1, we define Fj(G) to be the graph with vertex set (V(kc)), where two vertices
A and B of Fj(G) are adjacent whenever their symmetric difference A A B is a pair {a, b} such
that a € A, b € B and ab € E(G). Thus the vertices of Fj,(G) correspond to configurations of k-
indistinguishable tokens placed at distinct vertices of GG, where two configurations are adjacent
whenever one configuration can be reached from the other by moving one token along an edge
from its current position to an unoccupied vertex. The Fj(G) is called the k-token graph of G.

Many problems in mathematics and computer science are modeled by moving objects on
the vertices of a graph according to certain prescribed rules. In graph pebbeling, a pebbling step
consists of removing two pebbels from a vertex and placing one pebble on an adjacent vertex;
[4] and [5] for surveys. Related pebbling games have been used to study rigidity [6,7], motion
planning[1,9], and as models of computation[10]. In the ”chip firing game”, a vertex v fires by
distributing one chip to each of its neighbors(assuming the number of chips at v is at least its
degree). This model has connections with matroid, the Tutte polynomial, and mathematical
physics [8].

Inspired by this we investigate the some more properties like traversability and covering

invariants of token graphs.

1Received September 26, 2015, Accepted May 28, 2016.
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Remark 1.1([2]) Let G be a graph and Fj(G) be the token graph of G with k > n — 1,
V(E(G))=(3), [EE(G)|=(DIEG)]-

Remark 1.2([2]) Two vertices A and B are adjacent in Fj(G) if and only if V(G) \ A and
V(G)\ B are adjacent in F,,_1(G), Fi(G) = F,_(G), with only one token, the token graph is
isomorphic to G. Thus, F1(G) = G.

Remark 1.3 Degree of vertices in F(G) is

deg(Vp, (G)) = 2degg(Vi)—2

(sum of pairs of vertices v;;4 € k of G which are the elements of V)
if v; and v; are two vertices in G, then in Fj(G)

vv; = 1,if v; is adjacent to v; in G.

0, if v; is not adjacent to v; in G.

Remark 1.4 If degree of all the vertices in a graph G is even or even regular then by the

Remark 3 degree of all the vertices in Fj(G) is even, irrespective of tokens being odd or even.

Remark 1.5 If degree of all the vertices in a graph G is odd or odd regular then by Remark

3, degree of all the vertices in Fj(G) is even, only when k is even token.

Remark 1.6 If G contains both even and odd degree vertices then the vertices in Fj(G) are

also of odd and even degree, irrespective of tokens being odd or even.

§2. Traversability of Token Graphs

In this section we obtain the traversability properties of token graphs.

Theorem 2.1 Let G be a connected graph. Then Fi(G) is Eulerian if and only if it satisfies

either of the following conditions.

(i) Every vertex in G is of even degree;

(ii) Every vertez in G is of odd degree and k-is even.

Proof Let Fi(G) be a token graph of graph G. Assume Fj(G) is Eulerian, that is each
vertices in Fy(G) is of even degree. By the Remark 1.3, we have, d(Vr, (a)) = deg(u) + deg(v)-
2(sum of pair of adjacent elements of G in V of Fj(QG)).

Depending upon the degree, we consider the following cases.

Case 1. Suppose deg(u)+deg(v) is odd, then by Remark 3, d(Vp, () is odd, a contradiction.
Thus condition (¢) is satisfied.

Case 2. Suppose deg(u)+deg(v) is even, where u and v are odd or odd regular with odd tokens
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then by Remarks 1.3 and 1.5. Fj(G) is non-Eulerian, a contradiction. Thus the condition (i)
is satisfied.

If G is Eulerian, that is it contains even degree of vertices. Then by the Remark 4, Fi(G)

is Eulerian. That is it contains even degree vertices.

The converse follows from Remarks 1.4 and 1.5. O

Corollary 2.2 If G be Eulerian graph, then F,,_1(G) is also Eulerian.

Proof Let G be Eulerian graph. Then by the Remark 1.2, F,,_1(G) is Eulerian. O

Lemma 2.3 If G is hamiltonian, then F,_1(G) is also hamiltonian.
Proof Suppose G is hamiltonian, by the Remark 1.2, we know that

GgFl(G) and Fk(G)an_l(G)

If k =1 then,
Fi(G) 2 F,_1(G)
Therefore,
G2 F(G), G=F, 1(G).
Thus, F,,—1(G) is also hamiltonian. O

Theorem 2.4 Fy(G) is hamiltonian if and only if G is complete graph.

Proof Let G be complete graph and let {v1,ve,vs, - ,v,} be the vertices in a graph G.

In complete graph all vertices are mutually adjacent and G is hamiltonian.

By the definition of token graph, Fj(G) contains (Z) number of vertices and by the Lemma
2.3, F1(G) and F,,_1(G) are hamiltonian.

Now, we have to prove for k = 2,3,4,--- ,n—2 tokens. We prove this by induction method,
here (k + 1)*" term is n-2 token.

If k=2 token then,

V(F2(G)) = {(viv2), (v1v3), (v1va), -+, (v105) U (v203), (v2v4), (v205),
T (UQUn)Uv e 7U(vnflvn)}-
Here we consider two vertices A = {vyv,} and B = {vv,,}. By the symmetric difference

we get vive. That is,|]A A B| = (AU B) — (AN B) =vyv9v, — v,= v1vy. Therefore vive are
adjacent in G then A and B are also adjacent in F5(G).

Similarly vov,, is adjacent with vzv, and the same follows for all vertices.
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Now if k=3 token, then

V(F3(GQ)) = {(vivovz), (v1v2v4),- -, (v10203), (V1v304), (V1V3V5),
" (UIUBUn)u T (Un—2vn—lvn)}-
Here also (v1v2vy,) is adjacent with (v1v3vy,),(v1vsv,) with (vivgvy) -+ and (Vy—3Un—2Un—1)

with (vy—2v,—1v,). Hence, we get spanning cycle in F5(G) as {v10n,—1Un, V2Up—1Un, U3Vp—10p, * -+ *
Up—2Up—1Un, V1Un—1Vp }. Therefore, F3(G) is hamiltonian graph. Thus the result is true for all
k=n.

Similarly, If k=n-2 token, then V(F,,_2(G)) = V(F2(Q)). By the Lemma 2.3 and Remark
1.2, F,_1(G) = F,(G). That is,

Fr(G) = Fooik(G), (1)

Fy(G) = Fri(G), (2)
and if £k =1, then

Fi(G) =2 F,_1(G). (3)

Then G 2 F(G) 2 F,,_1(G). Thus F,_1(G) is hamiltonian.
For the converse, assume Fi(G) is hamiltonian, we have to prove G is complete. Suppose
G is not complete graph then by the symmetric difference the vertices in Fi(G); k= 2,3,...,n-2,

form a sub graph homiomorphic to K5 3 a contradiction.

Theorem 2.5 If G is wheel, then Fj(G) is hamiltonian graph.

Proof Let G be wheel, hence it contains spanning cycle and let {v1, v, v3, -+ , v, } be the
vertex of graph G. Here v, is a vertices of maximum degree in G. Let Vq, V5, V3, --- ,V(n) be
k

the vertices in graph Fj(G). By the lemma 2.3, we know that
G~ F(G) 2 F,-1(G).

Then G is hamiltonian then Fj(G) and F,,_1(G) are also hamiltonian.
Now we prove for k = 2,3,4,--- ,n — 2 tokens. We know that Fj(G) = F,_1(G). If k=2
then,

V(E(G) = Vi, Ve, Ve, Vi)
= {(v1v2), (v1v3), -+, (V1vn), (V2v3), -+, (V2vR), (V3V4),

(v305),y ey (V3UR),4 ooy (Vp—1Un )}

In graph G, the n'" vertex is adjacent with remaining all the vertices. Therefore by the sym-
metric difference we get spanning cycle as {v1 vy, V1Up—1, V1Un—2, ** , V1V2, VaUp, VaUp_1," -+ , V2Us3,
V3Un,*** 5 U3U4, V4Un, * ** s Up—2Un—1, Un—1Un, V10 }. Thus F5(G) contains spanning cycle then
F,_2(G) also contains spanning cycle. Clearly, by Remark 2.2, F5(G) and F,,_3(G) are hamil-
tonian.

Similarly for all tokens we get spanning cycle. Hence F(G) is hamiltonian. O

3
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83. Covering Invariants Of Token Graphs

In the following section, we determine the point covering number «g(G),line covering number
a1 (@), point independence number 3(G) and line independence number 31 (G) of token graph
of complete graph.

Theorem 3.1 For any complete graph K,;n > 1,

Oél(Fk(Kn)) = ’V@—‘ ) ﬁl(Fk(Kn)) = \‘@J

Proof Let K, be the complete graph with n-vertices and Fj(K,,) be the token graph of
complete graph with (Z) number of vertices. {@ lines are required cover all the points in
Fy(K,). By Remark 1.2, F1(K,) 2 K,, and F,_1(K,) & K,, ie., F(K,) 2 K, when k =1
orn —1.

For k =2,3,4,--- ,n—2, the vertices Fj(K,) are adjacent but not mutually and by Remark

1.1, it contains (Z) number of vertices. Hence %-‘ number of lines are require to cover all

the points. a1 (Fi(K,)) = {@

From the Gallai result, we know that
a1(G) + A1(G) = |G|
In Fi(K,),

g
)

- Z — (%) (Note that (%) = {%—‘ )
_ W
2

But Fj(G) contains odd number of vertices then,

51(Kn) = @ = L(_?L 51(Kn) = L(_?J o

Theorem 3.2 For any complete graph K,;n > 1,

[AEQ@)—‘ if (Z) is even,

{AEQ@)J +1 if (}) is odd
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and aq(Fi(Kp)) = (7) — Bo(Fr(Kn)).

Proof Let K, be the complete graph with n-vertices and Fj(K,,) be the token graph of
complete graph with (Z) number of vertices. By the definition of complete graph, A(K,,) = n—1
and ag(K,) = n—1, By(K,) = 1. Therefore by the Remark 1.1, ag(F(K,)) = n — 1 and
Bo(Fr(K,)) =1 when k=1orn—1.

Now we have to prove for k = 2,3,4,--- ,n — 2 tokens. Fy(K,) contains (Z) number of
vertices, and {AE’I})")-‘ are required to cover the vertices in Fj(K,). {AEII}L)-‘ number of vertices

are non-adjacent to each other and adjacent with remaining (Z) — AE’I}) )-‘ number of vertices

A(Ky)
)

A(Kn)

in F(K,), when (Z) is even. if (Z) is odd, then (Z) is covered by { () —‘ + 1 vertices, which
) - | otk

—‘ + 1 vertices in

Fy(K,). Thus independence number in Fy(K,,) is [AE;I%)—‘ or [AEE{TL) + 1. So,
{AEQH)—‘ if (k) is even,
Bo(Fy(Kn)) =
LAEQ”)J +1 if (}) is odd.
From the Gallai result, we know that
a1(G) + i (G) = |G|.
In Fi(K,), when (}) is even then,
oAl +ou(R() = ()
= ao(Fi(Kn)) + MECC):J = (Z)
wo(rit) = (7) - [ A(éc()?J
wolfitr)) = ()) = lF)

If (Z) is odd then,

ag(F, (Kn)) + ﬁO(Fk (Kn)) =

()
= ao(Fr(Kyp)) + {A(?C)?)—‘ o= <Z>
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(Rl = (1) - MGJ .

ao(Fu(K,)) = <k>—5O(Fk(Kn))'
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Abstract: A graph G = (V, E) with p vertices and ¢ edges is said to be a mean graph
if there exists an injective function f : V. — {0,1,---,q} that induces an edge labeling
ff:E—{1,2,---,q} defined by

M if f(u) + f(v) is even

)+ fo)+1 .
S i f

[ (w)

(u) + f(v) is odd

for every edge uwv of G.Further f is called a super-mean labeling if f(V(G))U{f"(e) : e €
E(G)} = {1,2,---,p+ ¢}. If the vertex labels are all even numbers in {2,4,---,2¢} so
that f*(e) = w then f is an even mean labeling of G and if the vertex labels are in
{1,3,---,2qg — 1} so that f*(e) = W, then G is an odd-mean graph. In this paper,

we investigate a typical class of trees based on this definition.

Key Words: Mean labeling, super-mean labeling, even-mean labeling, odd-mean labeling,

parallel transformation of trees.

AMS(2010): 05C78.

§1. Introduction

Throughout this paper ,by a graph we mean a simple finite undirected graph without isolated
vertices.For basic notations and terminology in graph theory we follow [1]. The concept of mean

labeling was introduced in [5], super-mean labeling in [4] and odd-mean labeling in [2].

82. T, Class of Trees

In [3], T;, class of trees are defined as follows.

Definition 2.1 Let T be a tree and x and y be two adjacent vertices in T .Let there be two end
vertices(non-adjacent vertices of degree 1)z’ and y' in T such that the length of x — ' is equal

to the length of the path y —1y'. If the edge xy is deleted and ' , y' are joined by an edge x'y’,

1Received April 24, 2015, Accepted May 31, 2016.
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then such a transformation of edges from xy to z'y’ is called a parallel transformation of an

edge in T.

Definition 2.2 A tree is said to be a T, tree if and only if a resultant parallel transformation

of edges reduce T into a Hamiltonian path. Such Hamiltonian path is denoted as Pr.

Ty is given below in figure 2.1(a). Here ey, s, €3, e4 and e5 are the edges to be deleted and

e, ;i=1,---,5 ( shown in broken lines ) the corresponding edges to be added to generate

Pr from Ty (Figure 2.1(b)).

Fig 2.1 (b)

Theorem 2.1 T, is a mean graph.

Proof Let T, be a tree on n vertices and by definition there exist a path Pr corresponding
to T,. Let E = {e1,eq, -+ ,en—1} be the edges of T;,. Let Es = {e1,e2,---,es} be the set of
edges to be deleted from and E. = {e},eh, -+ ,e.} be the edges to be added to T, so as to
obtain a Hamiltonian path Pr with V(Pr) = V(T,,) and E(Pr) = {E(T,) — Es} U E4. Label

the vertices of Pr as x1,x2, - , X, starting from the initial pendant vertex.
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Define an injective mapping f : V(Pr) — {0,1,--- ,n—1}, as f(z;) =i — 1 for all i. Now
f induces edge labeling f* on E(Pr) as

f@) + /)
2
f@)+fly) +1

= — otherwise

f(zy) if f(x) and f(y) are of same parity

where zy € E(Pr).

Since Pr is a path, every edge of Pr is of the form x;z;1.

i i 1. . :
fxizipr) = flwi) + f;x 1) + , since f(x;) and f(z;4+1) are of different parity
—1+4i4+1
- %:ifori:lﬂ,-u n—1

Obviously f is injective and f*(G) = {1,2,--- ,n — 1}. So it is proved that f is a mean
labeling on Pr. We have to prove that f is a mean labeling on T,.
For this, it is enough to prove that f*(es) = f*(e}) where e, = x;x; € E(T,) and e, =
TitrZTj—r € E(Tn)

Now, e, must be of the form x;,2; 4,41, since it is an edge of a path Pr. So

(xi-‘r’r‘7 xj—r) = (xi-‘r’r‘7 xi—i—r—i—l)
f(xi-l-r) + f(xj—r) + 1 _ f(xi—i-r) + f(xi—i-r-i-l) + 1
2 2
Therefore
j=1+2r+1
So
i i+2r 1
f*(es):f(x)+f(z+2+l)+ —i4+r
and
fes) = @it Tigrt1)
_ @)+ f @) +1 it
2
Therefore,
fr(es) = fr(e5)
Thus, f admits mean labeling on 7T;,. Hence we get the theorem. O

Definition 2.3 A graph with p vertices and q edges is said to be odd mean if there exists a
function f : V(G) — {0,1,---,2q — 1} which is one-one and the induced map f* : E(G) —
{1,3,---,2q — 1} defined by f*(uv) = w, if flu)+ f(v) is even or W if fu)+
f(v) is odd, is a bijection. If a graph has an odd mean labeling, then we say that G is an odd
mean graph.
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Definition 2.4 A function f is called an even-mean labeling of a graph G with p vertices and

q edges if f is an injection from the vertices of G to {2,4,--- ,2q} such that when each edge uv
)+f ()
2

is assigned the label fu , then the resulting edge labels are distinct.A graph which admits

an even mean labeling is said to be an even-mean graph.
Theorem 2.2 T, satisfies both even and odd mean labeling.

Proof To prove T, is an even-mean graph,we consider f. : V(G) — {2,4,---,2¢} such
that fe(z;) = 2i for i = 1,2,--- ,n.

Now, to show T, is odd-mean, we take another injective mapping f, : V(G) — {1,3,--- ,2¢+
1} as fo(x;) =2i—1fori=1,2,--- ,n. -

Theorem 2.3 Parallel transformation of trees generate a class of super-mean graphs.

Proof Consider a T, tree on n vertices. By definition there exist a Pr corresponding to
T,. Let E = {ej, -+ ,en—1} be the edges of T;,. Let E,. = {e1,ea,---,e,} be the edges to be
deleted from T,,, B, C E and E]. = {e},--- ,e.} be the set of edges to be added to T}, to make
a path Pr, such that if e, is the deleted edge, e/, is the corresponding edge added at a distance
d,, by parallel transformation. Now we have V(Pr) = V(T,,) and E(Pr) = {E(T,,) — E,} UE.

Now we label the vertices of Pr by x1, 9, ,x, successively starting at one end vertex
of the path Pr. Define a mapping f : V(Pr) — {1,2,---,2n — 1} such that f(z;) = 2i — 1
forall t = 1,...,n. Now, by the definition itself, f is one-one. Let f* be the induced mapping
defined on the edge set of Pr such that
fuf=4{1,2,---,2n—1} as

pray) = DI 5 ) 4 py) is even
EFOLS(Ohs ;(y) 1 it f@) + f(y) is 0dd
where zy € E(Pr).
Since Pr is a path, every edge of Pr is of the form z;x;4; fori =1,2,--- ;n—1
" i) + i
f (iniJrl) _ f(I ) f({E +1)

2
= 20 ; =12+ n—1
Hence it is clear that f* is one one and f(G) U f*(G) = {1,2,---,2n — 1}. Hence f is a
super mean labeling on Pr. Now it is to show f is super mean on T,. It is enough to show
that f*(ex) = f*(e}).
Let e = x;x; where z;x; € E(T5,). To get Pr, we have to delete e, and adjoin €}, at a
distance d from z; such that e} = x;;,2;_,. Since €} is an edge of Pr, it must be of the form

/
€r = TitrLitr41-
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Hence
(xi-krvxj—r) =
[+ Far)
2
_—
flex) =
frler) =
Therefore,

143

(iCz'-i-r, $i+r+1)
f(@ir) + f(Tigri1)
2
j=1+2r+1
f(zizy)
f(xi) + f(z;)
2
f(s) + f(@iyori1)
2
F (@igr, Tigry1)
f(@ir) + f(Tigri1)
2

=2(i+7)

=2(1+71)

frex) = 1 (er).

Thus, f is super mean on T, also. Hence, T}, is a super mean graph.

Example 2.1 In Figure 2.2, we show a super-mean labeling on tree 7.

9@ 11 @ 29 @ 31 @
8 12 28 32
20
' J 13 ¢——@ 33 @
27
6 14 26 34
10
5 Q————@ 25 @ 35 @
15
4 16 24 36
30
30 17 @ 23 @—MmMm@
37
2 18 22 38
1@ 19 @ 21 @ 39 @
Fig 2.2
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Abstract: Let G = (V,E) be a graph with p vertices and q edges. A Cap (A) cordial
labeling of a Graph G with vertex set V is a bijection from V to 0,1 such that if each edge
uv is assigned the label

Fuw) = 1, if f(u)=f(v)=1,

0, otherwise.

with the condition that the number of vertices labeled with 0 and the number of vertices
labeled with 1 differ by at most 1 and the number of edges labeled with 0 and the number
of edges labeled with 1 differ by at most 1. Otherwise, it is called a Smarandache N cordial
labeling of G. A graph that admits a A cordial labeling is called a A cordial graph (CCG).
In this paper, we proved that cycle Cy, (n is even), bistar By n, Pm ©® P, and Helm are A
cordial graphs.

Key Words: Cap cordial labeling, Smarandache A cordial labeling, Cap cordial graph.

AMS(2010): 05C78.

81. Introduction

A graph G is a finite non-empty set of objects called vertices together with a set of unordered
pairs of distinct vertices of G which is called edges. Each pair e = {uv} of vertices in E is
called an edge or a line of G. In this paper, we proved that Cycle C,, (n : even), Bi-star B,,,,,
P,, ® P, and Helm are A cordial graphs.

§2. Preliminaries

Let G = (V,E) be a graph with p vertices and q edges. A A (cap) cordial labeling of a Graph G

1Received February 10, 2015, Accepted December 15, 2015.
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with vertex set V is a bijection from V to (0, 1) such that if each edge uv is assigned the label

funy = 41 T =f@) =1

0, otherwise.

with the condition that the number of vertices labeled with 0 and the number of vertices labeled
with 1 differ by at most 1 and the number of edges labeled with 0 and the number of edges
labeled with 1 differ by at most 1. Otherwise, it is called a Smarandache N cordial labeling of
G.

The graph that admits a A cordial labeling is called a A cordial graph (CCG). we proved
that cycle C,, (n is even), bistar By, n, P © P, and Helm are A cordial graphs

Definition 2.1 A graph with sequence of vertices uy, usg, -+, Uy, such that successive vertices
are joined with an edge, Py is a path of length n — 1.
The closed path of length n is Cycle C,.

Definition 2.2 A P,, ® P, graph is a graph obtained from a path P,, by joining a path of
length P, at each vertex of P,,.

Definition 2.3 A bistar is a graph obtained from a path Pa by joining the root of stars Sy, and
Sn at the terminal vertices of Psy. It is denoted by By, n.

Definition 2.4 A Helm graph is a graph obtained from a Cycle C,, by joining a pendent vertex
at each vertex of on C,. It is denoted by C, ® K;.

83. Main Results

Theorem 3.1 A cycle C,, (n : odd) is a A cordial graph

Proof Let V(Cp) ={u; : 1 <i<n}, BE(Cn) = {[(wiuiy1) : 1 <i<n—1Uuu,)}. A
vertex labeling f : V(C,) — {0,1} is defined by

with an induced edge labeling f*(uju,) =0,

. 0, 1<i<znt
fr(uivipr) =
v o

Here Vo (f) +1 =Vi(f) and Eo(f) = E1(f) + 1. It satisfies the condition

Vo(f) =Vi(f) 11, |Eo(f) — Er(f) IS 1.
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Hence, C,, is A cordial graph. O

For example, C7 is A cordial graph as shown in the Figure 1.

Figure 1 Graph C7

Theorem 3.2 A star S, is a A cordial graph.

Proof Let V(S,) = {uw,u; : 1 < i < n} and E(S,) = {(uu;) : 1 < i < n}. Define
f:V(Sp) — 0,1 with vertex labeling as follows:

Case 1. If n is even, then f(u) =1,

=
—
IN
IN
|3

flui) = 7
1, % +1<i<n
and an induced edge labeling
0, 1<i<3,
f(uu;) = 2

|3
+
—
INA
IN
3

Here Vo (f) +1 = Vi(f) and Eo(f) = E1(f). It satisfies the condition

Vo(f) =Vi(f) €1 and [Eo(f) — E1(f) [ 1.

Case 2. If nis odd, then f(u) =1,
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Here Vo (f) = Vi(f) and Eo(f) = E1(f) + 1. It satisfies the condition
Vo(f) =Vi(f) I< 1 and [Eo(f) — Ex(f) < 1.
Hence, S, is A cordial graph. O

For example, S5 and Sg are cordial graphs as shown in the Figures 2 and 3.

Figure 3 Graph S5

Theorem 3.3 A bistar B,,,, is a A cordial graph.

Proof Let V(Bu.n) = {(u,v),(u; : 1 <i<m),(v;:1<j<n)}and E(Bpmn) = {[(vu;) :
1 <i<m]U[(wv):1<i<m]U[(uwv)]}. Define f: V(By,,, ) — {0,1} by two cases.

Case 1. If m = n, the vertex labeling is defined by f(u) = {0}, f(v) = {1}, f(u;) = {0,1 <
i < m}, f(v;) = {1,1 < i < m} with an induced edge labeling f*(uu;) = {0,1 < i < m},
ffov) = {1,1 < i < m} and f*(uwv) = 0. Here Vo(f) = Vi(f) and Eo(f) = E1(f) +1. Tt
satisfies the condition

Vo(f) =Vi(f) <1 and [Eo(f) — Ex(f) [< 1.

Case 2. If m < n, the vertex labeling is defined by f(u) = {0}, f(v) = {1}, f(u;) = {0,1 <
i<my, f(u) ={1,1<i<m},

—_

i =1 mod 2,
f(Vmei) =

=

i =0 mod 2, 1<i<n-—m,
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with an induced edge labeling f*(uu;) = {0,1 < i <m}, f*(vv;) ={1,1 <j <m}, f*(uv) =0,

1, i=1mod 2,
0, i=0mod2, 1<i<n—m.

Here, if n — m is odd, then Vi(f) + 1 = Vi(f) and Eo(f) = E1(f); if n —m is even, then
Vo(f) = Vi(f) and Eo(f) = E1(f) + 1. It satisfies the condition

Vo(f) =Vi(f) <1 and [Eo(f) — E1(f) IS 1.

Case 3. If n < m, by substituting m by n and n by m in Case 2 the result follows.

Hence, B, is a A cordial graph. O

For example B3 3, Ba ¢ and Bg o are cordial graphs as shown in the Figures 4, 5 and 6.

0o N 1 1
0 1
0 1
C:;)/\/ 1 1
0 1
Figure 4 Graph B33
0
0 0 0
u
0 0

Figure 5 Graph Bs g
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Figure 6 Graph B
Theorem 3.4 A graph P,, & P, is A cordial.

Proof Let G be the graph P, © P, with V(G) = {[u; : 1 <i <m],[vg; : 1 <i<m,1
< n — 1]} and E(G) = {[(uiuiﬂ) 01 < ) < m — 1] U[(uivil) 01 < ) < m] U[(Uijvij—i—l) 01
<m,1 <j<n-—2]}. Define f:V(G) — {0,1} by cases following.

NN

Case 1. If m is even, then the vertex labeling is defined by

0, 1<i<m, 0, 1<i<?1<j<n—1,
f(ui): m 2. f(vij): m 2, S .
1, 7+1§2§m, 1, 7+1§2§m,1<]<n—1
with an induced edge labeling
0, 1<i<7, X 0, 1<i<7,
fH(uwivigr) = ? f*(uivin) = 2
1, F+1<i<m-—1, 1, F+1<i<m,
0, 1<i<Z1<j<n—2
[ (ijvija) = 2N
, %—i—lgigm,lgjgn—Q

Here Vo (f) = VA(f) and Eo(f) = E1(f) + 1. Tt satisfies the condition

Vo(f) = Vi(f) <1 and [Eo(f) — E1(f) [ 1.
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Case 2. If m is odd and n is odd, the vertex labeling is defined by

0, 1<i<m=l 0, t1<i<mlig<ji<n—1,
flui) = . o fvig) = . 2 ,
1, ZH <i<m, 1, 2 <i<m,1<j<n—1,
1, 1<j<3,
Flomp;) = " ;
O, §—|—1§]§n—1
with an induced edge labeling
0, 1<i<mel 0, 1<i<mzl
fr(uinigr) = . 2 fr(uin) = . 2
L, 2HE4+1<i<m-—1, I, B 41<i<m,
0, 1<i<ml1<j<n-2,
[ (ijvije1) = s B
, e <i<m,l<y<n—2

F (00 10)

Here Vo(f) +1=Vi(f) and Eo(f) = E1(f). It satisfies the condition
Vo(f) =Va(f) IS 1 and [Eo(f) — Ex(f) < 1.

Case 3. If m is odd and n is even, the vertex labeling is defined by

07 1 S 1 S 9 07 S
f(ul) = et 2 f(vij) = 41

, 1, 5 <i<m,1<j<n

3 =

i<l1<j<n—1,

1

0, 1<i<m= 0, 1<i<m-d
= — 27 b —_— —_ 27
f*(uiuiﬂ) = 11 ) f*(uivil) = +1 .
17 mT+1§Z§m_17 17 mT+1§Z§m7
(i) = 0, 1<i<zli1<j<n-2,
A mtl < i<m1<j<n—2
) - ST M IS )X )
1, 1<j<nd
= — 27
J (g v i) = 2

Here Vo(f) = Vi(f) and Eo(f)

Ey(f) + 1. Tt satisfies the condition

Vo(f) =Vi(f) <1 and [Eo(f) — E1(f) [ 1.
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Hence, the graph P,, © P, is A cordial. O

For example, P, © P5, Ps © Ps and P; © Py are A cordial as shown in Figures 7, 8 and 9.

Figure 9 Graph Ps © P;
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Theorem 3.5 A Helm (C,, ® K1) is A cordial.

Proof Let G be the graph (C, ® K;) with V(G) = {u;,v; : 1 < ¢ < m} and E(G) =
{(u;v;) : 1 <4 < m}. A vertex labeling on G is defined by f(u;) = {1,1 < i < m}, f(v;) =
{0,1 < ¢ < m} with an induced edge labeling f*(u;u;11) = {1,1 <i<m — 1}, f*(unur) =1,
fH(uv;) ={0,1 < i <m}. Here Vo(f) = Vi(f) and Eo(f) = E1(f). It satisfies the condition

Vo(f) =Vi(f) <1 and [Eo(f) — Ex(f) [< 1.

Hence, A Helm is A cordial. O

For example, a Helm (Cg ® K1) is A cordial as shown in the Figure 10.

Figure 10 Graph (Cs ® K3)
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Abstract: The purpose of this paper is to describe the problems which involves in the
reduction of traffic congestion. In particular we use graph theoretical approach which
is quite appropriate. We use crossing number technique to reduce traffic congestion.
The minimum number of crossing points in a complete graph is given by Cr(Kn) <
1(n

1 [5] [”Tfl] [”772] ["773] where[ | represents greatest integer function. And we illustrate

the result with counter examples.

Key Words: crossing number, complete graph, traffic control, edge connectivity, vertex

connectivity.
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81. Introduction

The crossing number (sometimes denoted as C(G)) of a graph G is the smallest number of pair
wise crossings of edges among all drawings of G in the plane. In the last decade, there has been
significant progress on a true theory of crossing numbers. There are now many theorems on
the crossing number of a general graph and the structure of crossing critical graphs, whereas
in the past, most results were about the crossing numbers of either individual graphs or the
members of special families of graphs. The study of crossing numbers began during the Second
World War with Paul Turan. In [1], he tells the story of working in a brickyard and wondering
about how to design an efficient rail system from the kilns to the storage yards. For each kiln
and each storage yard, there was a track directly connecting them. The problem he Consider
was how to lay the rails to reduce the number of crossings, where the cars tended to fall off the
tracks, requiring the workers to reload the bricks onto the cars. This is the problem of finding
the crossing number of the complete bipartite graph. It is also natural to try to compute the
crossing number of the complete graph. To date, there are only conjectures for the crossing

numbers of these graphs Called Guys conjecture which suggest that crossing number of complete

1Received October 2, 2015, Accepted June 6, 2016.
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graph Kn is given by V(K,,) = Z(n)[2][3] where [ | represents greatest integer function.

o =55 [ [ [

which can also be written as

(n) én(n —2)2(n—4) neven
o &H(n=1)%*(n -3 nodd

Guy prove it for n < 10 in 1972 in 2007 Richter prove it for n < 12 For any graph G, we
say that the crossing number ¢(G) is the minimum number of crossings with which it is possible
to draw G in the plane. We note that the edges of G need not be straight line segments, and
also that the result is the same whether G is drawn in the plane or on the surface of a sphere.
Another invariant of G is the rectilinear crossing number, ¢(G), which is the minimum number
of crossings when G is drawn in the plane in such a way that every edge is a straight line
segment. We will find by an example that this is not the same number obtained by drawing G
on a sphere with the edges as arcs of great circles. In drawing G in the plane, we may locate
its vertices wherever it is most convenient. A plane graph is one which is already drawn in the
plane in such a way that no two of its edges intersect. A planar graph is one which can be
drawn as a plane graph [6]. In terms of the notation introduced above, a graph G is planar if
and only if ¢(G) = 0. The earliest result concerning the drawing of graphs in the plane is due to
Fary [4] [7], who showed that any planar graph (without loops or multiple edges) can be drawn
in the plane in such a way that every Edge is straight. Thus Farys result may be rephrased:
if ¢(G) = 0, then ¢(G) = 0. In a drawing, the nodes of the graph are mapped into points of
a plane, and the arcs into continuous curves of the plane, no three having a point in common.
A minimal drawing does not contain an arc which crosses itself, nor two arcs with more than
one point in common, [5],[8]. In general for a set of n line segments, there can be up to (O(n?)

intersection points, since if every segment intersects every other segment, there would be

n(n—1)

— = 0w

Crossing points to compute them all we require ()(n?) algorithm.

The traffic theory is a physical phenomenon that aims at understanding and improving
automobile traffic, and the problem associated with it such as traffic congestion [9]. The traffic
control problem is to minimize the waiting time of the public transportation while maintaining
the individual traffic flow optimally [10]. Significant development of traffic control systems using
traffic lights have been achieved since the first traffic controller was installed in London in 1868.
The first green wave was realized in Salt Lake City (U.K.) in 1918, and the first area traffic
controller was introduced in Toronto in 1960. At the beginning, electromechanical devices were
used to perform traffic control. Then Intelligent Transportation System (ITS) is used exten-
sively in urban areas to control traffic at an intersection [11]. The traffic data in a particular
region can be used to direct the traffic flow to improve traffic output without adding new roads.

In order to collect accurate traffic data semi conductor-based controllers known as sensors were
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placed in different places to collect traffic information are used in traffic control system [11],
[12], [13]. Nowadays, microprocessor based controller are used in Traffic Control Systems. The
combinatorial approach to the optimal traffic control problem was founded by Stoffers [14] in
1968 by introducing the Compatibility Graph of traffic streams. One of the main uses of traf-
fic theory is the development of traffic models which can be used for estimation, prediction,
and control related tasks for the automobile traffic process. The term Intelligent Transporta-
tion System (ITS) refers to information and communication technology applied to transport
infrastructure and vehicles, that improves transport outcomes such as transport safety, trans-
port productivity, transport reliability, informed traveler choice, environmental performance
etc. [15] , [16]. ITS mainly comes from the problems caused by traffic congestion and synergy
of new information technology for simulation, real time control and communication networks.
Traffic congestion has been increased world wide as a result of increased motorization, urban-
ization, population growth and changes in population density. Congestion reduces efficiency of
transportation infrastructure and increases travel time, air pollution and fuel consumption. At
the beginning of 1920, in United States large increase in both motorization and urbanization
led to the migration of the population from sparsely populated rural areas and densely packed
urban areas into suburbs (sub urban areas). Intelligent Transport Systems vary in technologies
applied, from basic management system such as car navigation; traffic signal control systems;
container management system; variable message sign; automatic number plate recognition or
speed cameras to monitor applications; such as security CCTV systems; and to more advanced
applications that integrate live data and feedback from a number of other sources, such as
parking guidance and information systems; weather information etc. Additional predictive
techniques are being developed to allow advanced modeling and comparison with historical
data. The traffic flow predictions will be delivered to the drivers via different channels such as
roadside billboards, radio stations, internet, and on vehicle GPS (Global Positioning Systems)
systems. One of the components of an ITS is the live traffic data collection. To collect accurate
traffic data sensors have to be placed on the roads and streets to measure the flow of traffic.
Some of the constituent technologies implemented in ITS are namely, Wireless Communication,
Computational technologies, Sensing technologies, Video Vehicle Detection etc. Urban traffic
congestion is a significant and growing problem in many parts of the world. Moreover, as
congestion continues to increase, the conventional approach of ”building more roads” doesn’t
always work for a variety of political, financial, and environmental reasons. In fact, building
new roads can actually compound congestion, in some cases, by inducing greater demands for
vehicle travel that quickly eat away the additional capacity? Against this backdrop of serious
existing and growing congestion traffic Control techniques and information systems are needed
that can substantially increase capacity and Improve traffic flow efficiency. Application of ITS
technologies in areas such as road user information and navigation systems, improved traffic
control systems and vehicle guidance and control systems has significant potential for relieving
traffic congestions.

Theorem 1.1 The edge connectivity of a graph G cannot exceed the degree of the vertex with

the smallest degree in G.



156 Mushtaq Ahmad Shah, Mridula Purohit and M.H.Gulzar

Theorem 1.2 The vertex connectivity of any graph G can never exceed the edge connectivity

of G.

Theorem 1.3 The mazimum vertex connectivity one can achieve in a graph of n vertices and

e edges is e > n — 1 Thus we conclude that vertexconnectivity < edgeconnectivity < %

Definition 1.4 A graph G(v,e) where v is the set of vertices and e the set of edges is said to

be complete if degree of each vertex is v — 1.

Definition 1.5 The number of edges incident on a vertex is said to be degree of the vertex.

Proposed Solution 1.6 As congestion continues to increase, the conventional approach of
building more roads doesn’t always work for a variety of political, financial, and environmental
reasons. In fact, building new roads can actually compound congestion. There is no particular
technique which reduces traffic congestion. Numbers of techniques are simultaneously required
to curb this problem. Traffic congestion is one of the challenging problem in the world the
aim of this research paper is that how to curb this problem. Before giving the solution to the
problem we would like to introduce you the graph theoretical approach of the problem, using
underlying graphs. We represent various cities by vertices and roads connected them by edges.
Since every city must be connected with all other cities in particular geographical area so first of
all we are dealing with complete graphs then we shall remove all the edges in the graph in such
a way that maximum crossing pointes will be removed and there is no effect in the connectivity.

Following are the techniques require curbing traffic congestion.

Definition 1.7 Let G(v,e) be a complete graph v the set of vertices and e the set of edges. the
crossing number Cr(G) of a complete graph G(v,e) is the least number of crossings, common
points of two arcs other than a vertez, in any drawing of graph in a plane (or on a sphere) in
a drawing the vertex of the graph are mapped into points of a plane and the arcs into continue
curves of the plane no three having a point in common, unless it be an end point (vertex) of the
arc. A drawing which exhibits a crossing number is called minimal a minimal drawing does not
contain an arc which crosses itself nor two arcs with more than one point in common. For any
complete graph K, it has been shown that the minimum number of crossing points is given by
Cr(Kn) < 2 [2] [222] [253] [2523] . where[ ] represents greatest integer function.

Since minimum number of crossing points means minimum number of interruptions on
roads which minimize the waiting time of the traffic participants so traffic congestion is reduces.
After drawing the graph with minimum crossings we remove all those edges in a graph which
does not effect the connectivity of the graph but reduce more crossings so the graph becomes
more efficient as shown in Figure 1 here red dots represent vertices and yellow dots represent

crossing points.
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Figure 1

We shall keep this point in mind that no three edges has a point in common if it is necessary
then we have to keep other crossing point at least one kilometer away from one another as shown

in Figure 2

Figure 2

Because more than one crossing at point will increase interruption on traffic flow, first of
all we have to try our best to reduce the intensity of crossing points, if it is not possible then
flyovers should be constructed at every crossing so that there is no interruption on traffic flow,
in this case only slow moments are possible not traffic jam. The above crossing point technique
will reduce traffic congestion in a large extent. if there are maximum crossing points on the
roads then maximum traffic congestion is possible so minimum crossing means minimum traffic
congestion so we have to reduce the crossing points then traffic congestion is reduced. The aim
to reduce traffic congestion is to reduce the crossing points. There are certain crossing points
where more than two roads cross each other and traffic lights are imposed to allow the traffic

flow alternatively one by one. so traffic congestion is increased because more and more vehicles
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have to be stopped on the roads First of all we shall try over best to reduce those crossing points
where more than two crossing points exist which is quite possible, if it is necessary then, on
these intersection pointes where more than two crossings points exist we have to make flyovers
(as shown in fig 1.3 below these flyovers have already designed in certain parts of the world for
this purpose) in such a way that there should not be any crossing point and traffic flow should
be in continuous manner may be some times there are slow moments but still it will reduce

traffic congestion.

Figure 3

83. Methods

Method 3.1 There should be exclusive lanes for public transport so that private transport
system does not affect the moment of the public transport.

Method 3.2 A turning restriction is imposed on the traffic, and vehicles are allow to turn
on certain places turning points are at least one kilometer away from the crossing points if the
turning points are at crossing points it will definitely increase traffic congestion, and proper fly-
overs system is imposed as shown in Figure 4, which will automatically reduce traffic congestion

in a large extent.
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Method 3.3 A double win method has already imposed in certain cities of the world and has
been proved to be very happy one. A congestion charge is essentially an economic method of
regulating traffic by imposing fees on vehicle users that travels a city more crowed roads, but
charge vary by city to city depending up on crowed on the city.

Method 3.4 The Parking restrictions on road side should be banned to reduce congestion.
Method 3.5 Remove some link roads at high efficiency points. Then we have to connect them

other side so that minimum crossings are possible.
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The people who get on in this world are the people who get up and look for
circumstances they want, and if they cannot find them. they make them.

By George Bernard Shaw, a British dramatist .
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