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One Application Of Wallis Theorem'

Theorem 1. (Wallis, 1616-1703)
L ot ‘x/l s _ 2.4.“(2")
6|'sm xdx = !cos xdx T3 GnzD) Gn 1)
Proof Using mtegratxon by parts, we obtain

xi
7( 2

-+

l = 'fsm 2 xdx = jsm xsin xdx = —cos x-sin 2nx

n

0
a2 from where 2n
+2n Jsin _'X(l—Si" x)dx=2n["_,—2nl,, I"=2n+l
hy multiplication we obtain the statement. We prove in the same
way for cos x. < 13..0@n-nx
Theorem 2. ,[ sin " xav = [ cos *xde = 2_4f Gn) )-7
Proof. Same as the first theorem.
Theorem3.If 7 ()= Z a, x*, then

i3 7 1.3...2k-1)
J' S (sin x)dx = I S (cos x)dx Z a,, 74 (2k)
Proof Inthe f (x) Z a,, x* functlon we substltutcxby sin x

and then integrate from 0 to 7/2, and we use the second theorem.
Theorem 4. If g(x) Z a,,. x*', then

e 5 = 2.4.. (2k)
Ig(sm x)dx jg(COS x)dx = a, +Azla il m
Theorem 5. If ;,(x) Z a,x* . then

13...{2k-1) 24...(2%)
j Hsinxhdx= I Hoosxhdx = a"+a’+z(2 YR T) M“"l.s....(zul))

n-1°

R Apphcatlonl 2
J’ sin_(sin x )dx = ‘([ sin (cos x)dx = Z 1) ———(—m—

0

Proof. We use that  sin x-Z( Y(Zk 1) T

Application 2. .

J(: cos (sin x)dx = '[ cos (cos x)= Z (‘_(L')‘
Proof. We use that <05 * = ‘Z::U vy (2k) '
Application 3. .

_"sh (sin x)d.x = Jsh (cos x)dr =Z (;k l)
n O 'n *

\

Proof. We use that i TENE
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Application 4.” _"ch (sin x)dx = j'ch (cos x)ax = %i
k

Proof. We usc that ch x=
Application 5.

1 2
Zk“?

k=t

4 (k1)
Soi

1.3 2k —1)x2*!
Proof. In the 27°Si" ¥ = HZ 2.4... 2k X2k +1) expres-

sion we substitute x by sin x, and use lheorem 4. It results that

\ 1
/8 = ————— . Because ¥ 1/k? —_ 1/k?
Y ey IR T e
wegel Sy ka6 .
k=1
22 Application6.
sinx clglsinx cosx ct, cosx)dx———
I g{sinx)dx= I g 575 Z](k')z
where B, is the k-th Bemoulh type number (see[l]).
Proof We use that = 4'B,
xctg x=1- x
Application 7. £t (2k) 1

x/2

J. arctg (sm x)dx f arctg (cos x)dx =
2.4..Q2k)
=1+ -1 5
,z:,( Y1.3 ..... @k -1)2k +1)
Proof. We use that arctg x=Y (- .
Application 8. 1230: Zk +1

Jargth(smx)dx Iarglh(cosx)dx 1+Z,§4"[2(k2k| (21(11)2

Proof. We use that £ 2ol
argth x= Z .
Apphcatlon 9, &5 k 1

"'argsl(smx)dx j argsHcosx)dx= Z

5 7 @)

Proof. We use that 13....(2k [
yp/_r
e Z( Y 4. (2&f2k+1)

Application 10.

xi2 /2 2k-1
J' {sinx)dx= I 1g(cosx)dx = Z%—%Zk—l);zik .
° " Proof. We use that 2%
2B
154 X—;“-—(y‘) | X .
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Application 11.

"t sin x "t cos x z = 227 -1)B

-[ sin (sin x) x) '([ sin (cos x)dx B 7*”;] 23 (kY A
Proof. We use that =1+22 279N _1)B, 4,

sin x ~ (Zk) !

Apphcatlon 12

”j—z sin x j cosx TS !2“"—1)_@

J sh(sin A) sh{cos x) 2 e 2%k

x = 27
—=1+2 -1
Proof. We use that F + Z( )k

Application 13
'[sec (sm x)dx = Isec (cos x)dx +ﬂz Y "’(k')z

where E, isthek-th Euler type number (see([l D.
Proof We use that -1 E,
sec x = 1+ ‘Z‘ (2k) X
Application 14.

xi2 x/2
J' sech{sinx)dx= jsecl:(cosx)dx——+zk§: -1f 22,( = oF
®  Proof. We use that 1

sech x=l+2—1)‘%x’* .
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