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FLORENTIN SMARANDACHE 

About the characteristic function of the set 1 

In our paper we give a method, based on characteristic function 
of the set, of resolving some difficult problem of set theory found in high 
school study. 

Definition:Let be AcE *- e (a universal set), then the 
fA: E ..... {O, I}, where the function _ { 1, if x E A; 

fA(x)- 0, if x !£ A, 

is named the characteristic function of the set A. 
Theorem 1. Let A, BeE. In this case fA = fll if and only if A=B. 
Proof. 

{
I, ifxEA= B 

fA(x) = 
0, if x !£ A= B 

Reciprocally: In case of any x E A, fA, (x) = I, but fA = fll and for that 
fB(x) = 1, namely x E B from where A c B. The same way we prove 

that B c A, namely A = B. 
. Theorem 2. fA = 1 - fA' where A = CIA. 
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Proof. 

{
I, ifx E ~ _ { 1, ifx !£A 

(,(x) = 0, if x !£ A - 0, if x E A 

={ 1- 0, 
1 - I , 

if x !£ A = 1 _ {o, if x !£ A 
if x E A if, x !£ A 

Theorem 3. fN'B = fA * ~l 
Proof. 

{
I, ifxEAnB 

fA~B(x) = 0, if x !£ A n B 
1, if x E A and x E B 
0, if x !£ A or x !£ B 

0, if x E A, x !£ B _ ( {I if x E A). ({I if x E B ) 

{

I, ifxEA,xEB 

= O,ifx!£A,xEB - Oifx!£A Oifx!£B 
0, if x !£ A, x !£ B 

= f/x)fH(x) 
The theorem can be generalized by induction: 

Theorem 4. f ~ A= n fA 
k I k k I k 

I Together with Mihaly Bencze 
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COllsequellce. For any nEN' f~ = f',\ 
Proof. In the previous theorem we write Ai = A" = ... = An = M. 
TheoremS. 

fA-';B = fA -+- fB - fA~!· 
Proof. fA~B = fAul! = fA81= 1 - fAFII-= 1 - fAGI-= 

=I-(l-(\)(l-~)= fA +~I-fA~I· 
Can be generalized by induction: 

Theorem 6. f n = t (_I)k.1 
~ ~k k=\ 

Theorem 7. fA.
ll 

= fA (1 - fll) 
Proof. fA.B = fAC'lr= f/lr= f/I - fll). 
Can be generalized by induction: n 

Theorem 8. f AI-A2 
_ ,\ = L(-I)'·I f,\ [,\ ... fA . 

k=l "", 

Theorem 9. (\tOll = fA + fll - 2fA ~l 
Proof. f Mll'= f A ~ ll- A" II = f A"B ( 1 - fA : B ) = 

= (fA +~I-fAfll)(I-fA~)=fA +~1-2fill· 
Can be generalized by induction: 
Theorem 10. 

n 
Flln - " ,., Ali - L (_2)k-1 L... 

k=\ \$i,< ... <i.$n 
f A A 

1 I;: 
A • 

" 

Theorem 11. f" x B ( X, y) = fA ( X ) ~! ( Y ) 
Proof. If(x,y) EAXB, then f"XB(X,y) = 1 and x EA, namely fA(x) = 1 

andy E B, namely ~1(Y) = 1, so fA(X)~I(Y) = l.If(x,y) Ii" AXB, then fAXB(X,y) 
=0 and x Ii" A, namely fA(x)=Oory Ii" B, namely fyCB) = 0 so fA(X)fuCY) =0. 
Can be generalized by induction. 

Theorem 12. n 
fx~, A.( xl' x"' ... , xn) = n k1 f Ak(X,). 

Theorem 13. (De Morgan) Un A = nn A 
K=\ ' k=\ k 

Proof. =1-[ n = 
H\ 

1 -
k=\ 
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We prove in the same way the following theorem: 

Theorem 14. (De Morgan) n A = U J\ 
k=1 k k=l'k 

Theorem 15. 

( U(\)nM=U (Akn M) . 
k=1 k=1 

Proof. f (n) = f n f = 
U(\ n M UAk M 
k=1 k=1 

In the same way we prove that: 

Theorem 16. (nA) U M = n (A UM) . 
k=l-k k=1 K 

Theorem 17. () () 
~;;=I~ n M =~;;=I Ak n M 

Application. 

(~;;=I~) U M =~k=1 (AkU M) ifand only ifM = <p. 
Theorem 18. 

MX( ~(\) = kQI (MX~) 
Proof. f MX (k~~ (X,y) = f M(y) f ~I ~(X) = 

t (-1 )k.1 
k=1 

t (_l)k.1 

k=1 

t (-1 )k.1 
k=1 

t 
fA(X) fA(x) ... f A(x) f\(y) = 

'1 I ~ I k . 
I<i < ... <isn 

-'t ;AX:¥! (x,y) ... fAX:¥! (x.y) = f U (\t
XA 

) 

.< <. 'I 'k --. lSI, ... I,sn k=1 
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In the same way we prove that: 

Theorem 19. MX ( n A \ = n (MXA. \ . 
k=1 'J k=l 'J 

Theorem 20. 
MX(AI -A" -... -An)= (MXAI) -(MXA") -... - (MXAn) 
Theorem 21. (AI-A,) U (A,-A

1
) u ... U (A .I-A ) U (A -AI) = 

CJ Ak _ (\ A
k

• - -. n n n 

k=1 k=l 

Proof 1. f (A,-A)U ... U(A,-A,) = 

~(-I?-I :t fA:A···fA-A= t=1 1" 'k 'I 
- ISi,<._.<i,sn-

n n 
I (_I)k-I I (fA fA-fAf.~) ... (fAfAfAA 
k I 11 I" 11 1" lk 11 lk I] 

= ISi,<. __ <i,sn - -
n n 

I (-1 )k-I, I fA i .. fAll - fr f\) = 
k=J l::;ir< ... <iksrl k p=J 

f ~I'\ (1 -f d(\ ) = f ~tk - Qtk 
n 

Proof 2. Let x E U (A, -Ai)' (where An. I =A), then there ex-
i=J 

ists k such that x E (Ak - Ak I)' namely 
x ~ (Ak nAk I) cAl nA" n '" nAn' namely x ~ Ai n ... nAn and 

n n 
XE U!\- n!\. 

k=J k=1 

Now we prove the inverse statement: 
Let x E u!\ _ n!\ ,we show that there exists k such that 

k=J k=J 

x E A. and x e A., I' On the contrary it would result that for any 
k E {I,2, ... ,n), x E Ak and x E Ak I namely x E U (\; it results 

k=1 

that there exists p such that x E A , but from the previous reasoning 
p 

it result that x E Ap. I' and using this we consequently obtain that x E Ak 
for k =p,ii. But from x E An we get that x E A I using consequently, it results 
that x E A k, k = J,p, from where x E A

k
, k = en. namely 

x E Al n ... n An' that is a contradiction. Thus there exists r such that x E Ar 
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n 

and x \i"Arl ,namely xE(Ar-Ar)andso x E ~}Ak-Ak'I)' 
In the same way we prove the following theorem: n n 

Theorem 22. (AIM) U (A2fu\) U ... U (An.IM) = ~{\ - Q{\. 

Theorem 23. (AIXA2X ... XAJ n (AkIXAk2X ... XA2k) 
n(AnXAIX ... XAk) = U\ nA2 n ... nAJ . 

Proof. f (A,x ... xA,)ri ... n(A,xA,x ... xA,)(XI, ... ,x
n

) = 
fA,x ... xA, (xp ... , x.) ... fAnx ... xA,., (XI' ... , x) = 

(fAI(xJ .. fAk(Xk» .. , (fA.(xJ .. fAk.I(Xk.l)= 
fA!,(x) ... fAn(xn) = fA,ri .. nAn (XI,· .. ,Xn) = 
f(A,Ii ... (iA/ (X!' ... , X'). 

Theorem 24. (P(E), U) is a commutative monoid. 

Proof. For any A, BE P(E);A U BE peE), namely the intern opera­
tion. Because (A U B) U C = A U (B U C) is associative, A U B = B U A 
commutative, and because A U </J = A then </J is the neutral element. 

Theorem 25. (P(E), n) is a commutative monoid. 

. Proof. For any A, B E peE); A n BE peE) namely intern operation. (A 
n B) n C = A n (B n C) associative, A n B = B n A, commutative 
An E = A, E is the neutral element. 

Theorem 26. (P(E),~) is an abelian group. 

Proof. For any A, B E peE); A~B E peE), namely the intern operation. 
A~B = B~A commutative. The proof of associativity is in the XII class 
manual as a problem. We prove it, using the characteristic function of the 
set. 

f(A_\B).'.C = 4fJJc - 2f,JB ~ fJc -r f( fA -+- f~ -r- fn + (= fAt.(Bt.C) 
Because A~</J = A, </J is the neutral element and because A~A = </J; A 

is the symmetric clement itself. 

Theorem 27. (P(E),~, n) is a commutative Boole ring with divisor 

of zero. 
Proof. Because ofthe previous theorem it satisfies the commutative 

ring axioms. Now we prove that it has a divisor of zero. If A '* </J and 
B '* </J are two disjoint sets. then An B = </J, thus it has divisor of zero. From 
Theorem 17 we get that it is distributive for n = 2. Because for any A E 
peE); An A= A and AM = </J it also satisfies the Boole-type axioms. 

Theorem 28. Let be H = { f ! f: E -+ {O, I} }, then (II, EB) is an Abelian 

group, where fA EB fll = fA -+- ~l - 2f\~1 and (P(E),~);: (H, EB). 
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Proof. Let F : peE) .... H, where F(A) = f~ , then from the previous 
theorem we get that it is bijective and because 

F(A~B) = fMB = F(A) EB F(B) it is compatible. 
Theorem 29. card(AIMn):<:;; card(AIM1)+ 
+card(A1M 3)+ ... + card(An_iMn) 
Proof. By induction. Ifn = 2, then it is true, we show that for n = 3 it 

is also true. Because (Ai nA1) U (Al nA) ~A1 U (AI nA); 
card«A

j 
capA1) U (A: nA):<:;; card(A1 U (AI nA) but 

card(M U N) = cardM + cardN - card(M n N) and thus 
cardA: + card(AI n A

3
) - card(AI n A1) - card(Al n A

3
) ~ 0 can be 

writen as cardA! + cardA) - 2card(AI nA
3

):<:;; 
(cardA I +cardA:-2card(A1 n A»+( cardA1 +cardA3 -2card(Al n A3». 

But because of (M~N) = cardM + cardN - 2card(M n N) then card(AI M) 
:<:;; card(AjM) + card(A1M3). The proof of this step of the induction 
relies on the above method. 

Theorem 30. (P:(E), card(A~B» is a metric space. 
Proof. Let d(A,B) = card(A~B) : P(E)xP(E) .... R. 
1. dCA, B) = 0 ~ card(A~B) = 0 ¢) card«(A - B) U (B - A» = 0 but 

because (A - B) n (B - A) = ¢ we get (A - B) + card(B - A) = 0 and because 
(A- B)= 0 and card(B -A)= 0, thenA- B = ¢, B -A= eft andA=B. 

2. dCA, B) = d(B,A) results fromA~B = BM. 
3. In consequence of the previous theorem 
dCA, C) :<:;; dCA, B) + d(B, C). 
As result of the above three properties it is a metric space. 

PROBLEMS 

Problem I. 
Let A= B U C and f: P(A) .... P(A)XP(A), where 
f(x) = (X U B, X U C). Prove that fis injective ifand only ifBnC=¢. 
Solution I. If f is injective. Then 
f~¢) = (¢UB,rpuq = (B,C) = UBnC)URlBnC)uC) - 1'(13 ,iC) rWl1l 

where B n C = ¢. Now reciprocally: Let B n C = ¢, then f (x) = f (Y), it result, 
that X U B = Y U B and X U C = Y U C or X = XU¢ = XU(BnC) = 
(XUB)n(XUC)=(YUB)n(YUC) = Y U (B n C) = Y U ¢ = Y namely it is 
injective. 
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Solution 2. Let B n C = <p passing over the set function f(x) = feY) 
ifand only if X U B = Y U B and X U C = Y U C, namely fXVA = fYJI and 

fxv<' = fyv< or fx + ~l - fXfi! = fy + ~l - fY~1 and 
f~ + f( - fx\' = fy + fc - fy\ from where 
(fx - f)(fu - f() = O. Because A = B U C and B n C = <p therefore 

{

I, ifu E B 
(~l-\XU) =. * 0 

-1,lfuEC 

therefore fx - fy = 0, namely X = Y and thus it is injective, 
Generalization. Let M = U t{nd f: peA) ~ pn(A), where 

k=1 

f(X)= (XUA),X UA
1
, ... , XUAJ Prove that fis injective if and only 

if A) nA1 n ... nAn = <p. 
Problem 2. Let E * ¢ and A E peE) and 
f: peE) -> P(E)xP(E),where f(X) = (X nA, X UA). 
a. Prove that f is injective 
b. Prove that {f(x),x E peE)} = {(M,N) I M cAe NeE} = K. 
c. Let g : peE) -> K, where g(X) = f(X). Prove that g is bijective and 

compute its inverse. 
Solution. 
a. f(X) = feY), namely (X nA, X UA) = (Y nA, Y UA) and so 
X n A = Y n A, X U A= Y U A, from where XM = Y M or 
(XM)M = (Y M)M, X~(AM) = Y ~(AM), X~¢ =Y ~¢ and thus 

X =Y, namely fis injective. 
b. {f(X),X E peE)} = f(P(E». We show that f(P(E» cK. For any (M,N) 

E f(P(E»,:3 X E P(E): f(X) = (M,N); 
(XnA,XUA)=(M, N). FromhereXnA=M,XU A=N,namelyM 

cAandAcNthusM cAcN and so(M, N) E X. Now we showthatKc 
f(P(E», for any (M, N) E K, :3 X E peE) so that f (X) = (M, N).f (X ) = (M, N), 
namely (X n A, X UA)= (M, N) from where X nA= M and X UA= N, 
namely 
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X~A=N -M,(XM)M=(N -M)M,X~¢=(N -M)M, 
X = (N-M)M,X=(NnM)M,x=«NnM)-A) U (A-(NnM»= 
«NnM)nA)L(Al(NnM:) )=(NI'XMnA) )L(Ar(NnM»= 
(NnA)L.(AnN)L(MM»)=(NnA)lX¢UM)=(N-A)UM. 
From here we get the unic solution: 
X=(N-A)UM. 



COLLECTED PAPERS, vol. III 

We test f{(N-A)UM)=«(N-A)UM)nA,«N-A)UM)UA) but 
«N-A)UM)r'A=«Nr'A)UM)nA=«NnA)nA)L(MnA)= 
(Nn(A.nA»UM=(Nn¢)UM=¢UM=M and 
«N-A )UM)UA=(N-A)U(MUA)=(N-A)UA= 
(Nr'A)UA=(NUA)n(AuA)=NnE=N, f«N -A) U M) = (M, N). Thus [ 

(P(E»= K. 
c. From point a. we get g is injective, from point b. we get g is 

surjective, thus g is bijective.The inverse function is : 
g.I(M,N)=(N-A)UM. 

tive. 

tive. 

Problem 3. Let E =1= ¢,A, B E peE) and 
f: peE) -+ P(E)XP(E), where f(X) = (X nA, X n B). 
a. Give the necessary and sufficient condition such that f is injec-

b. Give the necessary and suffcient condition such that f is surjec-

c. Supposing that f is bijective, compute its inverse. 
Solution. 
a. Suppose fis injective. Then: fCA U B) = 
«AU B) nA, (AUB) nB)= (A, B)= (E nA, E n B)= feE), from where 

AU B = E, Now we suppose that AU B = E, it results that 
X=Xi£=Xn(AUB)=(XnA)U(Xr'J3)=(YnA)U(YnB)=Yn(AUB)=Y 

:1 E = Y, namely from f (X) = f (Y) we get that 
X = Y, namely f is injective. 
b. Suppose [is surjective, [or any M,N E P(A)XP(B), there exists 

X E peE), f(X)=(M,N),(XnA,..XnB)=(M,N),XiiA=M,X'lB=N. In special cases 
(M,N) = (A,¢), there exists X E peE), from X :::lA, cft=xnB:::lAnB,AliB=¢. 
Now we suppose thatAnB=¢ and show that it is surjective. Let (M,N) E 

P(A)XP(B) then MeA, NcB and MnBcAnB=¢ andNnAcBnA=¢ 
namely MnB=¢, NnA=¢ and f(MUN)=«MUN)nA, (MUN)nB= 
«MnA)U(NnA), (MnB)U(NnB» = (MU¢, ¢UN)=(M,N), for any (M, N) 
there exists X = M U N such that f (X) = (M, N), namely f is surjective. 

c. We show that f'«M,N»)=MUN. 
Observation. In the previous two problems we can use the charac­

teristic function ofthe set as in the first problem. This method we leave to 
the readers. 

Application. Let E =1= ¢, Ak E P(E)(k = I, ... ,n) and 
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f: peE) --> P"(E), where f(X) = (X nA
" 

X QA~, ... , X nAJ 
Prove that f is injective if and only if U!\ = E . 

k=1 

Application. Let E *- ~, Ak E P(E)(k = I, ... ,n) and 
f: P(E) ..... pn(E), where f(X) = (X nA

" 
X nA~, ... , X nAJ 

Prove that f is surjective if and only if n~ f.k= ~. 

Problem 4. We name the set M convex if for any x,y E M 
tx-'-(l-t)YEM,foranytE[O,I]. n 

Prove that if AJk= I, ... ,n) are convex sets, then ~ ~ is also 
convex. n 

Problem 5. If Ak(k = I, ... , n) are convex sets, then ~ ~ is also 
convex. 

Problem 6. Give the necessary and sufficient condition such that if 
A, B are convex Iconcave sets then A U B is also convex Iconcave. Gener­
alization for n set. 

Problem 7. Give the necessary and sufficient condition such that if 
A, B are convex Iconcave sets then AAB is also convex Iconcave. Gener­
alization for n set. 

Problem 8. Let f,g : peE) ---> peE), wheref(X) = A-X and g(X) =~, A 
E peE). Prove that f, g are bijective and compute their inverse functions. 

Problem 9. Let 
Ao B = {(x,y) E RxR 13 z E R: (x,z) EAand (z,y) E B}. In a particular 

caseletA= {(x, {X})IXER} andB= {({y},y)1 YER}. 
Represent the A 0 A, BoA, BoB cases. 

Problem 10. 
i. If AU B U C = D, A U BUD = C, AU CUD = B, 
B UCUD=A, thenA= B= C= D. 
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ii. Are there difIerentA, B, C, D sets such that 
AUBUC=AUBUD=AUCUD=BUCUD? 
Problem II. Prove that AL\B = A U B if and only if An B = ~. 

Problem 12. Prove the following identity. 

n n ( n ) i,j=~i:;kUAi= ilJ1 j=l.~iA, . 

Problem 13. Prove the following identity. 
(AUB)-(Rn C)=[A-(Rn C))U(B-C) = (A - B) U (A - C) U (B - C) and 
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A-[(An C)-(An B)]=(A-B)U(A-C). 
Problem 14.ProvethatAU(Bn C)=(AUB)n C=(AUC)n Bif 

and only ifAc B andAc C. 
Problem 15. Prove the following identities: 
(A-B)-C = (A-B)-(C-B), 
(AUB)-(AUC) = B-(AnC) , 
(AnB)-(NiC)=(AnS)-C. 
Problem 16. Solve the following system of equations: 

{ 
AUXUY = (AUX)n(AUY) 
MXiW = (A(lX)U(AnY). 
Problem 17. Solve the following system of equations: 

{ 
At.Xt.B =A 
At>Yt.B=B. 
Problem 18. Let X, Y, Z s;;A. 
Prove that: Z = (X 1': Z) u (Y n Z) ij ( X !' Z n Y) if and only if 
X=Y=¢. 
Problem 19. Prove the following identity: 

U [A.UrB-Cl] = (UA)., [( UA\ -c]. 
k=i K 'K' k=j K U k=j k) 

Problem 20. Prove that: A (: B = (A - B) 0 (B - A) U (A! B) . 
Problem 21. Prove that: 
(At>B)t.C=(AnBnC) J (AnBrC) J (Ar-:BnC) J (A.;'iBnC). 
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