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About the characteristic function of the set

In our paper we give a method, based on characteristic function
of the set, of resolving some difficult problem of set theory found in high
school study.

Definition:Let be A — E # 6 (a universal set), then the
fA :E - {0, 1}, where the function { 1, ifxeA;
A= 0, ifx gA,
is named the characteristic function of the set A.
Theorem 1. Let A, B E. In this case f, = f, if and only if A=B.
Proof.
1, ifxeA=B
LOZVU o itxga-B  ~H®)

Reciprocally: In case of any x €A, f,(x) = 1, but f, = f, and for that
f,(x) =1, namely x € B from where A © B. The same way we prove
that B C A, namely A=B.
" Theorem 2. f;=1-f,, where A= CA.

Proof.

1, ifxe X {l,ifxeA
E= o, ifxek U 0,ifxeA
:{1-0, itxeAa _, foiftxeA —j_f (x).
1-1, ifxeA if, xgA
Theorem3.f,_ =f *f,
Proof.

1, ifxe ANB 1, ifxeAandxeB
fa®=0, ifxeANB  ~U 0, ifxeAorxeB
1, ifxeA,xeB

0,ifxeA,xeB ({lifxeA).({l ifxeB
=)0, ifxgA,xeB ~ 0ifxegA 0ifxeB

0,ifxegA,xeB

=L,00f,(0)
The theorem can be generaliged by induction:
Theorem 4. fr,= Ilr,

k
k!k k1
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Consequence. For any neN” f =1,

Proof. In the previous theorem we wnteA =A,=.=A =M.
Theorem 5.
fAJ} f f f/\fli
Proof. f/\ B fA—n B fA”B fMB =1- f/\ﬂxs =
=1-(1 f)(l f) f _qu f/\fn

Can be generalized by induction:
Theorem 6. f;;\f kg;:l ('l)k_] i ('l)k-‘ f,'\1 fA1 o

1< <...<i<n S

Theorem 7. f —f(l £)

A-B

Proof. f, =f f (-1

A-B A?"-ﬂ' A B_
Can be generalized by mducnon .
Theorem 8. fAI_A’ AT Z(-l)“ fa fa .f
. k=1 Lot
Theorem9.f,, =1, +f, - 2fAfB
PrOOf /\AB‘ f/\\,li»/\. 3 = /\ B 1 A"B) =
=+, -fL)(A-££)=f +f-20 1 .
Can be generalized by induction:
Theorem 10.

Fab. o = - fa a .a .
K k; 2" lsil<;<ik5n b
Theorem 11.f,, .(x,¥) =f (x)f,(y)

Proof. If (x,y) e AXB, then fm;(x,y) =landx €A, namely f (x)=1
andy € B, namely f (y) = 1, so f, (0)f (y) = 1. If (x,y) € AXB, then f pXoY)
=0and x ¢ A, namely f,(x) =0 ory € B, namely fy(B) =0sof,(f (y)=0.
Can be generalized by induction.

Theorem 12

n
P AKXy x) = [T, Ta %)

n
Theorem 13. (De Morgan) g {’\k =Ny Ay -

foi— =1-fpn =
Proof. kunAk kaAk
D S DI YN VN VN SR
= 1<i<.<i<n oo
I T
-fa )= fa =1
N
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&4

We prove in the same way the following theorem:
no_
Theorem 14. (De Morgan) kg lAk '

i D:i

Theorem 15.

(lQlA“)nM:kgl(AkmM) ‘
Proof. f(kQIAk)ﬂM:kaiJlAk fM:

i(])k-! i: fA fA w iy £, =

k=1 I<i <. <i<n 1 2 'k
|
i( l)kl 2 fA H . fAlka -
1<, <..<i<n -

Sy ﬁfAmeAqM fa am=1f" .
o= Banm

k=1 1<i <.<i<n
In the same way we prove that:
H :
Theorem 16. (m{\ UM=(IWI(AUM) .
k=17 k=I\ *

Theorem 17.
(A;=1Ak) AM=AL, AkmM) .
Application.

(A;:{X) UM=AL, (AkU M) if and only if M=¢ .
Theorem 18.

MX( IQIA“) :le (MXA*) )

Proof. f n — n =
MX (ki{") xy) =1 ) f&i, A (X)

S S AR 0 A () =

k= i< <ign *

¥ & TAG) TA00 - £ 400 5, (3) =

k= 1<i <. <ij<n

Sap F oy LAy = f

k=1 1< <..<i<n' ,g,(m’\k)
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In the same way we prove that:
Theorem 19. MX ﬂ A) (MX Ax)

Theorem 20.
MX(A, -A, -..-A)=(MXA )-(MXA)) -~-(MXA) |
Theorem 21. (A -A) U (A,-A)U... U (A _-A)U (A-A)=

Oa-a,.
Kl kel

Proof 1. f (A, A)U UAA)=

k-1 fa-an...fa- A=
g(l) AATTAN
n

l<1< <i<n
n
Z 1)+ Z (fAi fAl-fA‘fA)](fAf af RkA =
1 2 ™2 S T

k=1 I<i, <. <x <n

i( *! Z fA fA(l- Hf\)—
k=1

1q< <l<d 'k
fn n _ n _.n
IEJ=1A1‘ (1 . fp:{\k flk(J=1A“ QlAk ’

Proof 2. Let xe CJ (A-A. ), (where A =A)), then there ex-
i=1

ists k such thatx € (A - A, ), namely

X € (A NA )CSA NAN ..NA_ namelyx ¢ A N... NA_ and

R A

Now we prove the inverse statement:
Let xe LIJ Ak - ﬁ‘ Ak , we show that there exists k such that

x€A andx € A . On the contrary it would result that for any
ke {1 2,...m), xeA andx €A, namely x € UAk it results

that there exists p such that x € A, but from the previous reasoning

itresult thatx e A ,» and using this we conscquently obtain that x € A,
for k =p,n. But from x€A wegetthatxe A usmg consequently, it results
thatx €A k= 1,p, from where xeA k= l ,n, namely

XeAN..NA, thatisa conlradiction. Thus there exists r such thatx e A,
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n
and x € A, ,namely x € (A-A_)Dandso x € Li A -A ).
In the same way we prove the following theorem: n
Theorem 22. (A\AA)U(AAA)U..U(A_AA )= kLi]Ak - Q]Ak

Theorem 23. (A XAX..XA) N (A, XA, X..XA,)
NAXAX XA D=(A NA,N..NA ).

Proof. f (AIx..,xAk)(?...ﬂ(AnxA,x..AxAkAl)(x],...,xn) =

fA x..xA, 16 S X ) ... TAx.xA_ 16 S X )=

(fA!(xl)...fAk(xk)) (fAn(xn)...fAk_l(xk_l) =

A (x)... A (x )=fAN..NA, (XX )=

fian . A (X, ., X).

Theorem 24. (P(E), U) is a commutative monoid.

Proof. For any A, B € P(E); AU B € P(E), namely the intern opera-
tion. Because (AUB) U C =AU (B U C) is associative, AUB=BUA
commutative, and because A U ¢ = A then ¢ is the neutral element.

Theorem 25. (P(E), N) is 2 commutative monoid.

. Proof. Forany A, B € P(E); AN B € P(E) namely intern operation. (A
NB)YNC=AnN BN C) associative, AN B = B N A, commutative
ANE=A, Eisthe neutral element.

Theorem 26. (P(E), A) is an abellan group.

Proof. Forany A, B € P(E); AAB € P(E), namely the intern operation.
AAB = BAA commutative. The proof of associativity is in the XII class
manual as a problem. We prove it, using the characteristic function of the
set.

f(AaB)AC = 4f/\flsf(' - 2fAfB - fdf( T f( fA + f/\ h fn * f( ={AaaBAC)

Because AAg = A, ¢ is the neutral element and because AAA = ¢; A
is the symmetric element itself.

Theorem 27. (P(E), A, N) is a commutative Boole ring with divisor
of zero.

Proof. Because of the previous theorem it satisfies the commutative
ring axioms. Now we prove that it has a divisor of zero. If A # ¢ and
B # ¢ are two disjoint sets, then AN B = ¢, thus it has divisor of zero. From
Theorem 17 we get that it is distributive for n = 2. Because for any A €
P(E); ANA=Aand AAA = ¢ it also satisfies the Boole-type axioms.

Theorem 28. Letbe H= { { | [: E - {0, 1}}, then (H, @) is an Abelian
group, where f, @ f, =1, + £ -2f f and (P(E), A) = (H, ®).

ATB
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Proof. Let F : P(E) - H, where F(A) = f,_, then from the previous
theorem we get that it is bijective and because

F(AAB)=faaB=F(A) @ F(B) it is compatible.

Theorem 29. card(A AA ) <card(A AA )+

teard(A,AA )+ -+ card(A_AA )

Proof. By induction. If n = 2, then it is true, we show that forn=3 it
is also true. Because (A, NA)U(A,NA)CSAUA NA);

card({A, capA,) U(A.NA))) < card(A, ! I(A NA. )) but

card(M U N) = cardM + cardN - card(M N) and thus

cardA, + card(A, NA,) - card(A, NA,) - card(A, N A,) > 0 can be
writen as cardA | + cardA, - 2card(A NA )<

(cardA, +cardA 2card(A r‘IA ))w—(cardA +cardA -2card(A,NA))).
But because of (MAN) cardM + cardN - 2cardM N N) then card(A, AA J
< card(A AA,) + card(A,AA,). The proof of this step of the induction
relies on the above method.

Theorem 30. (P*(E), card(AAB)) is a metric space.

Proof. Let d(A,B) = card(AAB) : P(E)XxP(E) - R.

1. d(A, B) =0 < card(AAB) = 0 < card((A - B) U(B - A)) =0 but
because (A-B)N(B-A)=¢ we get(A-B)+card(B-A)=0and because
(A-B)=0andcard(B-A)=0,thenA-B=¢,B-A=¢ andA=B.

2.d(A, B)=d(B,A) results from AAB = BAA.

3. In consequence of the previous theorem

d(A, C)<d(A,B)+d(B, C).

As result of the above three properties it is a metric space.

PROBLEMS

Problem 1.

Let A=BUCand f: P(A) - P(A)XP(A), where

f(x)=(XUB, XUQ).Prove that fis injective if and only if BNC=¢.

Solution 1. If fis injective. Then

(@) = (FUB,PUC) = (B,C) = (BNC)UB.BNCHUC) - T(131C) from
where BN C= ¢. Now reciprocally: Let BN C = ¢, then f(x) = £(Y), it result,
that XUB=YUBand XUC=Y U CorX=XUd=XUBNC) =
(XUBNXUC)=(YUBI(YUC) = YUBNC)=Y U@ =Y namely it is
injective.
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Solution 2. Let B N C = ¢ passing over the set function £ (x) = f(Y)
ifandonly if XUB=YUBand XUC=YUC, namely f_ =f _ and

fxw: fm‘ or fx + fn - fxfn = fv + fu - fou and

f+f -Lf =1 +f -ff fromwhere

(f, - £,)(f,- £)=0.Because A=B U Cand BN C= ¢ therefore

1,ifueB 0
f -f Yu)= *
(-t Xu) -1,ifueC

therefore f, - £, = 0, namely X =Y and thus it is injective.
Generalization. Let M= L") Akand f: P(A) - P*(A), where
k=1

fX)=(XUA,XUA,, ..., XUA ). Prove that fis injective if and only
ifA NA,N..NA =¢.

Problem 2. Let E # ¢ and A € P(E) and

f: P(E) » P(E)XP(E),where f{lX)= (X NA, X UA).

a. Prove that fis injective

b. Prove that {f(x),x € P(E)} = {M,N)]McAcNcE} =K.

c.Let g: P(E) - K, where g(X) = f{X). Prove that g is bijective and
compute its inverse. '

Solution.

a. f(X)=f(Y), namely (XNA,XUA)=(YNA,YUA)andso

XNA=YNA,XUA=YUA, from where XAA=YAAor

(XAA)AA = (YAA)AA, XA(AAA)=YA(AAA), XA¢=YAd and thus
X =Y, namely fis injective.

b. {f{X),X € P(E)} = f{P(E)). We show that f(P(E)) K. For any (M,N)
e f(P(E)), 3 X e P(E): fiX)=(M,N);

(XNA,XUA)=(M,N). Fromhere XNA=M, XU A=N, namely M
cAand AcNthus McAcNandso (M, N) e X. Now we show thatK <
f(P(E)), forany M, N)e K, 2 X e P(E) so that f (X)=(M, N).L(X )= (M, N),
namely (XN A, X UA)=(M, N) from where XNA=Mand X UA=N,
namely

XAA=N-M, (XAAAA =(N - M)AA, XAd=(N-M)AA,

X = (N-M)AAX=(NNM)AAX=((NNM)-A) U (A-(NAV))=

(NNM)NAYAANNNM) F=INNMNANUANNNM) =

(NNAYX(ANNXXANM) FEINNAXX UM =(N-A)UM.

From here we get the unic solution:

X=(N-A)UM.
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We test f{i(N-AYUM)=(((N-A)UM)NA,((N-A)UM)UA) but

((N-AJUMNA=((NRAYUMNA=((NNAYNA)UMNA =

(NNANA)YUM=(NNUM=¢_M=M and

(N-A}MYUA=N-AYJMUA=(N-AY A=

(NNAYJA=(NUAVAUARENNE=N, (N -A)UM)= (M, N). Thus {
(P(E))=K.

¢. From point a. we get g is injective, from point b. we get g is
surjective, thus g is bijective.The inverse function is :

g'M,N)=(N-A)UM..

Problem 3. Let E=¢,A, BeP(E) and

f: P(E) - P(E)XP(E), where f (X)=(XNA,XNB).

a. Give the necessary and sufficient condition such that f is injec-
tive. .

b. Give the necessary and suffcient condition such that { is surjec-
uve.

¢. Supposing that { is bijective, compute its inverse.

Solution.

a. Suppose fis injective. Then: f(A UB)=

((AUB)NA,(AUBYNB)=(A,B)=(ENA,ENB)=f{(E), from where
AUB=E, Now we suppose that A U B = E, it results that

X=XNE=XNAUBFXNAYUXNB=(YNAYJYNBF YN(AUB)=Y
NE =Y, namely from { (X) = f(Y) we get that

X =Y, namely fis injective.

b. Suppose { is surjective, for any M,N € P(A)XP(B), there exists
X e P(E), f{(X)=(M,N),(XNA, XNB)=(M,N),XNA=M,X"B=N. In special cases
(M,N) = (A,¢), there exists X € P(E), from X = A, ¢=XNB>ANB,AMNB=¢.
Now we suppose thatANB=¢ and show that it is surjective. Let (M,N) €
P(A)XP(B) then M < A, N c B and MNBcANB=¢ andNNAcCBNA=¢
namely MNB=¢, NNA=¢ and f(MUN)=((MUNNA, (MUN)NB=
(MNA)YU(NNA), (MNB)U(NNB)) = (MU@, JUN)=(M,N), for any (M, N)
there exists X =M U N such that f (X) = (M, N), namely fis surjective.

¢. We show that £{((M,N))=MUN.

Observation. In the previous two problems we can use the charac-
teristic function of the set as in the first problem. This method we leave to
the readers.

Application. LetE #¢,A e P(E)(k=1,...,n) and
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f:P(E) » P'(E), where f(X)=(XNA,, XNA,, ..., XNA).
Prove that {is injective if and only if U Ak E

Application. Let E+ ¢, A, e P(E)(k=1,...,n) and
fmhyqn@)wmmﬂx)(XnApan..an)
Prove that f is surjective if and only if N} A=¢

Problem 4. We name the set M convex if for any x,y e M

tx +(1-t)yeM, forany te [0, 1]. n

Prove that if A (k=1,...,n) are convex sets, then le A s also
convex. n
Problem 5.1fA (k= 1,. .., n) are convex sets, then le A, isalso
convex .

Problem 6. Give the necessary and sufficient condition such that if
A, B are convex /concave sets then A U B is also convex /concave. Gener-
alization for n set.

Problem 7. Give the necessary and sufficient condition such that if
A, B are convex /concave sets then AAB is also convex /concave. Gener-
alization for n set.

Problem 8. Let f,g : P(E) - P(E), wherefiX) =A-X and g(X) =AAX, A
€ P(E). Prove that {, g are bijective and compute their inverse functions.

Problem 9. Let

AoB= {(x,y)eRxR|3zeR:(x,z) eAand (z,y) € B}. Ina particular
case letA= {(x, {x})ixeR} and B= {({y}.y)| yeR}.
Representthe Ao A, Bo A, BoB cases.

Problem 10.
LITAUBUC=D,AUBUD=C,AUCUD=B8,
BUCUD=A,thenA=B=C=D.

ii. Are there different A, B, C, D sets such that

AUBUC=AUBUD=AUCUD=BUCUD?

Problem 11. Prove that AAB=AUB ifandonly if ANB = ¢.

Problem 12. Prove the following identity.

A AUA= () ﬂ@)

1J Li<j i=1 =1, j#1 !
Problem 13. Prove the followmg identity.
(AUB)-(BNC)=[A-(BNCHUB-C)=(A-BYU(A-C)U(B-C)and
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A-[(ANC)- (AN B)]=(A-B)U(A-C).

Problem 14. Prove thatAU (BN C)=(AUB)N C=(AUC)N Bif
andonly ifAc BandAcC.

Problem 15. Prove the following identities:

(A-B)-C=(A-B)-(C-B),

(AUB)-(AUC)=B-(ANC),

(ANB)-(ANCY(ANB)-C.

Problem 16. Solve the following system of equations:

AUXUY =(AUXINAUY)

ANXNY = (ANXYHANY).

Problem 17. Solve the following system of equations:

{ AAXAB=A

AAYAB=B.

Problem 18. Let XY, Z CA.

Prove that: Z=(XNZYU(YNZ)U(XNZNY)ifand only if

X=Y=¢.

Problem 19. Prove the following identity:

n (n lnl
G IAUBO) = ( dAK)u [( uAK) st
=1 - k=1 k=1

Problem 20. Prove thatt AUB=(A-B)U(B-AYU(ANB).
Problem 21. Prove that:
(AAB)AC=(ANBNC)Y U (ANBNC) U (ANBNC) U(ANBNC) .
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