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About Very Perfect Numbers' 

A natural number n is named very perfect if cr( cr(n))=2n (see [I]). 
Theorem. The square of an odd prime number can't be very perfect 

number. 
Proof. Let be n=p', where p is an odd prime number, t en 

cr(n)= I-p-p'. cr( cr(n)) = cr(l-p-p') = 2p'. We decompose cren) in canonical 
form,fromwherel--p-p:= p,ap,G, ... pa,. Becausep(pd)-lis 
odd, in the canonicai decompose must be only ~dd primes. 

0.---1 1 a~ 
a , Ct. p;. - P; - 1 _ ') , 

cr(a(n»= (l-p-... - pr. .. \l-p- ... - p.)= , , -~p. 
l' • K P - 1 P. - I 

Because pa, - - I pCt,-1 _ l' . " 
>') , ') 

P. - 1 _ .... , p - 1 >"" 

one gets that 2p: ca'n't be deeomposelin more than two factors, so each 
one> 2. therefore k ~ 2. 

Case 1. For k = 1 we find cr(n) = 1 ~p ~p: = p~ ,from where one 
gets p~-;= p:(l-p-p') and . p,a-: - 1 " 

cr(cr(n))= . . = 2p-, 

p:(l-p-p:)-l =2p\p-ll, from whe?~ p!l = p (pp;-2p-p,). The right 
side is divisible by p, thus Pj - 1 is a p multiple. Because Pl' > 2 it results 
Pi ~ p-l and 

'1 ") a. 
p~ ~ (p-l )' > p-+p+ 1 = Pi 

thus a,= 1 and cr(n)=p--p-I =P:, cr( cr(n)) = cr(p) = 1 -,- Pi . Ifn is very perfect 
then 1 ~Pi = 2p' or p:..l.p+ 2 =2p:. The solutions of the equation are p = -1 
and p = 2 which is a contradiction. 

Case2. For k=2 we have cr(n)=p'-p-l = 

Because 

it results 

a, a, 
Pi 'p,". 
~":, 1 

, 1 

P?-, ,-I pCL,-I_ I 
---"--'---,;- = P an d ' = 2 P 

PI ' 1 P, ' 1 
(or inverse), 
thus 
then 

Pia"l, 1 = p(PI,l), p(t, 1 = 2p(p"l), 
a.· I a.-I a.-I a.-I , 

PI P:- , Pi ' Pc' -r! = 2p-(PI,l)(p:,l), 
---
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thus cr(n) = pI+p+ 1 = p~l-Ipr;o-I 
and p p, (pC + P + I) = 2p~(p -l)(p,-l) + p~J'1 + p~'1 - 1 

I - I - ( a. 1 ) (a.-I ) 
orpIP2p(p+I)+PIP~-I=2p2(pl-I)(p2-I)-t- PI,'-I + p~- -1 = 
2P2(P1- 1) (p,-I) + p(PI-I) -+- 2p(p,-I) accordingly p divides PIP,-I, thus 
PIP2>P+ I and P~P~~(p+I)2>'p2+p+I=P~ pC; Hence: -
njl If ((i = 1 and n = 2p\ thcn cr(n) = p2+ P + 1 = PjP~ 

2 1 pU,+I_ I 
and ~: ~ I = P and ~2 _ 1 = 2p, 

thus PI + 1 = P wich is a contradiction. 

n) If ((2 = 1 and n = 2p2, then cr(n) = p2+p+ 1= 

a.·1 I ' P' - p- - I 
and I = P and ~ = 2p 

PI - I p~ - 1 ' 

thus p, + 1 = 2p, p, = 2p - I and cr(n) = p~+p+ 1 = p~l (2p+ 1), 
from where 4cr(n~(2p-1 )(2p+ 3)+ 7= 4P12p-I), accordingly 7 is divisible 
by 2p- 1 and thus p is divisible by 4 which is a contradiction, 

Reference: 
I Suryanarayama, Elcmente der Mathematik, 1969. 
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