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Inequalities For The Integer Part
Function'

In this paper we prove some inequalities for the integer part func-
tion and we give some applications in the number th:eory.

Theorem 1. For any x, y > 0 we have the inequality

(1) [5x] +[3y} = [3x+y] = [3y=x], where ['] means the integer part
function.

Proof. We use the notations x = [x],y =[yL.u= {x}.v={y}, 2.y,
€ Nand u,v € [0, 1). We can write the inequality (1) as

x, 7y, +[5ul+[5v] = [But+v]+[3v+u]. We distinguish the following
cases:

o) Letu>v. Ifu<2v, then Sv > 3v+uand [Sv] > [3v+u}, analogously
Su>3u+v and {Su] > [3u+v], from where by addition we obtain (1). It
u>2v and Su=a+b, Sv=c+d, a,ceN, 0 < b < 1,0<d <1, then we have to

prove the following inequality ; .
atctxty, > [ 3a+c+3b+d ] n [3cw-a+3dfb ] ).
' 5 5

But, considering that 1 > u > 2v, we get 5 > 5u > 10v, from where
5>atb>2c¢+2d, thusatb<Sanda<4.Ifa<2c,thena<2c-1and a
+1-2¢<0, thus a+b-2¢ < 0; contradiction with a+b-2¢>2d, thus 4>a,
a>2¢ and 3b+d<4, 3d+b<4. From 4 > a > 2¢ we have the cases from the
table and in each of the nine cases is verified the inequality (2).

al444332210
c}210011000

Application L. For any m, n € N, (5m)!(5n)! is divisible by
m!'n!'(3m+n)!(3a+m)!.

Proof. If p is a prime number, the power exponent of p in decompo-
sition of m! is olefm] +.. It is sufficient to prove that

D

GGGty
forany reN, 1> 2.Ifm=rm +x,n=m +y, where 0 <x <r, 0 <y <r, m,
n € Z, is sufficient to prove that

[57" + [»S—rx]z [3"—;1]+[§¥]’ but this inequality verifies the

theoréem™1.

Remark. Ifx, y > 0, then we have the inequatity

[SxI+[5y] 2 [XIHy+[3x+y]+ [3y+x].

! Togcther with Mihaly Bencze and Florin Popovici.
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Theorem 2. (Szilard Andras). Ifx, y, z > 0, then we have the inequal-
ity Bx[+[3y1+[3z] 2 [y 2]+ [x+yltiy+z]+[z+x].

Application 2. For any a,b,c € N, (3a)!(3b)!(3c)! is divisible by
alblc!(a+b)!(b+c)!(cta)!l.

Proof. Letk k, .k, be the biggest power for whick p* (3a)!, pe
| 3b)!, P (3¢)! respectively, and r{ie{1,2,34,5,6})the biggest
power for which pr‘j al, pr|bl, el p~ | (atb)!, pl (b+c) !, P |
{c+a)! respectively, then

ko (L 1)) (0 30-) (B3 G-
2n (BB =) (B )+ (51 )
(1 B ) (Bl ) - (14 159+ -

We have to prove thatk +k,+k. > 3 r,, but this inequality reduces
to theorem 2. =1

Theorem 3. If x, y, z >0, then we have the inequality

x}2y)+{2z]) < [x)+Hy]H [z} [x+y+z].

Application 3. If a,b,c € N, then alb!cl(at+b+c)! is divisible by
(2a)!(2b)!(2c)!.

Theorem 4. If x, y >0 and n, k € N so thatn >k >0, then we have the
inequality [nx] + [ny] > k[x] +k[y] + (n - k)[x +y].

Application 4. [fa, b, n, k € Nand n > k, then (na)!(nb)! is divisible
by (al)<(b!)*((a+b)!)™*.

Theorem §. If x, 20 (k =1, 2, .., n), then we have the inequality

1
22 [2x,]>2 : ][xk] + X)X ] F e+ X x ]
k=1 = : - n

Application 5.1fa, e N(k=1,2,...,n), then ‘}:Il ((Zak)!)2 is divis-
ible by klr:lll(ak!): (a+a)!(a,+a)! ... (a+a ).

Theorem 6. If x. >0 (k = 1, 2, ..., n), then we have the inequality

m m
m i [2x]+ n 2 [2x]> m i xj+ n X (x 1+ i i“ [x+x ].
k=1 p=ti k=1 p=1 k=1p=1
Application 6. Ifak eN(k=1,2,..,n) then
n m n m , n m
H@abr HQaly is divisible by @™ I @b IT @,
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Theorem 7. If X,y > 1, then we have the incquality

el Wb e ] [as - s |

Proof. By the concavity of the square root function

S e s LAy E

—J2y 2
5 ]

it follows that [\/x +y ]2 [] 2 x 1' + {;—

|
Therefore it is sufficient to show that [\/_ ]
for x>1. The identity [, 1~

r |
-
We usc it to replace + 5V2¥

X +

1

has a straxghtforward proof.
with [Jz_x] f; J2x o+ 1—1,

This yields [J_ ] 2 [L-\/Z_x + i—l for x>1. This lastJ inequal-
ity followed by notice that xL>_4 implies (2 - \/f)\/ﬂl or

V1 IL;—\/’ZT, J and 1< x < 4 implies _;_sz + _]2_<2
Application 7.1fa,b € N, then a!b!l Va' + b’ !J is divisible by
lav2] 1 [pv2] 1
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