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INTEGER SOLUTIONS OF LINEAR EQUATIONS
Definitions and properties of the integer solutions of linear equations.

Consider the following linear equation:
() Dax=b,
i=1

withall ¢, #0 and b in Z.
Again, let heN,and f:Z"' > Z, i= Ln. (1,_n means: all integers from 1 to n).

Definition 1.
x, = x., i=1,n,is a particular integer solution of equation (1), if all x! €Z and

n
0
Zaixl. =b.
i=1

Definition 2.
x;, = f.(k,,....k,), i =1,n,1is the general integer solution of equation (1) if:

a) Y.a,f(k...k)=b; Y(k,...k,)eZ",

i=1
b) For any particular integer solution of equation (1),x, = x;,i = 1,n, there exist
(k!,....k})eZ" such that x] = f(k/,....k;) for all i=1,n {i. e. any particular integer
solution can be extracted from the general integer solution by parameterization}.

We will further see that the general integer solution can be expressed by linear
functions.

h
For 1<i<n we consider the functions f, = chjkj +d; withall ¢;, d, €Z.

Jj=1

Definition 3.
A= (c;),; 1s the matrix associated with the general solution of equation (1).

Definition 4.
The integers k,,....k,, 1 <s<h are independent if all the corresponding column

vectors of matrix A are linearly independent.

Definition 5.
An integer solution is s-times undetermined if the maximal number of
independent parameters is s .

Theorem 1. The general integer solution of equation (1) is (n—l)-times

undetermined.
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Proof:
We suppose that the particular integer solution is of the form:

Q) x=Yu,P+v, i=ln,withall u,, v, €Z,
e=1

P, are parameters of Z, while a<r<n-1.
Let (x,...,x.) be a general integer solution of equation (1) (we are not interested in
the case when the equation does not have an integer solution). The solution:

. 0 - —
xj—ankj—i-xj, j=1Ln-1

(a0 )
X, = —Lgajkj - xSJ

is undetermined (n - 1)-times (it can be easily checked that the order of the associated
matrix is n—1). Hence, there are n—1 undetermined solutions. Let’s consider, in the
general case, a solution be undetermined (7 —1)-times:

yJ

n—1 _
x, =Y c;k,+d;, i=1n withall ¢;» d; €.
j=1

Consider the case when 6 =0.

Then
Zaixl. =0.
i=1

It follows:

n n n—1 n n—1 n
Zaixi = Zai(z%kj + dl} = Zaiz%kj +Zaidi =0.
i=1 i=1 j=1 i=1 j=1 i=1

For k; =0, j=1Ln-1 it follows that ) ad, =0.

i=1
For k;, =1 and k, =0, j# j,, it follows that Z:aic,.jO =0.
i=1
Let’s consider the homogenous linear system of n equations with n unknowns:

incij:O, j=Ln-1
i=1

ixidi =0
i=1

which, obviously, has the solution x, =a,, i= 1,n different from the trivial one. Hence

the determinant of the system is zero, i.e., the vectors ¢, = clj,...,cnj), j=lLn-1,

D= (dl, ...,dn)f are linearly dependent.
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But the solution being (n - 1)-times undetermined it shows that ¢;, j=1,n—1 are

linearly independent. Then (Cp ) determines a free sub-module Z of order n—1 in

n 1
Z, of solutions for the given equation.
Let’s see what can we  obtain from (2). We  have:

n n r
0= Zaixl. = Zai [ZuiePe + v,.j .
i=1 i=1 e=1

As above, we obtain:

n r

Zaiv,. =0 and Zaiuie =0
0

i=1

e=1

similarly, the vectors U, = (ulh,...,unh) are linearly independent, h = Lr,U ., h=1r are
V= (v,,..., vn) particular integer solutions of the homogenous linear equation.

Sub-case (al)
U,h =1,r are linearly dependent. This gives {Ul,...,Ur} = the free sub-module of

order r in Z" of solutions of the equation. Hence, there are solutions from {Vl,...,Vfl}

which are not from {Ul, U, } this contradicts the fact that (2) is the general integer
solution.

Sub-case (a2)

U,, h=1r, V are lincarly independent. Then {U,,..,U,}+V is a linear variety

of the dimension <n—1= dim{Vl,...,V

n—

,} and the conclusion can be similarly drawn.

Consider the case when b # 0. So, Zaixi =
i=1

Then:

n—1

ZaLch/k]+dJ Z[Za,c,,) +Zad b; (k. ) €Z'".

As in the previous case, we obtain Zaidi =b and Zaicij =0, Vj=1ln-1.

i=1 i=1
t PEE— . . . .
The vectors ¢; = (c ..... cnj) , j=1,n—1, are linearly independent because the solution is
undetermined (n — 1)-t1mes

Conversely, if c,,.. D (where D = (dl, ,d ))were linearly dependent, it

n 1°
n—1

would mean that D = Zs ;¢; with all s, scalar; it would also mean that
j=1

n n n—1 n—1 n
b:Zaidi =Zai(2sjcl]J ZS [Zac j
i=1 i=1 j=1 j=1 i=1
This is impossible.

(3) Then {c,,...,c, ,}+D is a linear variety.
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Let us see what we can obtain from (2). We have:

r

n n r n n
b= Zaixi = Zai [Z”iepe + Vi] = Z[zai”ie] P, + Zaivi
i-1 i-1 P i-1 i-1

e=1

and, similarly: Zaivi =b and Zaiuie =0, VYe=1r, respectively. The vectors
i=1 i=1
U, =(upseestt, )t , e=1,r are linearly independent because the solution is undetermined
r -times.
A procedure like that applied in (3) shows that U,..,U,, V are linearly

independent, where V =(v,,...,, )t. Then {U,,...,U,}+V = a linear variety = free sub-
module of order r <n—1. That is, we can find vectors from {c,,...,c,,}+D which are

not from {U e U r} + V', contradicting the “general” characteristic of the integer number

solution. Hence, the general integer solution is undetermined (n — 1)—times.

Theorem 2. The general integer solution of the homogeneous linear equation

Y ax,=0 (all a, € Z\{0}) can be written under the form:
i-1

n-1
@)  x,=Y.ck, i=Ln
j=1

(with d, =...=d, =0).

Definition 6. This is called the standard form of the general integer solution of a
homogeneous linear equation.

Proof:

We consider the general integer solution under the form:

X = ch_.].P. +d, i= I,_n

J

with not all d,=0. We’ll show that it can be written under the form (4). The
homogeneous equation has the trivial solution x, =0, i =1,n. There is
n—1 _
(pf,...,pffl)eZ”*1 such that Zcﬁp? +d. =0, Vi=1n.
j=1

Substituting: P, =k;+ p;, j=1n—1 in the form shown at the beginning of the

demonstration, we will obtain form (4). We have to mention that the substitution does not

diminish the degree of generality as P, €Z < k; €Z because j=1,n-1.

Theorem 3. The general integer solution of a non-homogeneous linear equation is
equal to the general integer solution of its associated homogeneous linear equation plus
any particular integer solution of the non-homogeneous linear equation.

Proof:

83



n—1

Let’s consider that x, = Zcu . i=Ln, is the general integer solution of the

Jj=1

associated homogeneous linear equation and, again, let x, =v,, i=1,n, be a particular
n—1

integer solution of the non-homogeneous linear equation. Then x, = ZC
Jj=1

is the general integer solution of the non-homogeneous linear equation.

Actually, Zn:ai Za (chk} +vl.] Za (Zcu ]}+Zn:aivi =b
i=1

i=1

KV i=ln,

if x,=x, i=1,n, is a particular integer solution of the non-homogeneous linear

equation, then x, =x, —v,, i=1n, is a particular integer solution of the homogeneous

linear equation: hence, there is (k;,....k) ) € Z""" such that

Zc ko—x -V, ‘v’izl,_n,

iy
ie.:
=x°, Vi=lLn
cUJ vi=x, Vi=Ln,
which was to be proven.

n—1

Theorem 4. If x, —z L i=Ln is the general integer solution of a

homogeneous linear equation (Cij"“’cnj) ~1Vj=1,n-1.
The demonstration is done by reduction ad absurdum. If 3j,, 1< j, <n—1 such

that(c%,...,c%)~djo;«éil,then Cii, =c.d. w1th( . ,nj)~1 Vz’:l,_n.

o io

But x,=c¢,, i=1ln, represents a particular integer solution as

Yo

n n n
Zaixi = zaicijo - l/dfo .zaicij() =0
i=1 i=1 i=1

(because x,=c; , i =Ln is a particular integer solution from the general integer

lj b
solution by introducing k, =1 and k; =0, j+# j,. But the particular integer solution

X, = cl'.jo, i=1,n, cannot be obtained by introducing integer number parameters (as it

should) from the general integer solution, as from the linear system of n equations and
n—1 unknowns, which is compatible. We obtain:

X —ch]k]+cyndj k i=1n.
j¢]0
Leaving aside the last equation — which is a linear combination of other n—1
equations — a Kramerian system is obtained, as follows:
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Cot1-Cptjy - Cotna 1
k;, = ' =——¢Z
CipoeeeeniCy A veenCy i
Cn—l,l "'Cn—ljo djo "'Cn—ln—l

Therefore the assumption is false (end of demonstration).

Theorem 5. Considering the equation (1) with (a,,...,a,) ~1, b=0 and the
n—1 _
general integer solution x; = Zc,.jkj, i=1,n,then
j=1
(al,...,aifl,am,...,an) ~ (cil,...,ciH), Vi=ln.
Proof:
The demonstration is done by double divisibility.

n—1
Let’s consider i,, 1<i, <n arbitrary but fixed. x, =2ciojkj. Consider the
j=1

equation Zaixi =-a, x, . We have shown that x, =c¢

b o

;» 1=1Ln is a particular integer
i#ig

solution irrespective of j, a<j<n-1.

The equation Zaixl. = —q, ¢, ; obviously, has the integer solution x, = ¢

i#i,

o LE

Then (al,...,al. 4, +l,...,an) divides —a, c, . as we have assumed, it follows that
0 0 o loJ

(a,....a,)~1, and it follows that (al,...,al.o_l,ai0+1,...,an)|ci0j irrespective of j. Hence

(al,...,aio_],al.UH,...,an)|(cl.01,...,cl.0n_1), Vizl,_n, and the divisibility in one sense was
proven.

Inverse divisibility:

Let us suppose the contrary and consider that 3i €l,n for which

(al,..‘,a,.lfl,a an)~d,.11¢d[12~(c,.11,...,c,.1”71); we have considered d,, and d,,

CRSEREE

without restricting the generality. d,,1d;,, according to the first part of the

demonstration. Hence, 3d €Z such that a’i12 =d-d,, |d | #1.

il

n—1

n-1
th,fkj =d- dillzciljkj )
j=1 j=1

n n n-1
ax,=0= Zaixi =-a,x Zaixi = —aild-diIIZCiljkj ,
i=1 j=1

i#0 i#0

Xil

85



where (cl.ll,...,cilH) ~1.

The non-homogeneous linear equation Zaixi =—a, d,  has the integer solution

i#0

because a,d,, is divisible by (al,...,ail_l,a an). Let’s consider that x, = x°, i#i,,

PRSERED)

is its particular integer solution. It follows that the equation Zaixl. =0 the particular
i=1

solution x; = x’o, i#1i, x, =d,,which is written as (5). We’ll show that (5) cannot be

obtained from the general solution by integer number parameters:

n—1

chk,—x i #1,
© 1
d- a’,lzCUkj— :

But the equation (6) does not have an integer solution because d-d;,|d,, thus,
contradicting, the “general” characteristic of the integer solution.
As a conclusion we can write:

Theorem 6. Let’s consider the homogeneous linear equation Zaixi =0, with all
i=1

a, € Z\{0} and (al,...,a )~1.

Let x, —ZCU D 1=1,_n, with all ¢, €Z, all k; integer parameters and let’s
consider & €N be a general integer solution of the equation. Then,

1) the solution is undetermined (n - 1)—times;

2) Vj=1,n——1 we have (clj, " n/) ~1;

3) Vi=1,n wehave (CoverCisy) ~(@seraynay,.0a,).

The proof results from theorems 1,4 and 5.

Note 1. The only equation of the form (1) that is undetermined n-times is the
trivial equation 0-x, +...+0-x, =0.

Note 2. The converse of theorem 6 is not true.

Counterexample:
=—k + k,
(7 x, =5k, + 3k,
x, =Tk - ky; k.k,eZ
is not the general integer solution of the equation
(8) —13x, +3x, —4x,=0
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although the solution (7) verifies the points 1), 2) and 3) of theorem 6. (1, 7, 2) is the
particular integer solution of (8) but cannot be obtained by introducing integer number
parameters in (7) because from

—k + k, =1
Sk, +3k, =7
Thky— k, =2

it follows that & = % ¢Z and k = % ¢ Z (unique roots).
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