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Abstract

The opinions of this work are revising, stalking and proving in details
the derivation of Riemann Zeta Function and Riemann Hypothesis, which
Riemann did roughly for more than 150 years ago without proof, and
correcting all mistakes about the boundaries of the integrals that was found
and those undefined (and/or multiplied by zero) functional equations
which caused very big problems to this Riemann Hypothesis.

Proof or disproof of Riemann Hypothesis’s derivation will be very
useful for many mathematicians and physicists nowadays because the
Hypothesis is widely used in many subjects and works, unaware of risks,
thought it is not officially proved right or wrong.

Introduction

1. Riemann Zeta Function and Riemann Hypothesis

Riemann Zeta Function is a function of a complex variable s =
(o + it) that can be written as the summation of infinite series

1
i(s) = 2% ()
1 1 1 1
=1+ > + pe +E + = + ..;n=1,2,3,..,+00 (all natural numbers )

_ L . _ 1 1 1
For (n)s — (e)s ogn . ((s) = (@)slog + (eysLog? + (eysLog3 +...

U(s) = ———— L L
(e)" Ogl(e)ltLOgl (e)O'LOgZ(e)ltLOgZ (e)GLog3(e)1tLog3

=r (e)—itLogl + r, (e)—itLogZ + I (e)—itLog3+m

=4 (costLogl — isintLogl)+r,(costLog2 — isintLog2)
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+ r3(costLog3 — isintLog3)+...

= Y1 (rp(e)~itogny; r = (e)olLogn = (nl)c = modulus or amplitude

and (e)~'*Lo8" = (costLogn — isintLogn) = argument or phasor of {(s) on
each complex plane of each value of n.

1.1 Riemann Zeta Function of natural numbers on the positive real
line while s = (¢ + it) or any complex numbers.

This is the original function of {(s) = Y753 (%). The value of

real part, o of complex number s = (¢ + it) (or totally the value of the
modulus or amplitude of {(s)) points out that {(s) will converge when real
part of s (or o) is more than 1 and will diverge when real part of s (or o) is
equal or less than 1(with ¢ = zero and negative numbers too).

While the value of imaginary part, it of complex number s
(or totally the phasor or argument (tLogn) of {(s)), where Log(n) stands

for natural logarithm of n) will show the rotation of modulus or amplitude
1
(m)°

(axis) when itLogn = 0, + 1, £2m, ... and will lay on imaginary axis when

( (nl)c) on the complex plane. The amplitude of {(s) will lay on real line

tLogn = + ﬂ; + 3711, .... With other angles or arguments (-tLogn), each of all

the amplitudes, ﬁ will rotate around each complex plane of each positive

value of n in space.
1.1.1Case 0 >1,t=0
For 0 =2,t=0 ; {(2+i0) = T35 (ra(e)™"o8")
=1, () HOLogl 4 1 (¢)~i(O)Log2 4 y_(g)=i(DLog3 4

= 11—2 [cos(0) + isin(0)]+ 21—2 [cos(0) + isin(0)]+

+ 31—2 [cos(0) + isin(0)]+...



Im

22
I‘3= 3_2
Im 02 +i0)=%72 (ra(e)~"H08M)
// Re = 1y +1, + 13+ ..
' X, N = @@
! ’ 6
L 2| B ~ 1.646 converges while

\ each amplitude, r,, lays on

the real axis of each complex plane of each positive value of n in space.



1.1.2Case 0 >1,t#0
For 0 =2,t#0 ; {(2+it) = 3% (rp(e) ithosn)

=1 (e)—itLogl + r, (e)—itLogZ + Iy (e)—itLog3+m

— 1_12 (e)—it(o) + 21_2 (e)—itLogZ + 31_2 (e)—itLog3_|____
= 1—12 [cos(tLogl) — isin(tLogl)] + 21—2 [cos(tLog2) —
isin(tLog2)] + 31—2 [cos(tLog3) — isin(tLog3)]+...

= Y+ [r,cos(tLogn) + ir,sin(tLogn)]

Then ¢(2 + it) are series of amplitudes (moduli) 1—12 21—2 31—2 .=

(ry), those will rotate around each of all the complex planes of each value of
n with arguments or phasors or angles of —tLog1, —tLog2, —tLog3, ... and
¢(2 + it) will always converge up to the value of r, only. The value of
cos(tLogn) or the value of sin(tLogn) (maximum or minimum or between )
will not change the convergence of (2 + it).

Im

ﬂ 1 r; =1, (e) ko8l = [costLogl
1 |Re —isintLog1]
Im r,= 21—2, (e)"tLo82 = [costLog2
—isintLog2]

N =1, (e) ithos?

- =r,costLog2

I =ir,sintLog?2
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32’

Im ry= (e)~“Log3 = [costLog3

—isintLog3]

NER (e) —itLog3

- = rycostLog3

I = irzsintLog3
Im 02+ i) =X (ra(e)~"hosm)
// Re — 1% (e)—itLogl + 212 (e)—itLogZ

1 —itL
I X, +3_2(e) it Og3+.__

[*8)

/ 2 4 =Y12 [rpcostLogn + i rysintLogn]
\ ((2 + it) always converges while

each amplitude lays on each complex plane of each positive value of n in

space.

1.1.3Case 0 =1,t=0
Foro =1,t=0; (1 4+i0) = X+% (ry(e) itkosn)
=1, () HOLogl 4 1 (g)~iO)LogZ | - (g)=i(OLog3 4
= 1—11 + zil + % +... (Harmonic series)
= 4o

Im




1
I‘2= E
1
I'3= 3_
Im (1+i0)=%72 (ra(e)~"H08M)
} Re = 1y +1, 13+ ..
1 1 1
l X, n =F+;+;+...
! j 3 | 4 = oo diverges while each
\ amplitude lays on

the real axis of each complex plane of each positive value of n in space.

1.14Case 0 =1,t+0
For o =1,t#0 ; {(1+it) =315 (ry(e)~ithoem)

=1 (e)—itLogl +r, (e)—itLogZ + 15 (e)—itLog3_|_m

1
@t

1

— L(e)—it(o)_l_ on (e)—itLog3_|_m

=i (e)—itLogZ +




The ¢(1 + it) are series of the amplitudes (moduli) 1, z—, 13—, . =

(ry), those are rotating around the complex plane with arguments or
angles of — tLog1, —tLog2, —tLog3, ....

¢(1 + it) may converge on real axis of the complex plane if all of
the values of cos(tLogn) are nearly zero or all of the values of (tLogn) are
nearly % ) %ﬂ , ...). But, on imaginary axis, it still diverges. This is impossible
case because the value of n always changes from 1 to+oo and causes the
argument or angle to change too. So {(1 + it) always diverges up to the

value of infinite sum of all the amplitudes ( e (;)1

effect from the arguments, (e) ~t-°8" (note that o X k = o),

= +00) with no

Im

N 1

1 rn= - (e)~‘tLogl = [costLogl

1 Re —isintLog1]

r,= 21—1 (e)tLo82 = [costLog2

m

1 —isintLog?2]
1 N =T, (e)—itLogZ

m

1 Re - =rycostLog?2

|

\ I =ir,sintLog?2
|

/ 1

K '1

ry= 31—1, (e)~ ko83 = [costLog3

—isintLog3]

Re « = ry(e)ithos3

- = r3cos(tLog3)

I = irzsin(tLog3)



Im ((1+ i) =%32 (ra(e)7ithoem)
j Re — 111 (e)—itLogl + 2_11 (e)—itLogZ

1 .
X, N +; (e)—LtLog3 + ..

w
S

= Y+ [r,cos(tLogn)

|
/ \ + ir,sin(tLogn)]

((1 + it) always diverges up to the
infinite sum of all the amplitudes, r,, of each positive value of n in space.

1.15Case 0 <1,t=0
For o=1t=0 : c(l + iO) — +0oo (I‘ (e)—itLogn)
2’ ’ 2 n=1 n

— I.1(6)—1'(0)Log1 + I.Z(e)—i(O)LogZ + I‘3(e)_i(0)L0g3+...

=+ 4

mz @z )2

1 1 i
2 2 2

y @2, 32,
2 3

_ @
1

-1+ 1.414+ 1.732 4+
2 3

But from Harmonic series 1 + % + § +... =40

1.414 1.732

Andfrom1 + 222 ¢ 1782 o411,
2 3 2 3

Then {(3+i0) = 1+ 2+ 22 4+ =+o

Im




Re

¢(5+i0)=2t (ra(e)7itLosm)

Re = ry+r, +rz+ ..

1 1 1

+...

+—+

-1 1 1
2 p) 2

J

\

(1 (2) 3

= oo diverges while each

Amplitude, r,, lays on

the real axis of each complex plane of each positive value of n in space.

1.1.6Case 0 <1,t#0

1 . [e'%) —1
For o = i,ti 0 ; Z(E+ lt) = :=1 (ry(e) ltLOgn)

=1 (e)—itLogl + r, (e)—itLogZ + I (e)—itLog3_|_m
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_ Ll(e)_it(o)+ 1_l(e)—itLog2 + 1_l(e)—itLog3+"_

(1)2 (2)2 (3)2
1 —itLog2 1 —itLog3
=1+ (2)2(e) (3)2() + ...
2 3
1 . ) . ) 1 1
The ¢ (— + lt) are series of amplitudes (moduli) 1, —, —, ... =
2 @32 (3)2

(ry), those are rotating around the complex planes of each value of n with
arguments or angles —tLog1, —tLog2, —tLog3, ...

¢ G + it) will converge on real axis of all of the complex planes if
all of the values of cos(tLogn) are nearly 0 (or all of the values of (tLogn)
are nearly g , %n , ...).But, on imaginary axis, it still diverges. This is
impossible case because the value of n always changes from 1 to+oo and

causes the argument or angle to change too. So ¢ G + it) always diverges up

to the value of infinite sum of all the amplitudes ( ] 1—1 = +00>
()2

with no effect from the arguments (e) ""°8" (note thatoo X k= o0)

Im

| 1 r, = 11 , (e)thogl = [costLog1
] (1)2

1 | Re —isintLog1]

Im r,= ——, (e)~i°82 = [costLog2
(2)2

—isintLog?2]

] 1 | N\ = I.Z(e)—itLogz

1 Re - =rycostLog?2

I =ir,sintLog?2
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1

Im rs= —, ()78 = [costLog3
(3)2
1 —isintLog3]
1 | Re = r3(e)_itL°g3
- = rzcos(tLog3)
I = irzsin(tLog3)
Im ((% + it) =yie (rn(e)—itLogn)
Re =1 (e)-itlogl 4 L_(g)-itlog2
(1)2 (2)2
' X, n +Ll (e)—itL0g3 + .
= (3)2
V 2| B4 =Y *+% [rpcos(tLogn)
\ + irysin(tLogn)]

¢ G + it) always diverges up to the

infinite sum of all the amplitudes, r,, of each positive value of n in space.

1.2 Riemann Zeta Function of natural numbers on the negative real
Line (actually on the whole real line) while s = (¢ + it) or any complex
numbers.

Riemann tried to find the Riemann Zeta Function of natural
numbers on the negative real Line as well as on the positive real line while s
= (o + it) = any complex numbers by applying analytic continuation on an
equation. He started from using Pi function, [[(s—1) = Gamma function,

I'(s) = f0+°°(e)(‘“) (uW)® VP du as source of his new derived equation

0 (s-1)
]'[(s—l)((s):f()+ Z-)——n dx. Next he applied analytic continuation
fo'e) )\ (s-1)
technique to get functional equation 2sin(s)[[(s—1){(s)=i :Oo % dx

of x on the whole real line and then he gave out trivial zeroes or Res = g =
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—2,—4,—6,...which he thought that they caused the functional equation
. p+oo (=x)C7D

2 sin(ms)[J(s—1)T(s) =i o (ex——1)dx = 0.
The connection between the Riemann Zeta Function and Prime

numbers was discovered by Euler as

M) = I

T
p prime ( o )

1

]

p =2,3,5, .. (all prime numbers)

Whl 1 — 1 .
e M IeD) = oo ©

called the Euler Product Formula

In Riemann’s 1859 article “On the Number of Primes Less Than a
Given Magnitude”, he extended the Euler Product Formula to a complex
variable, presented its meromorphic continuation and functional equation,
and established a relation between its zeroes (if existed) and the
distribution of prime numbers.

The Riemann Zeta Function was hoped to satisfy the Riemann
Functional Equation below

i(s) = OrEDsin(Z)r(1 - s)g(1 - s).

This equation related values of Riemann Zeta Function at point s
= (1— s).The functional equation implied that {(s) had zeroes at each
negative even integer s =—2, —4,...(which has to be proved whether it is
true or false).

Riemann also defined a function

1

I1 G) (2—1)(70(‘%)((5) = I + f1+00 w(x)[(x)(g—l)q_(x)—(%)]dx

And sets = %+it

So, T1(2) ¢ -1)@D2(s) =2 + L5 7 40 60~ (Deos(E ttogeya
®

Naal
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(Log x = natural logarithm of x)

Riemann Hypothesis states that all nontrivial zeroes of the
Riemann Zeta Function have their real parts equal to % or all nontrivial
zeroes are in the open strip { s € C: 0 < Res < 1} which is called the critical
strip, and the line Res = %Which all of the nontrivial zeroes lie on is called

the critical line.
2. Gamma function

Gamma function is an extension of the factorial function n! (which
is the product of all positive integers less than or equal to n), with its
argument shifted by 1, to real line and complex plane.

['(n) =(n-1)! ,forn=1,2,3, ... (positive integers)
['(s+1) = sT(s)
And T(s) =/ 0+°°(e)(‘x) (x)¢~Ddx, for s = complex numbers (¢ + it) with
a positivereal part, Res=0=1, 2, 3, ...

This improper integral can be extended by analytic continuation
technique to all real and complex numbers except the non-positive integers,
(where I'(s) has simple poles), yielding the meromorphic function.

3. Gamma function on the complex plane

Gamma function, which defines in positive half- complex plane, has a
unique analytic continuation to the negative half- complex plane.

I'(s+k)
s(s+1)(s+2)...(s+k-1)

r(s) =
k=0,1,2,3,.. and s+k>0,ors> -k, s+ 0,—1,-2,...,—(k—1).

The product of the denominator is zero when s equals any integer 0,
1, 2, 3,... Then the gamma function must be undefined at those points. It is a
meromorphic function with simple poles at those non-positive integers.

The gamma function is non-zero everywhere along the real line,
although it comes nearly close to zero as s — . There is no complex
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number s for which I'(s) = 0 and hence the reciprocal gamma function %

is an entire function with zeroesats =0, -1, -2, -3, ...
4. Analytic function and analytic continuation technique

Analytic function is a function that is locally given by a convergent
power series. There are both real and complex analytic functions. Analytic
functions of each type are infinitely differentiable. A function is analytic if
and only if its Taylor series about x, converges to the function in some
neighborhood for every x; in its domain.

Any real analytic function on some open set on the real line can be
extended to a complex analytic function on some open set of the complex
plane. However, not every real analytic function defined on the whole real
line can be extended to a complex analytic function defined on the whole

is not defined for

complex plane. For example, the function f(x) = =1

X=-1.

Analytic continuation is a technique to extend the domain of a
given analytic function. Analytic continuation often succeeds in defining
further values of a function, for example in a new region where an infinite
series represent in terms of which it is initially defined to be divergent.

Suppose fis an analytic function defined on a non-empty open
subset U of the complex plane C. If V is a larger open subset than U of C (U is
contained in V), and F is an analytic function defined on V such that F(z) =
f(z), then F is called an analytic continuation of f. The restriction of F to U is
the function f we started with.

5. Pi function

Pi function is an alternative notation which was originally
introduced by Gauss which in term of the gamma function is

[I(s) =T(s+1)

= sI'(s)
=, " (@™ 0@ dx

0

Or [I(m) =n!,forn=1,2,3,... (positive integers)
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6. Functional equation
A functional equation is any equation that cannot be reduced to

algebraic equation easily. The equation relates the values of a function (or
functions) at some points with its values at the other points, for example

fx +y) =) +1£(y)
A main method to solve elementary functional equation is
substitution.
7. Cauchy’s Integral Theorem
Cauchy’s Integral Theorem implies that the line integral of every
holomorphic function along a loop vanishes.
gﬁy f(z)dz=0
Here y is a rectifiable path in a simply connected open subset U of
the complex plane C whose starting point is equal to its end point, and

f: U- Cis a holomorphic function.

Disproof of Riemann Zeta Function’s derivation and Riemann

Hypothesis
1. Proof that {(s)[[(s — 1) # f0+°o Z)(_Sll)) dx ,s=o0+it ,Res=o0
>1, x = zero and positive real numbers
From [](s—1) = I'(s)

+
=f0°°

When defined I'(s) in term of an improper integral, s = all complex
numbers (o + it) with positive real part, and x = zero and positive real

() ()¢ Vdx ,s=oc+it ,Res=0>0

numbers, or in term of a limit
[Is-1) = lim fab(e)(‘x) (x)®Pdx ,s=0+it ,Res=0>0

a—0,b—>+c0

Riemann tried to substitute nx for x as the starting variable in the

integrands, he derived his equation as
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[1(s—-1) = f0+oo(e)(_nx) (nx)®Pdnx ,s=o0+it ,Res=0>0

n=1,2,3,.., 4+

Or in term of a limit,

[[s-1) = lim fab(e)(‘nx) (nx)® Ydnx

a—0,b—-+oco

But he forgot to change the boundaries of the integral (or the value
of nx) after he separated out the variable of the integrands from nx to n and
x, and moved term (n)® to the left hand side as he might have done below

M- =_lim  ["()™ )0 dx

a—0,b—o+oo

Multiply by (ni) both sides

(%) [1(s—-1) = o lim fab(e)(—X)(n) ()6 Vdx

0,b->+00

(%) [I(s—1) = lim fab(e)(—X)(l) (X)(S‘l)dx

a—0,b->+o0

1 _ b, < -
PHED=_lim [PV

1 b
Iy Tse1) = i (=00) (x)(s=1)
(PNG-D=_ lim [ ()™ ()¢dx

Then Riemann took summation of the above equations from (%) [1(s-1)
to (é) [1(s—1) and he thought that terms (€)™ ®) of all the right hand
sides could be sum to infinite or =blir:1 yb_. (&)™, So he made the

summation.
(D) + () +-+ I G-1)

= lim fab[(e)(_x)(l) + (e)(—x)(Z) 4ot (e)(—x)(b) ] (x) D dx

a—0,b—->+o0

= ON6-D= lim  [[Sh, (@9®] (0t dx

a—0,b—>+co
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@ _,_ 1
1—(e)<—x>) a ((e)(x>—1)

From Geometric series Y12 (e)™¥®™ =

b
_ . (x)6V
T oo
Or ((s)[1(s—-1) = j (e)(T—ldX ,s=0+it ,Res=0>1..(A)
0

As you can see, the above equation (integral) is wrong because the
boundaries of the integral were still from a=0 to b=+o00. Actually the
boundaries had to be changed after separating variable of the integrands
from nx, to x, and n, preparing for moving (n)® to the left hand side.

From [[(s—=1) = lim fab(e)(‘xn)(“) (nx,)®* Vdnx, ,s=0+it

a—0,b->+o0

,Res=0>0

n=1,2,3,.., 4+

Then [[(s-1) = lim [ b/ (&) XM (n)®) (x, )V dx,

a—>0bo+00 “a/n

Term (n)® is separated out from the integral and moved to the left
hand side of the equation and then n is increased in value from 1 to +o0 in

each equation and finally combined to become Y% %) or {(s) at the left

hand side. The values of nx, change from 0 to +oco0 and x,, is also changing
upto increasing value of n of those integrals at the right hand side. The
lower boundaries of those integrals vary from a/1 to a/+oo and the upper
boundaries vary from b/1 to b/+o00, (remember that nx had boundaries
from 0 to +o0 in the original integral), as below.

Multiply by ni both sides

i b/n —-X S—
(nl) [Is-1)= lim fa//n (e) XM (x Y= gy

a—0,b->+

Substitute s = (o + it) and (x,)©™? = (e)@Hit-DLogkn)

1

() NI6-1 = (Zrmmegm) (o + it-1)
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b/n .
= ' (=xn)(0) (@) (0 +it—1)Log(xp)
wodim ) (8 (e) dxy,

= lim b/ n(e)(—xn)(n)+(a+it—1)Log(xn) dx
a—0,b—>+oco0 Ya/n n

1
NG
G | )

] [(e) (—xn)(n)+(0+it—1)Log(xn)] ]b/n

a/n

= lim [
a—-0,b->+o00 —(n)+

: (xp)@~V (%) b/n
= lim | —11]
S0 bo40o xn)m)4L (o—1)  (it) a/n
az0b>ter () MG Hom)
, (xn) 7™ (%) W b/n
= hm n n ] ]a/n

a—>0,b>+00 = —(n)(e) &)™ 471 0y xn)(@) 4 Y () (xn) ()
(xn) (xn)

—  lim (b/n)@=1(b/n)®
- _ b (0-1) b Y o
a—0,b—+00 "—(n)el /n)n+(b/n) el /n)(n)+(b/n)e( /n)(n)

]

(@/m) @Y (a/m@

al ]

_ (a/mny 0= _a/n)m) Y __(a/n)(n)
(n)(e) + @/n) e + @ /n)e

— lim ()T~ D ()W )V
a—0,b—+00 _(n)(a)(e)(b>+(n)(a)%e(b)+(n)(a)%e(b)

]

@ V@ m
—(n)@) (e)@ @~ (a) @) (a)
()@ (&) @+ () (T Ee@+(m)() e

al ]

(b) (o-1) (e) (itLogb) (n) (—it)

= lim .
a—0,b—+00 _(n)(a)(e)(b>+(n)(a>%e(b)+(n)(a)%e(b)

]

(@) (0-1) (e) (itLoga) (n) (=it)

—[ ]

—()@ ()@ +(n)@ L@ 4 (n)(@ e (@)
()@ (&)@ +(n)(D==e@+(n)(DTre

— lim (b)(@=D[cos(tLogb)+isin(tLogb)](n) (v
a—0,b—>+co —(n)(d)(e)(b)+(n)(a)%e(b)+(n)(a)%e(b)

(a)(®~D[cos(tLoga)+isin(tLoga)](n) i) (n)(-)
a (G (@)
-(m)@)(e)@+ (n)(a)we(a) +(n)(a)ae(a)

[ lirré Log (a) =z, or Log (= 0) = z,
a—
1

But (e)® =~ 0, 0r (&) = —;

=~ 0,
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Solim Log (a) or lim Log (» 0) = —o0 |
a—0 a—0

_ (=+0)(@"D[cos(tLog(~+))+isin(tLog(~+00))](n) "V

—(0)(9) () (x+%) +(n)(a)%e(z+oo) +(n)(o)%e(z+oo)

_ (=0 Vcos(tLog(~—w))+isin(t(=—0))](m) T ()
_(n)(co(e)(zm+(n)(a>(({;0;)e(zo)+(n)(a)%e(z0)

(x+o0) @D (=) ()T

=1 ]

~ - ~ it ~
_(n)(co(e)(~+oo)+(n)(a>&_;>)e(~+oo)+(n)(a)%e(~+oo>

=0V (EHmTY
—(m) @ ()*0) +(n) (@D a(x0) 4 (@) L o (~0)
(n)9(e) +(n) =0 © +(n) ~0)€

al ]

= (z+0) O V(=) (m) T ]
@@+ )@ (0 -1) (1) + ) (i) (+1)

— (=0)@ D (~1)(n) TV !
~(M@(=1)+([0)(D) (0-1) (x+00)+(n) (P (it) (= +0)

= —( % — 0)(indeterminate form)

dxn) T ()
dxp,

And From

_ d(e)(@~DLog(xn) (g)(iLog(xn)

dxy,

= (e) (@~ DLog(xn) d(e)bostm) + (&) (Log(xn) d(e)(@-DLog(xn)

dxp dxp

= (&) (@~ DLoglxn)(e) LBt U0 4 4y (i)Log(xn)(e)(7~ D08t (7-1)

Xn Xn

= (e)(@~DLog(xn) () (iDL0g(Xn) (¢)~Lo8(Xn) (jt)
+(e)(iDLog(n) () (0-DLog(Xn) (@) ~Lo8(n) (¢ — 1)

=[(i)+(c — D][ (e)(a—l)Log(Xn)(e)—Log(Xn)(e)(it)Log(Xn)]

=(c+it—1)] (e)[(cf—l)—llLog(xn)(e)(it)Log(Xn)]

= (0 +it—1) [ )21 (x) ]

¢ d(o+it—1) (%) @2 (x,) 0

dxy,

Nex
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d(e)(U—Z)LOg(Xn)(e)(it)Log(xn)

=(c+it—1)

dxp

= (0 + it — 1)[(e) e~ 2LosCxn) AOTEN

dxp

d(e)(@=2)Log(xn)

+ (e)(iDLog(n)

dx,

= (0 + it — 1)[(e)@~DLogGn) (¢)(OLoglxn) LD

Xn

+(e) (iLog(xn) (e) (6—2)Log(xy) (0—2) 1

Xn

= (0 + it — 1)[(e)@DLogtn) () (DLog(xn) () ~Log(xn) (jt)
+(e)iDLog(xn) (@) (0-2)Log(xn) (@) ~Lo8(n) (¢ — 2)]
= (0 + it — D[(iD)+(0 — 2)][ (e)(©~?10B0m) (e) "Loglin) () (DLogtxn)]
= (0 + it — D[(0 + it — 2)][ (&)[(C~D~1]Log(xn) () (DLog(xn)]
=(0 + it = 1) [(0 + it = 2)][ ()3 () )]

D [(xn) D) V]
d(xn) =D

So

=[(c+it—1) (6 +it—2) ... ] (x1) @O (x)®

=Xk21(0 + it =) (xn) @ )]

d[(xn) P () ]

And G

=[(c +it) (0 +it—1) .. J(%y) @ (x,)®
= X0 + itk D[ () O )]

Apply L’ Hospital’s Rule (o) times to

: (k)T () V) b/n
I :
a*O'IbIEJfOO —(n)(e)(XnX“)+(E’X—‘n1))(e)(><n)(n)+%(e)(xm(n)] ]a/n
i (xn) 7 (xn) (xn) Y b/n
Or a—»()1,1br2+oo[ _(n)(xn)(e)(xn)(n)+(o-_1)(e)(xn)(n)_I_(l-t)(e)(xn)(n)] ]a/n
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(o) (it)
O . (Xn) (Xn) b/n
L e @@ (1) (e @ D@ E I Jam
until (x,)@ = (x,)©@ =1
(o) (iv)
- . ()@ Gen) b/n
e oo L G @O0 ® 4 (o 1) (0 ™+ 0 @ o] Ja/m

Yr_1(o+it—k+1)[ (xn) @ (xp) )] ] ]b/n
a/n

= dim ) @ D )= () @+ (- D) @ D O () @

= lim | [22_, (o+it—k+1)](1)(b/n)(®
a-0,b-+0 - (©®/MM[~(n)E*D (b/n)-m)(@+i0) ()]

_ [2f= (o +it=k+1)](1)(a/n)
(e)@/mM[ —(n)(e*+1)(a/n)—(n)(@)+(it) (n) (@] J

= lim [ [Zg=1(0'+it—k+ 1](1)(b) (iv) (n)(‘it)
a—0,b->+o0 (e)(b)[ —(n)(a)(b)_(n)(o')+(lt)(n)(o.)]

By (o+it—k+ D] @D m)
(e)®@ [ —(m)@(a)—(n)@+(it)(n) (g)]

= lim [ 29_, (o+it—k+1)](1)(e) itlogb) (n) (=it
a—0,b—+o0 (@) ®[ =)@ (b)—(n) (@ +(it) (n)(?)]

[XZ_,(o+it—k+1)](1)(e) ({tLo8D (n)(-it)
(e)(a)[ — ()@ (a)-(n)@ +(it) (n) (a)] ’

[ lim Log (a) =z, or Log (= 0) = z,

a-0

1
(e)(®)

But (e)® = 0, or (e)(®) = ~ 0,
So laln}) Log (a) or Log (= 0) =~ —oo ]

T [XZ_, (o+it—k+1)][cos(tLog(b))+isin(tLog(b))](n)~iV)
= lim [
a—0,b—+00 (@) ®[ —m)(@ (b)— (1) @+(it) (n)(@]

| YZ_,(o+it—k+1)][cos(tLog(a))+isin(tLog(a))](n)~iV
@@ [-m)@(@)-(m)(@+(it) (n) (]

— [XZ_, (o +it-k+1)][cos(x+00)+isin(=+00)](n) ("D
= lim | —
a—0,b—>+00 (e)(x*+°)[ —(n) () (= +00)—(n) (D +(it) () (]

_ [Zfo(o+it=k+D][cos(x—00)+isin(x—c0)] () =V
(&) ()@ (x0)—(n) (D +(it) (n) (D]
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[2Z_,(o+it—k+1)](=1+i=0)(n) ("D
| (m+00)[ = (1) (@) (% +00) () (@) +(it) (n) (9]

[ s (oHit=k+1D)] (3 1+i~0) (n) "I
( zl)[ —(n)(U) (zo)_(n)(cr)+(it) (n)(a)]

[2E_,(o+it—k+1)](n)~iD

= 0= [Gt-D () ©@)]
[XR=,(o+it—k+1)]
(1-it) (n)(o+iD
— 1 D= 1 b/1 ) (=X @) (g Y(-1)
Forn=1 oL [1(s-1) = a—>01,1br£1>+oo fa/l (e)TXDM (%)) dx,
[ ZRoq(o+it—k+1)]
- (1-it)(1)(o+iD)
— ! D= i B/2 () (-%2)(2) (. ) (5~ D)
Forn =2 2 [1(s-1) = a—>ol,1bn—l>+oo fa/z (e)( 7X@ (x,) dx,
[ ZRoqi(o+it—k+1)]
T (-in()leriy
1 b/+co
= 1) = i (=Xoo) (+00) (s=1)
Forn=o0 —=[[(s-1) = lim [ = (e) (%00) D e

[ ZR_i(o+it—k+1)]
(1-it) (c0)(o+it)

Actually the correct method of integration of the above equations
should be.

[(5) + (5) +-+(Z)1 TTG-D)

b/(1)
= I (—x1)(1) (s—-1)
a—>(},lbn—l>+oo [fa/(l) (e) ! (Xl) Xm

b/(2

a/(2)
+...

b/(+
+f /( )(e)(—xoo)(+oo)(xoo)(s—1)dXoo]

a/(+ )
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too 1 _ [Zfei(otit—k+1)]
n=1 (E) H(S_l)_ (1—1it)(1)(a+it)

[XR=1(o+it—K+1)]
(1-it)(2)(a+it)

+...

[37_ (o+it—k+1)]
(1—it)(c0)(@+iD)

+oo o [YP_(o+it—k+1)]

Or Z(S) H(S_l) = anl [ (1—it)(n)(a+it) ]

(X) (s-1)

+ 00
((s)[1(s—-1) # f (E)T_ldx, because infinite summation
0

(Geometric series), Y%, (e)™¥" = of one of the integrand can be

1
(e)®-1
taken only when values of another integrand (x,)®™ do not change when
n changes. But in this case the different boundaries tell us that x4, X5, ..., X
are not the same, then

b/(1) b/(2)
(s-1) (s—1)
fa/(l) (x1) dx; # fa/(z) (x2) dx,
i cos
b/(e)
(s—1)
Xoo dx,
fa/(w) (Xeo)

, and infinite summation of the integrands (e)(™®" of the above integrals
cannot be done as Riemann did.
. .+ (-x)&D
2. Proof that 2 sin(ms)[[(s—=1){(s)#i [, o
= ¢ > 1. And {(s) of this functional equation has no trivial zeroes (-2, —4,
—6,...).

dx ,s =0 +it, Res

Start from finding {(s) for x on the whole real line (negative and
positive integers) using analytic continuation while s = complex numbers
(o +it)

From Riemann’s equation

(X) (s-1)

+00
¢IIs-1) = fo @ X ,s=0+it, Res=0>1  ..(A)
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= lim O™ dx
a=0,b—+c0 |, (e)®-1

Apply analytic continuation technique (by stalking Riemann’s
work, and to do this we have to assume that equation ... A is correct) then

(©™-1

b -Dr__ s-1
(S[I(s=1) = lim f CHDE0
b—-+o b

(s-1)
— 1 (s-1) li (=x)
( ) b—1>r4poo b (e)®-1

From (cosm —isinmt) = —1; (cosmt = —1, sint= 0)

b
__ (cosm—isinm)®) . (—x)&D
Z(S)H(S 1) - (-1 bl_l}tlloo -[—b (e)(X)_ldX

From (cosm — isinm) = (e)7™s)

b (—X) (s-1)

(SI(s-1) =—(e)™  lim

b+ ) (e)®-1

Multiply by —(e) ™) both sides

— (@) N(S)[[(s-1) = llm j E ))25 11)

From (cosm + isint) = —1; (cosm = —1, sint=0)

b
fei (s) o\ (s-1)
¢s)[1Gs-1) = (cosmisinm) blim+ f & dx

(-1) p @01

_ (T[iS) 1 (_X)(s—l)
(€)™ lim_ _, @01

Multiply by —(e)(=™) both sides

X) (s- 1)

— (@) C™IY()[](s-1) = hm f M1 dx

©-0D ; [-E@"+@TI(s-1)

.. (B)

.. ()

.. (D)
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b
B (_X)(s—l) . (—X)(S_n
= lim dx — lim
b+ ) (6)¥-1 bo+oo J_ (©)®-1

[—cosms — isinmts + cosms — isinms]{(s)[[(s—1)

(-x)¢ (=¢

= lim dx — lim

b+ | (601 bo+oo J_, (©)®-1

2isi 1 I b (_X)(s—nd I —b (—x)&D

—2isinmsg(s)[[(s-1) = lim oo x+ lim_ v
(-0

= lim
b-+oo Ji (e)®-1

T (e
= Loo (e)(x>—1dX
Multiply by i both sides

+o (_X)(s—l)

—3ax
L, (©0-1

2sinmts{(s)[[(s—1) =ij .. (E)

+

= 0 (by Cauchy’s Integral Formula and by method
which was used to derive the equation above)

But the above derivation (all red characters) is wrong because it
starts from wrong equation

_ - 400 (X)(s—l)
Z(S)H(S 1) - fo (ex_l) dX e (A)
The right derivation in this case should start from equation
[1s-1) = lim fb(e)(‘“xn) (nx,)® Pdnx s=o+it
a—0,b—->+c0 Ya n n ’

, Res = g > 0, x = zero and positive real numbers

Then change the boundaries because of separation of the variable
from nx, to n and x,,, preparing for moving (n)® to the left hand side.

Ms-1) = lim  [2"(e))® ) (x,)Ddx,

a—0,b—>+0c0 “a/n
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Multiply by j both sides

. b/ _ _
H(S 1) — lim fa/nn(e)( Xn)(n)(xn)(s 1)an

(n )S a—0,b—o+o0

Setn = 1 to +o0 and take summation as above, then

(S)6-1) =% lim fab/nn(e)(—xn)(n)(xn)(s—l)dxn

a—0,b—>+c

Apply analytic continuation technique for x on the whole real line,

then
b/(1)
1= ' (=x0)@D(—1)(-D(—x )-1D
(OMG-D=_ lim [[  ()TVO(=1)6(—x,)¢ Vdx,
b/(2)
f/(z)( ) (X)) (—1) -1 (—x, )y,
+...
b/(+00) _ o _ s—
o /treny @D ED (1) (5,) ¢Vl |
b/(1) _ _
=(=D¢Y lim [[ (@)D (=x)C D dx,
b/(2)
(=x2)(2) (—x.)(s-1)
[y oy @@ (=) Valx,
+...
B/(+0) . L reo .
Lo rony T (=) ¢ D, |
From (cosm —isinmt) =—1 ; (cosm = —1, sint = 0)

(cosn isinm)() . b/(1) (—x) 1) (v \(s-1)
(OI(s-1) === lim [[ | ()TDD(=x)¢ Vdx,

b/(2) - -
f_b/(Z)(e)( %)) (—x,) " Vdx,
+...
[ e e Vi

—b/(+x)
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From (cosm — isinm) = (&)™)

WS)[I(s-1) = _(e)( Tis) im [fbéjz)( )(—X1)(1)(_X1)(s—1)dxl

fb/(Z)

(=x2)(2) (s-1)
(TP (—x) D,

+...

b/(0)
(—Xoo) (+00) (_ (s-1)

Multiply by — (e)™s) both sides

— (e)(nis)z(s)n(s_l) lim Ub/(l) (e)(—xl)(l)(_xl)(s—ﬂdxl

b—+c Y=b/(1)

fb/(Z)

o (TP (—x) D,
+...

fb/(+°°)

(—Xoo)(+) (5 (s-1) ’
/s )(e) (—Xe) dxe ... (C)
From (cosm + isint) =—1; (cosmt = —1, sint=0)

(cosm+isinm)(s) b/(1)
(-1 b—1>1:I-noo [f—b/(l)

¢)I(s-1) = ()M (—x,)Vdx,

b/(2)
+f /@) ()@ (_x,)-Dx,

—b/(2)
+...

fb/(+00)

—b/(+oo)(e) (Xe0) (+0) (_Xoo)(s -y dXoo ]

From (cosm + isinm) = (e)™

U(s)[1(s-1) =_(e)(ms) 1 [fb[jjz)( )(—X1)(1)(_X1)(s—1)dx1

J‘b/(z)

_b/(z)(e)(—Xz)(Z) (—x,)6Ddx,

+...
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B/(+9) o i .
f—b/(+oo)(e)( Xo0) (+ )(_Xoo)( 1)dXoo ]
Multiply by —(e)(=™%) both sides

i NV I i
~@TIED =b1—1>£-noo[f—b/(1)(e)( W (=) Vdxy

fb/(Z)

o @ ()¢,

+...

b/(+) e v N |
f_b/(+oo)(e)( Xoo) (+ )(_Xoo)( 1)dXoo] (D)

€)= [- @+ (TI(s-1)

b/(1)
— i (x)(D) (_g ) -1)
bllrﬂo [f—b/(l)(e) T (x) dx,

fb/ (2)

o (TP (—x) ¢ D,

+...

fb/(+°°)

o ()T (—x )6 Vx|

b/(1)
i (%)) (_y Y -1)
~lim [f_b/m(e) VR (=x)® 7Hdxy

J‘b/ (2)

(TP (x) ¢ D,
+...

fb/(+°°)

e (@)X ()¢ Vx|

[—cosms — isinms + cosms — isinms]{(s)[](s—1)

b/(1)
_ (%) (D) (g ) ~1)
bl—1>r-R>o [f—b/(l)(e) (%) dx,

b/(2)
(=%x2)(2) (—x.)(s-1)
+0) o @D (—x,)¢ Vx,

+...
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b/(+0c0) _ 0 s—
f_b/(+oo)(e)( Xeo) () (—x0,) 0 TV X |

b/(1
f /(1) (€)X (—x ) -Dgx,

—lim [ b/(D)

b->+0o0

b/(2)
(—x2)(2) (_x.)(s-1)
+f—b/(2)(e) - e

+...

b/(+c0) - oo s~
f_b/(+oo)(e)( Xeo)(H9) (—x0 ) T dxs |

/(1) -
[, (@M (=) Ddx,

—2isinns{(s)[1(s-1) = lim [} -

400

b/(2)
(-x2)(2) (_ v \(s-1)
+f_b/(2)(e) 28 (—X3) dx,

+...

b/(+e0)
(=Xeo)(+00) (_y (s =1)
+f_b/(+oo)(e) (—%) X |

—b/(1)
. (-x) (D) (_v \(s-1)
Jlim [fb/(l) CHR

-b/(2)
(—X )(2) _ (S—l)
+fb/(2) (e)' ¥ (—x,) dx,

+...

—b/(+)
(—Xeo) (+0) (_y Y(5-1)
fb/(+oo) (e) (—Xo) dX |

b
= tim_ [/ () D (—xp) ¢ D,

_b—>+00 b/(1)

n b/(2) (e) (=x2)(2) (—xz)(s_l) dx,

b/(2)
+...

b/(+) - 0o s —
fb/(+m) ()Xo (—x ) Vdx,, |

+00/(1) - -
= [, @D (—x)6Vdx,
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voo/(2), | )
J gy @ TP () i,
+...
+00/+(e0)
(=Xoo) (+00) ( _ (s—-1)
f+oo/+(oo) (e) (—%e)" X, |
Multiply by i both sides
. e/ )
2sints{(s)[[(s—1) = l[f+w/(1) (&) *DM (—x Y-y,
roo/(2) )
J gy @ TP ()¢ ey
+...
+00/+(c0)
(=Xeo)(+00) (_ (s—-1)
Jieo oy © (—%e0)™ X0 ]
oo [FO/M -~
=iy (e) X)) (—x Y6-Dgx,

+oo/(n)

=0 (by Cauchy’s Integral Formula and by method
which was used to derive the equation above)

I'(s+k)
s(s+1)(s+2)...(s+k-1)

Consider [J(s—1)=T(s) =

k=0,1,2,3,.. and s+k>0,ors-k, s+0,—-1,-2,..,—(k—1)

I'(s) has poles ats = 0, —1, —2, —3, ... (or undefined) and I'(s)
never becomes zero for any values of s.

Sinmts = 0 all the time by the method that was used to derive
2sin s {(s)[](s—1) as mentioned above (or s must be 0, +m, +2m, +37
,+4m,...,and smustbe 0,+1, £2,£3, £4, ...).

Note that 0Xa = 0, a can be any numbers ora = % (undefined).In
this case a = {(s)[[(s — 1) while [](s — 1) # 0 and {(s) # 0 but {(s) =

+oo o [YP_i(o+it—k+1)]
Zn=1 [ (1_1it)(n)(a+it) ] /H(S_l)

In this case, it could not be said that {(s) = 0 when sints = 0 or s =
—2, —4, —6, ... which are called trivial zeroes. Actually {(s) # 0, or there
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are no trivial zeroes that make {(s) = 0. And 2sinms {(s)[[(s—1) =
st :://((nr;)(e)(_xn)(“)(—Xn)(s ~Udx, = 0 because sin 7s of the left hand

:://(in))(e)(_xn)(“) (—xn)(S -1 dx, of the right

hand side, both = 0 by the method that was used to derive the equation not
by ¢(s).

The above derivation gived disproof that there are no trivial zeroes
of Riemann Zeta Function 2 sin s {(s)[](s—1) = 0 for x on the whole real
line (zero and negative and positive integers).

side and the whole i Y%}

3. Proof that (s)z ([ G —1) # - (51_1) + WG +

(X)_(T)] dx

From [](s-1)

I'(s)

= f0+°°(e)(—X) (X)(S—l)dx ' s=o0 + it ,Res = 60=>0,
X = zero and positive real numbers, or in limit form
b
— = i (=x) (x)(s—1)
N6-D = lim @™ dx

a—0,b—-+co

Riemann tried to start from denoted s = % or ZHD

and X = nnmXx to
the above equation

H(%—l) = _Jlim fab(e)(_nnnx) (nn7x) @Y dnnmx

a—0,b—o+o0o

But he forgot to change the boundaries of the integral after
separating the variable from nn7mx to nn, i, and x, as shown below

N(E-1) = _lim [P @0 (0E dx

a—0,b—o+o00
Multiply by — ()(=2) both sides.
m®

L @NE-1)=__lim [P (06 dx

a—0,b—-+c0

1
(13

@] (2_1) = lim fab(e)—m(l)(n)(x) G dx

a—0,b—->+o0
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L G_l) = lim fab(e)—(z)(z)(n)(x) 61 dx

(2)s a—0,bo+00

: (n)(_g) I1 G—l) = lim fab(e)(‘bb”") (X)(g_l) dx

(00)$ a—0,b—o+oco
Then Riemann took summation of the above equations from
(%) (n)(_g) I1 G —1) to (é) (n)(_g) I1 G —1) and he thought that term
(e)(=9(®) of all the right hand sides could be sum to infinite or
=B, (¢,

)+ @)+ @D nE-1)

b
= lim fa [(e)~WDME 4 ()~@@Dm@W 4

a—0,b—-+c0

+ ()PP (e dx

= gim [P[E, @Cm™) o6

a—0,b—-+c0

Or Z;;F:i %) (TL’)_(%)H (2—1): lim b[ E=1 (e)(—nnnx)] (X)(;—l)dx

a—0,b—o+o00 Ya

Or Z(S)(T[)_(%)H (2—1) = lim b[ Ezl (e)(—nnTEX)] (X)(%_l)dX

a—0,b—o+o0 Ya

= [T (™) (oG dx
Then Riemann denoted Y% (e)"™™) = ()

So (&MI(G-1) = lim  [79() ©Edx

a—0,b—>+
From  QU()+1) = 0D y()+1) (Jacobi, Fund S.184)

(@D NE-1) = lim 90606 dxt [Ppc00E de

a—0,b—+o0o

= lim fal Y (i) (x) (3% dx

a—0,b—+0o



33
F21005) = GGV dx + [ w0 dx
Consider llmf Lp( )(X)(—) dx

Let u== then du=(-1) (x)*)dx

And dx=(-1) (W)“*)du

Then
im 10/(2) 006 ax = tim (27000 (2) 7 1) @ a
= Slim )@ du
= lim [7 @ 5 du
But lim [P @ G du= lim [P w6060 dx

L), 4 (X)( )

And hm f (X)(—)—(X)(Z 1)] dx —11 [(2) ( )] ()

yal

=+ =21 -5 [

2559 3
. 1
T (s)(s-1)

So (@ (3-1)=__lim 11600 - (0E]ax

a—0,b—+oco0 2

P WG0E D ot [P (060~ dx

T OG- 1)+ lim S eI 6E D+~ () dx

= =+ T WIEE D+ Eax . (®)

As you know, the above equation (integral)... (F) is wrong
because the boundaries of the integral were still from a=0 to b=+co.
Actually, the boundaries must be changed after separating variable of the
integrands from nnmx to nn, , and x, as below
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b
From T[] G—l) = lim J (e)(~Nn7Xn) (nnnxn)(;_l)dnnnxn ,s= (0 +it),

a—0,b—>+c a
Res = 0 > 0, x = zero and positive real numbers

Then [1(3-1)=__lim  [770F (@) () m)®) () G xy

a—0,bo+oo “a/nnm
Term (n)® is separated out from the integral and moved to the left
hand side of the equation and then n is increased in value from 1 to 4o in
each equation and finally combined to become Y29 (nl) or {(s) at the left

hand side. The values of x,, at each n value of each integral at the right hand
side are changed too (the lower boundaries vary from a/(1)(1)r to

a/(o0) (o) and the upper boundaries vary from b/(1)(1)m to b/ (c0) (o).
(Remember that nnmx,, had boundaries from 0 to +oo in the original
integral).

Multiply by(m)~@ (=) both sides

@@ (H)NE-1)=__lim [T (@)™ ()6 dx,

a—0,b—+0c0 “a/NN7T

(o+it)

Substitute s = (¢ + it) and (xn)(z 1) (e)( —1)L0g(xn)

m @ () (G-1)=m" =N <( )(ﬁi)L (n)> (=2 -1)

b/nnn

= lim (e)( xn)(nnn)(e)( " )Log(xn) dx
a—0,b—>+ a/nnm n
b/nnm
—  lim (&) xm @nm+(F5 01 )Loglan) g
a—0,b-+00 a/nnm
(o+ lt)
— ; 1 [(—=xp) (nnm)+ Log(xn)]y yb/nnm
=, @ (5571 Logtnry pormnn
' —(nnm)+
(xn)
g it
—  lim (Xn)(__ ) (Xn)<7) b/nnm
- a—>01b—>+00[ (e)(Xn)(nnn)][ ] ]a/nnn

(3-1, (2)

(=) o)
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(Xn)(%_l)(xn)(%) b/nnr
i_t> ] ]a/nnrt
]

g
(xn)(nnm) (z-1) (L
S [+ E S o0

lim [
a—0,b—->+c

o it
(b/nnrt)< 771) (b/nnm) (7)

lim '
a—0, b—>+oo([ (b/nnm)(nnm) (2_1) , (th> ]
—(e) [ () + o s G/

(%)
(a/nnn)(z )(a/nnn)

al

o it ])
S e
)z ‘1)(b)( )(nnn)(_ z)

D(g) omn )
(b) ' (b) ]

lim
a—>0,b—>+oo([

(©®[—(mnm) @+ 227

(a)( ) (@)\2 (E) (nnm) (_ %t)

G-
(nnn:)( )(—— 1) (nn7w) @ (%t)
@ @

ml

(e)® [—(nnﬂ)(%)

GV anm("2)

D) om0
®) o

lim (]

a—0,b->+o0

(©®[—(nm) @+ 227

itLoga

(a)( )(e)( 2 )(nnn)(_iZ_t)

(nnn’)( )(——1) (nnn)(g)(iz—t)
@ @

ml

(e)®@ [—(nnﬂ)(%)

) . 4
lim ([ (b)\2 [cos(tLogb)+isin(tLogb)](nnm)\ 2

a—-0,b—-+o G Ko (nnn)( )(zt)
) @ nm 2 (Z 1)
(©)®[~(nnm)2 & OB

. it
(a)( 5_1) [cos(tLoga)+isin(tLoga)](nnm) (_ 7)

(nnn’)( )( 1) (nnn')( )(lt)
@ MY ]

ml

(e)@[- (nnﬂ)(%)

[ lirré Log (a) =z, or Log (= 0) = z,
a—

But (e)® =~ 0, or (e)(=®) = ~ 0,

(e)(°°)

So lirr(l)Log (@) orLog (= 0) = —oo ]
a-



=

=

36

- it
(z+oo)(5 _1) [cos(z+00)+iSin(~+°°)](nn7T)<_ 7>

(mm)( )(__1) (mm)( )(1t>
Hw) T (mt)

&)=+ [~(nnm) D+

a it
(zo)( 7_1) [cos(z—oo)+isin(~—oo)](nnn)(_ 7)

(nnn)( )( 1) (mm)( )(n)
(~0) o

al

(&)= [~(nnm) D+

o it
(z+oo)(i _1) [#1+i(=0)] (Han)(__)

o @(g-1) onm@ ()
Hw) T (mt)

(e)(z+oo) [—(nnm) (%) +

a it
(%0)( 5_1)[z1+i( ~0)](nnm) (_ 7)

( ) - (nnn’)( )(lt)
(~0) G nm 2 (Z 1)1 2
(e) [-(nnm)*2 =0 =)

al

(+00)(~ 1)(nnﬂ)(_ ?)

(e)(=+)[— (nnﬂ)(%)+z 0+=0]

_(+

And

oD@
ml G D

(e)*0)[~(nnm) (E).}. ~ 0o+ 0]

+—: — 0) (indeterminate form)

a6 Vel ?)

dxp

From

_ d(e)( )LOg(Xn)( )( )Log(xn)

dxp

(——1)L0g(xn) d(e)( ) 0g(xn)
dxy,

( )Log(xn) d(e)( 1)Log(xn)
dxy,

= (e)\z + (e)\z

—(e)(“l)Log(xn) (iy(el2) o8 +(e)( )Log(xn)( 1)(e)(771)o80m)

Xn Xn

= (e)(——l)Log(xn) (lt) [(e )( )Log(xn)(e) Log(xn)]

+(e)( JLog(xn) (2 ) [(e)(§—1)Log(xn)(e)_Log(Xn)]
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(2 = 1)1 (o) E2) 088 ey Lot ey (2o

=((
=I(
=I(
=((

+__ 1) (e) -1)- 1]Log(xn>(e)( )Log(xn>]

N [Q

+2 - 1) 1)1 )5

N [Q

) E D3]

Q19

al(Z+ 1)1 e B (2);

dxp

And

(5 TR 1) a(ey(52) o8 (7 ostrm

2 2 dxn

Log(xn)

o it 09(xX e()
(54_;_1) [(e)( 2)Log(xn) d(e)\?

dx,

( )Log(xn) d(e)( )LOg(Xn) ]
dxy,

+ (e)'z

LOg(Xn) (lt)

= (_ + it _ 1) [(e)( )Log(xn)(e)( )

Xn

(o0—-2)Log(xn)
+(e)(3)Lostm @Bt (0-2) |

Xn

= (45— 1) [(e) 2180w (o) ()18t () tomcen (1)

o080 gy (52108t () -togcen (2 )
(5)+(3 — 2N @ (F2 80w e tomtsn ey ()1 ostoy

= (245 1) (242 - 2)[ ()G Hlostw ) (3)tostany

(@4 it—1) (2 + it - 2)) () G ) ()

it

d(Z 1)[(X )(2 1)(X )(2)]

So
d(X )(2 1)
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=[(E+5-1)(¢+5-2) . 1 @)@ x)(z)

= T+ ) @) ()]

0D ) @ ) 9]
d(Xn)(G)

And

S(E+ D) @+ 5 1) T @)

= 22 C+ E kD ()@ () ()]

Apply L’ Hospital’s Rule ( ) times to

G- (2)
li (Xp)'2 7 (xp)\? b/nnn
Olbm [ o it ]]a/nnrr
a—0,b—>+0o0 (e)(xn)(nnﬂf)[ (nnn’)+( 1)+Q]
%n)  (Xn)
(o) _ it
or lim ) Z 0 ) k)2 b/nnm

a—0,b—>+o (e)(xn)(nnn)(xn)+[ (nnﬂ)+(——1) (tzt)] ]a/nnn

(o)
: () 7 )2 b/nnm
or lim -
a—0,b->+0 [ (e)(Xn)(an)+[—(nnn)(xn)+(5—1)+(%t)]] ]a/nnn
until (x,)? = (x,)@ =1
Then lim
a—0,b—o+o0
o it
(xn) 2 (x) 2 b/nn

—(nn7) (%) (&) KM (M- (21 ) (nir) (e) ) (o)1 (5 )(nnn)(e)<Xn>(““”>]] Ja/mn

o it

i zk JGH S=RAD[ () @ () 9]
= 1m I3 o [
a—0,b—o+oo (e)(xn)(nnn)[ (nnT[)( )(Xn)_ E(nnn)(f)+(§—1)(nn1r)(7)+(it) (nnn)(f)] a/nm

b/nnr

o it

= lim Zk LG4+ Z—k+1)[ (1) (b/nnm) (V)]
a—0,b—+o0 (e)(b/nnn)(nnn)[—(nnn)( )(b/nnn)—(nnn)(%)+(it)(nnn)(%)]

zk LG+ Skt D)[ (1)(a/nnm) D]

(e)(a/nn”)(nn”)[—(nnn)( )(a/nnn) (nnn)( )+(Lt)(nn1r)( )]
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g it

lim [212‘ 1G4y
a-0b+o0 (e)<b>[—<n) 2 o-m@+wm )]

k+1)](1)(b)(i7t) (nnn)("i?t)

(22 1(5+5—k+1)](1)(a)< )(nnn)( lt)

it
2
(e)(a)[—(nnn) )(a)—(nnn)() ( )(nnn)( )] |
lim (32 1("+‘t—k+1)1(1)(e)( %) ) (72)
a—0,b—+oo (e)(b)[ (nnn)( )(b) (nnn) ( )(nnn) ]
[zk (C+E k1)) (1)<e)( )<nnn)( 2)
(e)(a)[ (nnn)( )(a) (nnn)() ( )(nnn)(%)]
[ lirr(} Log (a) =z, or Log (= 0) =z,
a—
@ ~ (—o0) — ~
But (e)'* = 0, or (e) (e)(°°) 0,
Solim Log (a) = —o0 |
a—0
(-7)
y [ zk 1("+i—k+1)][cos( Log(b))+isin(§Log(b))](nnn) 2
1m [ - o
a—0,b—+co0 (e)(b)[ —(nnﬂ)(Z)(b)—(nnﬂ) (7)+(%) (nnm) (5)]

o it

[Zk 1(—+——k+1)][cos( Log(a))+isin(tELog(a))](nnn)(‘%)
(e)(a)[ —(nnm) 2)(3)—(nnn) (%)+(%) (nn7m) (%)]

it
[ Zk 1(a+£—k+ 1] [cos(~+oo)+lsm(~+oo)](nnn)( )

(e)(~+°°)[—(nnr[)( )(z+oo)—(nn1r)( ) (?)(nnn)(a)]

it
[Zk 1(E+£_k+1)][Cos(~—00)+lsll’1(~—00)](nl’lTL’)( )

(e)(~o>[_(nnn)( 2) (~0)—(nnm)(2) (7)(nnn)(a)] ]

g it

[ Zk 1G5
(=+) [ —(nnm)\2 (0) (=+0o0)—(nnm) (g) + (%) (nnm) (%)]

(-2)
—k+1)](=1+=i0)(nnm)\ 2
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_it

[ZE=1(%+%—1<+1)](%1+zi0)(nnn)( z)

— ( zl)[ _(nnn)(%) (zO)—(nnT[)(%)+(i7t)(nnn_)(%)] ]

g . (JL)
[22_,C+o—k+1)](nm)\ "2

= 0- ~
[(%— 1) (nnm) (E)]

a
g .
[ 22, C+5—k+1)]
o it

(1) nm 3+

— 1 s -
Forn=1 7511 (2 1) ()~
b/(1)(1)m .
= lim J (e)(—Xﬂ(l)(l)n(Xl)(;—1)dX1
a—0,b—o+o0 a/(1)(1)
(22, CHo—k+1)]
 (YimemE?)
(1-D) @]
— 1 s -®)
Forn=2 2 IT (2 1) (m)~\2
b/(2)(2)m s
= lim J (e)x@@m (¢ )Gy,
a—0,b—o+o0 a/(2) ()
! 52 G+i—k+1)]
B it (g+ll)
(1-D)@@m\z"2
Forn = o0
s b/()(0)1T .
1 11 (i _1) MG = lim j (e)(—xoo)(+oo)(xoo)(5—1)dxoo
(+0) 2 a—0,b—+oo a/(00)(00)T

[22.,C+5—k+1)]

(1—%)[(w)(w>n](%+i7t)
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Actually the correct method of integration of the above equations
should be.

)+ @ +-+GInE -) @

b/(1)(1)m (1)
= lim [J (e) WM (¢ Yz~ dx,
a=0b=4 Ly (y)yn

b/(2)(2)m ()
N f (&) @@ (x Y51 dx,
a/(2)(2)m
¥
b/ (o) (o) .
+j (e)(_xoo)(oo)(oo)n(xoo)(E_1)(‘1)(00
a/(e0) (o)

g it

52 G5 k1))

= OHNE-1) )6 = s
1 4, (2 ) (1__)[(1)(1)n](2+ 2)

o it

n [Zk 1G5 —k+1)]

(1‘7)[(2)(2)n](g+12t)
+...

o it

n [Zk 1G5 —k+1)]

(1‘—)[(00)(00)11](3*15)

g it

(57, &)
(1-) ) (£72)

or (5 -1) @6 = gty

(s G-1) & Nd
(M (G-1) %+ WOI0E+60" ) dx
because the boundaries are not the same as Riemann did before. But in

this case the different boundaries tell us that x4, x5, ..., X, are not the same,

b/(1)(1)(m) s b/(2)(2)(m) .
soj (x,) G Ddx, if (x,)GDdx,
a/(1)(1)(m) a/(2)(2)(m)

F o
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b/(e0)(e0) () s
* f (Xoo)(i_l) dXe
a/(e0)()(m)

, and infinite summation of the integrands (e)™™""™) of the above integrals
cannot be done as Riemann did because infinite summation,
+o  (e)="17X) of one of the integrand can be taken only when values of

another integrand (xn)@_l) do not change when n changes.

4, Proof that [] G) (2 —1)(1T)(_§)((s), fors = % + it

) PRI
# %+ Tfl PYx)(x) (4)cos(%tLogX)dx
# §(t)
From Riemann’s equation
(@IM(G-1) = 5o+, vEIE +60" G dx ..(F)

Multiply ( ) (s-1) both sides and set s == + it

(@D (G-1) () -0

>)(s-1)

- ((S)(S S +( )(S D [ W )GV +x)~(3)] dx

>(§+1t 1) Wl (X)( )+(x)_< ’ >] dx

) 1 eI 0+ dx

1

) [ W0 ) [ (0G089 4 (e) 2089 | i
>f1 P )3 [COSG tLogx)+isin G tLogx)

cos G tLogx) — isin G tLogx)] dx
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NIH

(tt+—> f+oo W) () 4)ZCOS(—tL08X)dX

= % (tt+ )f T U 4)cos(—tLogx)dx
= &)
Consider {(s) (ﬂ)(_g) I1 G—l) G) (s-1)

I‘(s+1)

From TI'(s) = fors#0

I'(s+k)
s(s+1)(s+2)...(s+k—-1)

AndTI'(s) = fork=0,1,2,3,..ands+k> 0,ors> —k

s#0,—1,-2,...,—(k—1)
And JJ(s) =T(s+1) = sI'(s) = s[[(s—1)
Then [[()=T(;+1) =:T(D)= S[(;-1)
Thus &)@ (3)T1(5-1) -0 = 1@ () G-

So Z(s)(n)( 2) H( ) (s-1) = = +(tt + )f1+oo w(x)(x)(_% )cos(%tLogX) dx
= §(t)

However, the above equation is not true because it was derived
from the wrong equation... (F)

()M D(5-1) =

+PPEIEED +60~ ) dx .. (F)

(s)(s 1)
While the right one is
s +0o/(n) (n)(m) .
(M (3-1) = j (&)~ @M@ (5 )Gy
0/(n)(n)(m)

Multiply by ( ) both sides

Then {(s)(mC2 (3)I1(5-1)
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+o0/(n)(m) () :
J (&)~ MmM@Gn) (x G-V ax_
0

_ (s o0
= Bz J@)(0)()
o it

((a+it)) reo  [Z2,G+5-k+1)]
2 n=1 (1—%)[111171’](%-'-%)

From [[(9)=T(G+1) = 1) = 1(5-1)

so 1@ () 1(E-1)= 1@@I(2)

. ) 7 (o it
Hence Z(s)(n)(_i)l_[(g) =((U:lt)) 1 iemia ¥ I:Li?)]

(1—%) [nnm] (E+7

And if one set s=%+it = 0o +it

(G
Then ¢ G + it) () | <ZT>

= &)
L +o0/(n)(n) () GHit)
(5+it) “5—-1
= ZT to (e)~ @M@ &) (x dx,,
0/(m)(n)(m)
1 .
1 it

() g, DG
4 2 " (1—%)[nnn](%+%)

Which fails to exist because value of ¢ = % will not satisfy the equation

()M G) _ ((a:it)) +oo [ZE=1(;’+2-1;+;))]

(1—%) [nnm] (5+7

where value of k start from 1 to %, soo must =2 [ors=(=2+it)].

Hence £(t) + % —|—(tt + i) f1+oo P(x) (X)(_% )cos(é tLogx) dx and
¢(t) will not vanish (= 0) for any values of t. Actually, at s = % +it ,E(t) =
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~ (%+it)> 1 _ S ot

l . ( 2 E+lt _ (O'+lt) + 00 [ Zk=1(5+7_k+1)] .

C(Z + lt) (T[) H( 2 ) - ( 2 ) n=1 (1_E)[nnn](g+i7t) F* 0 but fallS
2

to exist, hence 0 must > 2 [or s =( = 2+ it)].

And this is a good proof that (n)(_g)]_[ ( ) ((s) whens = G + it) or

S
2

=+it

G +it)> 1
ZG + it) (7'[)< | (ZT> = &(t) is not equal to zero but fails to exist or

there are no nontrivial zeroes of {(s) on the critical line Res = ¢ = 5 within

the critical strip {s € C: 0 < Res < 1}.

5. Proof that (s) = (2)® (m)~1 sin(n?s)r‘(l —5) ¢(1 — s) only when

s=o4it=14i0=21.
2 2

Or in the other word, there are no trivial zeroes that can be found
from this functional equation because {(s) = ZG) will diverge (= o0) not
vanish (= 0).

From (n)(_g)]_[(g -1 )Z(s)
or  @PrE)es)

Let s = (1 — s), and this will be true if and only if s = (g + it)
= (§+it) =(1-s)= 1—(%+it) = (%—it) or G+it) = G—it)and
hencet =0, s = %

And (MDT(2)Y(s) =(m)"ZIT(E2)q(1 — ), for s = (1—-s) = =

2
Multiply by I'(%2* ) both sides
@I )iEres) = @ e )a - sre)
From Duplication Formula
F)T(z+1) = ()*VrT(22)

If z=2
2
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Then FEIr(E) = @ Vrr(s)
Thus  (m)(D(2)EVAT($)Y(s) = (M)~ 2T (22 )g(1 — s)r(22)

From Euler’s Reflection Formula

T

[(1-2)T(z) =

sin(mz)

Then (n)( 2)(2)(1 I\ (s)

sm(ns)[‘(l s)
ORERICOEEDNEY

Oor U(s)= (2) (m)®sin(ms)[(1 — s)q(1 — s)F(1 S )F(“S)

From Euler’s Reflection Formula again,

T

I(1-2)T(z) =

sin(mz)
z=(3)
1-29=(1-92)=()

Then  T(2)r(ks) = = —7 a

sm(ﬂ(1 S)y sin(; - =) cos(?)

Hence {(s) = (2()2) (m)Ssin(ms)[(1 — s)(1 — s)[‘(1 S )F(“S)

(2()2() (n)(5)231n(—)COS(E)F(1 - S)Z(

)
=(2)® ()G~ 1>s1n(—)r(1 —s){(1—5s),fors=(1-s) ==

So, there are no trivial zeroes that can be found from this functional
equation {(s)=(2)® ()G sm( ) I'(1 —s)¢(1 — s), because the condition
of deriving the equation was s = (1 —s) or (E +it)=(1—- (E + it)), or

1, . 1, . 1
G+ip=(G+iort=0,s= -.

Then {(s) # 0 but {(s) = G) which will diverge (=).
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Iy gt 1
[Notethat((z) To1 S

1 1 1 1
bt —+..

@2 @2 @2 ©?

@®+m®.m®+@®.

2 3 4 5
& & & &
&n1+f22+@¥—ﬁ22+“?—h¢>1+%+§+%+§+m

And because 1 + % + § + i + % +... +é = oo (harmonic series)

1

So z(—

2

)=1+@ﬁ”ﬁﬂ§#”§+®®=m=w]
2 3 4 5

Summary

[ think it is no use to go on proving the rest of Riemann’s paper. |
hope that my paper is clear enough to point out all mistakes or give
disproof of the original Riemann Zeta Function and Riemann Hypothesis. I
feel good if my paper can give warning to people who are trying to apply
the Riemann Hypothesis to explain physical phenomena which will be very
dangerous in many cases.
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