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Abstract: § 1: remembering the need of imposed the boundary condition u(x,t) = 0 at
infinity to ensure uniqueness solutions to the Navier-Stokes equations. This section is
historical only. § 2: verifying that for potential and incompressible flows there is no
uniqueness solutions when the velocity is equal to zero at infinity. More than this, when
the velocity is equal to zero at infinity for all t = 0 there is no uniqueness solutions, in
general case. Exceptions when u® = 0. § 3: non-uniqueness in time for incompressible
and potential flows, if u # 0. § 4: a more general solution of Euler and Navier-Stokes
equations for incompressible and irrotational (potential) flows, given the initial velocity.
§ 5: Solution for Euler and Navier-Stokes equations using Taylor’s series of powers of t
around t = 0.

§1

Recently | wrote a paper named “A Naive Solution for Navier-Stokes

»[1

Equations I where | concluded that it is possible does not exist the uniqueness of

solutions in these equations for n = 3, even with all terms and for any ¢t > 0.

This conclusion inhibited me to publish officially my other article “Three
Examples of Unbounded Energy for t > 0" also a very important paper.

This distressful and no way out situation disappears when we impose the
boundary condition Il}m u(x,t) = 0, which guarantees the desired uniqueness of
X|—00

solutions at least in a finite and not null time interval [0, T]. Possibly others boundary
conditions also arrive at the uniqueness, but null velocity at infinite may imply a
minimum volume of |u|? and the respective total kinetic energy.

Thus is necessary do some changes in the expressions of external forces,
pressures and velocities used in [2] to establish again the breakdown solution in [3],

due to occurrence of unbounded energy fmz?» |ul?dx — o int > 0. In special, a general

example, for1 <i<3andV-u=V-u’=V-v=0,is
w(x,t) = ul (et + v;(x)e t(1—e™ ), u,u’,v,x € R3,

u)(x) € S(R3), v;(x) € C°(R?), v ¢ L>(R3), |Hgloo v(x) =0,

p € C*(R® x [0,)),
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_ (9., %ui 3 Ui p2 3
fi= <6xi o 2=y ox, VYV Ui) € S(R? x [0,00)).
The conditions (4) for initial velocity and (5) for external force, conforming
description given in [3],

(4)  107u’C)l < Cox(1 + [Xx)TH:R®, Va, K
(5) |agagnf(x, t)l S CamK(l + |x| + t)_K: R3 X [Ol OO) Y] valle

is a kind of straitjacket, and for me do not seem good conditions to make possible
physically reasonable solutions, rather only restricts the solutions to a very limited and
very artificial set of possibilities. If it were possible to the external force be in the set
C°°(]R3 x [0, 00)), such as the velocity and pressure in t > 0, even being only limited
functions and equals zero as |x| = oo, instead Schwartz Space, the possible solutions
will be much more interesting and realistic.
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§2

As we know, when V X u = 0 exist a potential function ¢ such that u = V¢.
When VXu =0 and V-u =0 then V?¢p = 0 and V?u = 0, therefore the Navier-
Stokes equations are reduced to Euler’s equations and the solutions for velocity are
given by Laplace’s equation, they are harmonic functions, i.e.,

Viu=V(V-u) — VX (Vxu) = (V?uy, V?u,, V?u3) = 0

and

dp 0d¢ d¢ 0’ | 0°¢p | 9%*¢

u=Ve = (E’E’E)N'u =0= (ax2 + ay? t 622) =0.

It is clear that there is no uniqueness solutions in all cases, in special when the

velocity is both irrotational and incompressible, even if the velocity vanishes at infinity.

Defining ¢ (x,t) = ¢°(x)T(t), T(0) =1, then we have u=Vep=T(t)Vp° =

T(t)u®(x) and so there are endless possibilities for constructing u given u°, because

there are endless possibilities for constructing T(t) with T(0) =1, even if
lim e u = T(t) lim g5 u® = 0.

According proof in my other paper [4], if u(x,y,z,0) = u®(x,y, z) is the initial
velocity of the system, valid solution in t = 0, then u(x,y, z,t) = uo(x +ty+tz+
t) is a solution for velocity in t > 0. Similarly, p(x,y,z,t) =p°(x +t,y + t,z + t) is
the correspondent solution for pressure in t > 0, being p°(x, y, z) the initial condition



for pressure. More than this, the velocities u®(x +t,y,z), u°(x,y +t,z) and
u®(x,y,z + t) are also solutions, and respectively also the pressures p°(x + t,y,z),
p°(x,y +t,z) and p°(x,y,z + t). That is, when the velocity is equal to zero at infinity
for all £t > 0 there is no uniqueness solutions, in general case. Apparently, an
additional complication if the uniqueness condition is required.

Exception to the two previous paragraphs when u°® =
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§3

In line with previous date, if V-u =0 and Vxu = 0 then V?u = 0. For
u = (U, Uy, uz) and w = (wy, w,, ws), defining w; = A(t)u; + B;(t),1 <i <3, we
willhaveV-w =0, VX w = 0 and V?w = 0.

If u = V¢ solves the Navier-Stokes equations then
0
Vp+a—1;+ (u-V)u =vViu

Vp+V(5) + (Vxu) x u+3V]uf? =
=v(V(V-u) = Vx (VxXuw)

Vp+V(32)+V(51u?)=0
V(p+g—f+%|u|2)=0
P+ + |u|2 6(t),

which is the Bernouilli’s law without external force.

With a gradient external force f = VU we will have
p + + |u|2 U+ 6(t).

For w defined as above, substituting u = w in the Navier-Stokes equations
comes

+—+ | |2 =U+0(t),

where ¢ = A(t)¢ + Bix + B,y + B3z, and p is the new pressure for the velocity
w = A(t)u + B(t)!B = (B]JBZPB?))'



If A(0) =1 and B;(0) =0, 1 <i <3, then u and w obey the same initial
condition and both solve the Navier-Stokes (and Euler) equations and they are
incompressible and potential flows. In this case, there is no uniqueness solution,
for A(t) # 1or B(t) #0,i.e.,u # w.

Imposing the boundary condition at infinity u|,., = 0,7 = {/x2 + y2 + 22,
the velocity w = A(t)u obey the same boundary condition, for A(0) =1, A(t) #1
finite for all t > 0, i.e. w(x,y,z,t) = A(t)u(x,y,zt) and u(x,y, z,t) obey the same
initial and boundary conditions, so there is no uniqueness solutions for Navier-
Stokes (and Euler) equations in this case of incompressible and potential flows
with velocity zero at infinity, if u # 0.
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§4

Other class of solutions for velocity is built through of the transformations
xiral)x; +ct, 1<i<3 a(t),c eR, a(t) # 0, a(0) =1, in the parameters of
the initial velocity, i.e.,

(4.1) u(x,y,zt) = A(u®(ax + ct,ay + ct,az + ct) + B(t),
because if

(4.2.1) VZul(x,y,z) = V2 [A(D)u’(x,y,2) + B(t)] =0

(4.2.2) V-ul(x,y,2) =V - [AOu’(x,y,z) + B(t)] =0

(4.2.3) Vxu®(x,y,z) =Vx[A®)u’(x,y,z) + B(t)] =0

then also
(4.3.1) VZ[A(Du®(ax + ct,ay + ct,az + ct) + B(t)] = 0
(4.3.2) V- [A(®u’(ax + ct,ay + ct,az + ct) + B(t)] = 0
(4.3.3) VX [A®)u®(ax + ct,ay + ct,az + ct) + B(t)] = 0

a a function of time, that is, the velocity (4.1) with A(0) =1, B(0) =0, a(0) =1,
a(t) # 0, is a solution for Euler (and Navier-Stokes) equations with initial velocity
u®(x, y, z), a general solution for incompressible and irrotational (potential) flows,
in the case of conservative external forces. The respective pressure is again given
by the Bernouilli’s law,



(4.4) p+ + |u|2 U+ 6(t),

u =V¢, f = VU, also without uniqueness solution due to 6(t) and u.
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§5

In [5] we got to a great result, the complete solution for Euler and Navier-
Stokes equations for incompressible fluids, using the expansion of the velocity u in
a Taylor’s series of powers of time around t = 0. This work was a natural evolution
of [6], which in turn is a consequence of [4]. In [4] the external force is equal to
zero, and in [6] the external force need be conservative, derived from a potential.
In [5] a very general condition is accepted, since that the initial velocity, external
force and pressure belong to C™, and of general way they can be expressed in
Taylor’s series of time t.

This expansion of the velocity in a Taylor’s series in relation to time around
t = 0, considering x,y, z as constant, for 1 <i < 3,1is

. oy 0%u; 03u;

(5.1) ui_u|t0+ |t0 +at2|t0? at3|t0_+
aku; tk
o *|e=0 PR
or
k k

.0 o 0*u; t

(5.2) U; = Uy +2k=1_atk t=0 7"

ou; 90%u; 03u;
ot ' otz ’ a3’
directly from the Navier-Stokes equations and its derivatives in relation to time,

For the calculation of — we use the values that are obtained

i.e.,

ou; _0p 3 2
5.3 — = v Veu ,
5:3) ot ox =1 Ja -+ i i

0%u; ouj ou; 9 oy ou; , Of;
5.4 L= — — Sz u VZ i _l’
G4 ot? ot ax Z (at 0x; + T ox; ot tv ot
and using induction we come to

akui ak k1 Zak 1ul ak— lfl
(5:5) atk —  atk—1ax; Z N+ vV TN TT=Y

k-1 _ 0 yk—2 _ k-1 kll__l_
NfT = SN = SIS () ol ot



(k 1) _(k-1)t

0 — m

tm ’
In (5.1) and (5.2) it is necessary to know the values of the derivatives

ou; 0%u; aku;
— : —— int = 0 then we must to calculate, from (5.3) to (5.5),

ot ' at2 ' otk
du; _ _o° 3 l 2.0
(5.6) Elt:o_ ox; j=1 ]6 +vVu +fl,

the superior index 0 meaning the value of the respective function att = 0,

0%u; 9%p 3 1
(5.7) 5c2 lezo = " atox; lte=0 = 27=1Nj =0 +
d d
+v V2 ul|t o+ fl|t 0

ou;j a ou;
3 0
N |t 0 ( J |t 0 ax + ] ax atl |t=0)l

and of generic form,

oku; okp 3 k-1
(58) atk |t 0 atk—l aXi |t=0 - _1 IV] |t=0 +
ak—1u ak=1f;
2 i i
+ 14 V atk—l |t=0 + atk 1 |t =0

k— k k—1\ Ak—-1-1 0 41
Nj 1|t=0 = 01( )6 - Uj| =0 a_xjatuih:o;

m
oMmu,

0 _ _
O Up|t=0 = u?v 0 U |¢=0 = at_m|t=°'

This solution is an explicit representation of the non-uniqueness solution of
the Euler’s (v = 0) and Navier-Stokes equations because it is possible choose any
smooth pressure to be a solution for the problem, in special in the cases without
boundary conditions, where the domain of the position (x, y, z) is the whole space
R3 and be of the class C* is a necessary condition for the velocity, in each point of
space and time.

The presented method can be implemented in other equations, of course,
for example, heat equation, Schrédinger equation, wave equation and many others.
In linear equations the facility of operations seems to be great.
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