Mathematical Formulas : Part 5

Edgar Valdebenito

Abstract

Some formulas related with the constant pi :

m=3.14159265358979 ...

Keywords: number pi
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m=2tan"'(e") + 1 — th(x/2) + 4 ZZ

n=1

=nr!

© o 4 pt [(n—1)/2]

n2"

n=0

n—=1

2
Z( 3)k(2k:1—1

G|

k=0

e—<2 n+1+27")

( - Qn+1-2m)

...} nimeros de Euler

0 n ( 1)" (k+ 1)8 Q2 n—k+2)x

n=0 k=0

n—k+2

, x>0

o n ( 1)k (}‘Z—k+ l)e (n+k+2) x

x=2tan"}(e") = 1 + (th(x/2))"' — 4 , x>0
;:‘,;:‘ n+k+2
ch(x — )
m=2tan"'(thx) + 2tan~!(th y) + 2tan~'| ———| , O<x <y
sh(x + y)
m—1 1
7r:42tan’1(u,,) +4tan1( ] ,meN
n=1 Pm -1
m—=1 Uy, 1
=4 sen”! +4sen”| —— |, meN
n=1 1+ u? N (pm—Dr+ 1
m—1 1 D — 1
7r:4Zcos" +4cos”!| —m8m —— , meN
n=1 1+u2 N P —1D?+1
Pn+l — Pn
u, = ,neN
2+ D Pnsl = Pn — Dntl
Pn © n— ésimo nimero primo, {p,:neN}={2,3,5 7, 11, ...}
12 2 4 2
e ={- =, — — —, ..}
3 9 25 61 121

1 2 1
= 4tan‘1(—] + 4tan‘1(—] + 4tan‘1(—]
3 9 4

1 2 2
= 4tan"l(—] + 4tan"[—) + 4tan‘](—
3 9 25

=4 sen"l[

1
] +4 sen_l[
Vv 10

12

)
Vs

R

+
2n+1-27"

2n+1+27"

|

(174)

(175)

(176)

(177)

(178)

(179)

(180)

(181)

(182)

(183)

(184)

(185)

(186)

(187)

(188)



mathematical formulas part 5

7r:4sen"1[ : ]+4sen"1[ ’ ]+4sen‘l{;J
Vio V8 Vi7
)1
n=4cos! +4cos!|—
Vio NG

3 9 4
71:40051( ]+4cosl[ ]+4cos][—]
V10 V85 V17

S Pn1 = P
7r:4Ztan'1( ! ! ]
] 2+ Pu Pntl = Pn = Dutl

n=

1+ tan(tan"l(2/3) -, tan‘l( 1441'122_5 ))

7=31In

1- tan(tan_l(2/3) - Z‘;o:l tan_l( 144‘,,22_5 ))

- 1 .
Vr = lim 2"y 22+ V24 .+ V2

m—oo

«— — mk+k-1 radicales — —

© (1) (1= + 1)

s SH D

m0i0 Qk+1)2m*

n2:3.22k+1ii[ ! _ : )2] keN

(n+2km+2k)2 (n+2Fm+2F+1

n=0m=0
PR I L £ Rave P ! = !
n_6;( v [\/3_ 3/ ]g‘( n-j )(2n-1)22"-1 +6ﬁn§1(2n—1)3n’ men
co 1 nop (_l)k
r=2(V3 -1 Z(—] D —
| )"=0 Vil imak+n(V3)

D Y Y

n=0 k=0

16 & & (~D)"F ute) o (—1 pn—k + 1)

)

o kRCn-2k+1? 3 55 i—k+1D*Q2k-1)]

(k) : funcion de Mobius

22k(k!)2 oo 2"—1 (_1)m+] mk
n=— ————— , keN
(2 k)! =1 m=1 2km ,/m(zn _ m)

o0 U —u v — X
ARG S S
26+ sen(m 27+1) 7m0 2 =1 2T+ D+1) Jo 2y

kENO ,u=0

13

(189)

(190)

(191)

(192)

(193)

(194)

(195)

(196)

(197)

(198)

(199)

(200)

01)

(202)
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1 , k=0
—k-1

sen(;rZ )= I_ 2+\/7 LeN
2 ke

«— — — k radicales — —

n!
=4 tan” | ——
Z (l+n'(n+1)')

w n (1! (x+z\/—(1+x)) (x_i\/?(l_'_x))n—mﬂ

— +(nQ2+2x)? = ZZ

mm—m+1)

n=1m=1
-l<x<-1/2
n? D" (x + i1+ x)" (x — i(1 + x))y"+
— +(In(vV2 +xV2
(n( ! )) nzl,; mm—m+1)
-1<x<0

—+

mmn-m+1)

n=1m=1

-l<x<1/2

—+(lnk)2 ZZ ol

o mm—m+1)

2k

keN-{1}

n (_1)n+l 1 . m 1 . n-m+1
_+(1nk)_ZZ [ e [ —1- \;_)
kvV2

i m@m—m+1)

kvV2 kvV2

keN
n ( 1)'”'1 \/3— ; m \/? ; n—-m+1
—+(1nk)_ —_— l+—| |—-1-—
nz;,;m(n—m+l)[ Zk] [Zk 2k

keN

1 5.372 9.374 4.376 3-8
+

7r:2Z:3’2"’1 [an( - + -
n=0

+
2n+1 2n+3 2n+5 2n+7 2n+9

1 4.372 9.3 5.376 3-8
b,-372 - + - + +

2n+3 2n+5 2n+7 2n+9 2n+1l1

3 1 -4x2+9x* —5x°+x%
2,
131 —10x% +37x* —42x5 +26x% — 8x10 4+ x12

Anr6 = 8anys —26 ang +42a,3 =37 ap2 + 100, —a, , n€Ny
ap=1, a1 =8, a, =38, a3 =138, a4 =415, a5 = 1042
bn+6 =10 by,+5 -37 bn+4 +42 by,+3 - 26 bn+2 +8 by,+1 - bn , ne NO

bo=1, by = 10, by = 63, by = 302, by = 1083, bs = 2050

14

e [ [ 2 2x]]2 w (D" (x+ %(]+x))m(x_%(l+x))"—m+l
In

n =1y [ 1 iv3 '”[ | i\/?]"’"”
. o
2

(203)

(204)

(205)

(206)

(207)

(208)

(209)

210)

@11)

(212)
(213)
(214)

(215)



n=2%372m! [ +
n=0

z

mathematical formulas part 5

an  32(=5ay+by) 3 *9a,—4b) 3 (=da,+9b) 3%, -5b) 370,
+ + + +

2n+1 2n+3 2n+5 2n+7 2n+9 2n+11

3 (1 =4x2+9x* —5x° +x%)
2[ dx
1

B1—10x% +37x* —42x0 +26x% — 8x10 + x12

)

\/7 —e 1A Z(e—n(n—l) a, +e—n(n+l)an+l)

n=0

1
a, :f e @nbx gy , neNy
0

e ) P

2m—j+1

~)"y@m+1,2n-1)

=
aﬂ:Z ,neN

s m!(2n—1)>?m*1

X
y(a, x):f e dt ,a>0
0

2m (2n - 1)F
Yem+1,2n-D=Cm)! |1 - DY — | meN,
= k!
el — g 2n 1 — e Gn=D
<a,< ,HEN

n
2n—1 2n-1

1 -1 ) ( _ 1)2k+3
n:4tan‘1[—]+4tan‘1( ! ]+4Ztan‘1[ ! ] , neN—-{1}

n k=0 crr1((n =1 cp + 42)

=2+ Dy —=17¢ , co=1,c1=2n+2

342z

z—-1

l+z © zIn(l+2) z 1+z z-1 2-V({1+2B-2
- = + tan”!| ——— | - tan™! =
3—-z 4 23B+2z 342z 3-z Vi +23-2

1 & 1(3}1)_1
211:]” n

F : funcion hipergeométrica

8 & n! 1y & n
r=—y —|— (—1)"( )5”+k6”"k(n+1) (n+k+2),_
3,,2;‘(2%1)![45) ,;‘ k g ‘

7-V17 ) 2
PGk ( " )3“*" 2212k (4 1) 4k +2), 4
(1/—17 _1) H@an+1)! 48 pors k

15

+

216)

@17

(218)

(219)

(220)

21)

(222)

(223)

(224)

(225)

(226)

27

(228)

(229)

(230)
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12 ©pl 9-31 ' &
n= Z [ ] (-1)‘*(2 )22"+2k5"-k n+ 1) m+k+2),,
(\/31 _1) o 2n+1)! 100 =0
3\/3_ & n! 1y & n
T=—— ( ) (—1)k( )2"-k(n+1)k(n+k+2)n,k
2 Hen+tnrl4) & k
8§ = n! 1Yy
7‘{:—27(_] (An+7_2n_1 Cn)
s&en+ 1)\
= -1k (Z )2”*’( (n+ Dy (n+k+2),
k=0
n n -
Cp= Z(—l)k(k )5”*"” 14" K (n+ 1)y (n+k +2), 4
& n! 4 (1
r=2)y — |- (- 1)"( )2"*"(n+1) n+k+2),_
Z(;(znﬂw( [] [ )]Z ‘ "
3 7 3 7 1 3
_EF 3222 1 EF 222 1 §F > bl 1
iy 1212|4 T s zuu|4+3 s1 |
47 47 4 4’ 4’ 4 4’ 4’ 4
F : eslafuncion hipergeométrica
3 o ( 1)” n n
T |- (—1)"( )2"(2k)!(2k+2)2 iy
2 ; (n')2(2n+1),§ k !
[e8) ( 1)]1 n
VT =6) S} Rtk 2,
w0 127 2n+ 1) ;o5
i Z( )(Zn—Zk)
TG4y par S
- _Z 710n(2”) izflon%(z":lz )2 225"751‘7(2/{]{ )2
TG4 5 =0 " k=0
‘Zz \On_a 16(2;1) +(2n+2)2225n75k(2k)2
e = ntl )5 k
ra/3)? l-a 114 1-4& (1 2 3
27V3 V2 l+a+d? 37273 3 23 2
F : funcion hipergeométrica , 0 <a <1
0 0 o 0
—(cot[—]— ] = H(l —itan{—)] ,0<0<n/2
2 2 i 2n+1
w ' x 2-v2 2-V2+V2
—(1—1)—]_[( —ztan( n+2))= — 1 J
n=1 2+vV2

16

231)

(232)

(233)

(234)

(235)

(236)

(237)

(238)

(239)

(240)

(241)

(242)

(243)

(244)

(245)
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o x 2-vV2+v2 2-y2+V2+V2
(\/—+1—z):H(1—itan( )):1—1 1-i
ol 2n+3
2 2 2
* +\/— 2+ 2+ 2+\/7
11 2 o il
nF(—,—;l;—]=ﬁ27+ﬁZ
22 3 16" @2n+1) o4 @an+1)

2k\(2n-2k ' o |
B Z( )( ’ )zk 3"k | F : funcién hipergeométrica

sh(x*")dx = —+ —ZZ

shl el fl/r 0o 0o (_1)k(1/3)(2n+3)k
NE— o V3 SEen+)(@n+6)k+1)

senl ® 1/V3 Pis 1 & o (=1)ymkel (173)@nd)k

+Z(—l)”f/ sen(x?*")dx=—+ —ZZ

V3 ooa 0 6 V3 SSen+)(@n+6)k+1)

12

n= [3 Lis(z) — iH"’z 2 —2i—zz

n=1

Lix(2)

m=2iln2 +
Liz(Z)

1 0 Hn,Z nm =) Hn nr
= ———|2In2Re(Lis(2)) + 12 Re(Liz(z)) -4 » —— 27" cos(—) -8y — 2 cos(—)
[ Z 4 Z 2 4

Im(Liy(2)) il iy
1 & Hy» nm x H, nm
= —— |22 Im(Liy(z)) - 12 Im(Li3(2)) + 4 Z— 272 sin(—] +8 Z—" 272 sin(—]
Re(Liy(2)) = o 4 P 4
¢t 14
En ecuaciones (256) y (257) : z= —— = ——
vz o2
3
o 2
ﬂzf x3sin[2 | = x|| dx
0 3

17

(247)

(248)

(249)

(250)

@251)

(252)

(253)

(254)

(255)

(256)

(257)

(258)

(259)
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0 1

—dx
0 (1+64x)v x°

0 1
= dx

’ (1+64(1+\/?)]2x){7xT
7r:4j;ltan"1(\4/ x -1 )dx

1 X 1/n
n=4f tan_l(( ) )clx, neR —{0}
0 1-x

n=

11n(1+'</?)

7T2=f7dx

0 X

_fmf‘” o e NT)

= xy e xdy
0 0

00 2”_]
al-e)=43" "1, k)
n=1 k=1
donde
In, k) = f f ) g dy
R(n,k)
Vor a4 2 _@rk-17 |, 2k-2 2k-1
R(n,k):[ , ]x[ , ],k:l, 2 nenN
2n 2n 2n 2n
\/22"—4k2 \/22"—(2k—1)2 2k-2 2k-1
I, k)=F , F( , )
21 2n 2n on
b
Fa,b)=| e dx
a
wf (1
7T=f (ln(—)]ln(l +x"2)dx
0 X
ﬂ':f (lnx)ln(l +a2x_2)dx
0
donde
1 -1
— =l , a=3.591121476668 ... , alna=1+a
a

-y —1
V=€ ", y1=0, y,>a

& oo 1
a f f — dxdy
1 Jo cosh(xy)

18

(260)

(261)

(262)

(263)

(264)

(265)

(266)

(267)

(268)

(269)

(270)

(271)

(272)

(273)

(274)

(275)

(276)

277)
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3 ) y
ﬂ:ff 7dxdy
1 J0 cosh(xy)

o) ) 1 t (_1)” ’
ff ———dxdy=n 27
0 Jo cosh(x?) cosh(y?) =0 V2n+1
wln((e - 1 - x2)?

ﬂ:f gd}c
0

oo In(x) In(1 + x2)
b/d =f —d
0

=

1+x2

X

x2

1In(1 + 4e(e — 1)x%)
f— .
0 1—x?

7 cos(n x)
ﬂ:yﬁf —  dx, neN
0

donde los niimeros y, se definen por :

1+\/?

Y=

ra=N2 L =T

1+ 32 -2 y,cos(x)

o Inx
7T2=f —dx
0 (1+x)x?

o In(1
7.(2:[ L/x)dx
0 (1+x)x!

En las formulas (285) y (286) el nimero a se define por :

\/?—1 5 442
> :(1—4a)(1—3—2J[1—

donde el ntimero a se define por :

a(2—a):(1—4a2)[1—

4 4*
- |- O0<a<1/2, a=0.287929 ..., cos(an) =
5
0 1
7= f — dx
1 xZ(x_ l)lfa
4 q?

44%
— |1 =-—..., O<a<1, a=0.26351555 ...
32 52

o x¢
7T=f dx
0o (1+x)°

I-a

o X'
7r=f dx
0 (1+x)?

En las formulas (290) y (291) el nimero a se define por :

442 442
4—(aa-1)=4(1-4)1- —|[1-—|.., I<a<2, a=1.7644144 ..

32 52

19

(278)

(279)

(280)

(281)

(282)

(283)

(284)

(285)

(286)

(287)

(288)

(289)

(290)

(291)

292)



mathematical formulas part 5

neN

@m! P &
ﬂz[ 2n-1 J 2n
2 B, 1 k
donde los ntimeros a,,;, se definen por :
2n
Z l_[a,,,k/_:l,n,keN
ki k. kyy=k  J=1
B, son los nimeros de Bernoulli :
1 1 1 1
By={— — — —, .
{6 30 42 30 }
caso particular de (293) :
o 172 1/2  3/8
n:ﬁzakk—zzﬁ[1+—+—+_+...]
k=1

22 32 42

( (2 n) ! ]1/2 " [ N

n=\——"——"" , e
2n-1 2n
@'-1B,) S

donde los ntimeros a,,; se definen por :

> ]z—n[an,k, ==, nkeN

ky kykyu=k J=1
caso particular de (297) :
1/2 172 5/8

nzzx/?zakk-zzzx/s_(l——+——
k=1

22 32 4_2 *

2Q2n)! \P2n = Ay i
n[i] neN

@"-1B,) k-1’
donde los ntimeros a,,;, se definen por :

2n

Z na,,,k/_:l,n,keN

Qk-1)Qhko-1).. Qky=1)=2k-1 Jj=1
caso particular de (300) :

n=2V2 Y qCk-1)?"=2V2

[ 172 1/2 172 3/8
k=1

52 72 92

2 I~ 272 n+l n

S D [ G

,l—xz ,,:02}1+3k:0

11
Hi(x) =1 —F[——, - 1;x2)
22

o0 2—2 n+l pn 9 ) x2 n-2k+2
TH2A0) = Z( k)( " k) L 0<x<l1
Hon+3 GV kI n-k ) gp 4

20

1+—+—+—+—+...]
32

, 0<x<1

(293)

(294)

(295)

(296)

297)

(298)

(299)

(300)

(301)

(302)

(303)

(304)

(305)
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11
H2(x) :F(——, - 1;x2] -V1-x
2 2
En (304) y (306) , F eslafuncion hipergeométrica

1 0 n 1 2—k (1 _ x)n+k+2
= 121n(—]ln(1 )~ 12Lis(=x) +6 > 27" Z(””” ) Y 0<x<1
x o 2V -k Jremrk+2)

1 2n ( l)k 2 2n—k+1
121n( ]ln(l+x)—12L12( -2 ( ) Z(Z””) ( ) 1], 0<x<1
X o 2n+1 1+x i’ —k+1\\1+x
= 422 chcn—k

n=0 k=0

donde los nimeros ¢;, se definen por :

Z( l)kﬂ Sk+1 Cn—k

Co = la Cp+1 =
n+1

sp=vy, sp={(n), n=2
1 1 00 n
—==>2" Y dd,
T 4.5 =0

donde los niimeros d;, se definen por :

n

Z(—l)k Ske1 Ak

k=0

do=1, dpy1 =

n+1

S1=%, Sn:é:(n), nz=2

2n+l
-3-VI17 + _[6|7T+V 17
> (=1)" ( ) Qn+1)m\?
= 162 (005(7]]
mo2n+1 4 6
2n+1
3-VI17 +_[6|7T-V17
16 =, (-1)" ( ) Qn+ 1))\
r=— 3 ((7]]
3 02n+1 4 6
00 k (_1)"71
T=4hy 44 g = i) > =) , keN
n=1 n=1 2n-1

& (D (-1

sz+1)n+1 42;‘ Ll

o ( = RQk+D(QRE+Dn+1)

22 pla,

r=1lim ———
n—co (2 }’l)'

_ 2 _ _
A2=2ay1+2n+1)a,, ay=1, ay=2

T © (=) T+@n+2)x T—@An+2)x T T
= sen( )cos( ], <
4 2+ 1)? 4 4

21

(306)

(307)

(308)

(309)

(310)

(311)

312)

(313)

(314)

(315)

(316)

(317)

(318)

(319)

(320)

(321)
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& (=) T—@n+2)x n+@n+2)x b b
——x 22 ( ]cos[ ], ——=<x=<

(2n+1)2 4 4
b/g o (=) T+@n+2)x T—@An+2)x b/g 3n
G+—(7r—x):22 sen( )cos( ), —<x<—
4 = 2n+1)? 4 4 2 2

o (=D n—@n+2)x T+@n+2)x bis 3n
(7T x) = ZZ ( ]cos( ], <x<—

(2n+1)2 4 4 2 2
2 © (=) @n+2)x+1 @Gn+2)x-1 1
G+—x=2 sen( n) cos( n] , xl = —
4 Q2n+1)? 4
2 © - (=1)" @Gn+2)x-1 @An+2)x+1
G- —x=-2 sen( n] cos( ] xl <1
4 = Q2n+1)? 4

x(x—mx—-2n) © 1 T+2nx T¥2nx
{(3)i—:2z—35en{ ]cos( ],OsxsZn

12 on 4 4
mx(x-1)(x-2) LS| 2nx+1 2nxF1
{(3)i—=i22—35€n( ﬂ]COS( ﬂ'], O0<x=<2
12 n 4

o (] 2,/{,1
Inx+y- 24V2+..4V2  |=Q@k+1D)In2 - (2" - 1)+Z[——ln[[l+ ][1+
n

— — k radicales —

keN , y: constante gamma de Euler

> 1 2 1

ﬂ:4i;2n+l (\/?+i)2n+1 - (\/7)2%1

© 1 2 1
7T:4ZZ ( - _32n+1)

on+1\(1+202!

VI iy
. [«/7+1+i]
.i(ﬁ-l) ( - ]

V3 +i
)

ool 1 n
n=2i2—[[1—m] +2(x—i(1—x))”), 0<x<1/2

mT=

n n
w(p—q+\/p2+q2) i ! oo(\/2pz+2€12—21v) i

; n 2 2 : ;; n 2 2 .
p+t\NP +q +qi q—-p+N2p +2q¢° +(p+q)i

O<p<gq

22

(322)

(323)

(324)

(325)

(326)

(327)

(328)

(329)

(330)

(331)

(332)

(333)

(334)

(335)

(336)
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w1 [(1=1)y2] " D o
n= 4Ztan ( )+4Z Z (- 1)/(2 +1) o b (337)

1+ak
ak+]—ak bk,bk+1—2akbk,a0—a bp=1-a, keNyg, meN,0<a<1 (338)
16 2 42nQ22 9 - 1)+5:21270 47 n 513
_:Z (12-a) (n+1) Z( k ) 27t (339)
T n=0 2 k=0
6<a<l12
5120 &,1302n + 113 &gy
ey ( i ) 2T (340)
T n=0 2> k=0
256 2210 + 11 /93
ey ( i ) 28k (341)
T =0 2% k=0
128 2 42n—-1 2 /21 \3
—= ; ( ' ) 27% (342)
oo 2 o
64 S 14n—-3 22k \3
—= 5 ( . ) 210k (343)
o o 2 o
32 2 42n =37 I/ 0f\3
_ 11k
—_Z - ( . ) 2 (344)
S — k=0
128V2 = A2(8V2 -1)n+40V2 =47 4 o0
Y : ( p ) (V) (345)
n n=0 (8 \/?) k=0
4vE o 2(4VE 1) 20VE 4T 0oy
=> — (k)(x/T) (346)
T n=0 (4@) k=0
24+a (212—a _ 1) o0 2 3 A(}’l) B(l’l)
722( ) 7 (347)
T = n (}’l + 1)3 Dan
4221275 43212 _)p
A(n) =227 (5-2'%70 4 37) - - (348)
2(12—a)n 2(12—a)n
B(n) = (2° — 64)n® + (329~ 96) n* + (3-29 — 48)n +2° — 8 (349)
6<a<12
28.312 = 3 A(n) B(n)
Z( ) 7 (350)
oy (n+1)327"
1302 5 + 1499
An) = 6304 - ————— Bn)=8m +36n° +42n+ 15 35D
2 n
16 CRPPAN © 4221270 )+ 52127047 2 hp3
_ = —an _ —-ak
T SZ( n ) 2 Z 2(12—a)(l1+1) Z( k ) 2 (352)
n=0 n=0 k=n+1

6<a<l12
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64 & 2 \3 © 126n-27 & 2k \3
- - -10n _ - -10k

=20 )Y N ()2 (353)
T n=0 n=0 2 k=n+1
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