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Abstract. This note represents an attempt to give a solution of Navier-
Stokes equations under the assumptions (A) of the problem as described
by the Clay Institute [1]. We give a proof of the condition of bounded
energy when the velocity vector u and vorticity vector Ω = curl(u) are
collinear.

1. Introduction

As it was described in the paper cited above, the Euler and Navier-Stokes
equations describe the motion of a fluid in Rn (n = 2 or 3). These equations
are to be solved for an unknown velocity vector u(x, t) = (ui(x, t))i=1,n ∈ Rn
and pressure p(x, t) ∈ R defined for position x ∈ Rn and time t ≥ 0.

Here we are concerned with incompressible fluids filling all of Rn. The
Navier-Stokes equations are given by:

∂ui
∂t

+

n∑
j=1

uj
∂ui
∂xj

= ν∆ui −
∂p

∂xi
+ fi(x, t) i ∈ {1, ., n} (x ∈ Rn, t ≥ 0) (1)

divu =

i=n∑
i=1

∂ui
∂xi

= 0 (x ∈ Rn, t ≥ 0) (2)

with the initial conditions:

u(x, 0) = uo(x) (x ∈ Rn) (3)

where uo(x) a given vector function of class C∞, fi(x, t) are the components
of a given external force (e.g gravity), ν is a positive coefficient (viscosity),
and ∆ is the Laplacian in the space variables. Euler equations are equations
(1) (2) (3) with ν = 0.
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2. The Navier-Stokes Equations

We try to present a solution to the Navier-Stokes equations following assump-
tions (A) as described in [1] that summarized here:

* (A) Existence and smooth solutions ∈ R3 the Navier-Stokes equations:
- Take ν > 0. Let u0(x) a smooth function such that div(u0(x)) = 0 and

satisfying:

||∂δxju
0(x)|| ≤ CδK(1 + ||x||)−K in R3 ∀δ, K (4)

- Take f ≡ 0. Then show that there are functions p(x, t), u(x, t) of class C∞

on R3 × [0,+∞) satisfying (1),(2),(3),(4) and:∫
R3

||u(x, t)||2dx < C ∀t ≥ 0, (bounded energy) (5)

We consider the Navier-Stokes equations in this case, we take ν > 0 and
fi ≡ 0, then equations (1) are written:

∂ui
∂t

+

n∑
j=1

uj
∂ui
∂xj
− ν∆ui = − ∂p

∂xi
(6)

Considering the case n = 3, we write:

∂u1
∂t

+ u1
∂u1
∂x

+ u2
∂u1
∂y

+ u3
∂u1
∂z
− ν∆u1 = −∂p

∂x
(7)

∂u2
∂t

+ u1
∂u2
∂x

+ u2
∂u2
∂y

+ u3
∂u2
∂z
− ν∆u2 = −∂p

∂y
(8)

∂u3
∂t

+ u1
∂u3
∂x

+ u2
∂u3
∂y

+ u3
∂u3
∂z
− ν∆u3 = −∂p

∂z
(9)

As:

dp =
∂p

∂x
dx+

∂p

∂y
dy +

∂p

∂z
dz +

∂p

∂t
dt (10)

Using equations (7 - 8 - 9), we get:

dp = −
(
∂u1
∂t
− ν∆u1 + u1

∂u1
∂x

+ u2
∂u1
∂y

+ u3
∂u1
∂z

)
dx

−
(
∂u2
∂t
− ν∆u2 + u1

∂u2
∂x

+ u2
∂u2
∂y

+ u3
∂u2
∂z

)
dy

−
(
∂u3
∂t
− ν∆u3 + u1

∂u3
∂x

+ u2
∂u3
∂y

+ u3
∂u3
∂z

)
dz +

∂p

∂t
dt (11)

But:

du2

2
=
d(u21 + u22 + u33)

2
=
∑
i

uidui =
∑
i

ui(∂xuidx+∂yuidy+∂zuidz+∂tuidt)

(12)
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noting ∂x =
∂

∂x
. Then equation (11) becomes:

−dp+ ∂tp.dt =

(
∂u1
∂t
− ν∆u1 + u2

∂u1
∂y

+ u3
∂u1
∂z
− u2

∂u2
∂x
− u3

∂u3
∂x

)
dx

+

(
∂u2
∂t
− ν∆u2 + u1

∂u2
∂x

+ u3
∂u2
∂z
− u1

∂u1
∂y
− u3

∂u3
∂y

)
dy

+

(
∂u3
∂t
− ν∆u3 + u1

∂u3
∂x

+ u2
∂u3
∂y
− u1

∂u1
∂z
− u2

∂u2
∂z

)
dz

−
(
u1
∂u1
∂t

+ u2
∂u2
∂t

+ u3
∂u3
∂t

)
dt+ d

(
u2

2

)
(13)

Let Ω the vector curl(u), then:

Ω =

 ω1

ω2

ω3

 =

∣∣∣∣∣∣
∂x
∂y
∂z

∧

∣∣∣∣∣∣
u1
u2
u3

=

 ∂yu3 − ∂zu2
∂zu1 − ∂xu3
∂xu2 − ∂yu1

 (14)

Then, equation (13) is written as follows:

−d
(
p+

u2

2

)
= −∂t(p+

1

2
u2)dt+

(
∂u1
∂t
− ν∆u1 − u2ω3 + u3ω2

)
dx+(

∂u2
∂t
− ν∆u2 + u1ω3 − u3ω1

)
dy +

(
∂u3
∂t
− ν∆u3 − u1ω2 + u2ω1

)
dz(15)

We write the above equation in the form:

d

(
p+

u2

2

)
= ∂t(p+

1

2
u2)dt+

(
−∂u1
∂t

+ ν∆u1 + u2ω3 − u3ω2

)
dx+(

−∂u2
∂t

+ ν∆u2 − u1ω3 + u3ω1

)
dy

+

(
−∂u3
∂t

+ ν∆u3 + u1ω2 − u2ω1

)
dz (16)

or as:

d

(
p+

u2

2

)
= ∂t(p+

1

2
u2)dt+A.dx+B.dy + C.dz (17)

with:

A = u2ω3 − u3ω2 −
∂u1
∂t

+ ν∆u1 (18)

B = u3ω1 − u1ω3 −
∂u2
∂t

+ ν∆u2 (19)

C = u1ω2 − u2ω1 −
∂u3
∂t

+ ν∆u3 (20)

Let h the vector:

h =

 A
B
C

 (21)
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The left member of equation (17) is a total differential, we can write the
conditions:

∂yA = ∂xB (22)

∂zA = ∂xC (23)

∂zB = ∂yC (24)

Which give:

curl(h) =

 ∂yC − ∂zB
∂zA− ∂xC
∂xB − ∂yA

 = 0 (25)

But h is written as:

h =

 A
B
C

 = u∧Ω− ∂

∂t

 u1
u2
u2

+ν∆

 u1
u2
u2

 = u∧Ω− ∂u
∂t

+ν∆u (26)

The conditions (22 - 23 - 24) are summarized by curl(h) = 0:

curl(u ∧ Ω) =
∂Ω

∂t
− ν∆Ω (27)

because Ω = curl(u). Recall now the formula [2]:

curl(a ∧ b) = (b.∇).a− (a.∇).b+ a.divb− b.diva (28)

In our study, we have a = u =⇒ diva = divu = ∂xu1 + ∂yu2 + ∂zu3 = 0 and
b = Ω = curl(u) then divb = divΩ = div(curl(u)) = 0. As a result:

(Ω.∇).u− (u.∇).Ω =
∂Ω

∂t
− ν∆Ω (29)

Or in matrix form:

∂u1
∂x

∂u1
∂y

∂u1
∂z

∂u2
∂x

∂u2
∂y

∂u2
∂z

∂u3
∂x

∂u3
∂y

∂u3
∂z


.

 ω1

ω2

ω3

−



∂ω1

∂x

∂ω1

∂y

∂ω1

∂z

∂ω2

∂x

∂ω2

∂y

∂ω2

∂z

∂ω3

∂x

∂ω3

∂y

∂ω3

∂z


.

 u1
u2
u3

 =

ν


∆ω1

∆ω2

∆ω3

−


∂ω1

∂t

∂ω2

∂t

∂ω3

∂t


(30)
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Let:

A(u) =



∂u1
∂x

∂u1
∂y

∂u1
∂z

∂u2
∂x

∂u2
∂y

∂u2
∂z

∂u3
∂x

∂u3
∂y

∂u3
∂z


(31)

A(Ω) =



∂ω1

∂x

∂ω1

∂y

∂ω1

∂z

∂ω2

∂x

∂ω2

∂y

∂ω2

∂z

∂ω3

∂x

∂ω3

∂y

∂ω3

∂z


(32)

In this case, equation (30) becomes:

A(u).Ω−A(Ω).u = ν∆Ω− ∂Ω

∂t
(33)

The equations (33) are the fundamental equations of this study. These are
nonlinear partial differential equations of the third order. Their resolutions
are the solutions of the Navier-Stokes equations.

3. The Study of The Fundamental Equations (33)

3.1. Preliminaries

Call respectively:

F (u,Ω) = A(u).Ω−A(Ω).u (34)

G(Ω) = ν∆Ω− ∂Ω

∂t
(35)

If you exchange u,Ω in −u,−Ω, we get:

F (−u,−Ω) = F (u,Ω) (36)

G(−Ω) = −G(Ω) (37)

According to equation (33), we get: F (u,Ω) = G(Ω)

F (−u,−Ω) = G(−Ω) = −G(Ω) = F (u,Ω)
=⇒ G(Ω) = 0 =⇒ F (u,Ω) = 0

(38)
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It was therefore the differential system:

ν∆Ω− ∂Ω

∂t
= 0

A(u).Ω−A(Ω).u = 0
with Ω = curl(u)

and curl(u ∧ Ω) = ν∆Ω− ∂Ω

∂t
=⇒ curl(u ∧ Ω) = 0

(39)

under equation (27).

3.2. Case Ω ≡ 0

In this case, obviously:

ν∆Ω− ∂Ω

∂t
= 0

A(u).Ω−A(Ω).u = 0

So:

Ω = curl(u) = 0 =⇒

 u ≡ 0 which is a contradiction,
u = a constant vector which is a contradiction,
∃ a scalaire function Φ / u = gradΦ

(40)
In the latter case, as Ω = curl(u) =⇒ curl(u) = 0 then:

∂u1
∂y

=
∂u2
∂x

∂u2
∂z

=
∂u3
∂y

∂u3
∂x

=
∂u1
∂z

(41)

and as div(u) = 0, it is easily obtained:

∂2u1
∂x2

+
∂2u1
∂y2

+
∂2u1
∂z2

= ∆u1 = 0 (42)

Similarly, we have also: {
∆u2 = 0
∆u3 = 0

(43)

Using div(u) = 0, we have also:

∆Φ = 0 (44)

Thus Φ = Φ(x, y, z, t) is a harmonic function of (x, y, z).
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Equation (7) becomes:

∂2Φ

∂x∂t
+
∂Φ

∂x

∂2Φ

∂x2
+
∂Φ

∂y

∂2Φ

∂x∂y
+
∂Φ

∂z

∂2Φ

∂x∂z
=

ν
∂

∂x

[
∂2Φ

∂x2
+
∂2Φ

∂y2
+
∂2Φ

∂z2

]
− ∂p

∂x
(45)

But ∆Φ = 0 then:

∂

2∂x

[
2∂Φ

∂t
+

(
∂Φ

∂x

)2

+

(
∂Φ

∂y

)2

+

(
∂Φ

∂z

)2
]

= −∂p
∂x

(46)

And integrating with respect to x, we obtain:

p =
∂Φ

∂t
− 1

2
u2 + ψ1(y, z, t) (47)

Similarly, we also obtain:

p = −∂Φ

∂t
− 1

2
u2 + ψ2(x, z, t) (48)

p = −∂Φ

∂t
− 1

2
u2 + ψ3(x, y, t) (49)

As a result:

p+
1

2
u2 − ψ1(y, z, t) = p+

1

2
u2 − ψ2(x, z, t) = p+

1

2
u2 − ψ3(x, y, t) (50)

Which gives:

ψ1(t) = ψ2(t) = ψ3(t) = ψ(t) (51)

a function that is added to the function Φ, and the result:

∆Φ = 0 (52)

∂Φ(x, y, z, t)

∂x

∣∣∣∣
t=0

= u01(x, y, z);
∂Φ(x, y, z, t)

∂y

∣∣∣∣
t=0

= u02(x, y, z) (53)

∂Φ(x, y, z, t)

∂z

∣∣∣∣
t=0

= u03(x, y, z) (54)

and:

∆ui(x, y, z, t)|t=0 = ∆u0i (x, y, z) = 0, i = 1, n (55)

p(x, y, z, t) = −∂Φ

∂t
− 1

2
u2 = −∂Φ

∂t
− 1

2
||gradΦ||2 (56)
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3.3. Case Ω is not the zero function

We rewrite the differential system (39)

∂Ω

∂t
− ν∆Ω = 0

A(u).Ω−A(Ω).u = 0
with Ω = curl(u)

and curl(u ∧ Ω) =
∂Ω

∂t
− ν∆Ω =⇒ curl(u ∧ Ω) = 0

From curl(u ∧ Ω) = 0, we deduce that:

1. There is a scalar function ϕ(x, y, z) as u ∧ Ω = gradϕ.
2. u∧Ω = C where C = (c1, c2, c3)T is a nonzero constant vector or vector

function of t of R −→ R3.
3. u ∧ Ω = 0 =⇒ as u and Ω are not nuls, it is that u and Ω collinear.

3.3.1. Case 2. As C = u ∧ Ω, one can write:

c1.u1 + c2.u2 + c3.u3 = 0 (57)

because C is orthogonal to u. Let us differentiate the previous equation,
respectively, to x, y and z, we get:

c1.
∂u1
∂x

+ c2.
∂u2
∂x

+ c3.
∂u3
∂x

= 0

c1.
∂u1
∂y

+ c2.
∂u2
∂y

+ c3.
∂u3
∂y

= 0

c1.
∂u1
∂z

+ c2.
∂u2
∂z

+ c3.
∂u3
∂z

= 0

(58)

that in matrix form:

AT (u).C = 0 (59)

where A(u) is the matrix given by (31). However, the matrix A(u) is the Ja-
cobian matrix of (x, y, z) −→ u(x, y, z, t) therefore its determinant is nonzero.
As a result, we deduce from (59) that the vector C is necessarily zero. It is
the case 3.

3.3.2. Case 3 where u//Ω ⇒ u is a Beltrami vector field [3]. Assume now
that u and Ω are collinear. Let u//Ω.
Case u = λΩ with λ ∈ R∗. Then there is a coefficient λ 6= 0 such that:

u = λΩ (60)

Using the equation:

A(u).Ω−A(Ω).u = 0

it is verified. Then we have the system:

∂Ω

∂t
− ν∆Ω = 0
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But the above equation is the heat equation. Let the change of variables:

x = νX (61)

y = νY (62)

z = νZ (63)

t = νT (64)

u(x, y, z, t) = U(X,Y, Z, T ) (65)

p(x, y, z, t) = P (X,Y, Z, T ) (66)

Ω(x, y, z, t) = Ω(X,Y, Z, T ) (67)

Then:

∂xudx+ ∂yudy + ∂zudz + ∂tudt = ∂XUdX + ∂Y UdY + ∂ZUdZ + ∂TUdT

ν(∂xudX + ∂yudY + ∂zudZ + ∂tudT ) = ∂XUdX + ∂Y UdY + ∂ZUdZ + ∂TUdT

∂xu =
1

ν
∂XU, ∂yu =

1

ν
∂Y U, ∂zu =

1

ν
∂ZU, ∂tu =

1

ν
∂TU (68)

Then the equation
∂Ω

∂t
− ν∆Ω = 0

becomes:

∂Ω

∂T
−∆Ω = 0 (69)

This is the heat equation!

4. Resolution of the Equation (69)

Noting that U0(X,Y, Z) = U0(X) = U(X,Y, Z, 0) = u(x, y, z, 0) = u0(x, y, z)

and Ω
0

= rotU0(X). Then the solution of (69) with T ≥ 0 satisfying:

Ω ∈ R3 and of class C∞(R3 × [0,+∞)) (70)

Ω(X, 0) = Ω
0
(X) (71)

is given by [4]:

Ω(X, T ) =
1

2
√
π

∫
R3

Ω
0
(α, β, γ)√
T

e
− (X − α)2 + (Y − β)2 + (Z − γ)2

4T dV

(72)
where dV = dαdβdγ.

4.1. Expression of U

We have:

U =

U1

U2

U3

 = λ.Ω = λ.

Ω1

Ω2

Ω3

 (73)
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Let :

U1 = λ.Ω1 =
λ

2
√
π

∫
R3

Ω
0

1(α, β, γ)√
T

e
− (X − α)2 + (Y − β)2 + (Z − γ)2

4T dV (74)

U2 = λ.Ω2 =
λ

2
√
π

∫
R3

Ω
0

2(α, β, γ)√
T

e
− (X − α)2 + (Y − β)2 + (Z − γ)2

4T dV (75)

U3 = λ.Ω3 =
λ

2
√
π

∫
R3

Ω
0

3(α, β, γ)√
T

e
− (X − α)2 + (Y − β)2 + (Z − γ)2

4T dV (76)

4.2. Checking div(U) = 0

Let us calculate ∂XU1, we get:

∂U1

∂X
=
−λ

4
√
π

∫
R3

(X − α)Ω
0

1(α, β, γ)

T
√
T

e
− (X − α)2 + (Y − β)2 + (Z − γ)2

4T dV

(77)
We can write the above expression as follows:

∂U1

∂X
=
−λ

2
√
πT

∫
R2

dβdγ

∫ α=+∞

α=−∞
Ω

0

1(α, β, γ)
∂

∂α

(
e−

(X−α)2+(Y−β)2+(Z−γ)2
4T

)
dα

(78)
Now we do an integration by parts, we get:

∂U1

∂X
=
−λ

2
√
πT

∫
R2

dβdγ

[
Ω

0

1(α, β, γ).e−
(X−α)2+(Y−β)2+(Z−γ)2

4T

]α=+∞

α=−∞
+

λ

2
√
πT

∫
R2

dβdγ

∫ α=+∞

α=−∞
e−

(X−α)2+(Y−β)2+(Z−γ)2
4T

∂Ω
0

1(α, β, γ)

∂α
.dα (79)

Taking into account the assumption that:

||∂δXjU
0(X)|| ≤ νCδK(1 + ν||X||)−K in R3 ∀δ, K (80)

where Xj denotes one of the coordinates X,Y, Z, and choosing K > 1, the
first term of the right member is zero. Then:

∂U1

∂X
=

λ

2
√
πT

∫
R2

dβdγ

∫ α=+∞

α=−∞
e−

(X−α)2+(Y−β)2+(Z−γ)2
4T

∂Ω
0

1(α, β, γ)

∂α
.dα

(81)
or:

∂U1

∂X
=

λ

2
√
πT

∫
R3

e−
(X−α)2+(Y−β)2+(Z−γ)2

4T
∂Ω

0

1(α, β, γ)

∂α
.dV (82)

As a result:

div(U) =
∑
Xj

∂Uj
∂Xj

=
λ

2
√
πT

∫
R3

e−
(X−α)2+(Y−β)2+(Z−γ)2

4T

∑
αj

∂Ω
0

j (α, β, γ)

∂α
.dV = 0

(83)
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because Ω
0
(α, β, γ) satisfies div(Ω

0
) =

∑
αj

∂Ω
0

j (α, β, γ)

∂αj
= 0.

4.3. Estimation of

∫
R3

||U(X, T )||2dV

We have:

||U(X, T )||2 =
∑
i U

2
i = λ2||Ω(X, T )||2 =

λ2

4πT

∥∥∥∥∫
R3

Ω
0
(α, β, γ).e−

(X−α)2+(Y−β)2+(Z−γ)2
4T dV

∥∥∥∥2
≤ λ2

4πT

∫
R3

∥∥∥Ω
0
(α, β, γ)

∥∥∥2 .e− (X−α)2+(Y−β)2+(Z−γ)2
2T dV (84)

As :

||Ω0
(α, β, γ)||2 = (ω

(0)
1 )2 + (ω

(0)
2 )2 + (ω

(0)
3 )2

and taking into account the assumption that:

|∂δxju
0
i (x)| ≤ CδK(1 + ||x||)−K in R3 ∀δ, K with ||x|| =

√
x2 + y2 + z2

and passing to the coordinates (X,Y, Z), we have the inequalities:∣∣∣∣∂δU0
i (X)

∂Xj

∣∣∣∣ ≤ νCδK(1 + ν||X||)−K in R3 ∀δ, K ∈ R

with ||X|| =
√
X2 + Y 2 + Z2 (85)

But:

(ω
(0)
i )2 =

(
∂uk
∂xj
− ∂uj
∂xk

)2

≤
(∣∣∣∣∂uk∂xj

∣∣∣∣+

∣∣∣∣∂uj∂xk

∣∣∣∣)2

≤ 4ν2C2
K(1 + ν||X||)−2K

(86)
then :

||Ω0
(α, β, γ)||2 ≤ 12ν2C2

K(1+ν||X||)−2K = 12ν2C2
K(1+ν||

√
α2 + β2 + γ2||)−2K

(87)
As a result:

||U(X, T )||2 ≤ 3ν2λ2C2
K

πT

∫
R3

e−
(X−α)2+(Y−β)2+(Z−γ)2

2T

(1 + ν||
√
α2 + β2 + γ2||)2K

dαdβdγ (88)

Let us now majorize

∫
R3

||u(x, t)||2dxdydz :∫
R3
||u(x, t)||2dxdydz =

∫
R3
||U(X, T )||2dxdydz = ν3

∫
R3
||U(X, T )||2dXdY dZ

≤ 3ν5λ2C2
K

πT

∫
R3

[∫
R3

e−
(X−α)2+(Y−β)2+(Z−γ)2

2T

(1 + ν||
√
α2 + β2 + γ2||)2K

dαdβdγ

]
dXdY dZ (89)
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As the integral

∫
R3

e−X
2−Y 2−Z2

dXdY dZ < +∞, we can permute the two

triple integrals of the above equation. Let:

τ0 =
3ν5λ2C2

K

π
(90)

we obtain:∫
R3
||u(x, t)||2dxdydz ≤ τ0

T

∫
R3

[∫
R3

e−
(X−α)2+(Y−β)2+(Z−γ)2

2T dXdY dZ

]
.

dαdβdγ

(1 + ν||
√
α2 + β2 + γ2||)2K

(91)

Let:

I =

∫
R3

e−
(X−α)2+(Y−β)2+(Z−γ)2

2T dXdY dZ (92)

and let the following change of variables:
X = X−α√

2T
=⇒ dX =

√
2TdX et X

2
= (X−α)2

2T

Y = Y−β√
2T

=⇒ dY =
√

2TdY et Y
2

= (Y−β)2
2T

Z = Z−γ√
2T

=⇒ dZ =
√

2TdZ et Z
2

= (Z−γ)2
2T

(93)

I is written as:

I = (
√

2T )3
[∫ +∞

−∞
e−X

2

dX

]3
= 2T

√
2T

[
2

∫ +∞

0

e−ξ
2

dξ

]3
= 2T

√
T .π
√
π = 2πT

√
πT

(94)

using the formula 2

∫ +∞

0

e−ξ
2

dξ =
√
π. Then the equation (91) becomes:∫

R3
||u(x, t)||2dxdydz ≤ 2τ0π

√
πT

∫
R3

dαdβdγ

(1 + ν||
√
α2 + β2 + γ2||)2K

(95)

Let us now:

B =

∫
R3

dαdβdγ

(1 + ν||
√
α2 + β2 + γ2||)2K

(96)

and we use the spherical coordinates: α = rsinθcosϕ
β = rsinθsinϕ
γ = rcosθ

(97)

the form of the volume dαdβdγ = r2sinθdrdθdϕ and B becomes:

B =

∫ θ=π

θ=0

sinθdθ

∫ ϕ=2π

ϕ=0

dϕ

∫ r

0

r2dr

(1 + νr)2K
= 4π

∫ r

0

r2dr

(1 + νr)2K
(98)

We take K = 2, the integral B is convergent when r → +∞. Let:

F = limr→+∞

∫ r

0

r2dr

(1 + νr)4
=

∫ +∞

0

r2dr

(1 + νr)4
=

∫ 1

0

r2dr

(1 + νr)4
+

∫ +∞

1

r2dr

(1 + νr)4

(99)
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But : ∫ 1

0

r2dr

(1 + νr)4
<

∫ 1

0

r2dr =

[
r3

3

]1
0

=
1

3
(100)

We calculate now

∫ +∞

1

r2dr

(1 + νr)4
. Let the change of variables:

ξ = 1 + νr ⇒ r =
ξ − 1

ν
⇒ dr =

dξ

ν
(101)

then:∫ +∞

1

r2dr

(1 + νr)4
=

1

ν3

∫ +∞

1+ν

ξ2 − 2ξ + 1

ξ4
dξ = l(ν) avec l(ν) =

3ν2 + 9ν + 5

ν3(1 + ν)3

(102)
As a result:

B < 4π(
1

3
+ l(ν)) (103)

Hence the important result:∫
R3
||u(x, t)||2dxdydz < 8τ0π

2
√
πT

(
1

3
+ l(ν)

)
(104)

or: ∫
R3
||u(x, t)||2dxdydz < +∞ ∀t (105)

let: ∫
R3
||U(X, T )||2dXdY dZ < +∞ ∀T (106)

because: ∫
R3
||U(X, T )||2dXdY dZ =

1

ν3

∫
R3
||u(x, t)||2dxdydz

5. The expression of p(x, y, z, t)

We rewrite equation (6):

∂ui
∂t

+

n∑
j=1

uj
∂ui
∂xj
− ν∆ui = − ∂p

∂xi

It can be written under vectorial form:

∇p = ν∆u− ∂u

∂t
−A(u).u (107)

with the matrice A(u) given by (31). As u = λΩ and ν∆Ω − ∂Ω

∂t
= 0, then

the equation (107) becomes:

∇p = −A(u).u (108)

As Ω ∈ R3 and of class C∞(R3 × [0,+∞)), see equation (70), then u, ∂iu
are of class C∞(R3 × [0,+∞)) =⇒ p(x, y, z, t) also.
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6. Conclusion

In this work, we have obtained a solution u that verifies the conditions (A)
of existence and smooth solutions 3 R3 of the Navier-Stokes equation. It
remains the study of the cases:

- u = λΩ , with λ is a function of (x, y, z, t);
- there is a scalar function ϕ(x, y, z) and u ∧ Ω = gradϕ.
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