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A Note About The Resolution Of Navier-Stokes Equations

Abdelmajid BEN HADJ SALEM, Dipl.-Eng]]

Abstract

This note represents an attempt of solving the Navier-Stokes equations under the
assumptions (A) of the problem as described by the Clay Institute (C.L. Fefferman, 2006).

1 Introduction

As it was described in the paper cited above, the Euler and Navier-Stokes equa-
tions describe the motion of a fluid in R” (n = 2 or 3). These equations are to be
solved for an unknown velocity vector u(z,t) = (ui(x,t))i=1,, € R™ and pressure
p(z,t) € R defined for position € R™ and time ¢ > 0.

Here we are concerned with incompressible fluids filling all of R™. The Navier-
Stokes equations are given by:

Z ]auf yAui—%—&—fi(x,t) ie{l,,n} (x€eR" t>0) (1)

divu = Z gzz =0 (zeR" t>0) (2)
with the initial conditions:
u(z,0) =u’(z) (z € R") (3)

where u°(z) a given vector function of class C*, f;(x,t) are the components of
a given external force (e.g gravity), v is a positive coefficient (viscosity), and A
is the Laplacian in the space variables. Euler equations are equations
with v = 0.

2 The Navier-Stokes Equations

We try to present a solution to the Navier-Stokes equations following assumptions
(A) as described in (C.L. Fefferman, 2006) that summarized here:
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* (A) Existence and smooth solutions € R? the Navier-Stokes equa-
tions:
- Take v > 0. Let u’(z) a smooth function such that div(u’(x)) = 0 and
satisfying:
109,u°(2)|| < Core (1 + [J][) ™™ sur R® V6, K (4)

- Take f = 0. Then show that there are functions p(z,t),u(z,t) of class C* on

R3 x [0, +00) satisfying ,,, and:
/ ||u(z,t)|[2dz < C ¥t >0, (bounded energy) (5)
R3

We consider the Navier-Stokes equations. It takes v > 0 and f; = 0, then equations

are written:

ou; - ou; _ Op
E—I—Zu]—‘—l/Aul——a . (6)

Considering the case n = 3, we write:

881;1+u1€;2+u2%1;1+u3%12—VAU1__g§ (7)
8@“; 8;2 + ug %UQ ug3 88”2 vAug = _gp (8)

As: Op dp Op Ip
dp= o dr + a—ydy o _de o dt (10)

Using equations @ -8 - E[), we get:

B Ouy ouq ouq ouq
dp = — <8t —Z/Au1+u18 +us—— By + us 8Z)al:z:

0 ou Ouo 0
(;;—VAug—i-ulaz-f—UQ oy + us (;2)

Ous Ous Ous Ous > op

— — VA — — 11
(at v U3+UI8$+U26y +U3a dz —‘ratdt (11)

But:

du®*  d(uf +u3 +ul
- = 1 2 3) Z w;du; = Z ui(Opuidr + Oyuidy + Ouidz + Opuidt)

(12)



0
noting 0, = e Then equation 1' becomes:
x

6U1 8u1 8u1 8UQ aU3
—d di= (29 A A i DR I
p + Op ( o VAu +u2 oy + u3 o, W2g, U, |9
Ouy Ous Ous ouq Ous
<at — VAUQ + Ul% + U3E — Ulaiy — U38y> dy
aU3 8U3 aU3 8u1 8UQ
RN 13 vy _ o g2
(at R T MR “282>d’z
ouq Oug Ous u?
Let Q the vector curl(u), then
w1 Dy uq Oyuz — Oyuz
Q=|w | = ay ANl ugy = | d,up — Orpus (14)
w3 0. u3 drug — yuy

Then, equation is written as follows:

2 1
—d (p + u) =—0(p+ §u2)dt + (67u1 — vAu] — ugws + u3w2> dx+

2 ot
Ous Ous
5 vAus + uiws — uswy | dy + T vAus — ujws + ugwy | dz (15)

We write the above equation in the form:

u? 1, ouq
d p+? zﬁt(p+§u )dt + —E—FVAuH—qug—ugwg dx+

0
(—W + vAus — ujwsz + U3w1> dy

ot
8U3
+ ot + vAuz + ujwy — uswi | dz (16)
or as:
u? 1,
d(p+ ) =0up+ ju’)dt + Ad + B.dy + C.dz (17)
with:
A = usws — uswy — 8(;;1 + vAuy (18)
B = uzw; — ujws — (981;2 + vAuy (19)
0
C = uiwa — uswy — % + vAug (20)



Let h the vector:

A
- (B) o
C

The left member of equation is a total differential, we can write the conditions:

OyA=0,B (22)
0,A = 0,C (23)
9.B = 9,C (24)
Which give:
0,C — 0.B
curl(h) = (@A - &EC> =0 (25)
0, B — 0,A

But A is written as:

A o (75} (5] ou
h=|B|=uANQ— = [u | +vA|u | =uAQ— — +1vAu (26)
ot ot
C U2 U2

The conditions - 23] - are summarized by curl(h) = 0:

curl(u A Q) = %? — vAQ (27)

because Q2 = curl(u). Recall now the formula (Landau and Lifshitz, 1970):
curl(a ANb) = (b.V).a — (a.V).b + a.divb — b.diva (28)

In our study, we have a = u = diva = divu = Oyu1 + Oyuz + d,u3 = 0 and
b= Q = curl(u) then divb = divQ) = div(curl(u)) = 0. As a result:

Q
(QV)u— (u.V).Q = %—t — vAQ (29)
Or in matrix form:

Ou Jur - duy dur - oy den duwn
or 0Oy 0z Jorx Oy 0z Aw, ot
8’&2 8uQ 8U2 (:jl aw2 6w2 aWQ Zl N 8w2
e e - . 2 - . 2 — 2 - —_—
or Oy 0z w3 Jor Oy 0z us ot
dus Duy Dug Owy Dy Oy Bus/ | Qs
or Ody 0z or Oy 0Oz ot

(30)




Let:

Oup - duy - Ou

or Oy 0z

_ aUQ 8u2 8u2
AW=1%% 3 & (31)

Oug  Oug Juy

Jdr 0Oy Oz

8w1 0w1 80.}1

or Jdy 0Oz

| Qw2 Owy  Ows
Al = Jor Oy 0z (32)

8&)3 80.}3 8&13
Jdr Oy 0z

In this case, equation becomes:

A(u).Q — A(Q).u =vAQ — % (33)

The equations are the fundamental equations of this study. These are non-
linear partial differential equations of the third order. Their resolutions are the
solutions of the Navier-Stokes equations.

3 The Study of The Fundamental Equations (33))

3.1 Preliminaries

Call respectively:

Flu,9) = A(u) 9 — AQ).u (34)
c@) =vao - % (35)

If you exchange u, 2 in —u, —(2, we get:

F(—u,—Q) = F(u,Q) (36)
G(—) = -G(Q) (37)

According to equation , we get:
{ F(u,Q) = G()

F(—u,—Q) = G(-Q) = ~G(Q) = F(u,Q)

=GN =0= F(u,Q)=0

(38)



It was therefore the differential system:

( 2)9)
AQ— — =
v 5 0
A(u).Q—AQ)u=0
with Q = curl(u)

o0
and curl(u A Q) = vAQ — i curl(u A Q) =0

under equation (27)).

3.2 Case 2=0
In this case, obviously:

o0
AQ — — =
v BN 0

A(u).Q —AQ)u=0
So:

u =0 which is a contradiction,
Q= curl(u) =0= < u = a constant vector which is a contradiction,
3 a scalaire function ® /u = grad®

In the latter case, as Q = curl(u) = curl(u) = 0 then:

Our _ dus
oy  Ox
Ouy _ Oug
0z Oy
Oug _ dw
ox 0z

and as div(u) = 0, it is easily obtained:

82u1 82U1 02u1
+ +
0x? 0y? 072

Similarly, we have also:

AUQ =0

A’U,g =0
Using div(u) = 0, we have also:

AP =0

Thus ® = ®(z,y, z,t) is a harmonic function of (x,y, 2).

(40)

(41)



Equation becomes:

Foaki)
ozOot

Ox 0x?2 Oy 0x0y 0z 0x0z

Va[a% 920 a?ﬂ dp

Ox | O0x2 + Oy? * 022

- 45
) (45)
But A® = 0 then:

o
20x

200 (0D\?  [(99\® (09 dp
il el o= o= - _r 4
ot +<8x> +<8y> +<8z> o (46)
And integrating with respect to x, we obtain:

o 1,
= — — = 4
Similarly, we also obtain:
d 1
p= —aa—t — §u2 + YPa(z, 2, t) (48)
o 1,
- _ = 4
p=—mr = 5u +s(z,y) (49)
As a result:
L 9 Ly 1 5
p + iu - 1?1(1% Zat) =D + 5“ - ¢2($, Zat) =D + iu - 1/}3(1', yat) (50)
Which gives:
Pi(t) = ¥a(t) = s(t) = ¥(t) (51)
a function that is added to the function ®, and the result
AP =0

(52)

00 (x,y,2,t)

0®(x,y,2,t)
0 AN 0
=ui(x,y,2); ——— = us(x,y, 2 53
856 o 1( ) 8y o 2( ) ( )
0@(m,y,z,t) 0
= US(xvyvz) (54)
0z t=0
and:
Aui(z,y, 2,t)|i=0 = Au?(m,y, 2)=0, i=1n (55)
t)= - — cu?= -2 — _||grad®
p(z,y,2,t) 5 3t 5 ~ 5ll9rad®]] (56)



3.3 Case () is not the zero function
We rewrite the differential system

(0N
E—VAQ—O

A(u).Q—AQ)u=0
with Q = curl(u)
o0

and curl(u A Q) = Fri vAQ = curl(u AQ) =0

From curl(u A Q) = 0, we deduce that:

1. There is a scalar function ¢(z,y, z) as u A Q = gradp.

2. u A = C where C = (c1,c2,¢3)7 is a nonzero constant vector or vector
function of ¢ of R — R3.

3. u AN =0= as v and  are not nuls, it is that u and € collinear.
3.3.1 Case 2
As C = u A, one can write:
c1.u1 + coug +c3uzg =0 (57)

because C' is orthogonal to u. let us differentiate the previous equation, respec-
tively, to z,y and z, we get:

8u1 OUQ 8U3

“or T T 0
8u1 au2 8u3 .
61‘87y+62.67y+63‘67y_0 (58)
8u1 aUQ (9u3 o
Cl.a CQ.@"‘CE}.E—O
that in matrix form:
AT (u).C =0 (59)

where A(u) is the matrix given by (31). However, the matrix A(u) is the Jacobian
matrix of (z,y, z) — u(x,y, z,t) therefore its determinant is nonzero. As a result,
we deduce from that the vector C' is necessarily zero. It is the case 3.

3.3.2 Case where u//Q)

Assume now that u and Q are collinear. Let u//.

Case u = A2 with A € R* Then there is a coefficient A # 0 such that:

u=AQ (60)



Using the equation:
A(u). Q2 —AQ)u=0

it is verified. Then we have the system:

o0
O AQ=0
ot 7

But the above equation is the heat equation. Let the change of variables:

r=vX (61)
y=rvY (62)
z=vZ (63)
t=uT (64)
u(z,y,2,t) =U(X,Y,Z,T) (65)
p(z,y,2,t) = P(X,Y, Z,T) (66)
Az, y,2,t) = UX,Y, Z,T) (67)

Then:

Oryudx 4 Oyudy + 0,udz + Opudt = OxUdX + OxUdX + OxUdX + OxUdX
v(0pudX + OyudY + O udZ + OpudT’) = OxUdX + 0xUdX + OxUdX + OxUdX

1 1 1 1
8mu = *8)(U, 6yu = *8yU, 8Zu = *62(], 8tu = *8TU (68)
v v v v
Then the equation
o0
— —vAQ =0
a "
becomes:
o0 _
— —AQ =
3T 0 (69)

This is the heat equation!

4 Resolution of the Equation (69

Noting that U%(X,Y, Z) = U%(X) = U(X,Y, Z,0) = u(z,y, 2,0) = u%(z,y, 2) and
Q' = rotU%(X). Then the solution of 1@) with T > 0 satisfying:

Q € R3 and of class C°°(R? x [0, +00)) (70)

Q(x,0) =0"(X) (71)

is given by (S. Godunov, 1973):
(X —a)? + (Y =8>+ (Z—1)?

=0
QX,T) = 2\15 8 L (O\;jf’”)e_ AT dv  (72)

10



where dV = dadSy.

4.1 Expression of U

We have: a
Ui 1
U=|Us| =20=X[Q (73)
Us Q3
Let :
PN PPN €\ Gar )l ) el
_ 0. — 1 s My
U1 - )\Ql == 2\/77_ - \/T € AT 1% (74)
= (X =) + (Y = B)*+(Z—n)°
_ O. — A Q(Q)(a7577) B
U2 = )\.QQ = Qﬁ s \/T (& 4T dVv (75)
= (X —a)’+ (Y = B)*+(Z —v)?
N S U 01 00
U3 = )\.Qg = 2ﬁ s \/T (& 4T dVv (76)

4.2 Checking div(U) =0

Let us calculate 0x Uy, we get:

(X -+ (Y =B+ (Z2—1)?

oUr =\ (X — )@ (a 5,7,

_ B 4T av (17
0X  4yT Jps VT (77)
We can write the above expression as follows:
X — Y 2
(e [ EESUEs e Sl A A
8X 2N R2 v -0 "
(78)
Now we do an integration by parts, we get:
U, { (X4 -p)2 422 | T
— = dBd ,7Y).€e aT +
X = 5 TT . Bdy (2 (a, B,7) o
a=-+00 —a)2 a2 N2 oL
/ dﬁdv/ (X0 (Y B4 (Z=) OQI(a,B,w)‘da (79)
2V 7T Jr2 = oo
Taking into account the assumption that:
10%,U%(X)|| < vCoxc(1+ || X|) ™ in R® V5, K (80)

11



where X; denotes one of the coordinates X,Y, Z, and choosing K > 1, the first
term of the right member is zero. Then:

ol A A=t (x— a4 (v -8 +(z-)? 8@?(0475,7)
— = dgd ——d 1
0X  o2/7T Jpe By o ¢ v Oa o (81)
or: 0
oUy A _(X-a)?+v-p)2+z-? 0 (av, B,7)
— = ———dV 82
0X 2T Rse o oo ( )
As a result:
g
oU; A (X—o)24(v=p)2+(Z=72 — 0Q;(a, 8,7)
div(U) = J:/ e aT — L PP AV =0
() ;an N7T Jr3 ; Oa
J
(83)
—(

because ﬁo(a, B,7) satisfies div(ﬁo) = Z =0.

o 80& 5

4.3 Estimation of / |U(X,T)|*dV
R3

We have:
~ )\2 7(12 32 N2 2
U(X,D)I]> =3, U7 = QX D) = T H/ ﬁ](a,ﬁ,'y).e_@( SO I
v RB
)\2 2 _a)2 2 N2
< H s ﬁo(a,ﬁ,'}’)H .6_(X )+(Y2TB) +(Z—7) av (84)

As :
19%(a, B, = @) + (@i)? + (wi)?

and taking into account the assumption that:
lﬁgju?(a:)] < Csk(1+z|) ™K in R® V6, K with ||z|| = /22 + y2 + 22
and passing to the coordinates (X,Y, Z), we have the inequalities:

PUP(X)
X,

‘ <vCsk(1+v||X|) ¥ inR® V5, KeR

with || X|| = vVX2+Y2+ 22 (85)

oy (0" _ ([0
v aJ}j oxy -

Qug | | |0uj
8xj

2
> < 0L (1 +v||X]) 2K (86)

6$k

12



then :

19° (e, 8,92 < 120203 (1 + v]| X)) 2K = 12020 (1 + v]|v/a2 + B2 + 12|) 2K
(87)

As a result:

_(X—a) 2 (v-p)2+(z-1)?
2

3u2)\2012(

dadBd 88
'l /R3 (1+VH 042—{—524—72”)2]( 2 ( )

1U(X,T)|]” <

Let us now majorize / lu(z, t)||Pdedydz
R3

/ |u(m,t)|]2d1:dydz:/ ||U(X,T)||2da:dydz:y3/ |U(X,T)|2dXdY dZ
R3 R3 R3

_(X—a)? 4+ (v -p)2%+(2-)?
2

_ 3N

dadfdy| dXdYdZ (89
'l /Rs /Rs (1+v|[\/a? + B2 +~2||)2K (89)

As the integral e XY -2 xaydz < 400, we can permutate the two triple

R3
integrals of the above equation. Let:

0= 3”5120% (90)
we obtain:
/R 1)\ dzdydz < 7 i [ /R e a0l vavaz)|
’ dadfBdy (91)
(L+v[lva?+ B2 +~2(])2K
Let:
I= / o OO v vz (92)
RS
and let the following change of variables:
X =222 — ax =V2TdX et X' =20
V=22 —ay =V2Tdy etV =02 (93)
Z=22 = dz=\TdZ et 7" =270
I is written as:
I=(V2T)? [ / " e‘X2dX} 3 = 2TV2T [2 /0 = e—€2d§] 3 = 2TVT.m/7 = 2rTV7T

(94)

13



+o0
using the formula 2 / ¢ d¢ = /7. then the equation becomes:
0

/ |[u(z, t)||?dedydz < 2romV/7T dadfdy (95)
R3 r3 (14 v a2+52+,y2”)21{
Let us now: dodid
B= / acpdy (96)
R (1+v|[\/a? + B2 +2|[)?K

and we use the spherical coordinates:

a = rsinfcosp

B = rsinfsing (97)

v = rcost

the form of the volume dadfBdy = r?sinfdrdfdy and B becomes:

0=m p=27 T Qd T Qd
B:/ smede/ dgo/ T :471'/ T (98)
9=0 =0 o (I+wr) o (L+wr)

We take K = 2, the integral B is convergent when r — +o0o0. Let:

F— lim /T r2dr _/+°° r2dr _/1 r2dr +/+°° r2dr
a rhee o (T+vr)t )y 1+vr)t  Jy (14+wvr)t 1 (1+4wvr)t

(99)
But : ) . .
r2dr 9 r3 1
dr = |—| = 2= 100
e [3]0 3 (100)
+00 T‘2d7"
We calculate now / — . Let the change of variables:
1 (1 + I/T)4
-1 d
§:1+VT:>T:§7:>dT:£ (101)
v v
then:
oo 2y 1 [t 2641 324+ 90 +5
—_— = 2 —d¢=1 (v)= —F4/———+
L are=nl, e =t e ) =50
(102)
As a result: .
B < 47r(§ +1(v)) (103)
Hence the important result:
1
/ \[u(z, t)||?drdydz < 8Tom*V/ 7T (3 + l(V)) (104)
R3
or:
/ l[u(z, t)|Pdedydz < +oo Vi (105)
R3

14



let:

/‘]U(X}TﬂPdXdeZ<:+a> vT (106)
R3

because: )
(/HmXJw%XﬂWZ—g/ﬂm@@mem
R3 Ve JRr3
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