Mathematical Formulas : Part 4

Edgar Valdebenito

Abstract
In this paper we give some formulas related with the constant pi:

m = 3.141592653589 ...

1. Introduccion

Recordamos una férmula integral para la constante pi:

(D =28 f(l—f/f(x)) dx
0

donde

1 V2 ~ 1
©) f() =337 B4R + 2 ROV
3) R(x) = 9x + 16x3 4+ 3v/3 /4 — 13x2 + 32x*

2. Introduccidn. En esta nota mostramos una familia de formulas para la constante pi, las
férmulas son del tipo:

d —1 n—1
(4) T[=AZ( ) B™ u,v,
n=1

n

donde: A € N, B € R*, v, es una sucesion de la forma:

(5) Unt2 = @ Vpq1 + B Un
y u, ,es lasucesion definida por:

(6) Upyy =Upy1 U, , U4y =1L, uy; =3,n€EN
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(7)

(8)

9)

(10)

(11)

(12)

(13)

(14)

(15)

,mMEN

un=¢n+<_%)" ,¢=1+2\/§

{u,} ={1,3,4,7,11,18,29, ...}

Formulas

d (=11 V3—1 n
n:4; - ( > )unvn

Uni2 = —2Up41 — 20,01 = L,y = =2
o (=) (V37 — 3\"
" 42 n 14 ) "
n=1
Unyz = —4Vp41 =50y, = Ly = —4
(=) (3v2Z = 2\"
n=1
Vpiz = =6V, — 10V, ,v, =1,v, = —6
o (—1)" 1 (3V13 -5\
"= 42 n 46 ) ‘tn
n=1
Vpip = —8v,41 —17v,, v, = 1,v, = —8
( o (—)L (VA3 -3\
{ = 42 n 34 ) "'
n=1
\VUny2 = —10v, 1 — 26v, ,v; = 1,v, = —10
( . o (=)™t (V237 = 7\
{ "= Z n 94 Unn
n=1
\VUny2 = —12v, 1 — 37v, ,v; = L,v, = =12
(N DT (V7B
{rE Z n 62 ) "'
n=1
\Vp42 = —14v,,,1 — 50v, ,v; = 1,v, = —14




(16)

(17)

(18)

(19)

(20)

(21)

(22)

(23)

A

. S (-1 (V303 + 12 -3 -3
" ; n 12 o

o (—1) (V93 -5\
{ "= 42 n 34 ) Un'n
n=1
\Up42 = —6V,4,1 — 130, ,v; = 2,v, = =12
(=)™ (V173 = 7\"
T = 42 - &2 U, Uy
n=1
\Vn12 = —8v,41 — 25v,,v = 3,v, = —24
( o (=)™ (V277 — 9"
T = 42 n 98 UpVp
n=1
\Uny2 = —10v, 1 — 41y, ,v; = 4,v, = —40
( (=)t (V213 = 7"
T = 42 - 82 U, Uy
n=1
\ V42 = =100, — 29, ,v = 2,v, = =20

46

\Vny2 = —10v, 1 — 34v, ,v; = 3,v, = =30

( O (—) L (V62 — 4\
) T = 42 " U,y
n=1

Un

Vpyp = —2Vp41 — 2V, ,v1 = 1,0, = =2

n

(=111 /3 -4 20v3 + 19
nzeZ el )(3+2v3=3 [ | ww,
n:

Vpyo = —4v,41 —5v,, v = 1Lv, = —4

n

3( 10\/§+43—4—1—\/§>

6i ="
m= Up,
. n 4(4V3 +9) "
n=1
Vpyp = =6V, — 100, ,v; = 1,v, = —6



( o (3(/20\/§+%—2—\/§>w

62 ( 1)n 1
= U,
(24) \ L n \ 2(5v3 + 36) / nn
n=1
\ Vpip = —6v,.4 — 13y, ,v = 2,v, = —12
( 1)71 1 / \/_
Un+2 _= —2Vp4 — 20y, = Lvp = =2
0 n
(D (V29— 12VE 2y 41
(26) 7" Z n 6VZ + 2 tnn
\ Untz = —4Vpy1 — Svp, v =1Lv, = —
0 n
_ 82 (—D" (V94 —52v2 - 3v2 + 2
27) VT n 16v2 — 4 P
\ Vpyp = =6V, — 10V, , v, =1, v, = —6
foe) n
82 (-D" ' (V2v2+31-3V2+1
= U,V
(28) n 10v2 + 14 o
Vpqp = —6v,41 — 130, ,v; = 2,v, = =12
o] n
1 (-1)" 1 (V28-14V3-3++3
(29) "= Z n 4 tnn
Unt2 = =2Up41 — 20,01 = L,y = =2
122 (=D 1 ({153 —84V3 =5+ 2V3)
(30) - 20 — 6v3 o
Vn+2 = —4vp41 — 5V, V1 = Lv, = —4
122 (=D 1 ({348 = 1943 =7 + 3V3)
(31) 1" 4(11 - 4V3) ot
\ vn+2 =—6v,,1 — 10v,,v1 =1, v, = —6
(., i (~1)"1 (1327 = 176¥3 — 8 + 3V3)
(32) <T[_ n 44_10\/— UpUp
\ Vpip = —6v,.4 — 13y, ,v = 2,v, = —12
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3. Introduccidn . En esta nota mostramos algunas formulas del tipo arcotangente para la
constante pi:

Las formulas son de la forma
(33) m=ktan"1(q) + ktan"1(r)
donde

had (_1)mx2m+1

- 1, — —
(34) keNqgeQreR—-Q,tan "' x 1 ,Xx € (—1,1)
m=0
Una caracteristica interesante es que:
(35) limg,=7€R—-Q A limrn, =0
n—oo n—-oo
Ejemplos de estas formulas son:
2
(36) m = 8tan™! (g) +8tan~1(29v2 — 41)
1 5V3 -8
— -1(Z -1
(37) m = 6tan (2)+6tan ( 11 >
Formulas

(38) m=8tan"! (a_n) + (—=1)"8tan! ((a,zl + b2)V2 — (b2 — a2 + Zanbn))

by,
donde
(39) neN,a,1 =by,, by =a, +2b,,a0 =1,by =2
(40) {(an, by,)} =1{(1,2),(2,5),(512),(12,29),(29,70),(70,169), ... }
Ejemplos:
(41) m=8tan"! (%) —8tan~'(5v2 - 7)
(42) m=8tan"! (%) + 8tan~1(29V2 — 41)
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5
(43) m=8tan"! (E) — 8tan™(169v2 — 239)

12
(44) m=8tan"! (ﬁ) + 8tan~1(985v2 — 1393)

La formula (38) se puede escribir como:

a
(45) 7 = 8tan~! (b—”) +8(—1)" tan~(bynVZ — az, — byn)
n
a (a? + b2)\3 — 4a,b,
(46) m=6tan! (—n) + 6tan~! (
b, 3b% — a2
donde
(47) n€N,a,,1 = 2a, +b,, b1 =3a, +2b,,a; =1,b; =2
(48) {(a,, b,)}=1{(1,2),(4,7),(15,26),(56,97),(209,362), ... }
Ejemplos:
1 5vV3 -8
_ -1(2 -1
(49) m = 6tan (2)+6tan ( 11 )
4 65v3 — 112
_ -1(X -1 A
(50) T = 6tan (7)+6tan ( 131 >
15 9013 — 1560
_ -1(22 -1
(51) T = 6tan (26)+6tan < 1803 >
(52) m=5tan"! (a—n) + 5tan”! ((an+1 — @)V5 25 a“)
n+1 — an Ay — Ay + ayV5 — 245
donde
1
(53) ne€NU{0},a,44 = < (20a,, 43 — 20a,,4, + 4a,)
404 992
(54) (a) = {11232, =, ==, .
5 5
Ejemplos:



(55)

(56)

(57)

(58)

(59)

donde
(60)

(61)

Ejemplos:

(62)

(63)

(64)

(65)

donde
(66)

(67)

Ejemplos:

7 =5tan"!

7 =5tan"!

7 =5tan"!

7 =5tan"!

a 2b, —
m=12tan"! (—n> +12tan™! ( L
bn b + 2a

neN,a,

= —ay + bn 'bn+1 =

+ 5tan”

+ 5tan”

(3 — 245 — 1)

3++/5-2v5

(2\/5 — 245 — 1)
2++/5-25

+5ta (5\/5 —2\/§—3>
54 3v5—2v5

<61\/5 245 — 40)
+ tan™

61 + 40+/5 — 25

a, — bn\/§>
n an\/g

—an+3bn,a1 = 1,b1 =3

{(a,, b))} =1{(1,3),(2,8),(6,22),(16,60), (44,164), (120,448), ... }

1 3v3 -5
m=12tan"! (—) —-12 tan_1< V3 >
3 5-+3
1 7 — 43
7 =12tan"} (—) +12 tan_1< >
4 6—3

m=12tan"! (

b

n

3 11/3 - 19
3) -z (L0810
11 17 — 33
n) —12 tan_l (arzl + brzl)\/§ - 4’anbn
3b% — a2

n€eN,a,,1 = 2a, +b,,b,;1 =3a, +2b,,a; =1,b; =2

{(a,,b,)} = {(1,2), (4,7), (15,26), (56,97), (209,362), ...}



1 5vV3 -8
_ -1(2) _ -1
(68) m = 12tan (3) 12 tan ( 11 >
3 65v3 — 112

(69) T=12 tan_l (H) —12 tan_l (T)

11 901v3 — 1560
7 = 12tan"! (—) —12tan!
(70) s tan A1 tan 1803

a 2b, —a, —b, 3
(71) m=12tan"! (—n> + 12 tan! ( L. >

by, 2a, + b, —a,V3
donde
(72) nEN,an+1:bn,bn+1:_an+4bn,a1:1,b1:4

(73)  {(a,, b} = {(1,4), (4,15), (15,56), (56,209), (209,780), (780,2911), ...}

Ejemplos:

(74) m=12tan"! (%) + 12tan™! <76_—4\;/§§>

(75) =12 tan-1 ( 1;45 ) 12 tap-! (2263—_ 145\;/_5)

I

(77) = 5tan-! (Z_) T (bn 5—2v5 - an>
n b, +a,\5—2v5

a -z - ,
donde b—” , son los convergentes de la fraccion continua del nimero /5 — 2v/5 :

n

1
(78) /5 — 25 = T =1[0;1,2,1,1,1,10,1,1,7, ... ]

1+
2+ 11
1+¢
a, 235 8 }
7 —t=191,=-,-,=,—, ...
(79) {bn} {'3'4’7,11'



Ejemplos:

(80) m=5tan"! (%) + 5tan~? (i +52:/§\/__572_\/§>
o e () ()
(83) n = 24tan™! <Z—:> + 24 tan™! (Z: (flrj(g)_(g)_(j%:jp

donde :—" , son los convergentes de la fraccion continua de (V3 — v2)(vV2 — 1) :

n

(84) (V3-V2)(vV2-1) = ! T =1[0;7,1,1,2,9,47,1,8,14, ...]
7+
1+ 1 T
1450
a) (112 5
(85) ) =ta155 )
Ejemplos:
_ (Ll _1<1—7(V§—\/?)(ﬁ—1))
(86) 7 = 24 tan <7> 24 tan 7+(\/§_\/§)(\/§_1)
o (1 9 (8(\/§—\/§)(\/§—1)—1)
(87) 24 tan <8)+24tan 8+(\/§—\/7)(\/7—1)
_ (2 1 (2 - 15(3-v2)(v2 - 1))
(88) m = 24 tan (15) 24 tan 15+2(\/§—\/§)(\/f—1)

4. Introduccidn. En esta nota mostramos férmulas que involucran a la constante pi:



Formulas

3
35+—7J1894—63v1894—63@189+~~

(89) -
5. 647~ 512 1\
T T
35—7{3+%<3+%(3+613(3+ )3)3)3}
(90) -
64 T 1\2 3 \2\°
7 :1<1‘(m) )(1_<14n—7) )
_ : 189 £ . — RIOUNE TP
o 35 + 73189 + 633/189 + 7{3+63(3+63(3+ ))}

N gﬂ: (1 - (%)2> (1 - (14n4— 7)2) (1 - (14n5— 7>2>

©2) =« (i + i)

donde
a>1

9
(93) fk,m,s) = ; 4k + 2m1+ 4s+r

r#5
94) T (% - ﬁ)

o0 k m
T 2 s W () e s



donde

a>1
4 9
(1t (!
(95) flkm,s) = 14k+2m+4$+r 64k+2m+4s+r
r= r=
1 1
96 n(—i—>
(96) 2V2 3
(o] n
-2 2. () (Gatws)
2 k 1+a 1+a 4k +1 4k +3
n=0 k=0
(et o)
“\3k+1 3k+2
a>0

Ejemplo:a =1/2

©7) =« (i\/_ %)

n—k k+1
- %Z o) (D (1) (g) {(4k2—|— 1" 4k2+ 3)

1
+
_<3k+1 3k+2>}

0 n
( 4)nb —4n—1 n . a n—k 1 k+1 pk+3
(98) m= 42 an+ 1 +4Z (k)(_l) (4+a) (4+a> 4k + 3
n=0 k=0
4_
a> ,b>2
(D2 oo N
99 48=4Z— 42 _1k<_)
(99) m V8 An+1 + (k)( ) 2 4k + 3
n=0 n=0 k=0

(100) n=24(1+\/_—\/_)

—24222 (4 )( e (B - (V2 - 1)

2k+2m+1
n=0k=0m=

a>2/9
. 92
Ejemplo: a = - — 7v2
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(101) 7w=24(1++3- \/_)

" ZZ ) (k) ((2-™" - @-v3)" )

2k +2m + 1
n=0k=0m=0
a>10—7v2
Ejemplo: a = 62 — 7v/2 — 304/3
3V3 a ko1 N\ 1
0 w=20 S () () | )
(102)  m=— (k)( )(1+a) 1+a 3k+1 3k+2
n=0 k=0
a>0

Ejemplo: a = 1/2

k+1

(103) = 32£Z (Z) -D* (%)"—k @) <3k1+ 1t 3k1+ 2)

3V s a ik 1 AT (kD)2
(104) = T; 4 (k) (1 T a) (1 + a) 2k + 1)!
a>—1/2

Ejemplos:a =0,a=1/2,a=-1/8

33w (n)?
(105) T ; 2n + 1)!

V3o o my \TE 2V (kD2
(106) = T;kzo (k) (5) (5) 2k + 1)!
VI e s IV 8V (k)2

(107) = T;H (k) <_ 7) (7) 2k + 1)!
RN

n=0
donde
(109) Gy = — (6n + 4)C1:l__|(_2: + 1)c,_1 o = % o = _%
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[o¢]

(110) o3 <2 1)"(1/\/_ )" a) +<Z 1)"(1/\/_) b)

(111) /2 — (2 Dn(\/_—l) a) +<°° 1)”(x/_—1) b)

(112)  e/? =(z k) (Zn—' V3) an> +<Z( 1) (2 f) by )
n=0 ) =0

En las formulas (110),(111),(112), se tiene:

M

(113) ny1 = —2a, —nb, ,b,y1 =na, —2b,,ay =1,by = 0,n € NU {0}

( Dk, a \nk o 3 kT
(114) ”_\/_ZZ i iiva) <1+a) a>2
Ejemplo: a = 3
® 3 n+1 1 n (_1)k
(115) "_‘EZ)@ ko(k)2k+1
n= =
(116) m=3V3 ) (-1" ¢ (e, bn)
n=0
donde
n k4+n+1 k+n+1
_ n Nk 1+a) —a
117) I(a,b,n) _kz—o(k) b - a) < -
L k4+n+1 k+n+1
_ o ((L+D) —b
(118) I(a,b,n) _;(k) (a—b) < —
3
c>§,a+b=1,c=1—ab
Ejemplos:c =3,a =—-1,b =2;c = 2,a 1+2\F,b_1_f
( 1)k3 —k
(119) "‘WZO,Z k+n+1
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e n+1 M n—k k+n+1 k+n+1
awe=ss yov @) JOM(D (59 )
n=0

k’k+n+1 2 2
k=0
1 3q - 1 "
n=0
donde

(122)u,(p,q) = zn:(—l)" (Zkk)z (;i) (ZZ _ ik> (28k +3)p? (3 - 21°(p? — 3¢D))" "
k=0

(123) p.q €N,|3¢*> — p?| <p?,u,(p,q@) EN

Sean p,,, ., m € N, las sucesiones definidas por la recurrencia:

(124) dm+1 = Pm + qu

{ Pm+1 = me +3qm
p1=2,q1=1

Los numeros (p,,, 4.»), satisfacen las condiciones de la formula (123), w,, (p,,, ¢.») Se reduce
a:

025) 1,00 = Y 0 () (36) (2 2) s+ i - 20y
k=0

Algunos valores de (p,,, g,,) , son:
(126) {(Pm, am)} = {(2,1),(7,4), (26,15), (97,56), ...}

Ejemplo: (p,q) = (7,4)
0 n 2 _
o A5 S () () (a0 o)
k n Kk m (=1)ntk+m (\/E)](erJr1 -1
w2 == 255 S OO @) Q) e

(129) n = Mi C zk: (:) (k)A"B" <1>m (—1)nthtm ((ﬁ)k+m+1 B 1)

2 k+m+1

k

2
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3482 4482

17 77
o k K n K
B A L (ST T ey
(131) 7= 4(1 - q) i H, Z (Z) DTk - )k
n=1 k=0
1
0<a<1,H, = ;E
7]
) k
(132) Z%(Zm 1) Z -0k ( zkt 1) ((2m3 1)2>
me N — {1}
Ejemplo: m =3
[n 1] .

i
(133) :TZ%<_> Z( 1)k 2ka|- 1) (235)

(134) 7= 42 (‘BZ_ 1) Co

n=1
“ (Jo+12v3 -3\
(135) T=6 < ) Cn
2\
(136) = Z ( ki 1>
— (V9 —4v/3 -1
(137) T=12 ( ) Cn
2.7

En las formulas (134),(135),(136),(137), los numeros c,, ,n € N, se definen como:
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=

(-Dk / 2k+1 n _
(138) n = 2k+1(n—2k—1>’(k)_05‘”<k
=["=2
4
Algunos valores de ¢, , son:
(139) ( }_{11 1 1 42131 17 19 }
Cn - L 31 ) 5;3;1 y 4 9, 5,
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